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I. The homogenization error

The equation: for a 1-periodic a: R? x R¥¥9

~V-a*Vu. = f in U with u. =0 on 9U.
The homogenization correctors: for ¢; € H'(T%),

—V-a(Véi +e) =0 in T with (¢;)pa = 0.
The homogenized coefficient: we define @ € R¥*? by

ae; = (a(Ves + €;))pa.
The homogenized equation: for @ € H*(U),
—V-aVu=f in U with w=0 on OU.
The two-scale expansion: we have that
e = U + £9; 0T,

Qualitative homogenization: as ¢ — 0,

ue — 7 weakly in H'(U) and u. — @ strongly in L*(U).
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I. The homogenization error

The homogenization error: comparing u. to the two-scale expansion,
We = Ue — U — £¢; O .
The flux: we have that
Vwe = Vue — Vu — Vi 0;u + £¢; Vo,
and, therefore,
a*Vwe = a°Vue — a"Vu — (a°V¢5)0:u + £¢; (a°VO;u)
= a*Vue —a®(e; + V¢5)0;u + ¢ (a°VOiu).
The equation: we have that
-V -a"Vuwe
=V a"Vu. 4+ (V-a(ei + V¢:))0iu+ a*(e; + Vy) - VOu+ V - (e¢;a" Vi)
=f+4a"(e;+ Vi) VOu+ V- (ep;a”Voiu)
=-V-aVu+a®(e; + Vi) VOu+ V- (ep;a"VOiu)
= —ae; - VOoiu+a®(e; + V) - Vou+ V- (e¢p;a°VOyu)
= (a®(ei + Vi) —aei) - VOu+ V - (e¢;a° V).
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I. The homogenization error

The homogenization error: we have that
We = Ue — U — £¢; O .
The equation: for the corrected flux q; = a(e; + V¢;) — ae,

=V - a*Vuwe = (a®(e; + Vi) — aei) - VOiu + V - (e¢;a° V)
=gq; -VOoiu+ V- (e¢;a°Vo,u).

The stream matrix: since
V-qi=0 and (g;)pa =0,
there exists a skew-symmetric “stream matrix” o; = (our;) € H'(T4)*? such that
V.-o0; =q; for (V-0 = 0;0i;.
The equation: if such matrices o; exist, then as distributions

¢ - Vou= (V- 0:)-Vou=V- (0{Vu) — tr(of V’0u) = -V - (0:V 1),

and

—V-a°Vuw. = V- ((e¢;a® — e07)Viu).
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I. The homogenization error

The stream matrix: for the corrected flux q; = a(e; + V¢;) — @e; satisfying
Vg =0 with {(g;)ga =0,
minimize, over the set of 1-periodic d X d skew-symmetric matrices,

/ |Vo|® subject to V-0 = g;.
Td

The equation: by Lax-Milgram there exist unique o;5 € H'(T?) with
—Aoiji = 0jqij — Okqi and (oijk)ga = 0.
If 05 = (0ijk) then
A((V-0i = ai);) = A(Oroijr) — Agy
0,

Or (Orqij — ajgir) — Agij
=Aqi; — 9;(V-q) — Agi
0.

We therefore conclude that

V-0;—q=(V-0i— q)pa =0 and, therefore, V-0, = g;.
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I. The homogenization error

The equation: for the homogenization error
We = Ue — U — £¢5 O;T,

for the flux
q; = a(e; + Vi) — ae;,

and for the stream matrix o; = (0;%) satisfying
—Aoijr = 0;qi; — Okqsr and (oijk)ra = 0,
we have that V - 0; = ¢; and that

—V - a*Vw. = q; -Vo,u+V - (e¢;a°VI;u)
=V ((edja° — e0f)VOiu).

The energy estimate: formally this suggests that, for ¢ depending on A and U,

A%(/Ulvwgp)% < ce ||l yy2, o0 (/U (|¢fl2+|af\2))%

< celfllwace ( [, (0 + lo?))

The boundary layer: however, w. ¢ Hg(U)!
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II. Quantitative periodic homogenization

The equation: for a 1-periodic a: R? x R4*¢,

—V-a*Vu. = f in U with u. =0 on 9U.
The Feynman—Kac formula: for the diffusion process, for oo’ = a,
dX; = vV20(X;)dB; + (V - a")(X3) dt,
we have that, for the exit time 7¢ from U,

Ue = By, [/OTU f(EXt/52) ds].
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II. Quantitative periodic homogenization
The boundary layer: for 0 < r << 1,

U-={zeU: d(z,0U) > r}.
Let n, € C®(R?) satisfy

ne(z) =1 in U, and n.(z) =0 in R*\US, and |Vn,| < ¢/r on R
The two-scale expansion: we define we , € H&(U) as
We,r = Ue — U — ENr-@; O3

The flux: similarly to before,

a*Vwe,r = a*Vue —a*Vu — (a°V o5 )00t — ed; a®V (n-0;1).
The equation: nearly as before,
-V - a*Vuwe,,
=-V-aVu+ V- (1=n)a"Vu+ V- (a(e; + V¢ )n:-0u) + V - (e¢;a”V (n,0:u))
=V (1 =n)(a® —a)Va) + V- ((a°(ei + Vi) — aei)ne05w) + V - (e¢;a”V (0, 0:1))
=V (1= m)(a* —@)VE) + ¢ - V(0,00) + V - (650" (1,0,7)
=V-. ((1 —nr)(a® — E)Vﬂ) +V- ((aﬁaa - saf)V(nT&ﬂ)).
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II. Quantitative periodic homogenization

The two-scale expansion: for w. , € Hj(U) defined by
We,r = Ue — U — ENr 5 O,
we have that
—V-a*Vuwe, =V - (1 =n)(a® —a)Vu) + V- ((e¢;a” — e07)V(n,-0i)).
The energy estimate: for ¢ € (0,00) depending on A, A, and U,

2 212
[ 190 < e |92
U
2 -2 —112 & e\12
teetr ||VU||Loo(UT\UT/2) H(()biao—i)HLZ(UT\UT/Q)
2 2112 e _ey2
+ce HV UHLoo(UW) |‘(¢i70i)“L2(UT/2) .
Due to the periodicity, for r > ¢,
2 2 2
(g3, UE)HLZ(UT\UT/Q) < c|Ur \ Urpa| || (4 O'i)HL2('J1‘d) <cr|(os, Ui)HL2('J1‘d) :
and, after choosing r = ¢, for ¢ € (0,00) depending on A, A, and U,

[ 190 < (19 )+ 19 0 1600 )

+ ce? ||V2HH2LO<>(U) ||(¢i7ai)||iZ(Td) .
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II. Quantitative periodic homogenization
The energy estimate: for w. , = u. — u — en-¢;0;u,
2 212 —2 2
/(;|Vwa,r| < ‘35( HV “”Loo(U) + HVUHLOO(U) ||(¢ia(7i)”L2(q1‘d))

2 21|12 2
+ce Hv uHLDO(U) ||(¢’L?U7«)||L2(Td)
The full two-scale expansion: for w. = u. — u — £¢;0;u, for r = ¢,

[Vwe — VwE,THi?(U)
= IV (el = )¢5 07132 0

_ _ 2
< 65( ||VUI|ioc<U> H¢i||2L2(U) + ||VuH2Loo(U) ||V¢i||i2(qrd) te HVZUHLM(U) Hﬁf’i”i’z(qrd) )

Quantitative periodic homogenization

There exists ¢ € (0,00) depending on A, A, U, and

{1 ||(¢1701)||L2(Td) and iegﬁ{{d}|lv¢illm<w),

such that, for the two-scale expansion w. = u. — u — ¢50;u,

IVwell 2y < ce? (IIVll oo oy + 1977 e o))
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III. A random environment

Locally finite point configurations: the set

Q={w= Ziel 8z, {witier CR? is locally finite}.
with sigma algebra F generated by the maps

w — w(B) = #{x; € B} for all Borel B C R%.
Poisson point process: there exists a unique Py on (2, F) such that
Exlw(B)] = MBI,
such that, if By, Bs,..., By C R? are disjoint,
{w = w(Bi)}ieq,...,ny are independent,

and such that, for every y € R,

Py(A) =Py(A+y) for A+y={w(-—y): we A}l
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III. A random environment

A random diffusion matrix: for the Poisson point process (Q, F,Py),
a: R x Q — R™?

is defined by
a(-;w) = (12910)10,¢; By (xy) + (/10)1(Uie 1By (2i))e-
A diffusion in random environment: for oo’ = 2a,

dXy = o(Xy,w)dB; + (V- a") (XY, w) dt.
Stationarity: the measure-preserving group 7,w(:) = w(- — ),
a(y, Tow) = a(y + z,w) for all z,y € R% and w € Q.
Ergodicity: for a measurable f: Q) — R,

f is Tp-invariant Vx € R? if and only if f is constant.

——

1=y

el
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IV. Stochastic homogenization

The probability space: the space of environments (2, F,P).
The coefficient field: a measurable, uniformly elliptic a: R? x Q — R*4,

Stationarity: for a measure-preserving transformation group {7 },cpd,
a(y, Taw) = a(z + y,w) for all z,y € R* and w € Q.
Ergodicity: a measurable function f:  — R satisfies
f(w) = f(rew) P-a.s. Vo € RY if and only if f is constant.
The equation: for € € (0,1), for w € Q fixed and for a°(z,w) = a(?/e,w),
~V-a*Vu.=f inU u=0 on 9U.
Quenched qualitative homogenization: there exists @ € R?*¢ such that,

us. — u for P-a.e. w € Q,

for the solution

—V-aVu=f in U with =0 on 9U.
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IV. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (910) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for ¢ = 1/2 in T' x (0, c0),

1
Ot = §V . aEVug in Tl X (07 OO) with ug = 1{(1/4,3/4}.
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IV. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (910) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for ¢ = /10 in T" x (0, c0),

1
Ot = §V . aEVug in Tl X (07 OO) with ug = 1{(1/4,3/4}.
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IV. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (%/10) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for ¢ = /20 in T* x (0, c0),

1
Ot = §V . aEVuE in Tl X (07 OO) with ug = 1{(1/4,3/4}.
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IV. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (%/10) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for ¢ = /100 in T* x (0, 00),

1
Ot = §V . aEVuE in Tl X (07 OO) with ug = 1{(1/4,3/4}.
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IV. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (%/10) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for € = /200 in T* x (0, 00),

1
Ot = §V . aEVuE in Tl X (07 OO) with ug = 1{(1/4,3/4}.
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IV. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (%/10) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for € = /1000 in T* x (0, o0),

1
Ot = §V . aEVuE in Tl X (07 OO) with ug = 1{(1/4,3/4}.
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IV. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (%/10) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for € = /1000 in T* x (0, o0),

1
Ot = §V . aEVuE in Tl X (07 OO) with ug = 1{(1/4,3/4}.
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IV. Stochastic homogenization

The coefficient field: ind =1,
a(z) =1+ (9/10) sin(27 * N'(z,w)),

for

N(z,w) =Y 1k kyn) Unifi (0, 1).
kez
The equation: for ¢ = /1000 in T* x (0, c0),

drue = V- a"Vue in T x (0,00) with u(x,0) = L1434}
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IV. Stochastic homogenization

The equation: for & = /1000 in T* x (0, 00),
Orue = (1/2)V . aEVug in Tl X (0, OO) with ug = 1{(1/4,3/4}.

A macroscopic limit: choosing @ = (a™*) ! ~ 0.43588,
ou = (1/2)V -aVu in T! x (O, OO) with ug = 1{(1/4,3/4}.
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IV. Stochastic homogenization

The equation: for w € 2 fixed,
—-V-a°Vu.=f inU u=0 on 9U.
The asymptotic expansion: we postulate the approximation
e (z) = u(x) + epi(*/<)0iu(x),

for the homogenization correctors

—V -a(ei + Vi) =0 in R? with i = 0.

By

The equation: we have that
—V - a*Vie. = —a®(e; + V) - Vi 0iu + Op—1(e).
The ergodic theorem: for F € L*(Q) and f(z,w) = F(m.w),
f° = f(z/e,w) = (F) = E[F] weakly in L*(U) for P-a.c. w € Q,
for every smooth, bounded U C R [Becker; 1981].

The homogenized coefficient: if V¢ (z,w) = ®;(m,w) for ®; € L*(Q)%,
a(e; + V¢;) = ae; and —V-aVu = f.
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IV. Stochastic homogenization

The corrector equation: on the whole space,
—V -a(ei + Vi) =0 in R? with ¢i = 0.
B,
Martingale decomposition: for the diffusion process in environment w,
dXy = o(Xy,w)dB: + (V- a") (X, w) dt,

for o' = 2a, the process

My = XP + ¢(X{,w) is a martingale for ¢ = (¢1, P2, ..., da)-
The diffusive scaling limit: We then have that

eXy.2 = eMy 2 +ep(Xy).2).
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IV. Stochastic homogenization

The corrector equation: on the whole space,

~V-a(e; + Vi) =0 in R? with b; = 0.

By

The horizontal derivatives: for f € L*(Q),

Dif(w) = lim L) = F(©)

. r2
lim i strongly in L°(92),

where E[D; f] = 0.

A class of test functions: for f € L*(Q) and ¢ € C2°(R%),

/ P(x w)dz for which D;(¢ * f)(w) = f/ (0:) () f (Tow) d.
R4
The generalized Sobolev space: the space Hl(Q) is the space
H'(Q) = L2(Q) n (N D(Dy)),
equipped with the Hilbert space inner product

(f, 9022 = E[f,g] + E[Df - Dg].
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IV. Stochastic homogenization

The approximate corrector equation: on Q for A(w) = a(0,w), for a € (0, 1),

a®f — D - A(e; + D) =0 in H'(Q),
in the sense that

E[a® F] + E[DF - A(e; + D®$)] =0 for all F € H'(Q).

Existence and energy: there exists a unique solution ®¢H'(Q2), and & satisfies

aE[(®F)%] + E[®] - AD]] < cE[|Ae;|?],
by the Lax—Milgram theorem.

The potential space: the space of gradient-like vector fields,

L2 (Q)-strongly

L2.(9) = {DF: F € HI(Q)} ,
where, for every ¥ € Lgot (),
D;V; = D;V¥; as distributions on Q.
The corrector equation: there exists a unique D®; € Lf)ot(ﬂ) satisfying
E[DV - aD®] = —E[DV - Ae;] for all DV € L2, (Q).
Warning!: D®; is generally not the gradient of a measurable ®;: Q — R!
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IV. Stochastic homogenization

The corrector equation: there exists a unique D®; € Lgot (Q2) satisfying
E[DV - aD®] = —E[DV - Ae;] for all DU € Lf,ot(ﬂ).
The gradient in the physical space: P-a.s. we have that
Voi(z,w) = DP;(mpw) is in Li,o(RY),
since E[f,, [V’ = |BIE[| D®:[?].

The corrector in the physical space: there P-a.s. exists a unique

¢i € Hibo(R?) with Vei(z,w) = D®;(row) and ¢ = 0.

B,

The equation: let 1) € C2°(R?), let ¢)(x) = 1)(—z), and let B C Q,

E[D(*18) - Ale: + D®))] = E[[ | 16(rw) Vih(—2) - A(w)(es + Vi (w) da]
=E[15(w) [, V¥(-2) - AlT-aw)(ei + Vi(0, 7-aw)) d]
= E[15() [, Vé(@) - ale,w)(e: + Vi(a,w)) dal,

and, P-a.s. for every ¢ € C2°(R?), we have Joa VY - ale; + Vi) daz = 0.

B. Fehrman (LSU) Berlin-Oxford IRTG 6 July 2026 27 /33



IV. Stochastic homogenization

The equation: for a smooth and bounded domain U C R?, for a fixed w € Q,
—V -a*Vue. = f in U with uc = 0 on 9U.
The homogenization correctors: for P-a.e. environment w € €2,
—V - a(Vi +e;) = f with ¢; € Hp,.(R?) and V¢; stationary.

The homogenized coefficient: we define @ € R**¢ by

ae; = (A(ei + Vi),
which is uniformly elliptic and symmetric (if a is symmetric).
The macroscopic limit: the function @ € H'(U) solves

—V.aVu = f in U with w=0 on OU.

The two-scale expansion: we postulate that

Ue = Ue = U+ £¢Q; OiT.

Sublinearity: we require that

) 1 2\ 3
tim 60y = Jim 1 ([ 107)" =0
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IV. Stochastic homogenization

Sublinearity: we aim to prove P-a.s. that, for every R € (0, 00),

) .1 2\ 3
t 6y = i ([ 107)" =0

Subtracting the mean: we may assume that (¢7), = 0, as otherwise

@i = ¢; — (¢5) By Is an equivalent sequence of correctors.

The Poincaré inequality and ergodic theorem: we have P-a.s. that

. . 1 1
limsup |le¢i || 25,y < cRlmsup||V;| 2 g, = cR|Br|? "E[|[V¢il?]2 < .
e—0 ) e—0 )

Compactness: P-a.s., by the Sobolev embedding theorem, for some éz € HY(B,),
¢ — ¢; weakly in H'(Bgr) and ¢ — ¢; strongly in L*(Bg).
The strong limit: since P-a.s. by the ergodic theorem V¢i — E[V¢5] = 0,

Vi =0 and (q%)BR = 1ir%(¢f>BR = 0 proves that ¢; = 0,
E—r

and, therefore, that

gi_{% eg: ||L2(BR) =0.
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IV. Stochastic homogenization
The equation: for a smooth and bounded domain U C R?, for a fixed w € Q,
—V -a*Vue. = f in U with ue = 0 on 9U.
The energy estimate: we have that, for ¢ depending on A\ and U,
luellry oy < ellFI*
The perturbed test function: for ¢ € C°(U),
Yo =+ 67 01,

for the transpose correctors —V - a‘(e; + Vi) = 0.

The limit: we have that
[, Vo Vue = [ fue
= [ a®'(ei + V6700 - Vue + [ £67'V09 - a Ve
U U
- —/Uus (a®(es + Vi) - Vi) + O(|[e¢™* || 2 1))
where the ergodic theorem and sublinearity prove that, if ue — @ in Hg (U),

—V-aVu =0 in U with w =0 on OU.
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IV. Stochastic homogenization

A first qualitative homogenization statement

Let U C R? be a smooth and bounded domain, let (Q, F,P) be a probability space,
let a: RY x © — R%* be a stationary and ergodic coefficient field, let f € L?(U), and
for every € € (0,1) let ue € Hy(U) be the unique Lax—Milgram solution of the
equation

—V -a*Vu. = f in U with uc = 0 on 9U.

There P-a.s. exist sublinear correctors ¢; € Hi. . (R?) with stationary gradients solving
—V-a(e; +V¢;) =0 in R
For the homogenized coefficient @ € R**¢ defined by
ae; = (a(ei + Vi),
we have P-a.s. that, as € — 0,
us — 7 weakly in Hp (U) and u. — u strongly in LQ(U),

for w € H§(U) satisfying

—V.aVu = f in U with w=0 on OU.
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IV. Stochastic homogenization

The equation: for & = 1/500 in T* x (0, 00),
Orue = (1/2)V . aEVug in Tl X (0, OO) with ug = 1{(1/4,3/4}.

A macroscopic limit: choosing @ = (a™*) ! ~ 0.43588,
ou = (1/2)V -aVu in T! x (O, OO) with ug = 1{(1/4,3/4}.
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