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I. The stochastic homogenization error

The coefficient field: the map a : Rd × Ω → Rd×d satisfies

ξ · aξ ≥ λ|ξ|2 and ξ · a−1ξ ≥ Λ−1|ξ|2,

and, for a measure-preserving transformation group {τx : Ω → Ω}x∈Rd ,

a(x+ y, ω) = a(y, τxω) for all x, y ∈ Rd and ω ∈ Ω.

Furthermore, the transformation group is ergodic:

f(ω) = f(τxω) ∈ L∞(Ω) for all x ∈ Rd if and only if f is constant.

The equation: for a fixed environment ω ∈ Ω, and U ⊆ Rd,

−∇ · aε∇uε = f in U with uε = 0 on ∂U.

Qualitative homogenization: there exists a ∈ Rd×d such that, P-a.s.,

uε ⇀ u weakly in H1(U) and uε → u strongly in L2(U),

for u solving
−∇ · a∇u = f in U with u = 0 on ∂U .
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I. The stochastic homogenization error

The homogenization corrector: there P-a.s. exist ϕi ∈ H1
loc(Rd) satisfying

−∇ · a(∇ϕi + ei) = 0 in ∈ Rd with ∇ϕi stationary.

That is, there exists DΦi ∈ L2
pot(Ω) such that

∇ϕi(x, ω) = DΦi(τxω).

Sublinearity: for P-a.e. ω ∈ Ω, for every R ∈ (0,∞),

lim
ε→0

∥εϕε
i∥L2(BR) = lim

r→∞

1

r

(  
BrR

|ϕi|2
)
= 0.

The homogenized coefficient: as in the periodic case,

aei = ⟨a(ei +∇ϕi)⟩,

is uniformly elliptic (with the same constants) and symmetric (if a is).

The two-scale expansion: we define

uε ≃ ũε = u+ εϕε
i∂iu,

for u solving
−∇ · a∇u = f in U with u = 0 on ∂U .
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I. The stochastic homogenization error

The two-scale expansion: we define

uε ≃ ũε = u+ εϕε
i∂iu.

The stochastic homogenization error: we have

wε = uε − u− εϕε
i∂iu.

The equation: as in the periodic case,

−∇ · aε∇wε =
(
aε(ei +∇ϕi)− aei

)
· ∇∂iu+∇ · (εϕε

ia
ε∇∂iu)

= qεi · ∇∂iu+∇ · (εϕε
ia

ε∇∂iu),

for the flux qεi = aε(ei +∇ϕi)− aei.

The flux correction: in the periodic case,

−∆σijk = ∂jqik − ∂kqij and ⟨σijk⟩Td = 0,

which, when lifted to Ω, for DiΨ = limh→0 h
−1(Ψ(τheiω)−Ψ(ω)),

−D ·DΣijk = DjQik −DkQij in L2
pot(Ω),

for qi(x, ω) = Qi(τxω), and in the weak form

E
[
DΨ ·DΣijk

]
= E

[
QikDjΨ−QijDkΨ

]
for all DΨ ∈ L2

pot(Ω).
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I. The stochastic homogenization error

The flux correction: there exists a unique DΣijk ∈ L2
pot(Ω) satisfying

E
[
DΨ ·DΣijk

]
= E

[
QikDjΨ−QijDkΨ

]
for all DΨ ∈ L2

pot(Ω).

As with the correctors, there P-a.s. exist σijk ∈ H1
loc(Rd) satisfying

−∆σijk = ∂jqik − ∂kqij in Rd with ∇σijk stationary.

Subinearity: since the gradient is stationary with E[∇σijk] = 0,

lim
ε→0

∥∥εσε
ijk

∥∥
L2(BR)

= lim
r→∞

1

r

(  
BrR

|σijk|2
)
= 0.

The equation: P-a.s. for the skew-symmetric matrix σi = (σijk), using ∇ · qi = 0,

−∆
(
(∇ · σi)j − qij

)
= 0 in Rd,

which implies (∇ · σi)j − qij is constant, and by the ergodic theorem

lim
r→∞

 
Br

(
(∇ · σi)j − qij

)
= E

[
(∇ · σi)j − qij

]
= 0.

Therefore,
∇ · σi = qi for (∇ · σi)j = ∂kσijk.
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I. The stochastic homogenization error

The stochastic homogenization error: we have

wε = uε − u− εϕε
i∂iu.

The equation: as in the periodic case, using the skew-symmetry of σi,

−∇ · aε∇wε = qεi · ∇∂iu+∇ · (εϕε
ia

ε∇∂iu)

= (∇ · σε
i ) · ∇∂iu+∇ · (εϕε

ia
ε∇∂iu)

= ∇ ·
(
(εϕε

ia
ε − εσε

i )∇∂iu
)
.

The boundary layer: for 0 < r << 1 let

Ur = {x ∈ U : d(x, ∂U) ≥ r}

and for ηr = 1 on Ur, ηr = 0 on Rd \ U◦
r/2, and |∇ηr| ≤ c/r,

wε,r = uε − u− εϕε
iηr∂iu ∈ H1

0 (U).

The equation: we have that

−∇ · aε∇wε,r = ∇ ·
(
(1− ηr)(a

ε − a)∇u
)
+∇ ·

(
(εϕε

ia
ε − εσε

i )∇(ηr∂iu)
)
.
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I. The stochastic homogenization error

The boundary expansion: since wε,r = uε − u− εηrϕ
ε
i∂iu ∈ H1

0 (U),

−∇ · aε∇wε,r = ∇ ·
(
(1− ηr)(a

ε − a)∇u
)
+∇ ·

(
(εϕε

ia
ε − εσε

i )∇(ηr∂iu)
)
.

The energy estimate: for c ∈ (0,∞) depending on λ, Λ, and U ,
ˆ
U

|∇wε,r|2 ≤ cr
∥∥∇2u

∥∥2

L∞(U\Ur)
+ cr−2 ∥∇u∥2L∞(Ur\Ur/2)

∥ε(ϕε
i , σ

ε
i )∥2L2(Ur\Ur/2)

+ c
∥∥∇2u

∥∥2

L∞(Ur/2)
∥ε(ϕε

i , σ
ε
i )∥2L2(Ur/2)

.

The full two-scale expansion: for wε = uε − u− εϕε
i∂iu, for r = ε,

∥∇wε −∇wε,r∥2L2(U) = ∥∇(ε(1− ηr)ϕ
ε
i∂iu∥2L2(U)

≤ c
(
ε−1 ∥∇u∥2L∞(U\Ur)

∥εϕε
i∥2L2(U\Ur)

+ ∥∇u∥2L∞(U\Ur)
∥∇ϕε

i∥2L2(U\Ur)

)
+ cε

∥∥∇2u
∥∥2

L∞(U\Ur)
∥ϕε

i∥2L2(U\Ur)
.

Qualitative homogenization: if u ∈ W 2,∞(U),

lim sup
ε→0

ˆ
U

|∇wε|2 = 0.

B. Fehrman (LSU) Berlin-Oxford IRTG 8 July 2026 7 / 29



I. The stochastic homogenization error

Qualitative stochastic homogenization

Let U ⊆ Rd be a smooth, bounded domain, let f ∈ Cα(U) for some α ∈ (0, 1), and let
a : Rd × Ω → Rd×d be a uniformly elliptic, stationary, and ergodic diffusion matrix.
There P-a.s. exist homogenization correctors ϕi ∈ H1

loc(Rd) satisfying

−∇ · a(ei +∇ϕi) = 0 in Rd with ∇ϕi stationary,

that define the homogenized matrix

aei = ⟨a(ei +∇ϕi)⟩,

and the macroscopic limit u solving

−∇ · a∇u = f in U with u = 0 on ∂U .

The stochastic homogenization error

wε = uε − u− εϕε
i∂iu,

satisfies
lim
ε→0

ˆ
U
|∇wε|2 = 0 and, so, ∇uε ≃ ∇u+ ∂iu∇ϕε

i .
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I. The stochastic homogenization error

The equation: for ε = 1/1000 in T1 × (0,∞),

∂tuε = (1/2)∇ · aε∇uε in T1 × (0,∞) with u0 = 1{(1/4,3/4}.

A macroscopic limit: choosing a = ⟨a−1⟩−1 ≃ 0.43588,

∂tu = (1/2)∇ · a∇u in T1 × (0,∞) with u0 = 1{(1/4,3/4}.
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II. The variational approach

The equation: for a symmetric diffusion matrix a, the solution

−∇ · aε∇uε = f in U with uε = 0 on ∂U ,

satisfies
uε = argminv∈H1

0 (U)

ˆ
U

(
∇v · aε∇v − vf

)
.

The approximate gradient: by the two-scale expansion,

∇uε ≃ ∇u+ ∂iu∇ϕε
i = (ei +∇ϕε

i )∂iu,

and, therefore,
ˆ
U
∇v · aε∇v ≃

∑
ij

ˆ
U

(
(ei +∇ϕε

i ) · aε(ej +∇ϕε
j)
)
∂iu∂ju.

The effective energy: we have that

1

|U |

ˆ
U

(ei +∇ϕε
i ) · aε(ej +∇ϕε

j) =

 
U/ε

(ei +∇ϕi) · a(ej +∇ϕj).

Polarization: we will analyze on large-scales, for ξ ∈ Rd,

µ(U, ξ) =
1

2

 
U
(ξ +∇ϕξ) · a(ξ +∇ϕξ),

for ϕξ = ξiϕi satisfying −∇ · a(ξ +∇ϕξ) = 0.
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II. The variational approach

The energy: for every V ⊆ Rd, for ξ ∈ Rd, and for ℓξ(x) = x · ξ,

µ(V, ξ) = inf
v∈ℓξ+H1

0 (U)

1

2

 
V
∇v · a∇v.

The Euler–Lagrange equation: the minimizer vξ,V satisfies

−∇ · a∇vξ,V = 0 in V with vξ,V = ℓξ on ∂V .

The finite-volume corrector: if ϕξ,V = vξ,V − ℓξ,

−∇ · a(∇ϕξ,V + ξ) = 0 in V with ϕξ,V = 0 on ∂V .

Approximate correctors: for α ∈ (0, 1),

αϕi,α −∇ · a(ei +∇ϕi,α) = 0 in Rd,

satisfy that

ϕi,α(x) =

ˆ ∞

0

e−αtρi(x, t) dt,

for
∂tρi = ∇ · a∇ρi in Rd × (0,∞) with ρi(·, 0) = ∇ · (aei).
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II. The variational approach

The energy: for every V ⊆ Rd, for ξ ∈ Rd, and for ℓξ(x) = x · ξ,

µ(V, ξ) = inf
v∈ℓξ+H1

0 (U)

1

2

 
V
∇v · a∇v =

1

2

 
V
(ξ +∇ϕξ,V ) · a(ξ +∇ϕξ,V ),

for −∇ · a(ξ +∇ϕξ,V ) = 0 in V with ϕξ,V = 0 on ∂V .

The coarse-grained matrix: since the map ξ → (ξ +∇ϕξ,V ) is linear,

the map ξ → µ(V, ξ) is quadratic in ξ ∈ Rd.

There exists a symmetric a(V ) ∈ Rd×d such that

µ(V, ξ) =
1

2

(
ξ · a(V )ξ

)
for every ξ ∈ Rd.

Subadditivity: if V =
∐N

i=1 Vi then

|V |µ(V, ξ) ≤
∑N

i=1
|Vi|µ(Vi, ξ) and, so, µ(V, ξ) ≤

∑N

i=1

|Vi|
|V | µ(Vi, ξ).

Upper bound: for every V ⊆ Rd and ξ ∈ Rd, choosing v = ℓξ,

µ(V, ξ) ≤ 1

2

(
ξ ·

(  
V
a
)
ξ
)
≤ Λ|ξ|2.
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II. The variational approach

A subadditive quantity: for the set V of bounded, open subsets of Rd,

s : Ω× V → R,

is subadditive if P-a.s. whenever V =
∐n

i=1 Vi, we have s(ω, V ) ≤
∑N

i=1 s(ω, Vi).

Kingman subadditive ergodic theorem [Akcoglu, Krengel; 1981]

Let (Ω,F ,P) be a probability space with an ergodic, Zd-stationary probability
measure P: for an ergodic measure-preserving transformation group
{τz : Ω → Ω}z∈Zd , for every f ∈ L∞(Ω),

f(ω) = f(τzω) in L∞(Ω) for every z ∈ Zd.

If s : Ω× V → R is a subadditive quantity that is Zd stationary:

s(ω, V + z) = s(τzω, V ) for every V ∈ V and z ∈ Zd,

and bounded: for some Λ ∈ (0,∞), we have s(V ) ≤ Λ P-a.s. for every V ∈ V.

Then, there exists u ∈ R such that, P-a.s. for every V ∈ V,

lim
t→∞

s(ω, tV ) = µ.
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II. The variational approach

The energy: for every V ⊆ Rd, for ξ ∈ Rd, and for ℓξ(x) = x · ξ,

µ(V, ξ) = inf
v∈ℓξ+H1

0 (U)

1

2

 
V
∇v · a∇v =

1

2

 
V
(ξ +∇ϕξ,V ) · a(ξ +∇ϕξ,V ).

The coarse-grained matrix: there exists a symmetric a(V ) ∈ Rd×d such that

µ(V, ξ) =
1

2

(
ξ · a(V )ξ

)
for every ξ ∈ Rd.

Subadditivity: if V =
∐N

i=1 Vi then

|V |µ(V, ξ) ≤
∑N

i=1
|Vi|µ(Vi, ξ) and, so, µ(V, ξ) ≤

∑N

i=1

|Vi|
|V | µ(Vi, ξ).

Upper and lower bounds: for every V ∈ V and ξ ∈ Rd, choosing v = ℓξ,

λ

2
|ξ|2 ≤ λ

2

 
V

|ξ + ϕξ,V |2 ≤ µ(V, ξ) ≤ 1

2

(
ξ ·

(  
V
a
)
ξ
)
≤ Λ

2
|ξ|2.

The subadditive ergodic theorem: for every ξ ∈ Rd and V ∈ V,
lim
t→∞

µ(tV, ξ) = µξ.

The homogenized matrix: for a symmetric, uniformly elliptic a ∈ Rd×d,

lim
t→∞

a(tV ) = a.
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II. The variational approach

A useful decomposition: for every n ∈ N, up to a set of Lebesgue measure zero,

□n =
[
− 3n

2
,
3n

2

]
so Rd =

∐
z∈3nZd

(
z +□n

)
.

The finite-volume correctors: for every n ∈ N and ξ ∈ Rd, for the minimizer vn,ξ,

−∇ · a∇vn,ξ = 0 in □n with vn,ξ = ℓξ on ∂□n.

we define the finite volume corrector

ϕn,ξ = vn,ξ − ℓξ satisfies −∇ · a(ξ +∇ϕn,ξ) = 0 in □n with ϕn,ξ = 0 on ∂□n.

The finite volume flux: since we have thatˆ
□n

a(∇ϕn,ξ + ξ) =

ˆ
□n

a∇vn,ξ = a(□n)ξ.

the finite-volume flux is

qn,ξ = a(∇ϕn,ξ + ξ)− a(□n)ξ,

which satisfies, P-a.s.,
∇ · qn,ξ = 0 and

 
□n

qn,ξ = 0.
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II. The variational approach

A useful decomposition: for every n ∈ N, up to a set of Lebesgue measure zero,

□n =
[
− 3n

2
,
3n

2

]
so Rd =

∐
z∈3nZd

(
z +□n

)
.

The finite-volume correctors: for every n ∈ N,

−∇ · a(ei +∇ϕn,i) = 0 in □n with ϕn,i = 0 on ∂□n.

The finite volume flux: for every n ∈ N,

qn,i = a(ei +∇ϕn,i)− a(□n)ei,

which satisfies, P-a.s.,
∇ · qn,i = 0 and

 
□n

qn,i = 0.

The finite volume flux-corrector: for 3n-periodic skew-symmetric matrices σi,n,

∇ · σn,i = qn,i in Rd,

with σn,i = (σn,ijk) for

−∆σn,ijk = ∂jqn,ik − ∂kqn,ij in Rd with

 
□n

σn,ijk = 0.
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II. The variational approach

The equation: we have

−∇ · aε∇uε = f in U with uε = 0 on ∂U .

The two-scale expansion: if U ⊆ □0 and 3m−1 ≤ ε−1 < 3m then (U/ε) ⊆ □m,

uε ≃ ũε,m = uε − u− ε∂iϕ
ε
m,i∂iu.

for the finite-volume correctors

−∇ · a(ei +∇ϕm,i) = 0 in □m with ϕm,i = 0 on ∂□m.

The finite volume flux: for every n ∈ N,

qn,i = a(ei +∇ϕn,i)− a(□n)ei,

which satisfies, P-a.s.,
∇ · qn,i = 0 and

 
□n

qn,i = 0.

The finite volume flux-corrector: for 3n-periodic skew-symmetric matrices σi,n,

∇ · σn,i = qn,i in Rd,

with σn,i = (σn,ijk) for

−∆σn,ijk = ∂jqn,ik − ∂kqn,ij in Rd with

 
□n

σn,ijk = 0.
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II. The variational approach

The equation: we have

−∇ · aε∇uε = f in U with uε = 0 on ∂U .

The two-scale expansion: the homogenization error, for U ⊆ □0 and
3m−1 ≤ ε−1 < 3m,

wε = uε − u− εϕε
m,i∂iu,

satisfies

−∇ · aε∇wε = qεm,i · ∇∂iu+∇ · (a(□m)− a)∇u+∇ · (εϕε
m,i∇∂iu)

= ∇ · (a(□m)− a)∇u+∇ ·
(
εϕε

m,i − εσε
m,i

)
∇∂iu.

Sublinearity: since 3m−1 ≤ ε−1 < 3m,∥∥εϕε
m,i

∥∥
L2(U)

+
∥∥εσε

m,i

∥∥
L2(U)

= ε|U |
1
2

(  
U/ε

|ϕm,i|2 + |σm,i|2
) 1

2

≤ c3−m
(  

□m

|ϕm,i|2 + |σm,i|2
) 1

2
.

It suffices to prove that

lim
m→∞

3−m(
∥ϕm,i∥L2(U) + ∥σm,i∥L2(U)

)
= 0.
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III. The multiscale Poincaré inequality

The Poincaré inequality: for every U ⊆ Rd,

∥u− ⟨u⟩U∥L2(U) ≤ cdiam(U) ∥∇u∥L2(U) .

Scale-corrected norms: we define the following volume-normalized function spaces,

∥u∥L2(U) =
(  

U
u2) 1

2 ,

∥u∥H1(U) =
(
|U |−1

 
U
u2) 1

2 +
(  

U
|∇u|2

) 1
2 ,

∥u∥H−1(U) = sup
{  

U
uv : ∥v∥H1(U) ≤ 1

}
.

The scaling factor: we have that

∥vε∥L2(εU) = ∥v∥L2(U) and ∥vε∥H1(εU) = ε−1 ∥v∥H1(U) .

The scaling v → εvε preserves the H1-norm.
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III. The multiscale Poincaré inequality

A useful characterization of the L2-norm: we aim to show that

∥u− ⟨u⟩U∥L2(U) ≤ c ∥∇u∥H−1(U) .

The Neumann solution: let w solve

−∆w = (u− ⟨u⟩U ) in U with ∇w · ν = 0 on ∂U .

Maximal regularity: we have that

∥∇w∥H1(U) ≤ c ∥u− ⟨u⟩U∥L2(U) ,

using the ∇w → ε(∇w)ε scaling.

The estimate: we have that

∥u− ⟨u⟩U∥2L2(U) =

 
U

∇w · ∇u

≤ ∥∇w∥H1(U) ∥∇u∥H−1(U)

≤ c ∥u− ⟨u⟩U∥L2(U) ∥∇u∥H−1(U) .

For c ∈ (0,∞) independent of U ,

∥u− ⟨u⟩U∥2L2(U) ≤ c ∥∇u∥H−1(U) .
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III. The multiscale Poincaré inequality

The Lebesgue decomposition: for m ∈ N and g ∈ L1(□m),

g = ⟨g⟩□m +
m∑

k=−∞

∑
z∈3kZd∩□m

∑
z′∈3k−1Zd∩(z+□k)

(
⟨g⟩z′+□k−1

− ⟨g⟩z+□k

)
1z′+□k−1

,

and, therefore,
 
□m

fg = ⟨f⟩□m⟨g⟩□m +
∑

k

∑
z,z′

(
⟨g⟩z′+□k−1

− ⟨g⟩z+□k

)
⟨f⟩z′+□k−1

.

Hölder’s inequality shows that

|
 
□m

fg| ≤ ⟨f⟩□m⟨g⟩□m +
∑

k

∑
z,z′

|⟨g⟩z′+□k−1
− ⟨g⟩z+□k

)
||⟨f⟩z′+□k−1

|

≤ ⟨f⟩□m⟨g⟩□m +
∑

k

∑
z
3d

 
z+□k

|g − ⟨g⟩z+□k
|
∑

z′
|⟨f⟩z′+□k−1

|

≤ ⟨f⟩□m⟨g⟩□m + 3d
∑

k

(∑
z

(  
z+□k

|g − ⟨g⟩z+□k
|
)2) 1

2
(∑

z′
|⟨f⟩z′+□k−1

|2
) 1

2

≤ ⟨f⟩□m⟨g⟩□m + 3d+1 sup
k≤m

3−k
(∑

z

(  
z+□k

|g − ⟨g⟩z+□k
|
)2) 1

2

×
∑
k

3k
(∑

z′
|⟨f⟩z′+□k−1

|2
) 1

2
.
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III. The multiscale Poincaré inequality

The Poincaré inequality: since we have that, if ∥g∥H1(□m) ≤ 1,

sup
k≤m

3−k
(∑

z

(  
z+□k

|g − ⟨g⟩z+□k
|
)2) 1

2 ≤ c sup
k≤m

(∑
z

 
z+□k

|∇g|2
) 1

2

≤ c ∥∇g∥L2(□m)

≤ c.

The conclusion: since ⟨g⟩□m ≤ 3m if ∥g∥H1(□m) ≤ 1,

∥f∥H−1(□m) = sup
∥g∥

H1(□m)

|
 
□m

fg| ≤
m∑

k=−∞

3k
(∑

z∈3kZd∩□m

|⟨f⟩z+□k
|2
) 1

2
.

and, using that ∥u− ⟨u⟩U∥2L2(U) ≤ c ∥∇u∥H−1(U),

∥u− ⟨u⟩□m∥2L2(□m) ≤ c
m∑

k=−∞

3k
(∑

z∈3kZd∩□m

|⟨∇u⟩z+□k
|2
) 1

2
.

In particular, for c ∈ (0,∞) independent of m,

∥u− ⟨u⟩□m∥2L2(□m) ≤ c ∥∇u∥L2(□m) + c

m∑
k=0

3k
(∑

z∈3kZd∩□m

|⟨∇u⟩z+□k
|2
) 1

2
.
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IV. Qualitative stochastic homogenization

The finite-volume correctors: for vn,ξ minimizing µ(□n, ξ),

−∇ · a∇vn,ξ = 0 in □n with vn,ξ = ℓξ on ∂□n,

we have that ϕn,ξ = vn,ξ − ℓξ and, since ϕn,ξ = 0 on ∂□n,

⟨ϕn,ξ⟩□n = 0 implies ⟨vn,ξ⟩□n = ξ.

Large-scale averages: we have that, for every n ≤ m ∈ N0,

|⟨∇ϕm,ξ⟩□m |2 = |⟨∇vm,ξ − ξ⟩□m |2

= |⟨∇vm,ξ⟩□m − ⟨∇vn,ξ⟩□m |2

= |
 
□m

(
∇vm,ξ −∇vn,ξ

)
|2

≤
 
□m

|∇vm,ξ −∇vn,ξ|2.
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IV. Qualitative stochastic homogenization

Large-scale averages: for the finite-volume corrector, for every n ≤ m ∈ N0,

|⟨∇ϕm,ξ⟩□m |2 ≤
 
□m

|∇vm,ξ −∇vn,ξ|2.

Asymptotic flatness: for every n ≤ m ∈ N0,

λ

2

 
□m

|∇vm,ξ −∇vn,ξ|2 ≤ 1

2

 
□m

(∇vm,ξ −∇vn,ξ) · a(∇vm,ξ −∇vn,ξ)

=
1

2

 
□m

∇vn,ξ · a∇vn,ξ −
1

2

 
□m

∇vn,ξ · a∇vm,ξ

=
1

2

 
□m

∇vn,ξ · a∇vn,ξ −
1

2

 
□m

∇vm,ξ · a∇vm,ξ

=
∑

z∈3nZd∩□M

(
µ(z +□n, ξ)− µ(□m, ξ)

)
=

∑
z∈3nZd∩□M

(
ξ · a(z +□n)ξ − ξ · a(□m)ξ

)
=

∑
z∈3nZd∩□M

(
ξ · (a(z +□n)− a(□m))ξ

)
.
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IV. Qualitative stochastic homogenization

Large-scale averages: for the finite-volume corrector, for every n ≤ m ∈ N0,

|⟨∇ϕm,ξ⟩□m |2 ≤
 
□m

|∇vm,ξ −∇vn,ξ|2.

Asymptotic flatness: for every n ≤ m ∈ N0,

λ

2

 
□m

|∇vm,ξ −∇vn,ξ|2 =
∑

z∈3nZd∩□M

(
ξ · (a(z +□n)− a(□m))ξ

)
.

The multiscale Poincaré inequality: we have that

∥ϕm,ξ − ⟨ϕm,ξ⟩□m∥L2(□m)

≤ c
(
∥∇ϕm,ξ∥L2 +Σm

k=03
k
(∑

z∈3kZd∩□m

|⟨∇ϕm,ξ⟩z+□k
|2
) 1

2
)

≤ c
(
|ξ|2 +

m−1∑
k=0

3k
(∑

z∈3nZd∩□m

(
ξ · (a(z +□n)− a(□m))ξ

)) 1
2
)

≤ c|ξ|2
(
1 +

m−1∑
k=0

3k
(
|a(□m)−

∑
z∈3nZd∩□m

a(z +□n)|
) 1

2
)

≤ c|ξ|2
(
1 +

m∑
k=0

3k
(
|
∑

z∈3nZd∩□m

a(z +□n)− a|
) 1

2
)
.
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IV. Qualitative stochastic homogenization

Large-scale averages: for the finite-volume corrector, for every n ≤ m ∈ N0,

|⟨∇ϕm,ξ⟩□m |2 ≤
 
□m

|∇vm,ξ −∇vn,ξ|2.

Asymptotic flatness: for every n ≤ m ∈ N0,

λ

2

 
□m

|∇vm,ξ −∇vn,ξ|2 =
∑

z∈3nZd∩□M

(
ξ · (a(z +□n)− a(□m))ξ

)
.

The multiscale Poincaré inequality: we have that

∥ϕm,ξ − ⟨ϕm,ξ⟩□m∥L2(□m)

≤ c|ξ|2
(
1 +

m∑
k=0

3k
(
|
∑

z∈3nZd∩□m

a(z +□n)− a|
) 1

2
)
.

Sublinearity: by the subadditive ergodic theorem and dominated convergence,

lim sup
m→∞

3−m(
∥ϕm,ξ − ⟨ϕm,ξ⟩□m∥L2(□m)

)
≤ lim sup

m→∞
c|ξ|2

(
3−m +

m∑
k=0

3k−m
(
|
∑

z∈3nZd∩□m

a(z +□n)− a|
) 1

2
)

= 0.
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IV. Qualitative stochastic homogenization

The finite volume flux: for every n ∈ N,

qm,i = a(ei +∇ϕm,i)− a(□m)ei.

The finite volume flux-corrector: for 3m-periodic skew-symmetric matrices σi,m

with
−∆σm,ijk = ∂jqm,ik − ∂kqm,ij in Rd with

 
□n

σm,ijk = 0.

The L2-norm: for the 3m-periodic function w satisfying

−∆w = σm,ijk in Rd with ⟨w⟩□m = 0,

we have using the maximal regularity estimate that

∥σm,ijk∥2L2(□m) ≤
 
□m

∇w · ∇σm,ijk =

 
□m

qm,ij∂kw − qm,ik∂jw

≤ ∥qm,i∥H−1(□m) ∥∇w∥H1(□m)

≤ ∥qm,i∥H−1(□m) ∥σm,ijk∥L2(□m) ,

and, therefore, ∥σm,ijk∥L2(□m) ≤ ∥qm,i∥H−1(□m).

Sublinearity: applying the multiscale Poincaré inequality to qm,i.

lim sup
m→∞

3−m(
∥σm,ξ − ⟨σm,ξ⟩□m∥L2(□m)

)
= 0.
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IV. Qualitative stochastic homogenization

Qualitative stochastic homogenization

Let U ⊆ □0 be a smooth, bounded domain, let f ∈ Cα(U) for some α ∈ (0, 1), and
let a : Rd × Ω → Rd×d be a symmetric, uniformly elliptic, stationary, and ergodic
diffusion matrix. Then, there exists a deterministic, uniformly elliptic a ∈ Rd×d

defined P-a.s. by
1

2

(
ξ · aξ

)
= lim

m→∞
µ(□m, ξ),

such that, P-a.s., the local two scale expansion, for 3m−1 ≤ ε−1 < 3m,

wε = uε − εϕε
m,i∂iu,

defined by the finite-volume correctors ϕm,i and macroscopic limit

−∇ · a∇u = f in U with u = 0 on ∂U ,

satisfies
lim
ε→0

ˆ
U
|∇wε|2 = 0 and, so, ∇uε ≃ ∇u+ ∂iu∇ϕε

i .

Polarization: for every ξ, ξ′ ∈ Rd,

ξ · aξ′ = 1

4

(
(ξ + ξ′) · a(ξ + ξ′)− (ξ − ξ′) · a(ξ − ξ′)

)
.
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