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I. The stochastic homogenization error

The coefficient field: the map a: R? x Q — R¥*? satisfies
£-af > N¢* and €-a7 7> ATEP,
and, for a measure-preserving transformation group {7.: Q — Q},cpa,
a(z +y,w) = aly, Taw) for all z,y € R and w € Q.

Furthermore, the transformation group is ergodic:

f(w) = f(rew) € L=(Q) for all z € R? if and only if f is constant.

The equation: for a fixed environment w € Q, and U C R,
~V-a*Vu. = f in U with u. =0 on 9U.
Qualitative homogenization: there exists @ € R**¢ such that, P-a.s.,

ue —  weakly in H'(U) and u. — @ strongly in L*(U),

for w solving

—V-aVu=f in U with w =0 on OU.
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I. The stochastic homogenization error

The homogenization corrector: there P-a.s. exist ¢; € Hp (R?) satisfying
—V-a(V¢i+e;) =0 in € R? with V¢, stationary.
That is, there exists D®; € L2, () such that
Voi(x,w) = DP;(Tw).

Sublinearity: for P-a.e. w € Q, for every R € (0, c0),

. . o1 2\
tim < n ) = Jim (107 =0
The homogenized coefficient: as in the periodic case,
ae; = (a(ei + Vi),

is uniformly elliptic (with the same constants) and symmetric (if a is).

The two-scale expansion: we define

- _ cn—
Ue ~ Ue = U + €¢; 0,

for w solving

—V-aVu=f in U with w =0 on OU.
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I. The stochastic homogenization error

The two-scale expansion: we define
Ue ~ U = U + €05 O;u.
The stochastic homogenization error: we have
We = Ue — U — £¢; O .
The equation: as in the periodic case,
—V-a"Vw, = (ae (ei + Vi) — Eei) -Vou+V - (ep;a”VOiu)
=q; - VOiu+V - (e¢;a° Vi),
for the flux ¢f = a®(e; + Vi) — ae;.

The flux correction: in the periodic case,
—Aoijr = 0jqik — Okqij and (oijk)pa =0,
which, when lifted to Q, for D; ¥ = limp,—0 h™ (U (The,w) — ¥(w)),
—D - DSiji = DjQir — DiQi; in L, (R),
for ¢i(z,w) = Qi(7zw), and in the weak form

E[D\I/ . DZijk} = E[QlkD]\I/ — Q»LJD}@\I/] fOI‘ all DY c Liot(Q).
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I. The stochastic homogenization error

The flux correction: there exists a unique D¥;;, € Lgot(Q) satisfying
E[DV - D3] = E[QixD; ¥ — Qi; Di V] for all DU € Ly, ().
As with the correctors, there P-a.s. exist oy, € Hi,.(R?) satisfying
—Aoijr = 05qik — Okqs; in R? with Voiji stationary.
Subinearity: since the gradient is stationary with E[Vo,;,] = 0,

. .1
i ol = S 5 (f, lounl?) =0

TR

The equation: P-a.s. for the skew-symmetric matrix o; = (045%), using V - ¢; = 0,
*A((V . O’i)j — qij) = 0 in Rd,

which implies (V - 0;); — qi; is constant, and by the ergodic theorem

lim ((V-0:1); — 4ij) =E[(V-0i); —qi;] =0.

™00 B'r‘

Therefore,

V c0; = (4 fOI‘ (V . Ji)j = 8kaijk.
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I. The stochastic homogenization error

The stochastic homogenization error: we have
We = Ue — U — £¢); O .
The equation: as in the periodic case, using the skew-symmetry of o;,

V- a*Vwe = ¢ -Vou+ V - (e¢;a°VOiu)
=(V.05)-Vou+V - (e¢;a*Vdiu)
=V ((edja° — €0} )VO:u).

The boundary layer: for 0 < r << 1 let
Ur={zeU: d(z,0U) > r}
and for ., =1 on Uy, . = 0 on R? \ 2y and [V, | < ¢fr,
Wep = U — U — e¢in, 050 € Hy(U).
The equation: we have that

—V-a*Vuwe, =V (1 =n)(a° —a)Vu) + V- ((e¢ia” — e07)V(n-0:)).
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I. The stochastic homogenization error

The boundary expansion: since we , = ue — U — en-¢50;u € HE(U),
—V-a*Vuwe, =V - (1 =n)(a® —a)Vu) + V- ((e¢;a” — e07)V(n-0iw)).

The energy estimate: for ¢ € (0,00) depending on A\, A, and U,

[ 1V < e 92+ 0 IV 00, 1065 00,
+ e |IV2 e 1, 1065, 0D 20, -

The full two-scale expansion: for w. = u. — u — £¢;0;u, for r = ¢,
IVwe = Ve |72 ) = [V ((1 = n:) 500 22 1)
< 0(5_1 HVEHQLN(U\U” H5¢5H2L2(U\Ur) + HVEHQLOO(U\UT) |‘V¢§||2L2(U\Ur) )

+ce Hv2ﬂ’|2L°°(U\UT) Hqﬁ’fHQL?(U\UT) .

Qualitative homogenization: if @ € W (U)

e—0

limsup/ |Vw|*> = 0.
U

B. Fehrman (LSU) Berlin-Oxford IRTG 8 July 2026 7 /29



I. The stochastic homogenization error

Qualitative stochastic homogenization

Let U C R? be a smooth, bounded domain, let f € C*(U) for some « € (0,1), and let
a: R% x Q — R¥? be a uniformly elliptic, stationary, and ergodic diffusion matrix.
There P-a.s. exist homogenization correctors ¢; € Hi . (Rd) satisfying

—V -a(ei + Vi) =0 in R? with V¢, stationary,
that define the homogenized matrix
ae; = (a(ei + Vi),
and the macroscopic limit w solving
—V-aVu = f in U with w =0 on 9U.
The stochastic homogenization error
We = Ue — U — £¢; O,

satisfies

lim [ |Vw:|?> =0 and, so, Vue ~ Vu + 8;uVe5.
U

e—0
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I. The stochastic homogenization error

The equation: for & = /1000 in T* x (0, 00),
Orue = (1/2)V . aEVug in Tl X (0, OO) with ug = 1{(1/4,3/4}.

A macroscopic limit: choosing @ = (a™*) ! ~ 0.43588,
ou = (1/2)V -aVu in T! x (O, OO) with ug = 1{(1/4,3/4}.
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II. The variational approach

The equation: for a symmetric diffusion matrix a, the solution
—V -a*Vu. = f in U with uc = 0 on 9U,
satisfies
ue = argmin, ¢ y1 () /U (Vv-a®Vou —vf).
The approximate gradient: by the two-scale expansion,
Vue ~ Vu+ 0;uVe; = (e; + V5 ),

and, therefore,
/U Vo a5V ~ ZU /U ((es + V5) - a° (e + V5)) 50,7,

The effective energy: we have that

|%| /U(ei + Vi) a(e; + V¢5) = ][ (ei + Vi) - ale; + Vo;).

Ule

Polarization: we will analyze on large-scales, for & € R?,

W(U,€) = 3 f (64 Vo¢) - alé + Voe),
for ¢¢ = & satisfying —V - a(€ + Ve) = 0.
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II. The variational approach
The energy: for every V C R, for £ € R?, and for f¢(z) = = - £,

1
p(V,6)=  inf
vele+HL(U) 2

]LV Vv - aVu.
The Euler—Lagrange equation: the minimizer ve v satisfies
—V -aVvey =0 in V with ve v = £€¢ on OV.
The finite-volume corrector: if ¢¢ v = ve, v — £,
—V-a(Vev +€&) =0 in V with ¢e v =0 on 9V.

Approximate correctors: for a € (0, 1),

apia —V -alei+ Vi) =0 in RY,
satisfy that .

Gia(T) :/0 e_atp,-(ac,t) dt,

for

dipi =V -aVp; in R? x (0,00) with p;(-,0) = V - (ae;).
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II. The variational approach

The energy: for every V C R?, for £ € R?, and for e(z) =z - €,

1 1
pVi€) = il o f VeraVu= 3 f (€4 Voey) alé+Voer),

vEngLHé

for =V - a(§ + Ve, v) =0 in V with ¢ev =0 on 9V.

The coarse-grained matrix: since the map £ — (£ + Ve, v) is linear,
the map £ — p(V,§) is quadratic in € € RY.
There exists a symmetric a(V) € R™9 such that
1
w(V, &) = 5 (&-a(V)E) for every & € R

Subadditivity: if V =[], V; then

VIn(V.§) < 30 [Vilu(Vi,€) and.so, u(vi6) <3 Wil g,

V]
Upper bound: for every V C R? and ¢ € R?, choosing v = Le,

p(v,6) < 5 (6 (£, a)e) < Akl
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II. The variational approach

A subadditive quantity: for the set V of bounded, open subsets of RY,
5: 2 xV =R,
is subadditive if P-a.s. whenever V =[], V4, we have s(w, V) < 3N | s(w, V).

Kingman subadditive ergodic theorem [Akcoglu, Krengel; 1981]

Let (92, F,P) be a probability space with an ergodic, Z%-stationary probability
measure P: for an ergodic measure-preserving transformation group
{m2 : Q@ = Q},czq, for every f € L(Q),

f(w) = f(r.w) in L™®(Q) for every z € Z*.
If s: Q x V — R is a subadditive quantity that is Z? stationary:
s(w,V + 2) = s(r.w, V) for every V € V and z € Z%,

and bounded: for some A € (0, 00), we have s(V) < A P-a.s. for every V € V.

Then, there exists u € R such that, P-a.s. for every V € V,

lim s(w,tV) =n.

t—o0
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II. The variational approach
The energy: for every V C R?, for £ € R?, and for e(z) =z - €,

pV.e) = inf o f VoeaVu= 5 (€4 Voer) - ale+ Voey).

UEZE+H6

The coarse-grained matrix: there exists a symmetric a(V) € R*¢ such that
1
w(V, &) = > (f . a(V)f) for every £ € R%.
Subadditivity: if V =[], V; then

NV
VIV, < 3 Vilu(Vis§) and,so, u(v.e) <3

LV
Upper and lower bounds: for every V € V and ¢ € R?, choosing v = le,

A A 1 A
S <3 1 et <uvie) < (- (f, )9 < S

The subadditive ergodic theorem: for every £ € R? and V € V,
—00

w(Vi, €).

The homogenized matrix: for a symmetric, uniformly elliptic @ € R**9,

lim a(tV) =a
t— oo
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II. The variational approach

A useful decomposition: for every n € N, up to a set of Lebesgue measure zero,

3™ 3" d
D = [_ 7’?} so RY = Hze3"zd (Z—Hj”)'

The finite-volume correctors: for every n € N and ¢ € R%, for the minimizer vy, ¢,
-V -aVune =0 in O, with vn ¢ = £¢ on 00,.
we define the finite volume corrector
On,e = Une — Le satisfies —V-a(§+ Von,e) =0 in O, with ¢, =0 on 00,.

The finite volume flux: since we have that

/ a(Vone+8&) = / aVun,e = a(0p)€.
DTL

n

the finite-volume flux is

e = a(Vone + &) — a(n)é,

which satisfies, P-a.s.,

V gne=0 and ][ Gn,e = 0.
D’Vl
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II. The variational approach

A useful decomposition: for every n € N, up to a set of Lebesgue measure zero,

3" 3"
— 7’ 7] o ]Rd — Hzegnzd (z + Dn)

The finite-volume correctors: for every n € N,

o |

-V -a(e; + Vn,i) =0 in O, with ¢n; =0 on 00,.
The finite volume flux: for every n € N,
qn,i = a(ei + Von,i) — a(0n)es,
which satisfies, P-a.s.,
V :gn: =0 and ][D qn,i = 0.
The finite volume flux-corrector: for 3"-periodic skew-symmetric matrices o; »,
V 0ni=¢qn,: in RY,

with on,s = (0n,i5k) for

*Ao'n,ijk = 8jqn’ik — qun,ij in ]Rd with ][ On,ijk = 0.

D’VL
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II. The variational approach

The equation: we have
—~V -a*Vu. = f in U with uc = 0 on 9U.
The two-scale expansion: if U C [y and 3™ ! < e™! < 3™ then (U/e) C Oy,
Ue ™ Ue,m = Ue — U — £0i Py, ;05T
for the finite-volume correctors
—V-a(e; + Vom,i) =0 in O, with ¢p; = 0 on 00,
The finite volume flux: for every n € N,
n,i = a(ei + Von,i) — a(n)ei,
which satisfies, P-a.s.,

V- gqn,i =0 and ][ qn,i = 0.
On

The finite volume flux-corrector: for 3"-periodic skew-symmetric matrices o; ,
. d
V -0oni=¢qn,; in RY,

with on,; = (0n,i5k) for

—AO‘nyijk = 8jqn,ik — 6kqn,ij in Rd with ][ On,ijk = 0.
Un
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II. The variational approach

The equation: we have
—V -a*Vue = f in U with ue = 0 on 9U.

The two-scale expansion: the homogenization error, for U C [y and
3Tl <et <3,
We = U — U — Edyy, ;04T

satisfies
—V - a*Vwe = ¢y, - VOT+ V- (a(Om) —@)Vu + V - (e¢7,,;VO;T)
=V (a(0On) —a)Vu+ V- (edr,,; — €05, ;) VOiTL.

Sublinearity: since 3™ ! <7 < 3™,

=

6l acen + leainill o = 01 (f _6mal® + o)

=

< (13 " (f ¢>m 7 Om,i )
= P | > | | B |
It suffices to prove that

A 37" (I¢mill 2oy + lomiill 2wy ) = 0.
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III. The multiscale Poincaré inequality

The Poincaré inequality: for every U C RY,

flu— <U>UHL2(U) < cdiam(U) ||vu”L2(U) .
Scale-corrected norms: we define the following volume-normalized function spaces,

o 1
lull oy = (f,u%)%
1 1

lll a0y = (017 f 42)7 + (f, 190l)?,

lall -1 = sup { f, wos ol pr oy < 13-
The scaling factor: we have that

-1
HUEHL%EU) = ||UH£2(U) and ”UEHEI(EU) =€ ”UHEI(U)'

The scaling v — ev°® preserves the H'-norm.
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III. The multiscale Poincaré inequality

A useful characterization of the L%-norm: we aim to show that
= (ol o) < I Vully 10,
The Neumann solution: let w solve
—Aw = (u— (uyy) in U with Vw-v =0 on dU.
Maximal regularity: we have that
IVl 01y < ellu = (0l oo

using the Vw — £(Vw)? scaling.

The estimate: we have that
||’LL — <U>UH22(U) = ]{]vw -Vu
< HV'LUHQI(U) ”VUHEJ(U)
< cllu = @ull 2 IVl -1y -
For ¢ € (0,00) independent of U,

2
lv = (wullzzwy < cllVullg-1y -
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III. The multiscale Poincaré inequality

The Lebesgue decomposition: for m € N and g € L' (0,,,),

=)o, + >, > > ((9)2 4041 — (9)o+0) Larp Oy

k=—o00 ze3kzdn0,, 2/ €3k—1z2dN(z+0)
and, therefore,

E o t9={Douen. + 32,3 (9)100 — (@m0
Holder’s inequality shows that
1, F9l < (Do, + 32,3 Hadwsa, = (@)=sa) (D0,

S(f)Dm<9>Dm+ZkZZ3d][ 9= 1o RN S [0 M
< Ponlon, +3Y, (i(fzm 9—(90)?) (10
< o los, +3 s 5 (S (f o= t@a))?)’

+0k

1
2 2
’+Dk 1 )

1

><23 (Z )2 +0, 1|2)§.
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III. The multiscale Poincaré inequality

The Poincaré inequality: since we have that, if [|g]| ;1 (g,,) < 1,

s (S(f lo-toean?) < e (S, f 90F)°

k<m +05
<cllVdll 2o,
<ec.
The conclusion: since (g)o,, < 3™ if [|g]l g1 (n,,) < 1,
m — 1
k 2\ 2
v = s £ fol< >33 . [han )
ngﬁl(gm) Om k=—o00 =€ m

and, using that ||u — (u)UHig(U) < clVaullg-1y

m 1
2
o= 0 320 < € 30 3 (X pugansy, (79400 )

k=—oc0

In particular, for ¢ € (0, 00) independent of m,

2 kN 2
I = 0o, s, < e 1Vu 0, + 033 (2 s, (V=55 )
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IV. Qualitative stochastic homogenization

The finite-volume correctors: for v, ¢ minimizing (0., §),
—V -aVupe =0 in O, with vy ¢ = ¢ on 00,,
we have that ¢, ¢ = vn¢ — ¢ and, since ¢n ¢ =0 on 00,
(¢n.e)o, = 0 implies (vne)o, =¢.
Large-scale averages: we have that, for every n < m € Ny,

{Vm.e)o,l” = [(Vome —€)a,.|”
= {(Vome)a, = (Vuneo,|”

= ‘é va,g — an,§)|2

< ][D [VUm,e — an,g|2.
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IV. Qualitative stochastic homogenization

Large-scale averages: for the finite-volume corrector, for every n < m € Ng,
(Véme)o,l” < £, Vome = Vol
Asymptotic flatness: for every n < m € Ny,

A 1
E][D |Vm,e — Vopel? < §][D (Vum,e — Vune) - a(Vom,e — Vune)

1 1
3 fD Vupe-aVune — 3 ]ém Vune - aVume

m

1 1
5 ][Dm Vupe-aVune — 5 fDm VUm,e - aVume

(/.L(Z + D'm 5) - M(Dmv 5))

ZzesnzanM
=3 i (€0l D0~ € a(On)e)
i (& (a(z +0On) — a(0m))E).

z€3774N0y,
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IV. Qualitative stochastic homogenization
Large-scale averages: for the finite-volume corrector, for every n < m € No,
(Vome)onl” < £, 1Vome — Vonel*
Asymptotic flatness: for every n < m € Np,
S h Vome=Vond? =3 .o (6 (ale+0n) — a@n))e).
The multiscale Poincaré inequality: we have that

[¢m.e = (Pm.e) 02,

< (I omell e + 3" (32

[NE

(Vom.e)=ro.l”)

)

< (kg + mz 83 i, (€ (az +0a) = a(@))6))

)

z€3kzdnO,,

Nl

)

=

m—1 R
ok (1 59 (o) 5y o)
k=0 )

< lef (14 225 (12 cyrai, 4+ Be) )

k=0

=

):
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IV. Qualitative stochastic homogenization

Large-scale averages: for the finite-volume corrector, for every n < m € No,
(Véme)o,l” < £, [Vome = Vol

Asymptotic flatness: for every n < m € Ny,

\ _
Sh Vome=VonelP =37 (€ (alz + 0n) — a(@m))).

The multiscale Poincaré inequality: we have that

lPm.e = (bm.e)0m L2,y

1
< | ')
C|£‘ (1+Z3 ‘Zzegnzdm[j ZJ’_D ) al
Sublinearity: by the subadditive ergodic theorem and dominated convergence,

limsup3™" ([[¢m,e — (Pm.e)onll L2,y )
m—>00

< mapde? (3774 387 (1 s, o 00 )
=0.

N

)

B. Fehrman (LSU) Berlin-Oxford IRTG 8 July 2026

26 /29



IV. Qualitative stochastic homogenization

The finite volume flux: for every n € N,

dm,i = a(ei + v¢m,z) - a(l]m)ei.

The finite volume flux-corrector: for 3"-periodic skew-symmetric matrices o; m,

with
—AOm,ijk = 0iqm,ik — OkQm,ij in R? with ][Eln Om,ijk = 0.
The L?-norm: for the 3™-periodic function w satisfying
—Aw = 0py 5k In R? with (w)g,, =0,
we have using the maximal regularity estimate that

2
lom.iikllL2@,,) < ][E, Vw - Nom,ijn :][D Qi OkW = G, ik 05w

m

< llgm.i |g71(|:|m) va”gl(mm)

< llgm.i |§—1(Dm) Ham,iijy(Dm) )

and, therefore, ||om,ijkllp2,,) < [lgm,i

|ﬁ71<|:’1n).
Sublinearity: applying the multiscale Poincaré inequality to gm,;.

lim sup 377”( HUm,E - <0m,£>Dm Hg(um) ) =0.
m—r0o0
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IV. Qualitative stochastic homogenization

Qualitative stochastic homogenization

Let U C o be a smooth, bounded domain, let f € C*(U) for some « € (0, 1), and
let a: R? x © — R¥*? be a symmetric, uniformly elliptic, stationary, and ergodic
diffusion matrix. Then, there exists a deterministic, uniformly elliptic @ € R%*¢
defined P-a.s. by

e-ae) = tim_p(0n,8),
such that, P-a.s., the local two scale expansion, for 3™ ! < e7! < 3™,
We = Ue — EPyy, ;04T
defined by the finite-volume correctors ¢, ; and macroscopic limit
—V-aVu = f in U with w =0 on OU,
satisfies

lim /U |Vwe|* =0 and, so, Vue ~ V@ + ;uV¢5.

e—0

Polarization: for every £,¢& € R?,

gat' = (€ +€) ae+e) - (- &) ae-¢)).
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