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I. Qualitative stochastic homogenization

The coefficient field: the map a: R? x Q — R¥*? satisfies
£-af > N¢* and €-a7 7> ATEP,
and, for a measure-preserving transformation group {7.: Q — Q},cpa,
a(z +y,w) = aly, Taw) for all z,y € R and w € Q.

Furthermore, the transformation group is ergodic:

f(w) = f(rew) € L=(Q) for all z € R? if and only if f is constant.

The equation: for a fixed environment w € Q, and U C R,
~V-a*Vu. = f in U with u. =0 on 9U.
Qualitative homogenization: there exists @ € R**¢ such that, P-a.s.,

ue —  weakly in H'(U) and u. — @ strongly in L*(U),

for w solving

—V-aVu=f in U with w =0 on OU.
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I. Qualitative stochastic homogenization
The equation: for a symmetric diffusion matrix a, the solution

—V -a*Vue = f in U with uc = 0 on 9U,
satisfies

Uue = argmin, ¢ y1 ) /U (Vv-a*Vou —of).
The approximate gradient: by the two-scale expansion,

Vue ~ Vu+ 0;uVe; = (e; + V5 ),

and, therefore,

/U Vo-a'Vos Y /U (e + V5) - a° (e + V5)) 0,10,

The effective energy: we have that
T f e+ V60 (e + 965 = £ (e + Vi) ales + V)
|U|U€Z i) - a”(e; ]—U/Eez i) - ale; ).
Polarization: we will analyze on large-scales, for £ € R?,

w(U,€) = 5 (€ +Voe) - alé + Voe),
for ¢¢ = & satisfying —V - a(€ + Ve) = 0.
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I. Qualitative stochastic homogenization

The effective coefficient: by the subadditive ergodic theorem, for £,¢' € R,

o= i (Lue + 00 e —€00) for On=[- 2 2]

The finite-volume correctors: for the minimizers vp, ¢, for e(x) =z - &,

1
0m) = inf - Vv - aVo,
#(&,Dm) vele+HY (Om) 2 /Om

the finite-volume correctors ¢m,¢ = vm.c — f¢ satisfy
—V-a(§+ Vém,e) =0 in Oy, with @pme =0 on 00x.
The two-scale expansion: if 371 <¢7! < 3™,
Ue 2 Um,e = U+ EQp, ;0iT0.

Sublinearity of correctors: for the finite-volume flux correctors o.m ik

limsup3™" (ém ill 2o, + lomisnll 2o, )
M — 00

1

< limjup C|§|2 (3_m + Z C ('ize;’mzdmu o(z+0h) E|) 5)-
m—00 k=0 "
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I. Qualitative stochastic homogenization

The equation: for & = /1000 in T* x (0, 00),
Orue = (1/2)V . aEVug in Tl X (0, OO) with ug = 1{(1/4,3/4}.

A macroscopic limit: choosing @ = (a™*) ! ~ 0.43588,
ou = (1/2)V -aVu in T! x (O, OO) with ug = 1{(1/4,3/4}.
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II. The dual quantity

The energy: we have that

#(Om, &) = inf %(][ \R aVv) =

vele+HE(Om)

The convex dual: the convex dual of the map £ — (1/2)(¢ - a(0m)E),

N*(szg) = sup (f'p_.u( mag))

S
pE]Rd 2

(€-a(@m) 8.

The Fenchel-Young inequality: for all p, g € R,

(O, p) + 1" (Om,q) 2 p - q.

with equality if ¢ € 9f(p).
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II. The dual quantity

The energy: we have that

WO €)= inf X (][Dm Vo - aVv) = %(g ca(0n)E).

vELe+HE (Om) 2

The approximating convex dual: we define

1
H*(D'rrmq) - we]_sllllgjm) ]ém ( - §(Vw . an) + q- V’LU)7

where the minimizer wn, q satisfies
]é Vv aVWm,q = ][D q-Vo forallv e H (O,,),

which implies formally that

! 1
m -/Bl:lm (GV’LUm,q . l/)'U + ]ém ( -V anm’q)y = m 7[ - ’U(q . l/).

The equation: the minimizer wm,  satisfies

-V - aVwm,q =0 in O, with aVwm,q v =¢-v on 00u.
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II. The dual quantity

The energy: we have that

w(Om, &) = inf 1(][Dm Vv-aVv) =

vele+HE(U) 2

The approximating convex dual: we define

x(Om,q) = sup —E(Vw-an) +q-Vw),

weH(U) Om 2
where the minimizer wy,,, satisfies
—V -aVwm,q =0 in O, with aVwm, q-v =¢q-v on 00u.

The dual matrix: there exists a.(0m,) ™" € R¥¢ such that

psx(Om,q) =  sup . (—E(Vw-an)+q-Vw)
weHI(U) /Bm 2

1

5((1 ca.(Om) " 'q).
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II. The dual quantity

The energy: we have that

WO = i 5, T -

The approximating convex dual: we define

1 1 _
px(Om,q) = sup — 2(Vw-aVw) + ¢ Vw) = = (¢- a.(Om) 'q)
weHL(U) /Bm 2 2
where
1 —1 A_l 2
p(Om, q) > sup (q~p—p~(][ a)p)zi(q-(f a)”q) = ——ld".
pERA m JUm

The approximate Fenchel-Young inequality: for the minimizer v, , of p,

(O ) + e Oms0) = 5 (p-aOn)p + g 07 (O )a)

Y

%(][Dm Vo - ava,p) + fgm ( - %(vavp : ava,p) +q- va,p)

—q¢- 1+ Vom,=q-p.
q]émv,p q-p

Monotonicity: by choosing ¢ = a«(0m)p,

1

5(19' (a(Om) — a«(Tm))p > p- ax(Om)p > Alp|*.
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II. The dual quantity

Monotonicity: since for every p € R?,

1

E(p- (a(Om) — ax(On))p > p - ax(Om)p > )\|p|27 we have a(Om) > a«(0n).

Ellipticity upper bound: for every p € R?, choosing ¢, in u(€,p),

%(pﬂ(Dm)p)S %][Dmp-ap:%(p-(][uma)p) < %Ipl2~

Ellipticity lower bound: for every w € H*(O,,),

][D (q-wa %(Vw-Lfle)) §][ sup (q-pf %(p-ailp))

m O pe]Rd

_ 1 11 1 AT
_][III 54-a q_i(q'(][m a )q)ST\q\,

m m

and, after taking the supremum over w € H'(0,,),

1 1 A7
Z(q- m)q) < Z—1ql?.
5 (@2 (Om)g) < =gl
The conclusion: we have that
Id < N < (O) < a(0) < <A-Id.
paas ([, o) S0 @0 Sabn < f, ashm
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II. The dual quantity

The energy: we have that

1
Dm; = inf *( Vv - aV ) =
( €) Ueéﬁlgé(mm) 5 ][Dm v-aVv

1
5 (€-a(0)2).
The approximating convex dual: we define

1 _
psx(Om,q) =  sup ][D (—§(Vw-a 'Vw) +¢q-Vw) =

(q : a*(Dm)_IQ)~
weHl(D'm)

N =

The approximate Fenchel-Young inequality: for every p,q € R,

#(Om, p) + pe (Oms ) = q - p-
The “master” quantity: for every p, ¢ € RY,

J(Om,p,q) = 1(Om, p) + px(Omy q) —p - q

= %(p ~a(0m)p) + %(q “a.(0m) ') = p-4q
= o @) ~ @) + 1 (0~ 0. C)p- 0. (0) (0~ . (o))
The homogenization error: if ¢ = ap,
J(Dm,p,ﬁp)
= (0 (@(0n) ~ a-@n))p) + 3 (@~ @O )p - 0. ()7 @~ 0. (C)p))-
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II. The dual quantity
The energy: we have that

w0, &) = inf (][ Vo - aVv) = %(5 . a(Dm)f).

vELe+H(U) 2

The approximating convex dual: we define

g 1 _ 1 _
ws(Om,q) = sup (—7(Vw~a 1Vw)+q-Vw) —7(q~a*(Dm) 1q).
weHL(U) O 2 2

The “master” quantity: for every p,q € RY,

J(Om,p,q) = p(Om,p) + px(Om, q) —p - q,
The homogenization error: if ¢ = ap,

J(Dm,p, ap)
1 1, —1,_
= 5 (P (a(@n) = 4+ (@m)p) + 5 (@ = a=(Tm))p - 4= (U) "' (@ = a2 (Om))p)).-
Sublinearity of correctors: for the finite-volume correctors,

limsup 3" (|¢m.illp2(q,,) + lomairll2a,.y )
m—r00

m— o0

§limsupc( +Z3k m('Zzeande (z+ 0O, )7a|)%).
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III. Properties of the “master” quantity

The “master” quantity: for every p,q € RY,

J(Om, p,q) = p(Om, p) + (O, q) —p - g,
The variational form: for £ € R?, for

H(Om) ={u € H' (Om): —V-aVu =0},
and for the minimizer v of (0O, p), for every w € H(Om),

u@mm+f

1
(Vw-q— =Vw-aVw) —p-q
O 2

B 1
o, 2

Vv -aVv — %Vuanw—i—(Vw—Vu)-q
= ][Dm —%(V'w—Vv)-a(Vw—Vv) —Vv-a(Vw—Vv)+q- (Vw— Vo)
= ][Dm *%(VU)*VU)'G(VU)*V’U) —p-a(Vw—Vv)+q- (Vw — Vv),
where the equality uses that v — £, € Hg(Om) and (w —v) € H(Ow).

The conclusion: after taking the supremum over w € H(U),

g 1
J(Om,p,q) = sup —=Vv-aVv—p-aVv+q- V.
veH(Om) /Om 2
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III. Properties of the “master” quantity

The “master” quantity: for every p,q € RY,
J(Om,p,q) = p(Om,p) + p+(Om, q) —p - q

1
sup —fVU~aVv—p-aVv+q~Vv,
e (D) Fm 2

where, for the minimizers vm p.q,

(p,q) = vm,p,q is linear.

The first variation: taking a variation in w € H(On),

f q-Vw—][ p-aVw = Vw - aVum,p,q-
o

m m O

Quadratic response: choosing W — Um,p,q in the above,

Om
1
95 ][D (VUm,p.q = Vw) - a(Vom,p.q — V).

An energy identity: if we take w = 0 in the above,

J(Om,p,q) 7[ VUm,p.q - aVUm,p.q-
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III. Properties of the “master” quantity

The “master” quantity: for every p,q € RY,

J(Om,p, q)

(O, 0) + (O, @) —p - ¢

g 1
sup —=Vv-aVv—p-aVv+q-Vo.
veH(Op) Om 2

Polarization identity: using the first variation, polarization, and the energy,

! /
q - ][ Vom,p,q —p ][ aVum,p.q = ][ VUm,p,q - AV U pr ¢/
Om m] ]

m m

1
= Z( VU ptpsa+a’ - GV Um ptp’ q+q’ — VVm,p—p’a—q' avvm,p*p”qfq’)
Om

1

= 5(J@mp+1a+d)+J@Om,p -1 a-4d))
=p a@n)p+q¢ -a. (On)ag—p-qd —q-p
=q¢ (a'(@m)a—p) — ' (¢ — a(0Om)p).

Spatial averages of the gradient and flux: we therefore have that

][D VUm,p,q = (a:l(Dm)q fp) and ][D aVVm,p.q = (q — a(Dm)p).
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III. Properties of the “master” quantity

The “master” quantity: for every p,q € RY,
J(Om,p,q) = p(Om,p) + p«(Om, q) —p - q

1
= sup —=Vv-aVv—p-aVv+q- V.
vEH (Om) /Hm

Subadditivty: the variational form proves that, if U =[]} | Us,

1
J(U,p,q) = sup —=Vv-aVv—p-aVv+q-Vov
veH(U;) Om 2
< sup lU‘f fva aVv—p-aVv+q- Vo
1v€H(U) U]
|Us| 1
< sup ——Vv-aVv—p-aVv+q- Vo
;vGH(U) |U‘ 2
N
Uil ;
= Ui,p,q).
; a1/ Cepa)

Subadditivity of the course-grained coefficients: we have that, if n < m,

) < Zzegnzdmlj (z+0,) and a«(0y,) > (izegnzdmuma*(z + Dn)_l)_l.
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III. Properties of the “master” quantity

The “master” quantity: for every p,q € RY,
J(Om;p,q) = p(Om, p) + 1+ (Om,q) —p-q

= UE’ELLEID)m) @n —%Vu -aVv—p-aVuv+q-Vo.
= 5 (0 (@(Om) — @ Tn)p)) + 3 (0~ @ (T)p) - @ (0) g — . (Tm}p).
Controlling a — a.: for every symmetric matrix b and p € R?,
J (O, p, Bp)

= %(p “(a(0m) — a«(Om))p)) + %((B — a:x(Om))p - ax(U)"H(B — a.(Om)p)).

The uniform ellipticity of a. and a > a. prove that

d
|LI(Dm) - a’*(Dm)‘ + |B - a*(D’m)|2 <c sup J(D"Tupa Bp) < CZJ(DWMG’U Bei)7

[p|=1 i=1

and, therefore,

d
|a(0hm) = au(0m)| + 1B = @ (On)[* + 1B — a(0m)* < ¢ J(Om, €5, Bes).

1=1
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III. Properties of the “master” quantity
An inequality of means: if {B;};—; and B symmetric, positive definite matrices,
_ Bi= (Zilei )+ Zizl(B B))B; ' (B — B;)

_ (( ilelfl)—l . B)( ileZI)((ijlefl)_l _ B)),

and, therefore,
o B<(Q B 4> (B-B)B (BB
The additivity defect: applying this to a and a. for n < m,
a(0) < au(Om) + Sy J (O, €1, Bes)
<3 eanzann,, @x(z +0n) + €=y J(Om, €5, Be)1d
< (izeg,,”zdmma;l(z + Dn)) o + S J (O, €3, Be)1d
+ S, egnzann,, (B — a=(2 + On))as (2 + 0n)(B = a(z + On)

d
1
+¢Y  J(Om,ei, Be;)ld

i=1

< au(Om) + ey J(Oms €5, Bei) < a(0m) + ¢Sy J (Om, ei, Be:)1d.

< (ize:anzdmmma:l(z + Dn))
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III. Properties of the “master” quantity
The “master” quantity: for every p,q € R?

—p-q
sup 7[ —§Vv-aVv—p~aVv+q-VU,
veH(Om)

m

The additivity defect: we have that

a —
ZZGB"ZdﬁDm * n

d
-1
(z+0On) (Zze3nzdm|:|ma* (z + Dn)) < c; J(Om, €, Be;)1d
Subadditivity: if / <n <m

Zzesnzdmmmj(z +0np,9) Z z€30z4n0,, J(z +0e,p,q)

:E[ D€7p7 Zze3fz/;d O, Z+D21p7 q) —E[J(De,p7 q))
while if n < £ < m,

— = o ,
Zze3nzdﬂmm (&4 Bnp.a) < ZZEBZZdﬁDm/Zz’€3"Zdﬁ(z+D )J(z +Dn 2, )

B. Fehrman (LSU)
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III. Properties of the “master” quantity

The “master” quantity: for every p,q € RY,
J(Om,p,q) = p(Om, p) + p«(Om,q) —p - q

1
= sup —=Vv-aVv—p-aVv+q-Vv
veH(Opm) Om 2

; (p- (a(0m) — ax(Om)p)) + %((q — a.(Om)p) - ax(U) (g — a.(Om)p)).

A course-grained identity: for every w € H(U),

€; -]I[j (ax(Om) —a) - Vw = ][Dm VW - AV, e;,a. (Om)es

m

< (2J(0hm, €4, a*(Dm)ei))% (fmm Vuw - an)%

= (es - (a(U) — an(U))e;) (fDm YV - aw) 2

The conclusion: we have, for every p € R* and w € H(On),

1 1
< (][D VUi a0 (Om)es 'an,ei,a*<Dm)ei) ’ (7[5 Vw - an) ’

P (@(0n) —a) Vo < (p- (a(U) —a.(U)p)} (f, Vu- an)%.
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III. Properties of the “master” quantity

The “master” quantity: for every p,q € RY,
J(Om,p,q) = p(Om,p) + pe(Omsq) —p - q

1
= sup —=Vv-aVv—p-aVv+q-Vo.
veH () Om 2

A course-grained energy inequality: for every v € H'(O,,), for p = fD Vu,
1 1

5 (0 ax(Om)p) = sup (pra—5(g-a-(U)7"q)

= sup sup ][ (q- (Vu— Vo) + %Vv -aVv)

qeRd ve HL(U) J O,

1 ][ Vu - aVu,
2 Jo,,

;(][ Vu)~a*(|:|m)(][ Vu)ﬁ% Vi aV.

m m Om

IA

which implies that

Another course-grained energy inequality: we have similarly that

%(][Dm Vu) .afl(ljm)(]l[jm Vu) < %][Dm Vu-a 'Vu.
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IV. Summarizing the properties of J

Ordering of the course-grained matrices: we have that

Ad<(f

YUm

a7 < au(On) < a(0n) < fD a<A-Id.
The variational form: for every p,q € R?,
J(Om,p,q) = p(Om,p) + p=(Om,q) —p - q

1
= sup ][ —=Vv-aVv—p-aVv+q-Vv

weH(Om) 10 2
= %(p ~(a(Om) — ax(On)p)) + ; ((q = ax(Om)p) - ax(U) (g — ax(Om)p)).

Locality and subadditivity: J(U,p, q) is F(U)-measurable and, if U =[] Uj,

Ui
=1

The minimzer: we have that

Um,p,q 18 the difference of the minimizers of y and fux,

and the map

(p,q) = Vm,p,q s linear.
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IV. Summarizing the properties of J

The energy: for the minimizer vim p,q,

1
J(Dm,p7 q) = 5 ]‘[j vvm,pq . aVUm,p,q.

Spatial averages of the gradient and flux: we therefore have that
][D VUm,p,q = (a:l(Dm)q —p) and ][ aVUm,p.q = (q — a(Dm)p).
m U
The first variation: for every w € H(Onm),

et

m m

p-aVw = ][D Vw - aVVm,p,q-

Quadratic response: we have that

J(Dmypﬂ)—(— Vw~an—][ p-an+][ q~Vw)
Dm

m m

= %][D (Vvm,p.q — VW) - a(VUm p.q — V).
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IV. Summarizing the properties of J

The energy: for the minimizer vim p,q,

1
J(Dm,p7 q) = 5 ]‘[j vvm,pq . aVUm,p,q.

Spatial averages of the gradient and flux: we therefore have that
][D VUm,p,q = (a:l(Dm)q —p) and ][ aVUm,p.q = (q — a(Dm)p).
m U
The first variation: for every w € H(Onm),

et

m m

p-aVw = ][D Vw - aVVm,p,q-

Quadratic response: we have that

J(Dmypﬂ)—(— Vw~an—][ p-an+][ q~Vw)
Dm

m m

= %][D (Vvm,p.q — VW) - a(VUm p.q — V).
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IV. Summarizing the properties of J

Controlling a — a. using the convex duality defect: we have that

d
ja(0m) = ac(T)| + 1B = au(0) > + B — a(@n)[* < 3 J(Om, es, Bey).

i=1
The additivity defect: we have that

d
1
< ¢y J(0Om, e, Be)Id.

i=1

e ~ -1
ZzG3"Zdﬁ|:|m @ (z T D") B (Zze3nzdm|:|m @ (Z + D")>

A course-grained flux inequality: we have, for every p € R? and w € H(Om),

[N

-}, (@(On) =)V < (p- (aU) = a.(U)p)?

k. Vuw - an)

Ja,,

Course-grained energy inequalities: for every w € HI(U)7

%(fmm Vu) 'a*(Dm)(][Dm Vu) < %][Dm Vu-aVu,
%(7[ Vu) .a—l(Dm)(][ Vu) < % Vu-a V.

m m JUm,
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