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I. Stochastic homogenization

The coefficient field: the map a: R? x Q — R¥*? satisfies
£-af > N¢* and €-a7 7> ATEP,
and, for a measure-preserving transformation group {7.: Q — Q},cpa,
a(z +y,w) = aly, Taw) for all z,y € R and w € Q.

Furthermore, the transformation group is ergodic:

f(w) = f(rew) € L=(Q) for all z € R? if and only if f is constant.

The equation: for a fixed environment w € Q, and U C R,
~V-a*Vu. = f in U with u. =0 on 9U.
Qualitative homogenization: there exists @ € R**¢ such that, P-a.s.,

ue —  weakly in H'(U) and u. — @ strongly in L*(U),

for w solving

—V-aVu=f in U with w =0 on OU.
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I. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (%/10) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for € = /200 in T* x (0, 00),

1
Ot = §V . aEVuE in Tl X (07 OO) with ug = 1{(1/4,3/4}.
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I. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (%/10) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for € = /1000 in T* x (0, o0),

1
Ot = §V . aEVuE in Tl X (07 OO) with ug = 1{(1/4,3/4}.
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I. Stochastic homogenization

The equation: for & = /1000 in T* x (0, 00),
Orue = (1/2)V . aEVug in Tl X (0, OO) with ug = 1{(1/4,3/4}.

A macroscopic limit: choosing @ = (a™*) ! ~ 0.43588,
ou = (1/2)V -aVu in T! x (O, OO) with ug = 1{(1/4,3/4}.
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II. The subadditive quantities

The finite-volume corrector: for p € R?, ¢, = z - p, and for O,, = [—3""/2,3™/2]%,
. 1
w(Om,p) = inf - Vv - aVu,
vel,+HYOm) 2 /o,

where for the minimizer vm p and ¢m,p = Vm,p — fp,
—V-a(p+ Vumyp) =0 in O, with ¢pm,p = 0 on 90,,.

The “dual” quantity: we have that

tx(Om,q) = sup ][ —Vw-aV +q-w,
weH(U) n

where the minimzer wn, q satisfies
-V - aVwm,q =0 in O, with aVwm,q - v = ¢-v on 00n,.

The coarse-grained matrices: we have that

(¢-a-(U) "),

N =

(O, p) = %(p-a(Dm)p) and 1. (O, q) =

where @ = limm— 00 @ (Om).
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II. The subadditive quantities

The master quantity: for every p,q € R? and m € Ny,
J(Om,p,q) = p(Om,p) + p=(Om,q) —p - q

= %(p -a(0n)p) + %(q ca.(0m) " 'q) —pq

2
Locality and subadditivity: J(U,p, q) is F(U)-measurable and, if U =[] U;,

=1

Controlling a — a. using the convex duality defect: we have that

d
|a(0hm) = au(0)| + 1B = @ (@0n)[* + 1B = a(0n)[* < ¢ J(Om, €5, Bes).

1=1

Sublinearity of correctors: for the finite-volume correctors,

limsup 3~ (l¢m.ill 2,y + lomaizell 2o, )
m—r 00

m _ 1
< lim supc(?)_m + kzzoiﬂk_m (|Zz€3”ZdﬂD a(z+0p) — E|) 2 )

m— o0

m
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III. A first quantitative rate

Subadditivity: if n < m by Z%stationarity,

Omopq) <) U [ X)
]E[ n7pa +Zz€3”ZdﬁD (Z+Dn7p7q) 7E[J(Dn7p7 q)])
The mixing condition: a finite range of dependence, for U,V C R¢,

d(U,V) > 1 implies that Fy and Fy are independent,
for
Fu = U(w —>/ a(z,w)(z): P € CSO(U))
Rd

Other choices: spectral grap, logarithmic Sobolev-inequality, and more...

The stochastic error: we will first analyze

ZZGS"ZdﬁDm (J(Z + Dﬂwp, Q) - E[J(Dn,p7 (1)])
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III. A first quantitative rate

Azuma’s inequality: let (My)nen, be a martingale with Mo = 0 and

|M,, — Mp_1| < ¢ for every n € N.

Then,
2
P(Mo>A) exp (= 5oy )
( > ) < exp c?
In particular,
P(Mn/n > X) < exp ( — n—)\Q)
- 2¢?

Proof assuming independent increments: for M, = Mn//c,

]P’(Mn >)\) = IP’(exp(sMn) > exp(s)\))
<e HE[EXP(S(Mn — Mp-1))]

< e Elexp(s(M, — My—1))]"

< 675>\+s2n/2

Choosing s = /n,

- 2 2

]P’(Mn > /\) < exp ( — ;\—n) and, so, ]P’(Mn > )\) < exp ( —
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III. A first quantitative rate

Azuma’s inequality: let (My)nen, be a martingale with Mo = 0 and
|M,, — Mp_1| < ¢ for every n € N.
Then,

)\2
In particular,
P(Mn/n > X) < exp ( — n—/\2)
- 2¢?

. The stochastic error: for the error term,

> s, (76 +0a,p.0) — EU(Onp,0))-

using that [J(z + On, p,q) = E[J(Gn, p, @)])| < e(p® + [a|*) (1 + A) = E.q,

P[(izezsnzdmmm (J(2 +On,p,q) = E[J(On, p, q)})) > 3f%<m—n>/\]

SeXp(f 2:\22 )
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III. A first quantitative rate

Subadditivity: if n < m by Z%-stationarity,

map7 Z ES”ZdﬁD Z+D’ﬂ7paq)
=E[J(On,p,q +Zze3nzdn[] J(z+ On,p,q) — E[J(On,p, q)])-

The stochastic error: we have that

P[(izesnzdmmm (J(Z +0n,p,q) —E[J(Ox,p, q)D) > 3*%(mfn))\]
2

con(- )

P,q

where, since 37" = ¢,
d d(m—n)
g—z(m=-n) _ . “5g

The “deterministic” error: it remains to bound

E[J (O, p, q)]-
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III. A first quantitative rate

The averaged coarse-grained matrices: for every m € N,
a@(Oy) = Ela(0,)] and @ (Om) = Ela.(O,)] "
Monotonicity: due to the subbadditivity of p and p.,
a(Omy1) <a(0m) and @«(Om) < @(Dmg1)-
The homogenized matrix: we define @ € R**? by
a= Tr}gnoo ax (Om).
Algebraic rate of homogenization: for constants depending on a, A, and A,
|a(Om) —al + |ax(Om) — @] <37 ~ ce”.
Expectation of the master quantity: for every p,q € R? and m € No,
E[J(@m, p, ¢)] = E[p(0m, p)] + E[ps (Om, 9)] = p - q

= %(p -a(0m)p) + %(q-ﬁ*(ﬂm)_lq) -p-q

1 1

= 5 (0 @O) =@ (@)p) + 5 (0~ @ (On))p @(On) (g = 7 Oon))p).
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on a, A, and A,
|a(Om) — @l + |as(Om) —a] < e37™* = ce™.
Expectation of the master quantity: for every p,q € R? and m € No,

B[O, p. 9)) = Elp(Qnsp)] + Elpte O )] ~ p-q
= 50 @0m) =30 )p) + 3 (0~ 3T )p 8 (On) ™ (0~ @ (O))p),
where, if ¢ = @ (Om)p,

EL (O, 9,8 (On)p)] = 3 (p- @(0m) — @ () )

1 _ _ 1 _
=5 (P (@0n) —@p) + 5(p- (@ =@ (On))p).
Bounding @ — a.(0,,) with J from above: we have that

[a(0n) —a| + @ — @« (Om)|

< cmax (%(p (@(@m) *5)27) + %(P (676*(Dm))p))

[p|=1

S C sup ]E[J(Dmvpva* (Dm)p)]
|p|<1
< ¢ sup E[J(Om,p,ap)].
|p|<1
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on a, A, and A,
|a(Om) —al + |ax(Om) — @l < e3™™ ~ ce”.
Expectation of the master quantity: for every g = ap € RY,
E[J(Om, p,ap)] = E[u(Om, ap)] + E[p+(Om, ap)] — p - ap
= 5 @(Om) = @ (On))p) + 5 (@~ T (On))p -8 ()~ (@~ 3 (Om))p).
Bounding @ — a.(0,,) with J from below: we have that

sup E[J(Om, p, ap)]

[pI<1
e (5 @Om) = 2On))p) + 5 (@~ - On))p @ (On) ™ @~ 7. (On)p))

< c(|a(0m) — @ (Om)| + [@ — @ (Om)])
< e([a(0m) — al + [a — @ (Om)]).

Conclusion: for constants depending on A,

e(j@(0n) —al + [@—a.(On)]) < sup E[J (Do, p,@p)] < C([a(0n) —al + [a—a. (On)])-

|p|<1
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on a, A, and A,
la(0m) —a| + |a«(Om) —a| < e37™ >~ ce™.
The additivity defect: we define the quantity
T = [@(On) = @(Cet)| + @ (Cn) — @ (),

where, by the monotonicity of the matrices and

B (O, (O )p)] = 5 (0 (@0m) = @ (On)),

we have that
d
Tm S Czei : (E(Dmfl) - a(I:mel) + a>~=(|j'm) - a* (Dmfl)) c €4
i=1

< cz E[J (D1, ei, @ (Om_1)ei)] — E[J(Om, e, @ (O )ei)]
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on a, A, and A,

|a(Om) — @l + |as(Om) —a] < e37™* = ce™.
Control of J: we will show that

E[J(Om, e, @+ (Om)e)] < CZ 3" (1 + var(@, (O,)) + 377"
n=0
for
Tm = [@(0m) = @(0m—1)[ + [@«(Om) — @ (Om)|-
The energy identity: using J(Om,p.q) = %fDm VUm,p,q * 6V Vm p.q,

—2m . 2
J(@m-1,p,q) < 3 1;161]{{} [vm.p,g — k”y(mm)

+ Z 2(J(Z+Dm*17p7q)_J(Dmap7q))
ze3m—1lzdn0,,

The multiscale Poincaré inequality: we have that

37m I’kIIGiHIgHUm,p,q —k||£2(|:|m) < +ngn m(z (y+|:|n,p7 ) '](Dm7p’ q))

N 1
+e Z 3 (Zylail(y +0n)q — pIQ) ’
n=0
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on a, A, and A,
|a(Om) — @l + |ax(Om) — @] < e37™ ~ ce”.
Variance of the course-grained matrices: we will show that, for symmetric B,

var[a(Om)] + Var(all(mm)]

M
< cmin { sup E[J(O,, e, Be)]?, Z T} +e(l+ |B|*)3dm=n)
Ipl=1 k=n-+1
using that, by the triangle inequality,
var[a(0.,)] < 2var [Z a(z+0n)] + 2E[|a(0 Z z+0y)

Azuma’s inequality: integrating Azuma’s inequality,

var [Z a(z+0n)] < 3~ dm=n),

The conclusion: we have that

- M

Z (z+0Op) <cm1n{sup E[J(On, e, Be)]”, Z Tk}
lpl=1 k=n+1
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on a, A, and A,
|a(Om) — @l + |asx(Om) —a] < 37" = ce™.
The iteration: we have that

sup E[J(Om, e, @« (0m)]

Ip|<1

< CZ('T]‘ + var[a; ' (3;)]) + 3~ (™™™

j=n

< cmin { ZTJ-, sup E[J(Dk,e,ﬁ*(ﬂk)ef}

j=k |p|<1
+ c(3_(m_”) + S_d(n_k)) + CZ Sj_mTj.
j=n
A logarithmic rate: we have that
1 1-—
E[sup E[J(Du,p,a (0)p)] < 280 4 exp (- L0y
Ipl<1 n c
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III. A first quantitative rate
Subadditivity: if n < m by Z%-stationarity,
<
J(Bm,p: ) < ZzES”ZdﬁDm

= E[‘](D"7p7 q)] + ZZES"ZdﬁDm (J(Z + Dn?Z)? Q) - E[‘](D"7p7 q)])
Equivalence of J and the averaged matrices: for constants depending on A,

c(ja(0m) —a|+[a—a.(Om)|) < sup E[J(Om,p,ap)] < C([a(Om) —al+[a—a.(0Om)]).

|p|<1

J(Z + Dn7p7 q)

An algebraic rate for the coarse-grained matrices

There exists a € (0,1) and ¢ € (0, 00) depending on d, A, and A such that, for a
constant ¢ satisfying, for all g > 1,

ﬁ2
B> 5) <oxp(~ L),

we have that

1a(0m) — ax(Om)| + [a(0m) — @ + |as(@m) —@* < 37" +237 20",

Algebraic rate: equilibrating in n yields a rate of order

—mao o
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III. A first quantitative rate

An algebraic rate of stochastic homogenization

There exists a constant ¢ € (0,00) and « € (0, 1) depending on d, U, A\, and A such
that, for a constant ¢ € (0,00) depending on d, A, and A satisfying, for all 8 > 1,

2

P(c>p) <e ',
such that, for the solutions u. satisfying
—V -aus: = f in U with u. =0 on 9U,
and for u satisfying
—V-aVu = f in U with u. =0 on 9U,
we have that, for every 0 < r << 1,

Vue — VUHH*I(U) + [la®Vu© _EVEHH*l(U)

— —1—- « —
<clVallpzqne,y T € IVEl Lo o, -
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I. Stochastic homogenization

The coefficient field: ind =1,
a(z,w) =1+ (%/10) sin(27N* (z,w)),
for N = 37, cp Unifi (0, 1)1 g41)-

The equation: for € = /1000 in T* x (0, o0),

1
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The equation: for & = /1000 in T* x (0, 00),
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