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I. Stochastic homogenization

The coefficient field: the map a : Rd × Ω → Rd×d satisfies

ξ · aξ ≥ λ|ξ|2 and ξ · a−1ξ ≥ Λ−1|ξ|2,

and, for a measure-preserving transformation group {τx : Ω → Ω}x∈Rd ,

a(x+ y, ω) = a(y, τxω) for all x, y ∈ Rd and ω ∈ Ω.

Furthermore, the transformation group is ergodic:

f(ω) = f(τxω) ∈ L∞(Ω) for all x ∈ Rd if and only if f is constant.

The equation: for a fixed environment ω ∈ Ω, and U ⊆ Rd,

−∇ · aε∇uε = f in U with uε = 0 on ∂U.

Qualitative homogenization: there exists a ∈ Rd×d such that, P-a.s.,

uε ⇀ u weakly in H1(U) and uε → u strongly in L2(U),

for u solving
−∇ · a∇u = f in U with u = 0 on ∂U .
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I. Stochastic homogenization

The coefficient field: in d = 1,

a(x, ω) = 1 + (9/10) sin(2πN ε(x, ω)),

for N =
∑

k∈Z Unifk(0, 1)1[k,k+1).

The equation: for ε = 1/200 in T1 × (0,∞),

∂tuε =
1

2
∇ · aε∇uε in T1 × (0,∞) with u0 = 1{(1/4,3/4}.
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I. Stochastic homogenization

The equation: for ε = 1/1000 in T1 × (0,∞),

∂tuε = (1/2)∇ · aε∇uε in T1 × (0,∞) with u0 = 1{(1/4,3/4}.

A macroscopic limit: choosing a = ⟨a−1⟩−1 ≃ 0.43588,

∂tu = (1/2)∇ · a∇u in T1 × (0,∞) with u0 = 1{(1/4,3/4}.
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II. The subadditive quantities

The finite-volume corrector: for p ∈ Rd, ℓp = x · p, and for □m = [−3m/2, 3
m
/2]d,

µ(□m, p) = inf
v∈ℓp+H1

0 (□m)

1

2

 
□m

∇v · a∇v,

where for the minimizer vm,p and ϕm,p = vm,p − ℓp,

−∇ · a(p+∇vm,p) = 0 in □m with ϕm,p = 0 on ∂□m.

The “dual” quantity: we have that

µ∗(□m, q) = sup
w∈H1(U)

 
□m

−∇w · a∇+ q · w,

where the minimzer wm,q satisfies

−∇ · a∇wm,q = 0 in □m with a∇wm,q · ν = q · ν on ∂□m.

The coarse-grained matrices: we have that

µ(□m, p) =
1

2

(
p · a(□m)p

)
and µ∗(□m, q) =

1

2

(
q · a∗(U)−1q

)
,

where a = limm→∞ a∗(□m).
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II. The subadditive quantities

The master quantity: for every p, q ∈ Rd and m ∈ N0,

J(□m, p, q) = µ(□m, p) + µ∗(□m, q)− p · q

=
1

2

(
p · a(□m)p) +

1

2

(
q · a∗(□m)−1q)− p · q

=
1

2

(
p · (a(□m)− a∗(□m))p

)
+

1

2

(
(q − a∗(□m))p · a∗(U)−1(q − a∗(□m))p

)
.

Locality and subadditivity: J(U, p, q) is F(U)-measurable and, if U =
∐
Ui,

J(U, p, q) ≤
n∑

i=1

|Ui|
|U | J(Ui, p, q).

Controlling a− a∗ using the convex duality defect: we have that

|a(□m)− a∗(□m)|+ |B − a∗(□m)|2 + |B − a(□m)|2 ≤ c
d∑

i=1

J(□m, ei, Bei).

Sublinearity of correctors: for the finite-volume correctors,

lim sup
m→∞

3−m(
∥ϕm,i∥L2(□m) + ∥σm,ijk∥L2(□m)

)
≤ lim sup

m→∞
c
(
3−m +

m∑
k=0

3k−m
(
|
∑

z∈3nZd∩□m

a(z +□n)− a|
) 1

2
)
.
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III. A first quantitative rate

Subadditivity: if n ≤ m by Zd-stationarity,

J(□m, p, q) ≤
∑

z∈3nZd∩□m

J(z +□n, p, q)

= E[J(□n, p, q)] +
∑

z∈3nZd∩□m

(
J(z +□n, p, q)− E[J(□n, p, q)]

)
.

The mixing condition: a finite range of dependence, for U, V ⊆ Rd,

d(U, V ) ≥ 1 implies that FU and FV are independent,

for

FU = σ
(
ω →

ˆ
Rd

a(x, ω)ψ(x) : ψ ∈ C∞
c (U)

)
.

Other choices: spectral grap, logarithmic Sobolev-inequality, and more...

The stochastic error: we will first analyze∑
z∈3nZd∩□m

(
J(z +□n, p, q)− E[J(□n, p, q)]

)
.
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III. A first quantitative rate

Azuma’s inequality: let (Mn)n∈N0 be a martingale with M0 = 0 and

|Mn −Mn−1| ≤ c for every n ∈ N.
Then,

P
(
Mn > λ

)
≤ exp

(
− λ2

2nc2

)
.

In particular,

P
(
Mn/n > λ

)
≤ exp

(
− nλ2

2c2

)
Proof assuming independent increments: for M̃n = Mn//c,

P
(
M̃n > λ) = P

(
exp(sM̃n) > exp(sλ)

)
≤ e−sλ

n∏
i=1

E[exp(s(M̃n − M̃n−1))]

≤ e−sλE[exp(s(M̃n − M̃n−1))]
n

≤ e−sλ+s2n/2.

Choosing s = λ/n,

P
(
M̃n > λ

)
≤ exp

(
− λ2

2n

)
and, so, P

(
M̃n > λ

)
≤ exp

(
− λ2

2nc2

)
.
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(
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In particular,

P
(
Mn/n > λ

)
≤ exp

(
− nλ2

2c2

)
. The stochastic error: for the error term,∑

z∈3nZd∩□m

(
J(z +□n, p, q)− E[J(□n, p, q)]

)
.

using that |J(z +□n, p, q)− E[J(□n, p, q)]
)
| ≤ c(|p|2 + |q|2)(1 + Λ) = cp,q,

P
[(∑

z∈3nZd∩□m

(
J(z +□n, p, q)− E[J(□n, p, q)]

))
> 3−

d
2
(m−n)λ

]
≤ exp

(
− λ2

2c2p,q

)
.
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III. A first quantitative rate

Subadditivity: if n ≤ m by Zd-stationarity,

J(□m, p, q) ≤
∑

z∈3nZd∩□m

J(z +□n, p, q)

= E[J(□n, p, q)] +
∑

z∈3nZd∩□m

(
J(z +□n, p, q)− E[J(□n, p, q)]

)
.

The stochastic error: we have that

P
[(∑

z∈3nZd∩□m

(
J(z +□n, p, q)− E[J(□n, p, q)]

))
> 3−

d
2
(m−n)λ

]
≤ exp

(
− λ2

2c2p,q

)
,

where, since 3−m = ε,

3−
d
2
(m−n) = ε

d(m−n)
2m .

The “deterministic” error: it remains to bound

E[J(□n, p, q)].
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III. A first quantitative rate

The averaged coarse-grained matrices: for every m ∈ N,

a(□m) = E[a(□m)] and a∗(□m) = E[a∗(□m)]−1.

Monotonicity: due to the subbadditivity of µ and µ∗,

a(□m+1) ≤ a(□m) and a∗(□m) ≤ a∗(□m+1).

The homogenized matrix: we define a ∈ Rd×d by

a = lim
m→∞

a∗(□m).

Algebraic rate of homogenization: for constants depending on α, λ, and Λ,

|a(□m)− a|+ |a∗(□m)− a| ≤ c3−mα ≃ cεα.

Expectation of the master quantity: for every p, q ∈ Rd and m ∈ N0,

E[J(□m, p, q)] = E[µ(□m, p)] + E[µ∗(□m, q)]− p · q

=
1

2

(
p · a(□m)p) +

1

2

(
q · a∗(□m)−1q)− p · q

=
1

2

(
p · (a(□m)− a∗(□m))p

)
+

1

2

(
(q − a∗(□m))p · a∗(□m)−1(q − a∗(□m))p

)
.
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on α, λ, and Λ,

|a(□m)− a|+ |a∗(□m)− a| ≤ c3−mα ≃ cεα.

Expectation of the master quantity: for every p, q ∈ Rd and m ∈ N0,

E[J(□m, p, q)] = E[µ(□m, p)] + E[µ∗(□m, q)]− p · q

=
1

2

(
p · (a(□m)− a∗(□m))p

)
+

1

2

(
(q − a∗(□m))p · a∗(□m)−1(q − a∗(□m))p

)
,

where, if q = a∗(□m)p,

E[J(□m, p, a∗(□m)p)] =
1

2

(
p · (a(□m)− a∗(□m))p

)
=

1

2

(
p · (a(□m)− a)p

)
+

1

2

(
p · (a− a∗(□m))p

)
.

Bounding a− a∗(□m) with J from above: we have that

|a(□m)− a|+ |a− a∗(□m)|

≤ cmax
|p|=1

(1
2

(
p · (a(□m)− a)p

)
+

1

2

(
p · (a− a∗(□m))p

))
≤ c sup

|p|≤1

E[J(□m, p, a∗(□m)p)]

≤ c sup
|p|≤1

E[J(□m, p, ap)].
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on α, λ, and Λ,

|a(□m)− a|+ |a∗(□m)− a| ≤ c3−mα ≃ cεα.

Expectation of the master quantity: for every q = ap ∈ Rd,

E[J(□m, p, ap)] = E[µ(□m, ap)] + E[µ∗(□m, ap)]− p · ap

=
1

2

(
p · (a(□m)− a∗(□m))p

)
+

1

2

(
(a− a∗(□m))p · a∗(□m)−1(a− a∗(□m))p

)
.

Bounding a− a∗(□m) with J from below: we have that

sup
|p|≤1

E[J(□m, p, ap)]

≤ sup
|p|≤1

(1
2

(
p · (a(□m)− a∗(□m))p

)
+

1

2

(
(a− a∗(□m))p · a∗(□m)−1(a− a∗(□m))p

))
≤ c

(
|a(□m)− a∗(□m)|+ |a− a∗(□m)|

)
≤ c

(
|a(□m)− a|+ |a− a∗(□m)|

)
.

Conclusion: for constants depending on Λ,

c
(
|a(□m)−a|+ |a−a∗(□m)|

)
≤ sup

|p|≤1

E[J(□m, p, ap)] ≤ C
(
|a(□m)−a|+ |a−a∗(□m)|

)
.

B. Fehrman (LSU) Berlin-Oxford IRTG 10 July 2026 15 / 25



III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on α, λ, and Λ,

|a(□m)− a|+ |a∗(□m)− a| ≤ c3−mα ≃ cεα.

The additivity defect: we define the quantity

τm = |a(□m)− a(□m−1)|+ |a∗(□m)− a∗(□m)|,

where, by the monotonicity of the matrices and

E[J(□m, p, a∗(□m)p)] =
1

2

(
p · (a(□m)− a∗(□m))p

)
,

we have that

τm ≤ c
d∑

i=1

ei ·
(
a(□m−1)− a(□m−1) + a∗(□m)− a∗(□m−1)

)
· ei

≤ c
d∑

i=1

E[J(□m−1, ei, a∗(□m−1)ei)]− E[J(□m, ei, a∗(□m)ei)]

≤ cτm−1.
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on α, λ, and Λ,

|a(□m)− a|+ |a∗(□m)− a| ≤ c3−mα ≃ cεα.

Control of J : we will show that

E[J(□m, e, a∗(□m)e)] ≤ c
m∑

n=0

3n−m(τn + var(a−1
∗ (□n)) + c3−2m.

for
τm = |a(□m)− a(□m−1)|+ |a∗(□m)− a∗(□m)|.

The energy identity: using J(□m, p.q) =
1
2

ffl
□m

∇vm,p,q · a∇vm,p.q,

J(□m−1, p, q) ≤ c3−2m min
k∈R

∥vm,p,q − k∥2L2(□m)

+
∑

z∈3m−1Zd∩□m

2(J(z +□m−1, p, q)− J(□m, p, q)).

The multiscale Poincaré inequality: we have that

3−m min
k∈R

∥vm,p,q − k∥L2(□m) ≤ c3−m + c
m∑

n=0

3n−m
(∑

y
(J(y +□n, p, q)− J(□m, p, q)

) 1
2

+ c
m∑

n=0

3n−m
(∑

y
|a−1

∗ (y +□n)q − p|2
) 1

2
.
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on α, λ, and Λ,

|a(□m)− a|+ |a∗(□m)− a| ≤ c3−mα ≃ cεα.

Variance of the course-grained matrices: we will show that, for symmetric B,

var[a(□m)] + var(a−1
∗ (□m)]

≤ cmin
{
sup
|p|=1

E[J(□n, e, Be)]
2,

M∑
k=n+1

τk
}
+ c(1 + |B|4)3−d(m−n),

using that, by the triangle inequality,

var[a(□m)] ≤ 2 var
[∑

z
a(z +□n)

]
+ 2E

[
|a(□m)−

∑
z
a(z +□n)|2

]
.

Azuma’s inequality: integrating Azuma’s inequality,

var
[∑

z
a(z +□n)

]
≤ c3−d(m−n).

The conclusion: we have that

E
[
|a(□m)−

∑
z
a(z +□n)|2

]
≤ cmin

{
sup
|p|=1

E[J(□n, e, Be)]
2,

M∑
k=n+1

τk
}
.
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III. A first quantitative rate

Algebraic rate of homogenization: for constants depending on α, λ, and Λ,

|a(□m)− a|+ |a∗(□m)− a| ≤ c3−mα ≃ cεα.

The iteration: we have that

sup
|p|≤1

E[J(□m, e, a∗(□m)]

≤ c
m∑

j=n

(τj + var[a−1
∗ (□j)]) + c3−(m−n)

≤ cmin
{ m∑

j=k

τj , sup
|p|≤1

E[J(□k, e, a∗(□k)e]
2}

+ c
(
3−(m−n) + 3−d(n−k))+ c

m∑
j=n

3j−mτj .

A logarithmic rate: we have that

E[ sup
|p|≤1

E[J(□n, p, a∗(□n)p)] ≤
c log(n)

n
+ exp

(
− (1− β)n

c

)
.
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III. A first quantitative rate

Subadditivity: if n ≤ m by Zd-stationarity,

J(□m, p, q) ≤
∑

z∈3nZd∩□m

J(z +□n, p, q)

= E[J(□n, p, q)] +
∑

z∈3nZd∩□m

(
J(z +□n, p, q)− E[J(□n, p, q)]

)
.

Equivalence of J and the averaged matrices: for constants depending on Λ,

c
(
|a(□m)−a|+ |a−a∗(□m)|

)
≤ sup

|p|≤1

E[J(□m, p, ap)] ≤ C
(
|a(□m)−a|+ |a−a∗(□m)|

)
.

An algebraic rate for the coarse-grained matrices

There exists α ∈ (0, 1) and c ∈ (0,∞) depending on d, λ, and Λ such that, for a
constant c satisfying, for all β ≥ 1,

P(c > β) ≤ exp
(
− β2

c

)
,

we have that

|a(□m)− a∗(□m)|+ |a(□m)− a|2 + |a∗(□m)− a|2 ≤ c3−nα + c3−
d
2
(m−n).

Algebraic rate: equilibrating in n yields a rate of order

3−mα = eα.
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III. A first quantitative rate

An algebraic rate of stochastic homogenization

There exists a constant c ∈ (0,∞) and α ∈ (0, 1) depending on d, U , λ, and Λ such
that, for a constant c ∈ (0,∞) depending on d, λ, and Λ satisfying, for all β ≥ 1,

P(c ≥ β) ≤ e−
β2

c ,

such that, for the solutions uε satisfying

−∇ · aεuε = f in U with uε = 0 on ∂U ,

and for u satisfying

−∇ · a∇u = f in U with uε = 0 on ∂U ,

we have that, for every 0 < r << 1,

∥∇uε −∇u∥H−1(U) + ∥aε∇uε − a∇u∥H−1(U)

≤ c ∥∇u∥L2(U\Ur)
+ r−1cεα ∥∇u∥L∞(Ur)

.
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I. Stochastic homogenization

The equation: for ε = 1/1000 in T1 × (0,∞),
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