STOCHASTIC HOMOGENIZATION

BENJAMIN FEHRMAN

ABSTRACT. We develop the theory of stochastic homogenization of divergence-form elliptic oper-
ators beginning from the periodic case. These notes are being written for a Spring 2020 lecture
course at the University of Oxford.
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1. INTRODUCTION

The goal of homogenization is to understand materials or systems with complicated microstruc-
tures. Our model example will be the flow of heat or the conductance of charge through a metal
with randomly deposited impurities. Examples of such are diverse. The simplest is a periodic
composite, which is deterministic, such as a material consisting of a conductor in the black squares
and an insulator in the white squares. However, the material may instead be random effectively
random, with impurities deposited like a random tiling of space or like random points in the plane.
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As explained in Section below, the conductance is typically modeled using a parabolic or elliptic
equation in divergence form. That is, for some diffusion matrix A, the density of heat/energy/charge
either evolves according to the parabolic equation

8tu =V AVu,
or its steady stead at equilibrium satisfies the elliptic equation
-V .- AVu =0.

We will begin our study by considering a 1-periodic diffusion matrix A(x) defined on R¢, such
as would describe the flow of heat through the checkerboard above. The heat flow through the
periodic material above is then modeled by an equation of the form

(1.1) Opu =V - A(/e) Vil or — V- A(2/e)Vof =0,

where € € (0, 1) is the scale of the periodic microstructure (since A(%/e) is e-periodic). More gener-
ally, we will consider diffusion matrices A(z,w) that are stationary and ergodic random variables;
assumptions which state essentially that the random environment is statistically homogenous and
weakly mixing. In this case, we will study equations of the form

(1.2) o =V - A(z/e,w)Vu® or — V- A(#/e,w)Vo© =0,

where ¢ € (0,1) is the microscale of impurities. The aim is to characterize the behavior of the
solutions u® as € — 0. This amounts to proving the existence of an effective environment, described
by a constant coefficient diffusion matrix A, such that, as ¢ — 0, the solutions u® of or almost
surely the solutions of converge to the solution @ of the equation

(1.3) ou=V-AVu or —V - AVu=0.

The primary aims of stochastic homogenization are therefore to identify the effective environment
A and to quantify the convergence of u® to u.

Homogenization is a highly nonlinear form of averaging. In particular, we will see below that the
effective matrix A is not equal to the average or expectation of A. From a mathematical point of
view, the problems therefore present an interesting mix of analysis, probability, and ergodic theory
and are of intrinsic interest in their own right. However, there are additional important practical
applications of these problems. We will see below that in order to effectively model an equation
like or it is necessary to take a discretization of scale much smaller than ¢ € (0,1).
Therefore, already in three dimensions, their numerically simulation can be extremely costly. But
computing the solution of , which is essentially the heat equation, is fast and straightforward.
So, provided we can identify A, we can well-approximate the behavior of the periodic or random
environments for small values of ¢ € (0,1). Finally, the random setting is essential, in the sense
that we are modeling materials with small-scale impurities or defects. We therefore cannot expect
to know their positions exactly. In particular, there is on reason in general to expect that they will
be periodic. But we can postulate properties of their random distribution, and then we can prove
almost surely that every realization of the random environment, that is for almost every possible
distribution of impurities, we have convergence to the deterministic, homogenized environment.
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1.1. The heat equation and the Laplace equation. In this course, we will primarily be in-
terested in elliptic and parabolic equations in divergence form, which can be used to model the
conduction of heat or electricity. The heat equation, which is perhaps the simplest parabolic equa-
tion is defined by

Ou=Au+ f on U x (0,00) with u =g on U x (0,00) and u=1wug on U x {0},

for some domain U C R?. The solution u as the density of heat, energy, or electric charge at time
t € [0,00) and the point z € U. The function f is a source/sink that quantifies the density of
energy being put in or taken out of the system. Perhaps we are holding a constant flame to the
plate. The heat along the boundary is held fixed according to the boundary data g. So, energy
escaping to or from the boundary is either absorbed or replenished. The initial distribution of
energy is ug.

The derivation of the heat equation follows from the conservation of energy. Through every region
of the domain, the total change of energy is equal to the amount of external energy provided/taken
by f plus the total flux of energy through the boundary. Precisely, for every € U and r € (0,00)
satisfying B, (x) C U, this is to say that

6t</ u)z&é Vu-y—i-/ f
Br(x) OBr(x) B, (z)

where v is the unit normal. By the divergence theorem, since V - (Vu) = Aw, this implies that

Jor™ = o
Br(x) B (x) By (x)

and, after dividing by |B,(x)| and passing to the limit » — 0, we recover the heat equation
Ou = Au + f.

The heat equation is a good model for diffusion in a homogenous material. Weighting the flux
equally in all directions is tantamount to saying the heat/energy diffuses equally from every point
in all directions.

We have seen that a parabolic equation models a system evolving in time. Divergence form
elliptic equations model systems in equilibrium. Precisely, if u is a solution of the heat equation

Ou=Au+ f on U x (0,00) with u=g¢ on 9U x (0,00) and u=wuy on U x {0},

then we expect that, provided f and g are independent of time, as ¢t — oo the density approaches
an equilibrium state and so dyu — 0. Therefore, as t — 0o, we expect that u — v for v solving the
Laplace equation

Av+ f=0 in U with v=¢ on 9OU.

Indeed, the Laplace equation is derived using the same logic based on conservation of energy. Since
the system is in equilibrium, the rate of change in energy in any region must be zero, which means
that the energy provided/taken by f must be balanced by the flux of energy through that region.
That is, for each x € U and r € (0, 00) satisfying B,(z) C U,

§1§ Vov-v+ / f=0.
OBr(x) B, ()

By the divergence theorem, this implies that

/ Av +/ f=0,
By () Br(x)

and therefore, after dividing by |B,| and passing to the limit r — 0,
Av+ f=0.
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As with the heat equation, the Laplace equation is a good model for homogenous systems in
equilibrium. The density diffuses equally from every point in all directions.

1.2. Diffusion processes. The heat equation and the Laplace equation are intricately related to
Brownian motion. Indeed, the law of a standard Brownian motion (Bf);c[o,c) beginning from

r € R? is simply the heat kernel. That is, for each ¢t € [0,00), for every Borel measurable subset

A CRY,
2
P[B? € Al :/(Qm)—i exp <—M) dy.
4 2t

Therefore, if u is a solution of the heat equation
du = Au on R? x (0,00) with u=1wuy on R? x {0},

we have that

2

which is one version of the Feynman-Kac formula. That is, the solution of the heat equation
is simply the initial condition averaged with respect to Brownian motion. This is why the heat
equation is regularizing, and the greater the diffusion the regularity you see. That is, for each
a € (0,00) let uq solve the equation

Oy = aAu, on R x (0,00) with ug, = ug on R? x {0}.
It follows that uq(x,t) = u(z, at) and therefore, by Brownian scaling,

ua(2,t) = Eluo(Bg,)] = Eluo(vaBy))].
So, we see a greater regularizing effect as a — oo, and a vanishing regularizing effect as a — 0.

Note that the constant coefficient diffusion matrix need not be isotropic. That is, it need not be
rotationally invariant. Consider for A\j, A2 € (0, 00) the two-dimensional matrix

(1.4) A= (31 ig) .

The solution of the equation

(1.5) du =V -AVu on R? x (0,00) with u=1wup on R? x {0},

is then related to the diffusion process, defined for independent Brownian motions (Btl)te[o,oo) and
(Bt2)t6[O,oo)7

X} 2\ B}
(1.6) dX; =d| ,|=4d ,
X V2 B?

u(z, t) = B [(Xy)],
where E, denotes the expectation of the solution to starting from 2 € R2. Suppose that
A1 >> Ag. It is then the case that the solutions (X¢)e[,00) diffuses more rapidly in the z;-direction
than in the zs-direction. This is to say that the solution to observes more averaging in the
x1-direction than in the xo-direction. And, indeed, this is reflected in the natural energy estimate

t 1
1/ u?(z,t) dx+/ / M (Op,u(z, 8))? + Ao (Dpyu(z, 5))* dzds < / ud(z) dz.
2 R4 0 R4 2 Rd

The extreme case follows from taking Ay — oo and Ay — 0, for which we see that u becomes constant
in the z1-direction and for which we have no regularity in the xo-direction. The important principle
to keep in mind is that diffusion implies regularity because diffusion implies averaging.

_ 4 _ly=al’ 4 _ By
e )= [ ry Funtyexp | 57 ) dy = Eluo(B7),

by the Feynman-Kac formula
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1.3. General elliptic and parabolic equations in divergence form. More generally, a para-
bolic or an elliptic equation in divergence form is described by a non-constant diffusion matrix A
that describes the diffusion of heat away from each point. In the parabolic case, the equation

Ou=V-AVu+ f on U x (0,00) with u =g on 9U x (0,00) and u=wug on U x {0},

is derived again using conservation of energy. However, in this case the flux is described by the
matrix A. That is, for every x € U and r € (0, 0c0) satisfying B,(x) C U, we assert that

% (/Br(x) u(y,t) dy) = éBT(aﬁ) A(y)Vu(y) - vdS(y) +/Br(x) fy)dy,

from which it follows formally follows by the divergence theorem that
(1.7) Ou=V - -AVu+ f.

In equilibrium we expect have that

b AV vast)+ [ )y =0
OBy (x)

B, (z)

from which we derive the equation
(1.8) -V -AVu=f.

Think again of the example above. If Ay = 0 then there is no diffusion of energy in the
xo-direction, which is reflected by the fact that we no longer consider the flux of Vu but of AVu.

If A is symmetric, then it is again the case that the solutions and are related to a
diffusion process. Let o be a matrix satisfying co? = 2a and let (Xt)te[o,oo) be the solution to the
stochastic differential equation

Then, for the exit time 7 from the domain U we that the solution of ((1.7)) satisfies
TAL
u(z,t) =K, [9(X7)|m < t] + Ey [ug(Xy)|T > t] + E, {/ f(Xs) ds]
0

and the solution of (|1.8)) satisfies

o) =B [0+ [ (x|

Such formulas will not play a significant role in this course, but it is important to keep in mind the
relationship between the partial differential equation and the diffusion process. Homogenization
of PDEs is formally equivalent to proving scaling limits in law for diffusion processes, as we will
describe below.

1.4. A motivating computation. Let A: R* — R? be a one-periodic, bounded, and strictly
positive function. We are interested in the asymptotic behavior of the solution

—V - A(z/)Vu® = f in (0,1) with «* =0 on {0,1}.
We can then integrate to see that, for some ¢ € (0, 00),

Vi) = (o [ o).

Then, since as € — 0,

AWW“%Nﬂ:AAﬂwwwmwmﬁwﬁx
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we see that, as e — 0,

V@) = (A7) = [ f(o)dy) wealdy in Z3(0.1)
Therefore, if we define u € HZ((0,1)) by

Vi= (A7 [ ) d)
it follows that @ solves
—V (A™H"'Vva=f in (0,1) with @=0 on {0,1}.

This shows that the homogenized coefficient is not simply the average of the original coefficients,
due to the fact that if A is not constant then in general

(19) (A) # (A7),
Furthermore, we see that while as € — 0 we have
Vuf — VT weakly in L2((0,1)),
but that, as ¢ — 0,
(1.10) Vuf - Vi strongly in L*((0,1)).
That is, the oscillations of the solution cancel in a weak sense but on in a strong sense.

1.5. A remark on numerics. Suppose that we are interested in numerically solving the one-
dimensional problem

(1.11) —V-A(z/e)Vu® = -V - f in (0,1) with «* =0 on {0,1}.
We can reduce this to a problem in linear algebra after restricting to the solution space V}, of H&—
functions on (0, 1) that are piecewise-linear on the partition [0, /h,2/h,...,h—=1/n, 1], where h € N.

That is, when taking into account the boundary conditions, an element of V), is uniquely represented
by a vector (x1,x,...,x;) € R? satisfying the property that 1 4+ o + ... + 2, = 0.

The Lax-Milgram theorem allows to solve in the space V,. In this case, the solution
= (uf,us,...,uj,) satisfies for every v = (v, v2,...,vp) that

h k h k
"A(y/s)d>ufu: ( hf()d)v.

At this point we see that if h = e~! then for every k € {1,2,...,h} we have that

uE

=

[ Ay ==,
o
and more generally if h > € as € — 0 we have that, for each k € {1,2,... h}, ase — 0,

>

1
/k_l A(y/e)dy — E<A>'
h
This is to say that, if the discretization parameter h is not chosen sufficiently smaller than e, then
the numerical scheme is approximating the equation

—V - (A)Vau=—-V - f in (0,1) with 2 =0 on {0,1},

which fails to capture the correct behavior of the solution. That is, as we observed in , the
homogenized coefficient is not simply the average of the original coefficient.

We therefore conclude that, in order to capture the correct behavior of the solutions u®, it is
necessary to take discretization with order e ! elements. In higher dimension, the same argument
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proves that the mesh size h of the grid must be taken of order less than . This leads to a
discretization with order e~¢ elements, and already in dimension three this is computationally too
expensive in practice. Conversely, estimating the solution of the homogenized equation is cheap
and relies only on understanding the homogenized coefficient A. So, provided we can effectively
compute A, we can well approximate solutions of the oscillating equation by computing the
solution of the constant coefficient, homogenized equation.

2. PERIODIC HOMOGENIZATION
A matrix A € R™*? is uniformly elliptic if, for some constants A, A € (0, c0),

(2.1) |AE| < A¢ and AE-€ > N[> for every & € R%

We say that a non-constant matrix A: R? — R¥*? if there exist constants A\, A € (0,00) such that
A(x) satisfies (2.1]) for every z € R%. For a 1-periodic, uniformly elliptic matrix A: R — RY, we
will study the limiting behavior, as ¢ — 0, of the solutions u® to the problem

(2.2) —V-A(#/e)Vu® = f in U with «* =0 on 9U.

We restrict to zero boundary conditions and consider the elliptic problem only for simplicity. The
methods of this section apply readily to nonzero boundary conditions and the parabolic problem
as well. The well-posedness of in H}(U)is a consequence of the uniform ellipticity and the
Lax-Milgram theorem.

Definition 2.1. Let U C R be a bounded open set, let A: U — R%*? be uniformly elliptic, an d
let f € H-1(U). We say that a function u € H}(U) is a weak solution of the equation

—V-AVu=f in U with u =0 on 09U,
if, for every v € H(U),
/ AVu - Vo = <fav>H_1(U)a
U
where (-, ) g-1(ry denotes the pairing between H}(U) and its dual H=Y(U).

Proposition 2.2. Let U C R? be a bounded open set and let A: U — R be uniformly elliptic.
Then for every f € H1(U) there exists a unique weak solution uy € H}(U) of the equation

~V-AVuy = f in U with uy =0 on OU.

Furthermore,

1
sl ey < 5 1o -

Proof. The boundedness of U and the Poincaré inequality prove that there exists ¢ € (0,00) such
that, for every v € H}(U),

IVl Loy < Nvllgry < ellVollpegay -

Therefore, for every v,w € H'(U), the bilinear form
<U,1U>H6(U) = / Vo - Vw
U

. It then follows

N|—=

defines a positive definite inner product on H} (U) and we take ||u||H5(U) = (u,u)

from the uniform ellipticity and Hélder’s inequality that, for every v,w € H}(U),

‘/UAV’U - Vw’ < HUHH(}(U) HwHHé(U)’
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and that, for every v € H}(U),

[ ave-vozx [ 9o = Ay,

The Lax-Milgram theorem therefore proves that for every f € H~!(U) there exists a unique
uy € Hj(U) which satisfies

/ AVuy - Vv = (f,v) g1 for every v € HY(U).
U
It then follows after choosing v = us that

2
A Hu‘|H5(U) < Hf”H—l(U) HUHH(}(U) )
and therefore that
1
Joll ey < 5 Mlaso)-

This completes the proof. ]
Remark 2.3. An essential conclusion of Proposition [2.2|is that for each f € H~!(U) the solutions
—V - A(x/e)Vu® = f in U with «* =0 on 09U,

are uniformly bounded in € € (0,1). That is,

1
sup |[u"|| gy oy < S Il -
ce(0.1) Hy(U) =\ W IH=HU)

We therefore know a priori that the solutions remain in a relatively weakly compact subset of
H}(U) and a relatively compact subset of LP(U) for every p € [1,2) for the Sobolev exponent
g, = 1/2 —1/qif d > 3, with 2, = oo if d = 2, and with the solutions remaining in a relatively
compact subset of C*(U) for every a € (0,1/2) if d = 1. This is far from proving that the solutions
converge along the full sequence € — 0, however.

2.1. The asymptotic expansion. We will approach the homogenization problem ([2.2)) by sepa-
rating the macroscopic scale (that is, scale 1) from the microscopic scale (that is, scale €). For this
we formally postulate that the solution u® admits an asymptotic expansion of the form

(2.3) uf (x) = ug(z,v/e) + eur (2, 7/e) + 2ug(x,3/c) + ...,

where the functions u;: U x T¢ — R are periodic in the second variable. An expansion of this type
is not a priori justified, so the following computations will proceed on a formal level. We will write
x for the slow variable and y for the fast variable, so that we have, for instance,

Vi (z,y) = Veur(z,y) + e ' Vyui (2, ),

where the variable y stands in for #/c.

We first exploit the divergence form structure of the equation to argue that the terms of order
two and higher will not effect the e — 0 limit. Precisely, suppose that u® € HZ(U) is the solution
of the equation

—V - A(z/e)Vu® = f in U with «*=0 on 0U.
Then, for each ¢ € C2°(U) we have

/UA(CL’/E)VUE(Q:) -Vi(z)dr = /UA(QC/E) (Vauo + e 'Vyuo + Vyur +eVaur + O(e)) - Vip(z) da

= /Ufwdx.
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So, as ¢ — 0, we see formally that the higher order terms us,us,... do not effect the equation’s
weak formulation. We therefore postulate an asymptotic expansion of the form
(2.4) ut(z) ~ uo(x,y) + eur(z, /e).

This divergence form structure is essential for this simplification to be valid. If we instead considered
the non-divergence form equation

— tr(A(2/eV2uF)) + eb(z/e) - Vuf = f,
it would be necessary to additionally consider the higher order term us.
Returning to (2.4]), we evaluate the equation to find that
—(Vo+e7'Vy) - [AW) (e ' Vyuo + Vaug + Vyur +eVeur)] = f.

We proceed by equating powers of €. The equation of order e~2 is

~V, - A(y)Vyuo(y,z) =0 in T¢ for every x € U.

It follows from the weak maximum principle, or the standard energy estimate, that ug(z,y) = up(x)

is independent of the fact variable y € T¢.

The equation of order ! is

(2.5) V- A) (Vouo(@) + Vyu (2,y)) = 0.

Based on the intuition that the solution is determined by the underlying diffusion process, and the
fact that the underlying diffusion process sees on the fast scale, or based on PDE considerations,
we postulate here a separation of scales. That is, we make the ansatz that

(2.6) ur(z,y) = ¢i(y)dsuo(x),
for periodic functions ¢;: T¢ — R. Here and throughout the notes we will use Einstein’s summation
convention over repeated indices. Returning to (2.5) and applying the ansatz (2.6)), we have that

—Vy - A(y) (ei + Vyoi(y))) iuo(z) = 0.
Since the functions 0;ug are effectively arbitrary, and we will see that they can be fixed to be almost
anything by changing the righthand side f, we have for each i € {1,...,d} that

(2.7) V- Aly)ei + Vy60) = 0.

Equation (2.7)) is the so-called corrector equation or cell problem. The solutions ¢; are called
homogenization correctors. We will say more about these solutions in the next section.
The equation of order 1 is then

—Ve - [A(y)(ei + V¢i(y))diuo(z)] = f.

Or, if we return to the original scaling, we have that

—Va - [A(/=) (i + Vi(7/2))djuo(@)] = f(2).

Since, as € — 0,
A(w/e)(ei + Vi(e/e)) — /Td A(y)(ei + Voi(y)) dy = (Alei + Vo)),

we conclude that, since ug and f are independent of ¢,

(2.8) = Vo - [(Alei + V) Oiuo(2)] = f().
We use (2.8) to define the homogenized coefficient A. That is, for each i € {1,...,d}, we define
(2.9) Zei = <A(€Z + V(f)l» so that Zji = <A(62 + V(bz)) - €5,

and conclude from (2.8]) that ug solves
(2.10) — V- -AVug = f in U with ug=0 on 9U.
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We can then justify the formal expansion a posteriori in the sense that after defining the ¢; according
to (2.7)), the homogenized coefficient A according to (2.9), and ug according to (2.10) we have

(2.11) uf (x) =~ ug () + ¢’ (2/e)Osup ().

We will make this precise in the next two sections.

2.2. The homogenization corrector. We will write H}(T?) for the space of mean zero H'-
functions on the torus. Thanks to the Poincaré inequality, the mean zero condition guarantees that
the inner product
(U, V) 1 (1ay = Vu - Vo,
Td

defines a positive definite inner product on H& (']I‘d). We will now show that there exists a unique
¢; € H}(T?) satisfying . We emphasize that correctors are clearly not unique, in the sense
that if ¢; solves then so too does ¢; + ¢ for any ¢ € R. What the following proposition proves
is that this is the only source of non-uniqueness, and that correctors are unique up to the addition
of a constant.

Proposition 2.4. For everyi € {1,...,d} there exists a unique weak solution ¢; € Hi(T?) of the
equation

—~V, - A(y)(e; + Vi(y)) =0 in T

Proof. The proof is virtually identical to Proposition and is an immediate consequence the
uniform ellipticity of A, the Poincaré inequality, and the Lax-Milgram theorem. 0

The correctors some to define the intrinsic geometry of the space in the following sense. Suppose
that u € C?(RY) is a sub-quadratic harmonic function in the sense that

~Au=0 in R? and limsup [u(@)] = 0.
o0 |2

Then the first-order Liouville theorem proves that w is linear. That is, there exists ¢ € R and
¢ € R? such that u(x) = ¢ + & - . We can view the correctors as correcting the linear functions x;
so as to make them A-harmonic in the sense that

—V-A(y) - (ei + Vi) = =V - A(y)V(z; + ¢;) = 0.

In this way, the functions x; + ¢; define the natural coordinates in the geometry defined by A. And
indeed we will see that this can be made precise in the sense that if v: R? — R is A-harmonic and
strictly sub-quadratic in the sense that, for some « € (0, 1),

~V-AVu=0 in R? and limsup ‘“(fi)l =0,
jol—0  |]

then there exists c € R and £ = (&,..., &) € R? such that u(x) = c+ £ -2+ ¢¢(z) where ¢¢ = ;.
The role of the corrector can also been seen on the level of the diffusion
dXt = O'(Xt) dBt + (V . A)(Xt) dt,

for oo = 2A. Indeed, for ¢ = (¢1,...,¢q), we see that the corrector ¢ modifies the solution X;
so as to make it a martingale. That is, if we define M; = Xy 4+ ¢(Xy), then it follows from Ito’s
formula that M; is a martingale. And, thus,

EXt/EQ — EMt/SQ + €¢(Xt/62)7

where the first term on the righthand side can be handled using martingale convergence arguments
and the second term formally vanishes in the ¢ — 0 limit.
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2.3. The homogenized coefficient. Henceforth, for each i € {1,...,d}, let ¢; be the solution of
the correctors equation

~V - A(y)(e; + Vi(y)) =0 in T
We recall from (12.9)) that the homogenized coefficient A is defined by the equation, for each & € ]Rd,

A= | A€+ Voew)) du = (A(E + Vo)),

for ¢¢ = &;¢;. The following proposition proves that A is uniformly elliptic if A is uniformly elliptic,
and that A is symmetric if A is symmetric.

Proposition 2.5. Assume that A is periodic and satisfies (2.1)) for constants A\, A € (0,1) and let
{#i}ieqr,....ap be as in Proposition . Then A € R defined by

Zei = <A(€i -+ V@i»,
satisfies, for every & € R?,

d
Ae| < MELY les + Vil*)? and Ae-¢ > AJ¢f?.
=1

Proof. The uniform ellipticity of A proves that, for every & € R?,

e = | [ At (e + Vo | <4 [ lelles+ Vot an

where |-| denotes the usual Euclidean metric on R? and the absolute value on R. It then follows
from Holder’s inequality on R? and Jensen’s inequality that

1 1
d 2 d 3
[A¢] < Al (qui + v¢¢|>2> < Al (<Z lei + wm%) :
i=1 i=1
For the uniform ellipticity, observe by linearity that for every ¢ € R the corrector ¢e = & ¢; satisfies
the equation

(2.12) —~ V- A+ Ve¢e) =0 in T
By definition of A and since ¢, solves (2.12)), we have for every ¢ € R? that

AL €= (A(E+ Vo)) - £ = (A(§+ Vi) - §) = (A + V) - (Ve +§)).
Therefore, by the uniform ellipticity of A and Jensen’s inequality,
AE- €2 (NE+ Vee*) > M€+ Vo) * = A,
since the integral of the gradient V¢ vanishes. This completes the proof. O

The essential role of Proposition is to show that the equation defining wug of the
asymptotic expansion is well-posed. What we have guaranteed is that if we start with a periodic,
uniformly elliptic environment then the homogenized environment remains uniformly elliptic. From
the point of view of the diffusions this is in some sense obvious. If at every point we have a lower
bound for the diffusion in all directions, then we have to retain this lower bound in the limit. And,
indeed, we see that the ellipticity constant of the homogenized matrix from below is at least as
good as for the original matrix. Of course, in practice it will always be somewhat better, unless
the periodic matrix is a constant.

In the final proposition of this section, we will prove that the homogenized matrix corresponding
to the transpose A! is the transpose of the homogenized matrix. That is, if A is a uniformly elliptic
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matrix then so too is A*. And so for each i € {1,...,d} we can define the corrector ¢} corresponding
to the transposed problem

(2.13) — V- Ale; + Vo) =0 in T,

and we can define the corresponding homogenized coefficient A € R%*¢ for each i € {1,...,d} by
(2.14) Ae; = (A'(e; + V).

We will prove that for A defined in Proposition we have A = A"

Proposition 2.6. Assume that A is periodic and uniformly elliptic. Let A € R¥9 be defined by
Proposition gnd let A € R be defined by ([2.14). Then A = A So, in particular, if A is
symmetric then A is symmetric.

Proof. For each i € {1,...,d} let ¢; be defined by Proposition for the matrix A and let ¢! be
defined by Proposition for the matrix A'. Then, for each 4,5 € {1,...,d}, since ¢; satisfies

for £ = e; and since gbé satisfies ,
Aji = (Alei + V) - ¢
= (A(ei + Vy) - (e + Vb))
= ((ei + Vi) - A'ej + Vh))
= (A'(ej + V) - e;

= Azg

We therefore have that A = A" Finally, if A is symmetric, Proposition proves that ¢; = ¢!
for every i € {1,...,d} and therefore that A = A. Thus, if A is symmetric then 4 = A s
symmetric. ]

2.4. The perturbed test function method. The perturbed test function method is a classical
technique to prove the weak convergence in H{(U) of the solutions u® of

(2.15) — V- A(#/e)Vu® = f in U with v =0 on 90U,
to the solution v of the homogenized equation
(2.16) —~V-AVv = f in U with «*=0 on 9U,

for A defined in Proposition The technique is almost too clever for its own good, and is based
on a compensated compactness argument using the div-curl lemma.

We first recall the Helmholtz decomposition for vector fields defined on a smooth, bounded open
set U C R%. For a vector field V = (Vi)ieq1,...ay € L?(U;R%) we will understand derivatives of
the type 0;V}, which formally denote the ith distributional derivative of the jth component, in the
distributional sense. That is, we say that 9;V; = f if for every ¢ € C°(U) we have that

—/Uvjamz/Ufw

In this way, it makes sense to talk about non-smooth vector fields being curl free or divergence free.
We say that a vector field V € L?(U;R?) is curl free if 0;V; = 0;V; in the distributional sense for
every i,j € {1,...,d} and we say that V is divergence free if the distributional divergence 0;V; = 0.
These are the potential and solenoidal vector fields:

L2, (U) = {VGLQ(U;Rd): V = Vv for some UEHS(U)},

pot

and
L2,(U) = {V e L2(U;RY): 9,V; = o} .

sol
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In particular, Lgol(U ) contains the constant vector fields. The Helmholtz decomposition proves

that L2(U;R?) splits as a direct sum of solenoidal and potential fields. The proof of the div-curl
lemma then follows immediately.

Proposition 2.7. Let U C R be a smooth, bounded open set. Then
LA(U;R?) = Ly oy(U) @ L2,,(U).
Proof. Let V € L?(U;R%) and let v € H}(U) denote the unique weak solution of
Ay =V -V in U with ¢ =0 on 9U.
Then V = Vo + (V — V) for Vo € L2, (U) and (V — Vo) € L2 (U). The uniqueness follows

pot sol
from the fact that if v € H(U) and V € L2 (U) then

sol

/Vv-Vzo,
U

which also proves the direct sum decomposition and completes the proof.

Proposition 2.8. Let U C R? be a smooth, bounded open set and assume that {pe}ge(o,l) -

L2(U;RY) and {V}.c(01) € L2,/(U) satisfy, as e — 0,

p® — po weakly in LQ(U;Rd) and that V= — Vi weakly in Lfmt(U)-

Assume in addition that, as € — 0, V -p° — f strongly in H=*(U). Then, as € — 0,
p°VE = poVo in D'(U),
in the sense that, for ¢ € C°(U),
lim [ p®- 0% = / Ppo - VoY
U

e—0 U
Proof. We may assume without loss of generality that, as e — 0,

(2.17) p° — 0 weakly in L*(U;R%), that V= —0 weakly in L2, (U),

and that V - p® — 0 strongly in H~!(U). This follows from the equality, for every ¢ € CX(U),

/U(pa—pw-(Vf—vow:/Upa-vaw/po-vow—/[]ps-Vow—/Upo-V‘fw

The weak convergence guarantees that the final three terms on the righthand side converge as e — 0
to — fU po - Voub. The result therefore follows by proving that the lefthand side converges to zero,
which follows from the case that both weak limits are zero.

Assume . By assumption and by definition of Lgot(U ), for every e € (0,1) there exists
v® € H}(U) such that V& = Vv®. Therefore, for every 1 € C2°(U), by the chain rule

[ veu= [ v [ # 500 [ v

Since the v are converging weakly to zero in Hg(U) they are uniformly bounded in H}(Y'). There-
fore, since 9 is smooth, we have that vy is uniformly bounded in Hg(U). Thus, since V - p* — 0
strongly in H~1(U), we have that

lim [ p°-V(fy) = 0.
U

e—0
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Finally, since the v are bounded and converging weakly to zero along the full sequence £ — 0, the
Sobolev embedding theorem proves that, as e — 0, we have ¢ — 0 strongly in L?(U). Therefore,
since p® - V) is uniformly bounded in L?(U), Holder’s inequality proves that

lim [ p°-Vyo® =0,

e—0 U

which completes the proof. O
We will now prove the homogenization of (2.15]) weakly in H}(U). The proof is based on the idea

that we want to exploit the regularity of the solution to the constant coefficient equation (2.16]).

And, on the level of the equation’s weak formulation, the test functions are a proxy for the limit.

We therefore perturb the test function using the homogenization corrector, in a manner analogous

to the asymptotic expansion (2.11])). However, because we are perturbing the test function and not
the solution itself, we use the adjoint correctors (2.13]) as opposed to the original correctors (2.12)).

Lemma 2.9. Let f € LE(T?) be one-periodic on RY. Then, as ¢ — 0,

f(z/e) = (f) weakly in L3 (RY).

loc

Proof. By density of smooth functions in leoc(Rd) it suffices to prove that, for every ¢ € C°(R%),
tim [ g fe A=) [ v
R

e—0 Rd

Let ¢ € C°(R?). Then there exists ¢ € (0,00) depending on [Vl oo (ray such that, for each
e €(0,1),

Rd@b(x)f(x/s) dz —e? Y (a)(f)] < ce.

r€eZd

Since there exists ¢ € (0,00) depending on [[V4|| e« gay such that, for each £ € (0, 1),

£ Z q/;(a;)—/Rdl/J < ce,

x€eZd

we conclude that

tiy [ w(@)f(f)de = (1) [ o

e—=0 Jrd

This completes the proof. ]

Theorem 2.10. Let U C R? be a smooth, bounded domain, let A: R* — R be periodic and
uniformly elliptic, and let f € L*(U). For every ¢ € (0,1) let u* € H}(U) be the unique weak
solution of

(2.18) — V- A(@/e)Vu® = f in U with u* =0 on OU.
Then, as e — 0,
uf — v weakly in H(U),
for v e HY(U) the unique weak solution of
—V-AVv=f in U with v=0 on OU,
for A € R4 defined in Proposition .
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Proof. By Proposition the u® are uniformly bounded in H{(U). Therefore, after passing to a
subsequence, there exists v € H}(U) such that, as e — 0,

uf — v weakly in H} (U).
In particular, this implies that, as ¢ — 0,
Vu® — Vv weakly in Lgot(U).

Let ¢ € CX(U) and for each i € {1,...,d} let ¢! be the adjoint corrector defined in (2.13)). For
each € € (0,1) we define

VF (@) = Y(@) + ey (7/2) 0 ().
Since ¢° € H}(U) it is an admissible test function and we have that, for each ¢ € (0,1),
VUE = (e + Vi(v/2)) 0 + el (+/e) VO,
and, after testing with ([2.22]),

[ AV e Volnow + [ AT T@wesier) = [ o
And, after transposing A,
(219) [ Ve A+ Voo + [ AV V@it = | 1o
U U U
Since the ¢!(z/c) are uniformly bounded in H}(U) since they are converging weakly to zero, it
follows from Holder’s inequality that, as € — 0,
¢ — 9 strongly in L*(U),
and that
epi(z/e) — 0 strongly in L*(U).
Therefore, by Holder’s inequality

(2.20) lim [ A(e/) Ve - V(00)edi(#/s) =0 and lim /Uf ¥ = /Uf v

e—0 U

Finally, since the p° = A'(v/c)(e; + Vi(v/c)) are divergence free, since the p° are converging
weakly as e — 0 to (A'(y)(e; + V¢l), and since the Vu® € L2 (U) are converging weakly along a
subsequence to Vv, it follows from Proposition and Proposition [2.8] that, along a subsequence,

(2.21) lim Vu - At(x/s)(ei + V(bf(x/s))aﬂ,/) = / Vu - Ztvw
e—=0 Ju U

And therefore, after transposing A it follows from (2.19), (2.20)), and (2.21)) that v € HJ (U) satisfies,

for every ¢ € C°(U),
/Avu-vq/;:/ fv.
U U

This is to say exactly that v € HE(U) is a weak solution of the equation
~V-AVv = f in U with «* =0 on OU.

However, since A is uniformly elliptic by Proposition weak solutions are unique by Proposi-
tion Therefore, the weak limit v € H}(U) is unique and we conclude that, along the full
sequence € — 0,

u® — v weakly in HJ(U).
This completes the proof. O
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Recall as well that divergence form elliptic and parabolic equations are defined by the flux. That
is, the solution u® € H}(U) of the equation solution of
-V - A(z/e)Vu® = f in U,

is characterized in the interior of the domain by the equality

7%(1) AVRVEy) v = /Br(x) 3

for any B,.(x) C U and for v the outward unit normal. So, when proving homogenization, we
are also interested in the convergence of the flux A(z/c)Vu®. In the following proposition, using a
variant of the perturbed test function method, we prove that the flux converges weakly to the flux
of the homogenized equation.

Theorem 2.11. Let U C R? be a smooth, bounded domain, let A: R® — R be periodic and
uniformly elliptic, and let f € L*(U). For every ¢ € (0,1) let u* € H}(U) be the unique weak
solution of

(2.22) —V-A(@/e)Vu® = f in U with u* =0 on OU.
Then, as e — 0,
A(z/e)u® — AVv weakly in L*(U;RY),
for v e H(U) the unique weak solution of
~V-AVv=f in U with v=0 on 90U,
for A € R¥*? defined in Proposition .

Proof. The uniform ellipticity of A and the H(U)-boundedness of the solutions {u}.c(g 1) prove
that, after passing to a subsequence, there exists Fy € L?(U;R?) such that, as e — 0,

(2.23) A(z/e)Vu — Fy weakly in L?(U;RY).
The convergence (2.24) proves that, after passing to a subsequence, for every ¢ € C2°(U),
(2.24) / Fy-Vy = lim/ A(z/e)Vu® - Vi = / f.

U e—0 U U

Let ¢ € R? and define

wi(@) = & - + 0 (+/o)
for qﬁé = & ¢! defined by the solutions to the transposed corrector equation (2.13). Let 1 € C2°(U)
be arbitrary. We alternately test the equation satisfied by u® by the admissible test function wgw

and we will test the equation satisfied by wg by the admissible test function u®y. That is, using
the equation satisfied by u®, we have that

(2.25) /UA(x/a)VUE ((E+ Ve (e/e)y + wi(2) V) = /Ufwéw-
Alternately we have that

(226) [ A e+ ehieto) - (Vi + wvw) o

After transposing the matrix A and subtracting (2.26]) from (2.25)), we have that

(2.27) /UA(”E/E)VUE - Vpwe(a) — A'(v/e)(§ + Ve(v/e)) - Vipus = /Ufwéw
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Since as ¢ = 0 wi(z) — (£ z) and u® — v strongly in L?(U), and since after passing to a
subsequence it follows from (2.23)) that, as ¢ — 0,

A(efe)Vus — Fy and A'(3/e)(€ + Vk(z/e)) — A€ weakly in L2(U),
we have that, after passing to the limit e — 0 in (2.27)),

— B .
(2.28) | Ro-vits-a) = [ Ae-vio= [ foe-o.
Since we have from that

/Upo.vw@-x):/Ufwx-o—/UFo-w,

and since after integrating by parts

/Atg'wu:—/Aw'gw,
U U
we conclude from (2.28)) that, for every ¢ € R? and ¢ € C°(U),

/UFo-w:/UAww.

Since ¢ and 1) were arbitrary, we conclude that Fy = AVwv in L?(U). This proves uniqueness of the
weak limit, and therefore that the full sequence A(z/c)Vu® converges weakly as ¢ — 0 to AV in
L?(U), which completes the proof. O

2.5. The homogenization error. In this section, we will analyze the error in the two-scale ex-
pansion

(2.29) w® =u° — v — e¢;Ov,

for u® the solution of , for ¢ = ¢i(#/c) defined by the correctors ¢; constructed in Proposi-
tion and for v the solution of with A defined in Proposition The two-scale expansion
suggests that the conclusion of Theorem [2.10]is the best that can be obtained on the level of the
solution. The solution u® simply does not converges strongly as ¢ — 0 to v in Hg(U).

Formally we expect the solution u® will have oscillations of order € on scale € about the homog-
enized solution v. This means that the gradient will be of order one and, indeed, the gradient of
the two-scale expansion is

\Y (’U + €¢faﬂ)) =Vouv+ V¢z<x/e)aﬂ) + agbz(w/s)V(aZv)

The final term on the righthand side converges strongly to zero as € — 0, but the second term on
the righthand side only converges weakly to zero as € — 0. The weak convergence here explains
the weak convergence obtained in Theorem [2.10

The purpose of this section will be to prove that the homogenization error defined by the two-scale
expansion converges strongly to zero in H'(U). That is, after we subtract the oscillations
described by the correctors, we obtain strong convergence on the level of the gradient. We will do
this by studying the equation satisfied by . We see that

Vw® = Vu® — Vo — V¢;(7/e)0iv — e¢; VOv.
Then, using the fact that —V - A(z/e)Vu® = f,
—V - A(z/e)Vuw® = f+ V- A(z/c)Vu + V - A(z/e) (Vi(*/)Oiv + e VOv) .
Then, using the fact that —V - AVov = f,
—V - A(z/e)Vuw® =V - A(z/e)Vo — V - AV + V - A(z/e) (V(2/e) 00 + ¢SV ) .
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The righthand side can be equivalently written in the form
(2.30) -V A(Jﬁ/a)vw‘E =V ((A(w/a) (61‘ + V¢Z(3’/5)> — Zez) 811)) +V. A(m/e) (5¢5V6,v) .

The second term appearing on the righthand side of is formally a good term, since the
solution v of the homogenized equation is expected to be quite smooth and the correction e¢j
vanishes at € — 0. The first term, however, does not clearly vanish as ¢ — 0. It does so weakly in
the sense that, as € — 0,

A(z/e) (e + Vi(e/e)) — (A(e; + V) = Ae; weakly in L?(U;R?),

but the necessary strong convergence fails.
The essential observation is that the first term on the righthand side of (2.35) is measuring the
oscillations of the flux with respect to the A-harmonic coordinates (z; + ¢;) about the flux Ae; in

the homogenized environment. We therefore define, for each i € {1,...,d},

(2.31) qi = Ale; + V) in T,

and ¢f(x) = ¢;(#/<). Since by definition (¢;) = Ae;, it follows from and that
(2.32) =V A(#e)Vw® =V - ((¢; — () Ov) + V- A(7/e) (e¢;VOv) .

In the next section, we will construct a corrector of that accounts for the fluctuations of ¢; about
its expectation.

2.6. The flux corrector. In this section, we will construct a flux correction that corrects the
oscillation of the flux

(2.33) q; = A(ez + V(JSZ),

about its expectation (g;) = Ae;. The essential observation is that the flux ¢; is by definition
divergence free, since the corrector equation states exactly that

—V.q = —V~A(ei+v¢i) =0.

The construction is motivated by differential forms and De Rham cohomology. The flux ¢; defines a
closed (d—1)-form as a divergence free vector field. This means that, due to the simple geometry of
Euclidean space, there exists a (d —2)-form o; satisfying the property that do; = ¢; where d denotes
the exterior derivative. A (d — 2)-form an be expressed as a skew-symmetric matrix. This is, for

each i € {1,...,d}, we expect that there exists a skew-symmetric matrix o; = (0;j;) satisfying
(2.34) V.-oi=¢q —(g) for (V-0;); = Oroji.

However solutions to (2.34]) are not unique. We will therefore identify a solution by fixing a choice
of gauge.

We aim to find the least energy solution to (2.34). That is, for each i € {1,...,d}, we aim to
minimize the energy

d
1
E(o;) = B Z /Td \Vaijk\2 subject to the constraint V -o; = ¢;.
k=1

For this we take motivation from the theory of Lagrange multipliers, and consider the function

1
F(Ji):2/w]v'ai\2.

On the set {V - 0; = ¢;} a necessary but not sufficient for the energy E to be minimized by a
skew-symmetric o; is that, for any skew-symmetric v € R4,

lim E(o; + hv) — E(03) — lim F(o; + hv) — F(ai).
h—0 h h—0 h
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Formally, this implies that the gradients of E' and F' are parallel, which is the condition required by
Lagrange multipliers when optimizing a function subject to constraints. Let j, k € {1,2,...,d} be
arbitrary. We choose a matrix v of the form v;;, = v and vy; = —0 for some ¥ € H? (Td) and v.3 =0
for every other r,s € {1,...,d}. The variational relationship then yields, for ¢; = (i1, gi2, - - - , Gid),

/d VUz‘jk -Vo = /d qijﬁkﬁ - qik(‘)jﬁ.
T T

This is to say that, for each 4,7,k € {1,...,d},

(235) — Aaijk = 8jq¢k - 8qu‘j in Td.
We will take (2.35) as the defining equation for the components of o;. It will then follow by
definition of 0;j; = —o;x; and we will show that after defining o; = (04j%) we have V-0, = ¢; — (¢;)-

The following proposition proves the existence of solutions to (2.35))

Proposition 2.12. Let ¢ € L?(T%RY). Then there exists a unique weak solution o € H}(T?) of
the equation
—Ao =V -q in T

Proof. The proof is an immediate consequence of the Poincaré inequality and the Lax-Milgram
theorem, as in the case of Proposition [2.4] with A the identity matrix. O

Remark 2.13. We use Proposition to obtain a solution of (2.35)) by choosing ¢ = (q1,...,qq)
with ¢; = gk, qr = —qi; and ¢ = 0 for every s € {1,...,d} \ {i,7}.

Proposition 2.14. Let A: T¢ — R4 be periodic and uniformly elliptic. For eachi € {1,2,...,d}

let g; be defined by (2.33) and for each i,j,k € {1,2,...,d} be defined by (2.35)). Then for each
i€{1,2,...,d} the matriz o; = (01) € L*(T%4R¥*Y) is skew-symmetric and satisfies

(2.36) V c0; = (@ — <q2>

Proof. The skew-symmetry is an immediate consequence of (2.35) and the uniqueness of Proposi-
tion which proves that for every i,j,k € {1,2,...,d} we have oy, = —oy;. It remains to
prove the equality (2.36)). We will prove that, for each i,j € {1,...,d}, as distributions,

A ((V . Ui)j - qij) = 0.
Indeed, it follows from ([2.35) that
0s0s (Ok0iji — Qi) = Ok(0s0504jk) — Os0sqij

= OrOkGi; — OrOj Qi + 050sqij

= Aqgij — 95(V - ¢i) — Agyj

=0,
where the final equality relies on the fact that g; is divergence free. What this implies is that, for
every 1 € C*°(T%),

(2.37) /T (V- 02); — ai) At = 0.

For every € € (0,1) let p* be a standard convolution kernel on the torus of scale e. Then, for each
e € (0,1), we conclude from ([2.37)) that

A+ (V-0 = a)) (@) = [ (V00 = ) ),y — ) dy =,

from which it follows that (p°* ((V - 0;); — qi;)) is constant for every ¢ € (0,1). Therefore, for
every i € {1,2,...,d}, we have that (V - 0;) — ¢; is a constant vector and so

(Veoi) =q=(V-0i) —a) = —(a),
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where the final equality follows from the fact that the integral of a gradient is zero. We therefore
have

Vo =q — (),
for every ¢ € {1,2,...,d}, which completes the proof. ]
2.7. Strong convergence of the two-scale expansion. We recall the two-scale expansion
w® =u° — v — ¢ v,
for u® the solution of (2.15)), for ¢5 = ¢;(#/=) defined by the correctors ¢; constructed in Proposi-
tion and for v the solution of (2.16|) with A defined in Proposition Returning to (2.32),

we have that the homogenization error w® satisfies the equation
(2.38) — V- A(/e)Vuw® =V - ((¢f — (qi)) 0iv) + V - A(2/e) (ep5VOv) in U.

For every i € {1,...,d} let 0; = (0yj%) be defined in Proposition and let o (z) = o(2/c). We
will use o to control the osci]lations of the flux on the righthand side of (2.38]). Precisely, since we
have that V - (e0f) = ¢ — (¢"), for every ¢p € C°(U),

/ (& — (@) B - Vb = / (V- (c05)) 0w - V.
U U

Therefore, after integrating by parts and using the skew-symmetry of oy,

| i~ tahaw-vo=- [ corview) vo.
U U

This is to say that, as distributions,

(2.39) V- (g — (@) Ow) = =V - (€07 V(9)) .
Hence, returning to , we have that
(2.40) — V- A(z/e)Vw® =V - ((A(z/e)ed; — eo;) V(Ov)) in U,

which explains the introduction of the flux correctors o;. It is now the case that the righthand
side of (2.40]) converges strongly to zero in L?(U) as ¢ — 0. This is the content of the following
theorem.

Theorem 2.15. Let U C R be a smooth bounded domain, let A: RY — R be periodic and
uniformly elliptic, and let f € C*(U) for some a € (0,1). For every ¢ € (0,1) let u® € HY(U) be
the unique weak solution of
-V - A(#/e)Vu® = f in U with u* =0 on 9U,
and let v € H}(U) be the unique weak solution of
~V - AVu = f in U with u* =0 on 09U,

for A € R¥*? defined in Proposition . Then, for the correctors ¢; € H}(T?) defined in Proposi-
tion 224, as e — 0,
uf — v — e¢i(z/e)0v — 0 strongly in H'(U).
Proof. We aim to use the energy identity (2.40f), which requires the introduction of a cutoff function
due to the fact that the homogenization error
w® =uf — v — e¢;ov,

for ¢ (x) = ¢i(¢/e) does not vanish along the boundary. For every p € (0,1) let U, C U be defined
by
Uy={zeU: d(z,0U) < p},
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and using the smoothness of the domain for every p € (0,1) let n,: U — R satisfy 7, = 1 on U,
np = 0 on U\ Uy, and |Vn,| < ¢/p for some ¢ € (0,00) independent of p € (0,1). For every
g,p€(0,1) let

wf =uf — v — ¢ 0;.
The uniform ellipticity of A proves that there exists ¢ € (0, 00) such that

(2.41) ”UHCM(U) <c ||f”0a(U)

Therefore, it follows from the definition of 7,, from the fact that ¢; € HZ(T¢), and from the fact
that u,v € HE(U) that w®? € H}(U). We will analyze the equation satisfied by w®*.
Let ¢,p € (0,1). We observe that

Vw? = Vu® — Vv — V (n,e¢;0v) .
Therefore, using the equations satisfied by «* and v,
—V - AVuw? =V - (A° — A)Vu + V - (A°V ¢S (n,0,0)) + V - (A% V (n,0,v)) .
It then follows from the definitions of ¢; and A that

=V ATV =V - [(1=n,)(A° = A)Vo] + V- (65 — (@) (1,00)) + V - (A%€¢7V (1,00))
for ¢ = gi(#/<). Finally, using the flux corrections o; and the distributional equality (2.39 -,
(2.42) — VAV =V [(1—-1n,)(A° = A)Vo] + V- ((A%e¢f — 07) V (1,0,0)) ,

for of = o;(z/e). After testing equation (2.42)) with w®?,
/ AVw? - V™ = / [(1=np)(A° — A)Vo] - Vs’
U U

- / (Aed5 — 0%) V (n,050)) - Vo™,
U

and after applying Holder’s inequality and Young’s inequality and using the uniform ellipticity, for
some ¢ € (0,00) independent of ¢ € (0,1),

/ vure <o [ amnpvel [ (216 i) Vo).

Estimate , the boundedness of U, and the definition of 7, prove that, for some ¢ € (0,00)
independent of g,pe(0,1),

(2.43) / IVw® > < ¢ (p + €2/ (\gbﬂz + \fﬁ)) :
U N p? Ju N\ !

We now return to the original homogenization error w*® defined by

w® =uf — v — ¢ Ov,
for which we have that
Vw® = Vuw*? + V ((1 — n,)ep; o).
Since it follows the definition 7, and estimate (2.41]) that, for some ¢ € (0,00) independent of
g,pe(0,1),

_ 9.2 i |2 . 2 €12 2 . e
19 = n)esio) Sc(pQ/Uwz s [a-npwat e [ a-nrle r)

the triangle inequality and (2.43)) prove that, for some ¢ € (0, 00) independent of ¢, p € (0, 1),

(2.44) [vwt<e(or S [ (i +ioP) + [a-nwst).
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Since, as € — 0,

iy [ (652 +107) + [ @=n Vo= 101 [ 1o+l + [ Vel [ @,
e—=0 Ju U Td Td U

it follows from the definition of 1, and the boundedness of U that, for some ¢ € (0, c0) independent

of p€(0,1),
limsup/ \Vw€|2 <cp <1 +/ ’V¢i‘2> .
e=0 JU Te

Finally, after passing to the limit p — 0, we conclude that

lim/ IVwt|? =0,
e—0 U

which completes the proof. O

3. STOCHASTIC HOMOGENIZATION

In this section, we will prove the homogenization of random environments described by a random
coefficient field A(z,w): R? — Q — R%*9 defined on some probability space (2, F,P). The random
environment is indexed by w € 2. We will see that the random framework strictly generalizes the
periodic framework above, and our analysis will be strongly motivated by the methods from periodic
homogenization. Given a uniformly elliptic, stationary, and ergodic coefficient field A: R x Q —
R4 we will identify a deterministic, constant coefficient field A such that the solutions

-V - A(#/e,w)Vu® = f in U with v =0 on 90U,
almost surely converge as ¢ — 0 to the solution
—V-AVv = f in U with v=0 on OU.

This is to say that for almost every w € Q the random medium described by A(/e,w) is well
approximated by the homogenous medium A. An essential difference in this case, however, is that
the scale ¢ € (0, 1) for which this approximation becomes valid is itself random. And for this reason,
the quantitative theory of stochastic homogenization is more complicated than in the periodic case.

3.1. A random environment. In this section, we will construct a random environment that
models a material with randomly deposited impurities. We could equally construct a random tiling
of the plane, as shown in the second picture of the introduction. Let ) denote the space of all
locally finite point measures on R?. That is, Q is the collection of all measures of the form

w = Z Oz;
JjeJ
where J C N is a countable index set, z; € R? for every j € J, 6 ; denotes the Dirac distribution
centered at z;, and for every bounded Borel subset B C R? the set

w(B) =#{j € J: zj € B} is finite.

Let F denote the sigma algebra generated by all maps of the form w € Q — w(B) for some bounded
Borel subset B C R%. We will now construct a probability measure on (2, F ). We construct a
Poisson point process on R with intensity A € (0, 00) by equipping € with probability measure Py
satisfying the following three properties:

e For every Borel subset B C R¢,
(3.1) Exw(B)] = A[B[,

for the Lebesgue measure |B| of B.
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e For every collection of bounded, disjoint subsets By, ..., By the random variables
(3.2) we Q> w(Byg) for ke {l,...,N} are independent.

e For every y € R? and measurable set A € F,
(3.3) PA(A4) =Pr(A+y),

where A +y={w(-+y): we A}

The measure Py is uniquely characterized by these properties, and the resulting process is a Poission
point process with intensity A\. Property asserts that on average there exist A points in a subset
of measure one. Property [3.2]is a strong form of mixing which states that the behavior of the process
is disjoint sets is independent. This is a quantified version of ergodicity. Lastly, property is
a version of stationarity that asserts that the environment is statistically homogenous. You are as
likely to see a cluster of points near that origin, as you are at some point a thousand miles away.

Henceforth let (2, F,Py) be a Poission point process with intensity A € (0,00). Then, for some
constants aj,ag,d € (0,00) we define a random coefficient field

(3-4) Az, w) = <a11UJEJB§($j) + QQIRd\UjEJBa(mj)> Laxa-

That is, in the d-neighborhood of each point z; in the realization of the point process we see a
diffusion coefficient «ay, and away from these points we see a diffusion coefficient as. So, if @ ~ 0
and ag ~ 1 it is as though we are modeling a model with randomly deposited, non-conducting
impurities. For a bounded, nonnegative, compactly supported function W: R? — R we could
similarly define

A(w,w) = 1+ Z W(l‘ — a;j) Idxd‘
JjeT
In this case, the matrix A is not globally bounded from above, and so our techniques would not
immediately apply. Nonetheless, the theory can be extended to degenerate environments and
perforated domains.
The essential statistical properties of A are its stationarity and ergodicity. That is, the probability
space (2, F,Py) comes equipped with a transformation group {7,},cra defined by

Taw = w(- — ),

which extends to a transformation group on the space of coefficient fields A defined for every
z,y € R and w € Q by
Az +y,w) = Ay, T,w).
Property proves that transformation group preserves the measure Py in the sense that, for
every y € R* and A € F,
PA[A] = Px[ry 4],

Property (3.3) proves that the ensemble is stationary in the sense that, for every z1,...,z,,y € R,
(3.5)

(A(z1,),..., A(xp,-)) and (A(y +21,-),...,A(y + xpn,-)) have the same law on <RdXd)
And property (3.3) proves that A € F satisifes
(3.6) PA[(To A)A(A)] = 0 for every x € R? if and only if Py[A] =0 or Py[A] =1,

where (17, A)A(A) = (1, A\ A) U (A\ 7, A) is the symmetric difference. Indeed, Property (3.3)) is a
stronger form of mixing than is generally implied by . In particular, it follows from and
that the matrix A satisfies a finite range of dependence. That is, whenever subsets A, B C R¢
satisfy d(4, B) > 20,

(3.7) o(A(x,): z € A) and o(A(x,-): © € B) are indepedent.

n
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Conditions like the finite range of dependence are quantified forms of ergodicity and always
imply the weaker condition (3.6)). For this reason, assumption is sometimes referred to as a
qualitative form of mixing.

We will take this framework as our starting point. We will assume that the coefficient field
A:RY x Q — R4 is defined on some probability space (€2, F,P) equipped with a measure-
preserving transformation group {7,},cgr« that satisfy the following properties:

e uniform ellipticity: there exist A, A € (0, 00) such that almost surely, for every z,¢ € R?,

(38) Az, w)¢| < A and A(z,w)¢- &> A[E.
e stationarity: almost surely, for every z,y € R,

(3.9) Az +y,w) = Az, yw).
e ergodicity: for every A € F,

(3.10) P[(Tz A)A(A)] = 0 for every = € R? if and only if Py[A] =0 or Py[A] = 1.
e stochastic continuity: for every d§ € (0,1),

(3.11) |ii‘g101[’) [[A(0,w) — A(z,w)| > d] = 0.

The final condition is a satisfied by the environments constructed using the Poisson point process
above, as is a technical condition that will allow us to regularize functions defined on the probability
space using convolutions defined by the transformation group. These conditions are the most
general for which we can expect to prove homogenization. If the transformation group is not
ergodic, then we do not expect to a see a deterministic limit defined by A, and if the environment
is not stationary then we do not expect to see the averaging require for homogenization to occur.

3.2. The ergodic theorem. Let (2, F,[P) be a probability space and let {7;},cra be a measure
preserving group of transformation on € in the sense that, for every z,y € R? and A € F,

Ty O Ty = Tuty and P[A] = P[r,A].
We will assume that the transformation group is ergodic in the sense that
A € F satisfies P[(A)A(7,A)] =0 for every x € R? if and only if P[A] =0 or P[A] = 1.

The essential role of ergodicity is to almost surely replace averages in expectation by large-scale
averages in space. That is, if f € L1(Q) then almost surely

E[f] ~ f(mpw)dz for R € (0,00) sufficiently large.
Br
Intuitively this means that almost surely every individual environment is representative of the
family as a whole in the sense that after averaging over the whole space we recover the global
expectation. This is the content of the following ergodic theorem.

Theorem 3.1. Let (Q, F,P) be a probability space and let {Ty},cra be an ergodic, measure pre-
serving group of transformation on Q. Then for every f € L'(Q) there exists a subset ' C Q of
full probability such that, every bounded open subset U C R¢ containing the origin,

E[f] = lim f(rew)dz for every w € ',

R—o0 Ur
forUp ={Rx: z € U}.
Proof. The details will be added later. See Becker [1981] provided in the lecture. t

A corollary of the ergodic theorem is the following version of Lemma In a stationary and
ergodic environments the rescaled random variables f(7.,.w) for f € L?(2) almost surely converge
weakly to the expectation of f.
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Corollary 3.2. Let (Q,F,P) be a probability space and let {T,},cra be an ergodic, measure pre-
serving group of transformation on Q. Then, for every f € L?(2), almost surely as € — 0,

f(row) = E[f] weakly in L% (RY).

loc
Proof. By density of linear combinations of indicator functions of bounded open subsets containing
the origin in LfOC(Rd) it suffices to prove that for every bounded open subset A C R¢ containing
the origin we have almost surely that

lim/Af(Tx/Ew) dz = |A|E[f].

e—0

But, after rescaling,

. i d _ :
hm/Af(Tz/Ew) dx = ;1_1}(1)5 /AE f(rw)de = \A|il_r>xg)]i£ f(rpw) d,

e—0

for A, = {ve~lx: 2 € A}. After relabeling R = e~ !, the ergodic theorem proves almost surely that

iy [ ) de =14 fim f firo)dr = A[ELS],

e—0
for AR = {Rx: x € A}. This completes the proof. O

An important consequence of Corollary is the local L%-boundedness of random variables
[ = f(7:).w) defined by random variables f € L?(2) for some probability space (€2, F,P) equipped
with a measure-preserving ergodic transformation group {7;},cgpa¢. Precisely because as ¢ — 0
we have almost surely that f& — E[f] weakly in LIQOC(Rd) we have almost surely that, for each
R € (0,00),

ce0) 1 Tee)l| oy < 0

That is, while the value of the supremum on the lefthand side is itself is random and need not be
uniformly bounded in w € €, it is almost surely finite.

3.3. The random homogenization corrector. Motivated by the coefficient field defined
by the Poisson point process, we will henceforth consider a uniformly elliptic coefficient field a: R x
Q — R defined on a probability space (Q, F,P) equipped with an ergodic, measure-preserving
transformation group {7;},crae such that almost surely

a(z +y,w) = a(y, T,w) for every z,y € R%
Observe that the stationarity implies almost surely that a(z,w) = A(T,w) for A(w) = a(0,w) €
L®(Q;R*?), More precisely, we assume that the environment satisfies (3.8), (3.9), (3.10), and
(3.11). These are the foundational assumptions of the theory, and are the most general for which
we would expect to see homogenization.

The goal of stochastic homogenization is to characterize almost surely the asymptotic behavior
as € — 0 of the solutions

—V -a(t/e,w)Vu® = f in U with «* =0 on 0OU.
We take our motivation from periodic homogenization and postulate an asymptotic expansion of
the form
uf (x,w) = ug(x, /e, w) + euy (z, /e, w) + 2ug (z, /e, w) + . . ..
The same heuristics from the periodic case suggest that the asymptotic expansion reduces to an
expansion of the form

uf(x,w) = v(x) + edi(¢/e,w)Ov(x),
where for each i € {1,...,d} the corrector ¢; almost surely satisfies

(3.12) — V- aly,w)(Voi(y,w) +€) =0 on RY,
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and were v solves
—V.aVv=f in U with v =0 on 90U,
for the homogenized coefficient A defined for each i € {1,...,d} by
a=E[A(w)(Vei(0,w) +€)] =E[a(0,w)(Vei(0,w) + €)].

This is in direct analogy with the periodic case, where the expectation in the random case replaces
the average over the torus.

Indeed, the periodic case can be placed into the random framework. The probability space is
Q = T? = [0, 1] and the probability measure P = dz is the Lebesgue measure. Given a one-periodic
coefficient field A: R? — R¥*? we define the “random” coefficient field a(z,w) = A(z + w) where
the “randomness” here simply describes the point w in the periodic cell at which the coefficient
field a(z,w) is centered. That is, a(z,w) is describes the original environment A shifted by w € T¢
and the transformation group {7;},cra is simply 7,w = w + z for which we have

alz +y,w) = Alx + y + w) = aly, T,w).

The point in the periodic case is that recentering the environment does not fundamentally change
anything. This is very much not the case for generic random environments. Taking for
example, recentering the environment may transfer you from a region of high diffusivity to a region
of virtually no diffusivity. In terms of the analysis, we will see that moving from the periodic case
to the stochastic case results in a fundamental loss of compactness.

Our first aim will be to construct the correctors ¢; solving . You would correct to say
that is trivial solvable by choosing ¢;(z,w) = —x;. In the periodic case, we avoided this
solution by insisting that ¢; be one periodic. In the random setting, we take our motivation from
the asymptotic expansion

u(x,w) = v(z) + e¢i(¢/e,w)Ov(x).

If we expect almost surely that, as € — 0,

u® — v,
then we essentially require that, for each i € {1,...,d}, after rescaling,
x
lim |e¢;(¢/e)| = lim [9() =0
e—0 |z|—o00 ‘ﬂ?|

This is sublinearity which we will measure below in an L?-sense. That is, we will construct a
solution of (3.12) that is sublinear in the sense that, almost surely for each i € {1,...,d},

li 2 d : lim > d : 0
tige (£, torec ) = tim 2 (f ool az) <o

It is this condition that rules out the trivial solution ¢;(x) = —z;, and it is exactly this condition
that justifies the asymptotic expansion. Indeed, we will see that the convergence of u® to v is
controlled by the sublinearity of the corrector and analogous flux corrector.

Constructing a sublinear solution of requires that we incorporate the probabilistic structure
of the environment. That is, due to the stationarity and ergodicity of the environment, we expect
equation to be exhibit more cancellations and averaging than would be generically expected
for a deterministic equation of the type . To do this, we will use the transformation group
to lift the equation to the probability space and to construct a solution of by constructing
its random gradient as a mean zero, curl-free random vector ®;. We then almost surely obtain the
solution ¢; by integration, where the sublinearity follows from the fact that E[®;] = 0. That is,
from the fact that since the gradient is mean zero it exhibits cancellations that force ¢; to grow
sublinearly.
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To lift the equation to the probability space, we define the so-called horizontal derivatives using
the transformation group {7,},cga. For this we observe that there exists a natural class of test
functions on §2. For each 1) € C2°(RY) and for each f € L>(2) we define ¢y € L>°(12) by

vi(w) = [ f(raw)(z)ds,
R

and we will write D(2) for the space of all such functions. If f € L>°(Q) and p® € C2°(Q2) for each
e € (0,1) is a standard convolution kernel of scale € € (0, 1), it follows from (3.11)) that

lim f(rpw)p®(z)dz = f in LP(Q) for every p € [1,00).

e—0 Rd
In this way, from the density of L>°(£2) in LP(Q2) for every p € [1,00), we see that D(2) is dense in
LP(Q2) for every p € [1,00).
We will now define the horizontal derivatives. For every i € {1,...,d} let D(D;) C L(Q) be the

space
D(DZ) = {f c LQ(Q): }ILIL% f(TheiW})L— f(w)

exists strongly in LQ(Q)} ,
and define D;: D(D;) — L?(Q2) by

1 f(Theiw) - f(w)
(3.13) D;f = fl:_r}% Y .

The following proposition proves that the operators D(D;) are densely defined and closed.
Proposition 3.3. The operators {Di}icq1,.. ay defined in (3.13) are densely defined and closed.

Proof. Let ¢y € D(2). Then, for each i € {1,...,d} the dominated convergence theorem proves
that

Dipr(w) = —/ f(12w)0;p° () do € L*(Q).
R4
The density of D(2) in L?(2) proves that the operators D; are densely defined. Let f,g € D(D;)

and g € L?(Q). Then, it follows by definition of D;, the fact that the transformation group preserves
the measure, and Hoélder’s inequality that

E1D, a1 & | L0 =1 )] g [100) (200 =99 gy

h—0 h h—0 h

We therefore conclude that the adjoint (D;)* = —D;. Or, equivalently, that D; = (—D;)*. There-
fore, D; is closed since it is the adjoint of a densely defined operator. O

We now define the analogue of H! on the probability space: let H! () C L?(2) denote the space
H'(Q) = N D(Ds),

for which we have D(Q) C H!(Q) as above. Here we must emphasize an essential point. We will
not construct the solutions ¢; of as elements of #!(£2). That is, in general, there do not exist
random variables ¢; € H*(Q2) such that almost surely we have ¢;(x,w) = ¢;(T,w). The correctors
¢; themselves do not in general exist as stationary functions. This is not totally surprising in the
sense that only the gradient of the corrector comes to define the homogenized coefficient in both
the periodic and random cases and in the sense that, from the point of view of the asymptotic
expansion, it is the gradient of the corrector that accounts for the oscillations of Vu® in the sense
that, as ¢ — 0,
Vu® ~ Vv + Vi ov.

We will therefore construct the gradient of the corrector as a stationary random variable. That is,
we will show that there exists a mean zero, curl free vector field ®; € L?(€;R?) such that almost
surely we have Vo, (z,w) = ®;(T,w).
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We will construct the random gradient in the space of potential vector fields. For every ¢ € H!(Q)
we define

Dy = (Dr,..., Dgyp) € L* (4 RY).

Given a vector field V € L?(Q;R?) we will understand distributional equalities in D’(0). That
is, we say that D -V = D;V; = 0 if E[V - Dy] = 0 for every ¢ € D(£2). Observe that for every
¥ € H1(Q) the gradient is curl-free in the sense that, for every i,j € {1,...,d},

(3.14) D;Djp = D;Dyip.

Furthermore, for each i € {1,...,d}, it follows by definition of D; and the fact that the transfor-
mation group preserves the measure that

(315) D] = Jim 3 E[p(mew) — 0(w)] = lim - (E[(w)] - E[p()]) =0,

In combination, (3.14) and (3.15) prove that the gradient is mean zero and curl free. We then
define the space of potential vector fields

Lot () = {Dy: v € H(Q)}

to be the strong L2(€2;R%) closure of the space of H!(Q2) gradients. Since the distributional
equalities and expectation are stable with respect to strong convergence, we see that for every

V= Vi)ieq,...ay € L%ot(Q)7
(3.16) D;Vi = D;Vj and E[V]=0.

L2(Q;R9)

Indeed, we will see below that L?(€; ]Rd) admits a Helmholtz decomposition similar to what we say
in the deterministic case, and that we could have equivalently defined L%Ot(Q) to be the space of
mean zero, curl free fields

L) ={V = (Vi)ieq1, .y € L*(RY): D;V; = D;Vi Vi, j € {1,...,d} and E[V]=0}.
It follows by definition that Lgot(Q) is a Hilbert space when equipped with the inner product
VW) (o =E[V-W].

We will now construct the random gradients ®; in the space L%ot(Q).

Proposition 3.4. Let A € L>®(Q;R¥Y) be uniformly elliptic in the sense that there exist constants
M A € (0,00) such that almost surely, for each &€ € R?,

[A(w)é| < AJ€] and A(w)E-€ > M€

Then for each i € {1,...,d} there exists unique ®; € L%Ot(Q) satisfying

E[A(®; +¢;)- U] =0 for every ¥ € L2,,(Q).

pot

Proof. The proof is an immediate consequence of the uniform ellipticity of A, the definition of
L2,:(), and the Lax-Milgram theorem. O

We can use the transformation group to lift the potential fields ®; to the physical space. The
following proposition proves that these fields are almost surely locally L?-bounded and curl free.
This is to say that the lift of ®; to the physical space almost surely defines the gradient of a function.
Proposition 3.5. For each i € {1,...,d} let ®; = (Pip)peqr,...ap € L25(Q) be defined in Proposi-
tion . Then it holds almost surely for each i € {1,...,d} that the vector field ®;(x,w) = ®;(T,w)
satisfies

O;(,w) € L2 (RERY) and 0;04,(-,w) = 03 Pi;(-,w) as distributions.

loc
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Proof. Let i € {1,...,d}. It follows from Fubini’s theorem and the stationarity that, for each

R € (0,00),
E MBH B (Tyw|? dx] = ]{BRE [|<1>1-|2} dz =E [I@IQ] ;

it follows almost surely that ®;(r,w) € L2 (R%R?). Now let 1» € CX(R?) and let A C Q be

measurable. It follows that

E [/Rd D1 (Tow) 00 () — Py (Tow) Opt) () dxlA(w)]

loc

=E {@lk(w)/ 0 (2)1A(T—pw) do — P4 (w) /]Rd O (2)14(T-w) dw}
= E[@i(w)Djppa(w) — @ij(w) Depa(w)]

for ¥4 (w fRd Y(x)1a(T_yw) dz € D(Q). Therefore, since ®; is curl-free, we conclude that

B[ [ #uln)0jie) - Bulna)dpiie) deiae)]| =0

Since A C Q was arbitrary, it follows that there exists a subset ' C Q of full probability depending
on 1) such that, for every w € ¢,

/]Rd ¢’ik(7xw)3j¢(fﬁ) - (I)ij (wa)akﬂb(x) dz = 0.

Finally, since the space of smooth, compactly supported functions is separable, we conclude that
there exists a subset of full probability such that for every ¢ € C°(R?),

[ ima)0su(a) - @y (r0) () do = 0.
R
This completes the proof. O

In the following proposition, we construct almost surely solutions ¢;(+,w) to (3.12]) on the physical
space R, The solutions ¢;(-,w) are defined by their gradient Ve;(-,w) = ®;(1.w), using the fact
that Proposition proves that the ®;(7.w) are almost surely curl-free on R?.

Proposition 3.6. Let A € L°°(Q; R¥*%) be uniformly elliptic, let a: R% x Q — R be defined by
a(z,w) = A(T,w), and for each i € {1,...,d} let ®; € Lpot(Q) be defined in Proposition . Then
for each i € {1,...,d} there almost surely erists a unique ¢; € Hloc(]Rd) satisfying the properties
pi(x,w)dz =0 and Vi(x,w) = ®;(r,w) in L (R RY).
B

Furthermore, almost surely for every 1 € C*(R?),
[ @) (Véiw,w) + e) - Tz =0,
R4

Proof. For each € € (0,1) let p° € C°(R?) be a standard convolution kernel of scale ¢ € (0,1) and
for each i € {1,...,d} let ®;: R? x Q — R? be defined by ®;(z, w) = @;(7,w). Since Proposition
proves almost surely that ®;(-,w) € L2 _(R%R?) is curl free, @;(-,w) = (% * p°)(-,w) is almost
surely smooth, curl free, and almost surely satisfies for every R € (0, 00) that

(3.17) 200 [l < o

We can therefore define for each i € {1,...,d} and € € (0, 1),

1
(3.18) o5 () :/0 B (sz,w) - xds and ¢S = ¢; — f .
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It follows from the Poincaré inequality, (3.17), and (3.18) that, almost surely for each R € (0, c0)
and i € {1,...,d},

(3.19) U 1165 132y < o0

€€(0,1)
2 (R4GRY), and on the
subset of full probability satisfying after passing to a random diagonal subsequence there
almost surely exists ¢ € H (R?) such that ¢ — ¢; weakly in H} (R?), we conclude from the weak
convergence, the strong convergence of the gradients, and - ) that almost surely ¢; € H, loc (RY)
satisifes

Since as € — 0 the gradients almost surely satisfy 5? — ®; strongly in L?

d(r,w)dr =0 and Ve;(r,w) = ®;(T,w).
By

Uniqueness follows from the linearity and the fact that the only H; (R?) function ¢ satisfying

loc
fBl 1 =0 and V1) = 0 is the zero function.

It remains only to prove that the ¢; almost surely satisfy the equation. Let 1) € C?(Rd) and let
A C Q be measurable. Then, for each i € {1,...,d}, using the fact that the transformation group
preserves the measure,

E [1A<w> | el (Voita) +eo) vw]

=K [lA(w) /Rd A(T,w) (P (Tow) + €;) - Vw]

—E {A(aa)(@i(w) ) [ Ll Volo)as
:—IE[A( )(@i(w) + €) /RdlA Vi (— x)dx}

:E[A(w)(tb W)+ e;) D(/ 14(rpw) (m)dxﬂ

=0,

where the final inequality follows from the fact that —D- A(®; +e¢;) = 0 from Proposition Since
A C Q was arbitrary, we conclude that there exists a subset of full probability Q' C € depending
on 1 such that, for every w € Q" and i € {1,...,d},

/Rd a(z,w)(Voi(z,w) +¢€) - Vip = 0.

The separability of the space of smooth functions then proves that there exists a subset ' C Q of
full probability such that, for every w € @, i € {1,...,d}, and ¢ € C°(R?),

/ a(z,w)(Voi(z,w) +e;) - Vi = 0.
R4
This completes the proof. O

Observe that the correctors ¢; constructed in Proposition are manifestly not stationary.

Indeed, since the correctors are constructed to satisfy the property E |:fB1 qbl} = 0 then stationarity

would imply that E [fBl (@) gi)z} = 0 for every z € R?. This will not in general be true, and the
construction of stationary correctors is in general a difficult problem. They have been shown to
exist, for instance, in dimensions d > 3 assuming that the environment satisfies strong mixing
assumptions. However, in dimension d = 2 it is known that stationary correctors do not exist
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in general. In the next section, however, we will how that the corrector constructed in (3.6)) is
sublinear in the L?-sense.

3.4. The sublinearity of the corrector. In this section, we will prove that the correctors con-
structed in Proposition are sublinear in an L?-sense. The proof is a consequence of the ergodic
theorem, using the fact that the stationary gradient constructed in Proposition has mean zero.

Proposition 3.7. For each i € {1,...,d} let ®; € L2,,(Q) be defined in Proposition and let

¢i(-,w) € HE (RY) be almost surely defined in Proposition . Then almost surely

loc
1 3
lim — J*) =o.
R;H;OR(]@RW) 0

Proof. For each ¢ € (0,1) let ¢f(z,w) = e¢’(z/e,w) and observe by rescaling that

. 1 2 % : €12 %
(3.20) lim sup — | = lim sup |5 | .

R—oo B \JBg £0 B
We will first prove that

2\ 2
(3.21) lim sup (][ e —][ @5 ) =0.
e—0 B B

v (- f o) =oin)
B1

Since almost surely
and since almost surely the ergodic theorem proves that, as ¢ — 0,

®i(1p.w) = E[®;] =0 weakly in L*(B1;RY),

it follows from the weak convergence that

sup [ (65~ f ) <,
€€(0,1) By L2(By;RY)
and therefore from the Poincaré inequality that
wp (- f )] <
€(0,1) B H(B1)

The boundedness of the functions <qﬁf — 15, qﬁf) in H'(By), the fact that s, <q§f — 1z, qﬁf) =0,
and the weak convergence of the gradient to zero prove that, as ¢ — 0,

<¢§ ][ ¢§> — 0 weakly in H'(By).
By

Therefore, the Sobolev embedding theorem proves that, as € — 0,

(Cﬁf —][ ¢f> — 0 strongly in L*(By),
B1

2\ 2
lim sup ][ o5 — ][ &3 =0.
e—0 By B

and hence that
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This fact is sufficient for our purposes, since the correctors are only defined up to an additive
constant. However, the statement (3.21)) is in fact equivalent to the stronger statement

1
3.22 lim su 2} o,
p ;
e—0 B

Indeed, it follows from (3.20)) and (3.21]) that for every § € (0, 1) there exists Ry € (0, 00) such that,

for every R > Ry,
D= p%
(o g, ) <
Br Bgr

By the triangle inequality, for every R € [Ro, 2Ry,

]éReﬁ—]iRqu < (]é ¢—]iR¢2>2+ ]g ¢>—]iRO¢|2
R

d
2
< <> R6 + Ryd < (2% + 1) Rod = cRod.
Therefore, for every R € [Ry,2Ry],

Ry
1 Ro 1 RO
1m0 < (%) m]ﬁRo¢‘+C<R> >

It then follows inductively that, for every R € [2¥71 Ry, 2F Ry,

=

2k=1 Ry 1 2k-1R,
o< (%) =, 4w
7631% R 9ok 1R0 B2k71R0 R
<1][ ¢|+c iw‘ § = 1][ |+ 2¢6
I Bry j=0 R Br, .

Since § € (0,1) was arbitrary, we have almost surely that
(3.23) lim sup

: f
- ¢
R—o00 R BRO

The triangle inequality, (3.20)), (3.21)), and (3.23) then prove that

=0.

3 2\ 3
. 1 2\ 2 . 1 . 1
lim sup — <][ |9 > < limsup — ][ (;5—/ 10) + lim sup ][ o| =0,
R—oo B \JBjg R—oo B\ /By Br R—oo | B g,
which completes the proof. O

3.5. The homogenized coefficient. The random potential fields defined in Proposition [3.4] can
now be used to define the homogenized coefficient A € R?**¢ by the rule

Ae; = E[A(®; +e¢;)] for each i€ {1,...,d},

for A(w) = a(0,w). We will show that the homogenized coefficient behaves as it did in the periodic
case. It is uniformly elliptic, symmetric if A symmetric, and it satisfies the same transpose relation.
This is the content of the next two propositions.
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Proposition 3.8. Let A € L=(Q;R>?) be uniformly elliptic with constants A\, A € (0,00): almost
surely for every & € R?,

A€l < AJ¢] and Ag-€ > Ng[.
Let @ € R¥9 be defined for each i € {1,...,d} by
Zei =K [A(‘I)i + ez)] ,
for ®; € L?,,(Q) defined in Proposition . Then, for every &€ € RY,

pot

d 3
‘A5|SA<ZE[!‘I’¢+€JQD €l and A€ > A,

i=1

Proof. Tt follows from Hélder’s inequality, the uniform ellipticity, and the definition of A that, for
every £ = (&) € RY,

d 3
|Ag| S AIGIE[|®; 4+ ei]] < A (ZE [\@i +€iﬂ> €] -

i=1

Alternately, the uniform ellipticity, the definition of A, the equation satisfied by ®;, the fact that
®; is mean zero, and Jensen’s inequality prove that, for every & € RY,

A £ =E[A(B+6) - § =E[A@e +6) - (¢ +6)] 2 AE [|0g + €] > ME[@e +¢]° = M¢l?,
for ¢ = £;®;. This completes the proof. ]

Proposition 3.9. Let A € L™(Q;R¥9) be uniformly elliptic with constants X\, A € (0,00): almost
surely for every & € R,

|AE| < AJE] and AE- € > N|EP.

For each i € {1,...,d} let ®;, ®} € L2,,(2) be the unique solutions of

—D - A(®;i+e;)=0 and — DA (D} +e;) =0 in L2,,(Q).
Let A, A € L®(Q) be defined for each i€ {1,...,d} by
Ae; =E[A(®; + ¢;)] and Ae; =E [A(D] +e¢;)] .
Then A = A" and A is symmetric if A is symmetric.

Proof. Let A = (a;;) and A= (G45) for 4,5 € {1,...,d}. Then, for each i,j € {1,...,d}, the
equations satisfied by ®; and ®! and the definitions prove that
a;; =K [A((I%' + 62)] €5

= E [A(®; + &) (D) + ¢))]

=E [((I)z + ei)At((I); + 6])]

=E [At(q); + ej)} - €5

= Qj;.
Therefore A = A" Finally, if A is symmetric then by uniqueness ®; = ®! and A=Aand A=4".
This completes the proof. O
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3.6. The perturbed test function method. Let (€2, F,P) be a probability space, let {7, },cra be
an ergodic measure-preserving transformation group on €, and let A € L>(;R4*?) be uniformly
elliptic. We recall that, for each i € {1,...,d}, the corrector gradient fields ®; € Lf)ot(Q) solve the
equation
E[A(®; +e;)- V] =0 for every ¥ € Lgot(Q),
and the homogenized coefficient @ € R9*? is defined for each i € {1,...,d} by
ae; = E [A(@Z + 62)] .
Let v € H}(U) be the unique solution of
—V-aVv=f in U with v =0 on 0OU.

We will now use the perturbed test function method to prove the stochastic homogenization of the
equation

—V-a°Vu* = f in U with «*=0 on 09U,

for a®(z,w) = A(7:/.w). The proof is essentially the same as in the periodic case, relying on the
sublinearity of the correctors. We similarly prove the homogenization of the flux.

Theorem 3.10. Let U C R? be a bounded domain and let f € L*(U). Then, almost surely as
e —0,
u® — v weakly in H}(U).
Proof. For each i € {1,...,d} let ®! € L2 ,(Q) solve
E [AY(®} +€;,)¥] =0 for every W € Liot(ﬂ),

and almost surely for each i € {1,...,d} let ¢!(-,w) € H._(R?) be the unique function satisfying
fBl ¢! = 0, satisfying Vol (z,w) = ®(7,w), and satsifying, for each ¢ € CX(RY),

[ ' )(Tortow) + i) 96 =0,
R
The uniform ellipticity and the Poincaré inequality prove almost surely that

sup (141 0y < 00,
€€(0,1)

and therefore, after passing to a subsequence, there exists v € H&(U) such that, as ¢ — 0,
uf — ¥ weakly in H}(U).
We will prove that, for every ¢ € C°(U),

/anw:/Ufw,

which by uniqueness implies that © = v and therefore that the full sequence converges to this unique
limit.
Let ¢ € CX(RY) and for each € € (0, 1) define the perturbed test function
U = + e¢y(a)e, )it
Testing the equation satisfied by u® with 1 then yields
/ a*Vu® - Vy© = / a*Vu - (Vok(e/e,w) + e;) 0 + / a®Vut - V(0;v)ed! (v/e)
U U U

= / f (¢ + €¢§(m/a)aﬂ)) .
U
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Therefore, after transposing the matrix,
[ v @ Vo) + e+ [
U U

Since the ergodic theorem and Proposition prove almost surely that, for each i € {1,...,d} as
e — 0,

a*Vus - V(0;v)egl(z/) = /Uf (v + ¢l (2/)Ov) .

(a®) (Vok(z/e,w) + ¢;) — @'e; weakly in L%OC(U;Rd),
and since along a subsequence Vu® — Vo weakly in L?(U; }Rd) the div-curl lemma can be applied
to the first term on the lefthand side to prove that

lim [ Vu® - (a) (Vol(/e,w) + €;)0ih = / Vi -a'Vy = / aVvio - Vip.
e—=0 Jir U U

The uniform ellipticity and Holder’s inequality prove that the second term on the lefthand side
satisfies

/aEVUE‘V(&vk%(Qﬁ/E) < V(i) oo (vre) V¥l L2170 </ !8¢§(l’/€)|2>2,
U U

and similarly, for the final term on the righthand side,

\ /U Jet(@/2)00| < 100 e ey 1l 20 ( /U »easf(r/s,w)f) .

Therefore, the almost sure sublinearity of the ¢! proved in Propositionproves that almost surely

lim sup ( /U EVE - V(00)ed(/2) /U fs¢§(x/€)aiv> ~0.

e—0
AﬁVWV¢=Ajw

—V.aVo=f in U with =0 on 0OU.

Therefore, by uniqueness, we conclude that ¥ = v. This completes the proof. O

_|_

We therefore conclude that

which proves that

Theorem 3.11. Let U C R? be a bounded domain and let f € L*>(U). Then, almost surely as
e — 0,
afVuf — aVv weakly in L*(U; R%).

Proof. For each i € {1,...,d} let ®! € L2 ,(Q) solve

E [AY(®@! + ¢;)¥] =0 for every W € L2 ,(Q),

pot

and almost surely for each i € {1,...,d} let ¢l(,w) € Hlloc(Rd) be the unique function satisfying

s, ¢! = 0, satisfying V¢l (z,w) = ®(r,w), and satsifying, for each ¢ € CX(R9),

[ ') (Tortaw) + ei) - T =0,
R
The uniform ellipticity and the Poincaré inequality prove almost surely that

sup HUEIIHg(U) < 00,
€€(0,1)

and therefore due to the uniform ellipticity, after passing to a subsequence, there exists F €
L?(U;R%) such that, as € — 0,

afVu® — Fy weakly in L?(U;R?),
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for Fy solving, for every ¢ € C(R%),

/UFo-w:/Ufw.

We will prove that, for each ¢ € R? and ¢ € C(R?),

| #-ou= [ @o-gu.

from which it follows that Fy = aVv in L?(U;R%). Let ¢ € R? and ¢ € C°(R?). We introduce a
perturbed version of the linear function we(x) = £ -« for each € € (0, 1) defined by

wg(x) =&+ 5(]52(1‘/5,w),
for (ﬁg = &L, After testing the equation satisfied by u® with the test function Pwg,

/ a*Vu© - (Vqﬁé + &)Y +a*Vu© - Vpug = / Jwgi.
U U

Similarly, testing the equation satisfied by ¢¢ with u®e,

| (@) (Tek+9)- Vot + (@) (Toh +€) - Vaci =
After transposing the matrix and subtracting these two equations,

/ a*Vus - Vouwg — (a°) (Vg + &) - Vyu© = / fwgih.

U U
Since the Sobolev embedding theorem and Theorem [3.10] prove that, almost surely as € — 0,

u® — v strongly in L*(U),
since the sublinearity of Proposition [3.7] proves that, almost surely as e — 0,
wg — (- x) strongly in LA(U),
and since the ergodic theorem and Proposition [3.9| prove almost surely that, as ¢ — 0,
(@) (Vo: + &) — ae; weakly in LY (U;RY),

after passing to the limit ¢ — 0 along a subsequence we have almost surely from the weak conver-
gence of a®*Vu® that

| R vtz —ae-vou = | pie-o.
Therefore, after integrating by parts and using the equation satisfied by Fp,

[ #n-ou= [ @o-ou.

We therefore conclude that Fy = aVv, which completes the proof. O
3.7. The random flux-corrector. Returning to (2.35]), the equation satisfied by the homoge-

nization error

w=u" — v —e0;p;0;v,
remains the same in the random case. We have that
(3.24) -V A(I/a,w)sz =V- ((A(m/a, w) (62' + V(bz(i’?/a, w)) — Zel) 821)) +V- A(I/E) (E¢fvaﬂ)) y
for Vo;(#/e,w) = @i(7:).w) and for A(#/e,w) = A(7./.w). In this case, for each i € {1,...,d}, the
flux ¢; is the translation of the stationary quantity Q; € L?(9;R?) deifned by

(3.25) Qz = A((I)l =+ ei) —E [A(CI)Z + 61)] = A((I)i + ei) — Xei,



Stochastic homogenization 37

for which we have

q = (A(:v/a,w) (e; + Voi(7/e,w)) — Aei) = Qi(Te/.w).
The fact that the fluxes ¢f are defined by the stationary quantities ); allows us to lift the equation
defining the flux-corrections o; to the probability space in exactly the way we lifted the equation
defining the homogenization corrector to the probability space. The following two propositions
almost surely define o; = (0y5) € HL (R%R¥>?) by the gradients of its components. The final

loc
proposition proves that the flux correction is sublinear.

Proposition 3.12. Let A € L>®(Q; R be uniformly elliptic, for each i € {1,...,d} let ®; €
L2,/(Q) be the unique solution of —D - A(®; + e;) = 0 in L2,,(2), and let Q; = (Qix) € L?(Q; RY)

be defined by (3.25). Then for every i,j,k € {1,...,d} there exists a unique ¥;j, € L?)Ot(Q) that
satisfies

(3.26) E Sk - 9] = E[Qij Vs — QixY;] for every ¥ € L2 ,(Q).

pot

Proof. The proof is a consequence of the Lax-Milgram theorem applied to the Hilbert space Lf)ot (Q).
Indeed equation (3.26) is the lift of the equation —A¢;jr, = 9;qir, — Okgij to the space L2, () of

pot
stationary gradient fields. O
Proposition 3.13. For every i,j, k € {1,...,d} let ¥y, € L?)ot(Q) be defined in Proposition

and almost surely let o;j;, € H}Oc(Rd) be the unique function satisfying fBl oijk(z,w)dz = 0 and
Voijk(z,w) = Sijk(taw). Then for each i € {1,...,d} the matriz o; = (o)) € Hy (REGRXD) s
almost surely skew-symmetric and satisfies

V.o, =g¢q; in L%OC(Rd;Rd),
for gi(z,w) = Q;(Tzw).
Proof. Proposition and a repetition of the proof of Proposition prove that for each i, j, k €
{1,...,d} the function oy, € H]. (RY) that is almost surely defined uniquely by the properties

loc
fBl oij = 0 and Voyji(x,w) = X,k (T,w) almost surely satisfies, for every 1) € C°(RY),

/Rd Vo - Vi = /]Rd 05 qir — Ok1g;.

It then follows from uniqueness of the X;j;; that ¥;;, = —X;; for every 4,5,k € {1,...,d} and
therefore from the almost sure uniqueness of the o;;;, that oy, = —o; for every 4,5,k € {1,...,d}.
Almost surely define o; = (0j;) € H (R4 R*?). The o; are then skew-symmetric by definition.
Fix i¢,7 € {1,...,d}. As in the periodic case, we will show that in the sense of distributions

(3.27) A [(V . Ui)j —qij| = 0.
Indeed, the computation is identical using the equation satisfied by the o,
0505 [Ok0ijk — 4ij] = Ok [Okaij — 0jqir — 0s0sqi5] = —0j(V - ¢;) = 0,

where the final equality follows from the fact that ¢; is divergence-free. For every € € (0,1) let
p° € CX(RY) be a standard convolution kernel of scale ¢ € (0,1). It follows from (3.27) that, for
every ¢ € (0,1) and 4,5 € {1,...,d},

(3.28) A [((v L05); — qi]) *pg} —0 in R%

Let n: R — [0,1] be a smooth function satisfying 7 = 1 on B; and = 0 on R?\ By and
for each R € (0,00) let nr(z) = n(=/rR). After testing (3.28) with the admissible test function

(( (V- 0y) i~ qij> * p° ) 77}2%, it follows from Hoélder’s inequality, Young’s inequality, and the definition
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of ng that, for each R € (0,00) and ¢ € (0, 1), for some ¢ € (0,00) independent of R € (0,00) and
2 ¢

€ (0,1),
]{BR v(((v i); ng>*pe) <z . ((v 0i); _qw)

This is a version of the Caccioppoli inequality. Observe that both quantities are stationary in the
sense that

2

((V JZ) qz])( ) (( mk) Qz]) (wa)v
that

(V-0 =a9) #07) @) = [ (P = Q) (oo™ (0) .
and that

(7 (V=00 =) #67)) @) = = [ ((Siiude = Qu) (o) Vo) o

Therefore, it follows almost surely from the ergodic theorem and X1, Q; € L?(Q; R?) that

lim R‘v(( (V-00); = aif) * p°) :

R—o B

2

. - @nras

2
< 00,

that

lim ‘((V i) — i *p‘

R—o0 Bor

' [ (a0 - Qs) (o)

and therefore that ) )
lim — =0.
R—oo R Bor

((V 02) _sz)

Therefore, for each € € (0,1), on a subset of full probability,
\Y ((V 0i); qw> % p° =0 on RY

and
((V 0i); qw) * p° is constant.

It then follows from stationarity, the ergodic theorem, Fubini’s theorem, and the fact that for each

i,j,k €{1,...,d} we ahve E [¥;;,] = E[Q;] =0,

i f, (-2, qw>*p8=E[/R (S — Qi) () () dy | =

R—o0

Hence, for every € € (0, 1), on a subset of full probability,

((V 0i); qU> «p° =0 on RY,
from which it follows almost surely that, for each 7,5 € {1,...,d},
(V-0i); —q;; =0 on ]Rd
which completes the proof. g

Proposition 3.14. For every i € {1,...,d} let o; € L®(; R be almost surely defined by
Proposition [3.13| Then, almost surely for each i € {1,...,d},

Proof. The proof is identical to Proposition and relies only on the stationarity and L?-integrability
of the stationary gradients ¥;;;, defining the gradients of the o;. O
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3.8. Strong convergence of the two-scale expansion. In this section, for a probability space
(Q, F,P) equipped with an ergodic measure-preserving transformation group {7, },cgd, for a uni-
formly elliptic A € L>°(Q; R?*?), we will prove almost surely that the two-scale expansion associated
to the equation
—V-a°Vu® = f in U with «* =0 on 09U,
converges strongly to zero in H'(U). Precisely, for each i € {1,...,d} almost surely ¢; € HL_ (RY)
be the corrector constructed in Propositi and let o € HL (R% R??) be the skew-symmetric
3.13

loc
flux corrector constructed in Proposition The uniformly elliptic homogenized coefficient field

@ € R%*? ig defined in Proposition and v € H}(U) is the unique solution of
—V-aVv=f in U with v =0 on 0OU.

The two-scale expansion is

w® =u° — v —ep(T/e,w)0;v.
In the following theorem, using the homogenization flux correctors, we prove almost surely that w®
converges strongly to zero in H(U) as € — 0.

Theorem 3.15. For some o € (0,1) let U C R? be a bounded C*>*-domain and let f € C*(U).
Then, almost surely as € — 0,

uf — v — edi(z/e,w)dv — 0 strongly in H(U).

Proof. For every p € (0,1) let n,: R? — [0,1] be a smooth cutoff function satisfying n,(z) = 1 if
d(z,0U) > p, satisfying n,(x) = 0 if d(z,0U) < r/2, and satisfying [V1,| < ¢/ for some ¢ € (0, c0)
independent of p € (0,1). For each ¢, p € (0,1) we define

wf = u® — v — eg(%/e,w)N,0;v,

The reason for introducing the cutoff 7, is to guarantee that w*” vanishes along the boundary. A
repetition of the computation in the computation from the periodic case then proves that

—Va*Vu™ =V - [(1 —n,)(a® —a)V(0v)] + V - [(e¢; — €07)V (1,0;v)] .
Since the regularity of the domain proves that, for some ¢ € (0, c0)
(3.29) ””HCM(U) <c Hf”C“(U) ’

it follows from the uniform ellipticity, the definition of r,, Holder’s inequality, and Young’s inequal-
ity that, for some ¢ € (0, 00) depending on U but independent of € and p,

[weser <e( [ a-np i@+ [ (o + o) 900

1 €2 €2
< clfley (o4 [ (e +leoF) )

It then follows almost surely from the sublinearity of Propositions and that, for each
€ (0,1), for ¢ € (0,00) independent of p,

(3.30) limsup/U IVwsP)? < ep 1l ey -

e—0

We then write, for each ¢, p € (0,1),

(3.31) Vw® = Vw*? + V (e¢; (1 — n,)0v) = Vw™? + Vi (1 —n,)0iv + e V(1 — 1,)0;v].

Since Proposition the definition of 7,, and prove almost surely that, as € — 0,
epsV[(1 —1,)0v] — 0 strongly in L*(U;RY),
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the ergodic theorem, Holder’s inequality, Young’s inequality, (3.30]), and (3.31]) prove that, for some
¢ € (0,00) depending on U but independent of p,

d
limsup/ Y < epllfllgny 1+ DB [0 ).
e—0 U i—1

Then, since p € (0,1) was arbitrary, we conclude that

(3.32) limsup/ |Vws? = 0.
U

e—0

Since Theorem [3.10] and the Sobolev embedding theorem prove almost surely that, as ¢ — 0,
u® — v strongly in L*(U),
and since Proposition proves almost surely that, aas e — 0,
e¢S — 0 strongly in L*(U),
we conclude almost surely that, as € — 0,
(3.33) w® — 0 strongly in L*(U).
In combination, and complete the proof. O
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