WAVE FRONT SETS OF REDUCTIVE LIE GROUP
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ABSTRACT. If G is a Lie group, H C G is a closed subgroup, and 7 is a unitary
representation of H, then the authors give a sufficient condition on £ € ig* to
be in the wave front set of Indg 7. In the special case where 7 is the trivial
representation, this result was conjectured by Howe. If G is a reductive Lie
group of Harish-Chandra class and 7 is a unitary representation of G' that
is weakly contained in the regular representation, then the authors give a
geometric description of WF(7r) in terms of the direct integral decomposition
of 7 into irreducibles. Special cases of this result were previously obtained by
Kashiwara-Vergne, Howe, and Rossmann. The authors give applications to
harmonic analysis problems and branching problems.

1. INTRODUCTION

If w is a distribution on a smooth manifold X, then the wave front set of u, de-
noted WF(u), is a closed subset of {7 X that microlocally measures the smoothness
of the distribution u (see Section 2 for a definition). Similarly, if ¢ is a hyperfunc-
tion on an analytic manifold Y, then the singular spectrum of ¢, denoted SS((), is
a closed subset of ¢{T*Y that microlocally measures the analyticity of the hyper-
function ¢ (see Section 2 for a definition). The singular spectrum is also called the
analytic wave front set.

Suppose G is a Lie group, (m, V) is a unitary representation of G, and (-,-) is
the inner product on the Hilbert space V. Then the wave front set of m and the
singular spectrum of m are defined by

WF(r) = (] WFc(n(g)u,v), SS(m)= ] SSc(n(g)u,v).

u,veV u,veV

Here the subscript e means we are only considering the piece of the wave front set
(or the singular spectrum) of the matrix coefficient (7(g)u,v) in the fiber over the
identity in iT*G.

In the case where G is compact, a notion equivalent to the singular spectrum
of a unitary representation was introduced by Kashiwara and Vergne on the top
of page 192 of [31]. This notion was later used by Kobayashi in [36] to prove a
powerful sufficient condition for discrete decomposability. Our definition of the
wave front set of a representation is equivalent to i times the definition of WF°(7)
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first introduced by Howe in [28] (see Proposition 2.4 for the equivalence of the
two definitions). The wave front set and singular spectrum of a representation are
always closed, invariant cones in ig*, the dual of the Lie algebra of G.

Suppose G is a Lie group, H C G is a closed subgroup, and 7 is a unitary rep-
resentation of H. Then we may form the unitarily induced representation Indg T,
which is a unitary representation of G (See Section 4 for the definition). Let g (resp.
bh) denote the Lie algebra of G (resp. H), and let ¢: ig* — ib* be the pullback of
the inclusion. If S C ib* is a subset, we will denote

md% § = Ad*(G) - ¢~ 1(S)
and we will call this the set induced by S from ih* to ig*.

Theorem 1.1. Suppose G is a Lie group, H C G is a closed subgroup, and 7 is a
unitary representation of H. Then

WF(Ind% 7) > Ind§ WF(7)

and
SS(Ind% 7) > Ind% SS(7).

When 7 =1 is the trivial representation, we have WF(1) = {0} and we obtain
WE(Indfj 1) 5 Ad(G) - i(a/b)" > i(a/b)".

This special case was conjectured by Howe on page 128 of [28]. Note that when
I' C G is a discrete subgroup of a unimodular group G, we obtain

WF(L*(G/T)) = SS(L*(G/T)) = ig*.

In the case where G is compact, the equality SS(Ind$ 7) = Ind% SS(r) was ob-
tained by Kashiwara and Vergne in Proposition 5.4 of [31]. In the case where G
is a connected semisimple Lie group with finite center, H = P = MAN C G is
a parabolic subgroup, and 7 is an irreducible, unitary representation of M A ex-
tended trivially to P, the equality WF(Ind% 7) = Ind§ WF(7) follows from work of
Barbasch-Vogan (see page 39 of [1]) together with the principal results of [51], [53].

Let G be a reductive Lie group of Harish-Chandra class. The irreducible repre-
sentations occurring in the direct integral decomposition of L?(G) are called irre-
ducible, tempered representations of G; we denote by @temp the closed subspace of
the unitary dual consisting of these representations. To each irreducible tempered
representation ¢ of GG, Duflo and Rossmann associated a finite union of coadjoint
orbits O, C ig* in [7],[47],[48]. In the generic case, when o has regular infinitesimal
character, O, is a single coadjoint orbit.

If G is a reductive Lie group of Harish-Chandra class and (7,V) is a unitary
representation of G, then we say m is weakly contained in the reqular representation
if suppm C @temp. For such a representation 7, we define the orbital support of =
by

O-suppm = U O,.
oEsupp

If W is a finite-dimensional vector space and S C W, then we define the asymp-
totic cone of S to be

AC(S) ={¢ € V| T an open cone containing £ = I' NS is unbounded} U {0}.
One notes that AC(S) is a closed cone.
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Theorem 1.2. If G is a reductive Lie group of Harish-Chandra class and 7w is
weakly contained in the reqular representation of G, then

SS(7) = WF(w) = AC(O-supp ).

When G is compact and connected, an equivalent formula for SS(7) was obtained
by Kashiwara and Vergne in Corollary 5.10 of [31]. Using similar ideas, Howe
obtained the same formula for WF(7) when G is compact in Proposition 2.3 of
[28]. Related results concerning wave front sets and compact groups G appeared
n [13]. Finally, one can deduce the above formula for WF(7) when 7 is irreducible
from Theorems B and C of Rossmann’s paper [51].

Note that when K C G is a maximal compact subgroup of a semisimple Lie
group, it is known that L?(G/K) is a direct integral of principal series represen-
tations (see [16], [17], [19], [23], [24] for the original papers; see Section 1 of [44]
for an expository introduction). Combining this knowledge with Theorem 1.2, we
obtain

WE(L?(G/K)) = SS(I*(G/K)) = ighy, = Ad"(G) - (a/0)"

Here gj,, denotes the set of hyperbolic elements in g*.

Next, we consider two classes of applications of the above Theorems. First, sup-
pose G is a real, reductive algebraic group and H C G is a real, reductive algebraic
subgroup. In Theorem 4.1 of the recent preprint [2], Benoist and Kobayashi give a
concrete and computable necessary and sufficient condition for Indg 1=L*G/H)
to be weakly contained in the regular representation. Putting together Theorems
1.1 and 1.2, we obtain the following Corollary.

Corollary 1.3. If G and H are reductive Lie groups of Harish-Chandra class,
H C G is a closed subgroup, and L*(G/H) is weakly contained in the regqular
representation, then

AC(O-supp L*(G/H)) D Ad*(G) -i(g/b)".

From Example 5.6 of [2], we see that if G = SO(p,q) and H = [[;_, SO(pi, ;)
with p = 320 pis ¢ = 2i_, @, and 2(p;i + @) < p+ q + 2 whenever p;g; # 0,
then L?(G/H) is weakly contained in the regular representation. To the best of
the authors’ knowledge, Plancherel formulas are not known for the vast majority
of these cases. An elementary computation shows that if in addition, 2p; < p+1
and 2¢; < ¢+ 1 for every ¢ and p + ¢ > 2, then

ig" = Ad™(G) - i(g/b)*.
Corollary 1.3 now implies that supp L?(G/H) is “asymptotically equivalent to”
supp L?(G) (we make this notion precise in Section 7). In particular, suppose p
and ¢ are not both odd and F is one of the (p;q) families of discrete series of
G =SO(p,q). Then
Home (o, L*(G/H)) # {0}
for infinitely many different o € F (more details appear in Section 7).

In passing, we recall that Kobayashi previously obtained some partial results
concerning the discrete spectrum of L?(G/H) for certain G and H when G is
reductive [38]. While there is some small amount of overlap between this paper
and [38], most of the results in each paper cannot be deduced from the results of
the other paper.
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Next, we utilize Theorem 1.2 together with an analogue of Theorem 1.1 for
restriction due to Howe in order to analyze branching problems for discrete series
representations. First, we recall Howe’s result (see page 124 of [28]). If 7 is a unitary
representation of a Lie group G, H C G is a closed subgroup, and q : ig* — ih* is
the pullback of the inclusion, then

WEF(m|g) D ¢(WF(n)).

Corollary 1.4. Suppose G is a reductive Lie group of Harish-Chandra class, sup-
pose H C G is a closed reductive subgroup of Harish-Chandra class, and suppose 7
is a discrete series representation of G. Let g (resp. Y) denote the Lie algebra of
G (resp. H), and let q: ig* — ib* be the pullback of the inclusion. Then

AC(O-supp(m|n)) > ¢(WF(m)) = q(AC(Ox)).

Let S be an exponential, solvable Lie group, let T C S be a closed subgroup, and
let q: is* — it* is the pullback of the inclusion of Lie algebras. Every irreducible,
unitary representation m € S (resp. o € f) can be associated to a coadjoint orbit
Oy (resp. O,). Fujiwara proved that o occurs in the decomposition of 7|p into
irreducibles iff O, C ¢(O;) [11]. The above Corollary can be viewed as (half of) an
asympototic version of Fujiwara’s statement for reductive groups.

We take note of a special case of Corollary 1.4 that may be of particular interest.

Corollary 1.5. Suppose G is a reductive Lie group of Harish-Chandra class, H C
G is a reductive subgroup of Harish-Chandra class, and w is a discrete series rep-
resentation of G. Let g (resp. ) denote the Lie algebra of G (resp. H), and let
q: ig* — ib* be the pullback of the inclusion. If w|gy is a Hilbert space direct sum
of irreducible representations of H, then

q(WF(m)) C by,
Here b}, C ib* denotes the subset of elliptic elements.

Let G be a real, reductive algebraic group with Lie algebra g, let K C G be
a maximal compact subgroup with Lie algebra ¢ and complexification K¢, and
let NV'(gc/€c)* denote the set of nilpotent elements of gf in (gc/tc)*. In [58],
Vogan introduced the associated variety of an irreducibe, unitary representation
7 € G. Denoted AV(r), it is a closed, K invariant subset of N'(gc/ec)*. For an
irreducible, unitary representation 7 of G, there is a known procedure for producing
AV(7) from WF () and vice versa [53], [51], [1]. In particular, these notions give
equivalent information about 7.

Now, suppose H C G is a real, reductive algebraic subgroup such that KNH C H
is a maximal compact subgroup. Let (7, V') be an irreducible, unitary representation
of G, and let Vi be the set of K finite vectors of V. Note Vi is a g module. In
Corollary 3.4 of [37] (see also Corollary 5.8 of [39]), Kobayashi showed that if Vi|j
is discretely decomposable as an ) module, then

q(AV(m)) C N(be/(bc NEc))™

Here q: g¢ — b is the pullback of the inclusion. Corollary 1.5 can be viewed as
an analogue of Kobayashi’s statement with AV () replaced by WF(7) and in the
special case where 7 is a discrete series representation.
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2. THE DEFINITION OF THE WAVE FRONT SET

In this section, we give definitions of the wave front set of a distribution, the
singular spectrum of a hyperfunction, the wave front set of a unitary Lie group
representation, and the singular spectrum of a unitary Lie group representation. In
addition, we collect a few facts about these objects to be used later in the paper.

There are two types of distributions (resp. tempered distributions) on a real,
finite dimensional vector space V. First, there is the set of generalized measures
(resp. tempered generalized measures), which is the set of continuous linear func-
tionals on the space of smooth, compactly supported functions (resp. Schwartz
functions) on V. Second, there is the set of tempered generalized functions, which
is the set of continuous linear functionals on the space of smooth, compactly sup-
ported densities (resp. Schwartz densities) on V' (a Schwartz density is a Schwartz
function multiplied by a translation invariant measure on V). We will refer to both
(tempered) generalized functions and (tempered) generalized measures as (tem-
pered) distributions in this paper; the reader will be able to tell the difference from
context.

Suppose u is a tempered generalized measure on i(R™)*, and define the Fourier
transform of u to be

(]:[u])f = <u$’€<x7£>>’
a tempered generalized function on R™. Further, if v is a tempered generalized
function on R™, define the Fourier transform of v to be F[v] = u where u is the
unique tempered generalized measure on i(R™)* whose Fourier transform is v. In
what follows, we will often wish to make estimates on F[v]. In so doing, we implic-
itly utilize the standard inner product on R", the standard Lebesgue measure dz
on R”, and division by ¢ to identify F[v] with a generalized function on R™.

We say a subset I' of a finite-dimensional vector space V is a cone if tv € V
whenever v € V and t > 0 is a positive real number. If f is a smooth function on a
real vector space V and I' C V is an open cone, then we say f is rapidly decaying
in T if for every N € N there exists a constant Cy > 0 such that

|f()] < Cnla|77.

Colloquially, f is rapidly decaying in I' if it decays faster than any rational function
in T'.

The definition of the (smooth) wave front set of a distribution was first given by
Hormander on page 120 of [25]. Here we give the most elementary definition (see
pages 251-270 of [26] for the standard exposition).

Definition 2.1. Suppose u is a generalized function on an open subset X C R™,
and suppose (z,£) € X x ¢(R™)* = ¢T*X is a point in the cotangent bundle of
X. The point (z,£) is not in the wave front set of u if there exists an open cone
¢ €T C i(R™* and a smooth compactly supported function ¢ € C°(X) with
w(x) # 0 such that Flpu] is rapidly decaying in I'. The wave front set of u is
denoted WF(u).

Many authors use the convention that (z,0) is never in the wave front set for
any ¢ € X. However, we will use the convention that the zero section of iT*X
is always in the wave front set because it will make the statements of our results
cleaner.
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There are several (equivalent) variants of this definition that we will sometimes
use. First, instead of a cone £ € T" C i(R™)*, one may take an open subset £ € W C
i(R™)* and require

Fleu](tn)

to be rapidly decaying in the variable ¢ for ¢ > 0 uniformly in the parameter n € W.
Second, suppose U C X is an open set and I'y C i(R™)* is a closed cone. Then
(U xT1) NWF(u) = U x {0} iff for every ¢ € C°(U) and every compact subset
0 ¢ K C i(R™)* — T, the expression Flpul](tn) is rapidly decaying in ¢ for ¢t > 0
uniformly for n € K (see page 262 of [26]). Third, instead of a smooth, compactly
supported function ¢, one may take an even Schwartz function ¢ that does not
vanish at zero and form the family of Schwartz functions

oi(y) = t" ot (y — x))

for t > 0. Then (x,&) is not in the wave front set of u iff there exists an open subset
& € W C i(R™)* such that Flpu](tn) is rapidly decaying in the variable ¢ for ¢ > 0
uniformly in 7 € W. This third variant is nontrivial. It is due to Folland (see page
155 of [8]); the case where ¢ is a Gaussian was obtained earlier by Cordoba and
Fefferman [4].

Now, if ¥: X — Y is a diffeomorphism between two open sets in R™ and u is a
distribution on X, then (see page 263 of [26])

* WF(u) = WF(y"u).

One sees immediately from this functoriality property that the notion of the wave
front set of a distribution on a smooth manifold is independent of the choice of
local coordinates and is therefore well defined.

We note that the original definition of the wave front set involved pseudodif-
ferential operators instead of abelian harmonic analysis. See page 89 of [27] for a
proof that the original definition and the one above are equivalent.

The notion of the singular spectrum of a hyperfunction was first introduced by
Sato in [52], [30]. It was originally called the singular support; however, there
is already a standard notion of singular support in the theory of distributions.
Therefore, we use the term singular spectrum, which is now widely used. The book
[42] is a readable introduction to Sato’s work.

Years after Sato’s work, Bros and Iagolnitzer introduced the notion of the es-
sential support of a hyperfunction [29]. Their definition was subsequently shown
to be equivalent to Sato’s [3]. In his book [26], Hormander introduced the notion
of the analytic wave front set of a hyperfunction, and he proved that his notion is
equivalent to the essential support of Bros and Iagolnitzer.

We say that a smooth function f on R is exponentially decaying for t > 0 if there
exist constants € > 0 and C' > 0 such that

[f(t)] < Ce™
for t > 0. We define a family of Gaussians on R by
gt(s) _ e—ts2.

We first give a definition of the singular spectrum that is a variant of the one given
by Bros and Iagolnitzer for the essential support.
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Definition 2.2. Suppose u is a distribution on an open subset X C R™, and sup-
pose (z,€) € X xi(R™)* = ¢T* X is a point in the cotangent bundle of X. The point
(z,€) is not in the singular spectrum of u if, and only if for some (equivalently any)
smooth function ¢ € C°(X) that is real analytic and nonzero in a neighborhood
of z, there exists an open set £ € W C i(R™)* such that

FlGi(lz — yDe(y)uly)l(tn)

is exponentially decaying in ¢ for ¢ > 0 uniformly for n € W. The singular spectrum
of u is denoted SS(u).

In fact, one can extend this definition to hyperfunctions (see Chapter 9 of [26]),
but we will not need to consider hyperfunctions in this paper. In passing, we note
that if u happens to be a tempered distribution, then one need not multiply by the
smooth compactly supported function ¢ in the above definition. The nice thing
about the above definition is that it is a clear analytic analogue of the Cordoba-
Feffermann definition of the smooth wave front set. One simply replaces rapid decay
by exponential decay in the definition. However, exponential decay can sometimes
be inconvenient to check in some situations. Because of this, we now give an
alternate definition of Hormander.

For this definition, we need a remark. Suppose Uy € U C R” are precom-
pact open sets with U; compactly contained in U. For every multi-index o« =

(a1,...,ay), define the differential operator
Do ot o O%n
Oz oz’

and let || = a1+ - -+a,. Then there exists (see pages 25-26, 282 of [26]) a sequence
¢n,u,,u of smooth functions supported in U together with a family of positive
constants {C,} for every multi-index o = (a1, ..., ay) such that onu, v(y) =1
whenever y € U; and

sup | Doy v, u(y)| < CYFHN + 1)1

yeU
whenever |§| < N. For each such pair of precompact open subsets U; C U C R,
we fix such a sequence ¢y v, .

We now give a variant of Hormander’s definition of the analytic wave front set

of a distribution (see pages 282-283 of [26]).

Definition 2.3. Suppose u is a distribution on an open set X C R”, and suppose
(z,€) € X x i(R™")* = 4¢T*X is a point in the cotangent bundle of X. The point
(z,€) is not in the singular spectrum of w if, and only if there exists a pair of
precompact open sets x € Uy C U C X with U; compactly contained in U, an open
set £ € W C i(R™)*, and a constant C' > 0 such that for every N € N, we have the
estimate

\Flonu,vu(tn)] < CNFHN + NN

uniformly for 7 € W. The singular spectrum of v is denoted SS(u).

One key disadvantage of the definitions of Bros-lagolnitzer and Hormander is
that they are not obviously invariant under analytic changes of coordinates. This is
certainly an advantage of the original definition of Sato. However, in this paper, we
will use the close relationship between the analytic wave front set of a distribution
and the ability to write the distribution as the boundary value of a complex analytic
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function. This relationship is originally due to Sato [30], [42]; however, we will follow
the treatment in Sections 8.4, 8.5 of [26]. We will use this theory in Section 6. For
now, we remark on the following application.

If ¢: X — Y is a bianalytic isomorphism between two open sets in R™ and u is
a distribution on X, then (see page 296 of [26])

¥* SS(u) = SS(v*u).

One sees immediately from this functoriality property that the notion of the singular
spectrum of a distribution on an analytic manifold is independent of the choice of
analytic local coordinates and is therefore well defined.

Finally, we remark that if u is a distribution on an analytic manifold, then we
have

SS(u) D WF(u).

This is obvious from the above definitions. Roughly speaking, it means that it is
tougher for u to be analytic than smooth.

Suppose G is a Lie group, (7, V) is a unitary representation of G, and (-, ) is the
inner product on the Hilbert space V. As in the introduction, we define the wave
front set of m and the singular spectrum of m by

WF(m) = U WF.(m(g)u,v), SS(w)= U SSe(m(g)u,v).

u,veV u, eV

Here the subscript e means that we are only taking the piece of the wave front
set (or singular spectrum) in the fiber over the identity in ¢7*G. One might ask
why we add this restriction. Utilizing the short argument on page 118 of [28], one
observes that

U WF(7(g)u, v), U SS(m(g)u, v)
u, eV u,veV

are G x G invariant, closed subsets of TG = G x ig*. In particular, they are
simply G x WF(m) and G x SS(r). Therefore, if we did not add the the subscript e
in our definitions of the wave front set and singular spectrum of 7, then we would
simply be taking the product of our sets with G. This would be more cumbersome
and no more enlightening.

We note in passing that the above digression together with the above definitions
of the wave front set and singular spectrum of a distribution imply that WF () and
SS(m) are closed, Ad*(G)-invariant cones in ig*. We also note that

SS(r) > WF(r)

for every unitary Lie group representation 7 since SS.(u) D WF,.(u) whenever u is
a distribution on an analytic manifold.

Let B'(V') denote the Banach space of trace class operators on V. Given a trace
class operator T' € End V', one can define a continuous function on G by

Tr(T)(g) = Tr(w(g)T).

We define

WF(r) = |J WF(Tr=(T)(9), SS(m) = |J SSe(Tr~(T)(9))-
TeBY(V) TeB (V)

The definition on the left was ¢ times the original definition used by Howe for
WE?(7) [28]. Notice that when T' = (-,u)v is a rank one operator, Tr,(T)(g) =
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(m(g)u,v) is a matrix coefficient. Therefore, it is clear from our definitions that

e~

WF(m) € WF(n) and SS(7) C SS(w). The primary purpose of the remainder of
this section is to prove equality.

Proposition 2.4. We have

WF (7)) = WF(7) and SS(w) = SS(m).

To prove the Proposition, we will need to recall some facts about wave front sets
of representations from [28]. If T' € End V is a bounded linear operator, let |1
denote the operator norm of T. If T € BY(V) is a trace class operator, let |T|;
denote the trace class norm of 7T'.

Lemma 2.5 (Howe). Suppose G is a Lie group, and (7,V) is a unitary represen-
tation of G. The following are equivalent:

—_~—

(a) £ ¢ WE()

(b) For everyT € BY(V), there exists an open sete € U C G on which the logarithm
is a well-defined diffeomorphism onto its image and an open set £ € W C ig*
such that for every ¢ € C°(U), the absolute value of the integral

I T)(0) = [ Toa(T)(g)e" 5 (g)dg
G
is rapidly decaying in t for t > 0 uniformly forn € W.
(c) There exists an open set e € U C G on which the logarithm is a well-defined
diffeomorphism onto its image and an open set £ € W C ig* such that for every
w € C(U) there exists a family of constants Cn(¢) > 0 such that

|I(§07 n, T) (t)l < C(@)‘T|1t7N

fort >0, n€ W, and T € BYV). (The constants C(p) may be chosen
independent of bothn € W and T € BY(V)).

(d) There exists an open set e € U C G on which the logarithm is a well-defined
diffeomorphism onto its image and an open set £ € W C ig* such that for every
p € CX(U), the quantity

7 (p(g)e18 )| o
is rapidly decaying in t for t > 0 uniformly inn € W.

This Lemma is a subset of Theorem 1.4 of [28]. Some of the notation has been
slightly altered for convenience. Next, we need an analogue of this Lemma for our
first definition of the singular spectrum, Definition 2.2.

Lemma 2.6. Suppose G is a Lie group and (m,V) is a unitary representation of
G. The following are equivalent:

(a) § ¢ SS(m)

(b) For every T € BY(V) and for some (equivalently every) pair of precompact
open sets e € Uy C U C G with Uy compactly contained in U and so that
the logarithm on U is a well-defined bianalytic isomorphism onto its image,
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there exists an open set &€ € W C ig* such that for some (equivalently every)
p € C°(U) that is identically one on Uy, the absolute value of the integral

(o0, T)(t) = /G Teo () (9)e"059) ()G | log(9) ) dg

is exponentially decaying in t for t > 0 uniformly forn € W.

(c) For some (equivalently every) pair of precompact open setse € Uy C U C G with

Uy compactly contained in U and so that the logarithm on U is a well-defined
bianalytic isomorphism onto its image, there exists an open set £ € W C ig*
such that for some (equivalently every) ¢ € C°(U) that is identically one on
Ua, there exist constants C(p) > 0 and e(p) > 0 such that

[I(p,n, T)(t)] < C(p)|T| e <"

fort >0, n€ W, and T € BYV). (The constants C(p) and €(p) may be
chosen independent of bothn € W and T € B*(V)).

(d) For some (equivalently every) pair of precompact open setse € Uy C U C G with

Uy compactly contained in U and so that the logarithm on U is a well-defined
bianalytic isomorphism onto its image, there exists an open set & € W C ig*
such that for some (equivalently every) ¢ € C°(U) that is identically one on
Ui, the quantity

7 (2(9)G:(| log(g) )€ 18|

is exponentially decaying in t for t > 0 uniformly inn e W.

We note that the proof of Lemma 2.6 is nearly identical to the proof of Lemma

2.5. As noted before, Lemma 2.5 is part of Theorem 1.4 on page 122 of [28].

Next, we prove Proposition 2.4.

Proof. In both cases, one containment is obvious. Therefore, to prove the Lemma
it is enough to show

U WFP(Tr (1) ¢ |J WF( w)

and

TeBY(V) v,weV
U sSe(Tr(1) ¢ | SSel w).
TeBY (V) v,weV

In particular, it is enough to fix

c¢ |J WE(r(gv,w), ¢¢ |J SSe(n(g)v,w)

v,weV v,weV

and then show that

¢¢ U WF (1), ¢¢ |J  SSe(Tra(T)).

TeBY(V TeBY(V)

By the second variant of Definition 2.1, we may find an open neighborhood

e € U C G on which the logarithm is well-defined and an open neighborhood
& € W C ig* such that for all N € N and ¢ € C°(U) the quantity

‘tN/ w(g)et“(’g(”’")(ﬂ(g)v,w)dg‘
U
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is bounded as a function of n € W and t > 0 for every v,w € V. By the uniform
boundedness principle, we deduce that the family of operators t™V 7 (p(g)e?{los(9).m)
is uniformly bounded in the operator norm for n € W and ¢ > 0. Therefore

7T(<p(g)ez't(1c>g(g)m>)

is rapidly decreasing in t for ¢ > 0 uniformly in n € W. Utilizing Lemma 2.5, the
first statement follows.

For the singular spectrum case, by Definition 2.2, we may find a pair of precom-
pact open neighborhoods e € Uy C U C G on which the logarithm is well-defined
and an open neighborhood ¢ € W C ig* such that for some ¢ € C*(U) with ¢ =1
on Uy, we have

/ ©(9)Gt (| log(g) e 59 ((g)v, w)dg| < Cyu(p)e™ (V)
U

fort > 0 and n € W. We must show that the above constants C,, ,,(¢) and e(v, w, )
are independent of v and w subject to the conditions |[v| = |w| = 1. Denote the
above integral by I(p,n,v,w)(t) and fix v. Let

S, (v) = {w e V| [I(g,n,v,w)(t)| < ne” /™ uniformly for n € W}.

By the Baire Category Theorem and the linearity of I in the variable w, we observe
that S, (v) contains a § ball, Bs(0), around zero for some n,. In particular, for
fixed v, the constants C, ., (¢) and (v, w, ) can be taken independent of w with
lw| =1 (Cyw(p) =ny/d, e(v,w,p) = 1/n, in the above argument).

In particular, we may find a pair of precompact open neighborhoods e € U; C
U C G on which the logarithm is well-defined and an open neighborhood ¢ € W C
ig* such that for some ¢ € C2°(U) with ¢ =1 on U;, we have

/ ()G (| log(g) ) 1@ M (g)udg| < C,(p)e @t
U

for t > 0 and n € W. Denote the integral on the left by I(p,n,v)(t) and set
S, ={veV||[I(g,n,v)t) < ne” V™ uniformly for n € W}.

Utilizing the Baire Category Theorem and the linearity of I(y,n,v) in the variable
v, we observe that there exists N for which Sy contains a § ball, B5(0), about the
origin. In particular, we may set C,(¢) = N/§ and €(v,p) = 1/N in the above
inequality for all v € V with |v| = 1. Tt follows that

Im(2(9)G: (| log(g) )& 1E D) | o
is exponentially decaying in t for ¢ > 0 uniformly for n € W. The second statement
in Proposition 2.4 now follows from Lemma 2.6. O
3. WAVE FRONT SETS AND DISTRIBUTION VECTORS
If (w, V) is a unitary representation of a Lie group G, then
Voo ={v e Vl]g+ m(g)v is smooth}.

The Lie algebra g acts on V°°, and we give V*° a complete, locally convex topology
via the seminorms |v|p = |Dv| for each D € U(g). Now, given a unitary represen-
tation (7, V'), we may form the conjugate representation (7, V) by simply giving V
the conjugate complex structure. Define V~°° to be the dual space of V.
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Given (,n € V~°°, we wish to define a generalized matrix coefficient denoted
by (w(g)¢,n). This generalized matrix coeflicient will be a generalized function on
G. To define it, we need a couple of preliminaries. Suppose u € C° (G, D(G)) is a
smooth, compactly supported section of the complex density bundle D(G) — G on
G, and suppose ¢ € V~°°. Then we define m(u)¢ € V=°° by

()¢ D) = (G w)T) = (€, /G (o) udu(g™))

for 5 € V. Here ¢ denotes inversion on the group G.

Lemma 3.1. For u € C*(G,D(G)) and ¢ € V—>°, we have w(pu)¢ € V. More-
over, if (,n € V=°°, then the linear functional

= (m ()¢, m)
is continuous and therefore defines a distribution on G. We will denote this distri-

bution by (m(g)¢,n).

This Lemma has been well-known to experts for some time. For a proof, see the
expositions on pages 9-13 of [21] and page 136 of [55].

In fact, we may define the (smooth or analytic) wave front set of a unitary
representation in terms of the (smooth or analytic) wave front sets of the generalized
matrix coeflicients of G.

Proposition 3.2. We have the equalities

WF(m) = |J WF.(n(9)¢,n)
SUAS Gae

and

ss(m)="|J SSc(m(9)¢m).

¢meV =

The key to this Proposition is the following Lemma.
Lemma 3.3. If( € V—°°, then there exists D € U(g) and w € V such that Du = (.

This Lemma has been well-known to experts for some time. For a proof, see the
exposition on page 5 of [21].

Now, we prove the Proposition.
Proof. Clearly the left hand sides are contained in the right hand sides. To show the
other directions, fix (,n € V~°°. Write ( = Diu and n = Dov with D1, Dy € U(g)
and u,v € V. Then we have

WF(W(g)Ca 77) = WF(LDZ RD1 (W(g)u, ’l)))
and
SS(TF<9)<7 77) = SS(LDzRD1 (TF(g)U, U))

Here Rp, (resp. Lp,) denotes the action of Dy (resp. Ds) via right (resp. left)
translation on C~°°(G). But, by (8.1.11) on page 256 of [26], we deduce

WF(Lp,Rp, (7(g)u,v)) C WF(n(g)u,v).
And from the remark on the top of page 285 of [26], we deduce
SS(Lp,Rp, (n(g)u,v)) C SS(7(g)u,v).
The Proposition follows. O
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4. WAVE FRONT SETS OF INDUCED REPRESENTATIONS

Now, suppose H C G is a closed subgroup, and let D/2 — G/H be the bundle
of complex half densities on G/H. Let (7,W) be a unitary representation of H,
and let W — G/H be the corresponding invariant, Hermitian (possibly infinite-
dimensional) vector bundle on G/H. Then we obtain a unitary representation of
G by letting G act by left translation on

L*(G/H,W & DY?).

This representation is usually denoted by Indg T; it is called the representation of
G induced from the representation 7 of H (sometimes the term “unitarily induced”
is used). Let g (resp. h) denote the Lie algebra of G (resp. H), and let ¢: ig* — ih*
be the pullback of the inclusion. If S C h*, we define

md$§ S = Ad*(G) - ¢~ 1(9).

If S is a cone, then Indg S is the smallest closed, Ad*(G) invariant cone in 7g* that
contains ¢~1(S). The purpose of this section is to prove Theorem 1.1. Recall that
we must show
WF(Ind 7) D Indf WF(7)
and
SS(Ind$ 7)  Ind$ SS(7).

We note that WF(Ind%, 7) and SS(Ind$ 7) are closed, Ad*(G) invariant cones
in ig*. Therefore, to show that WF(Ind% 7) contains Ind$; WF(7) (respectively
SS(Ind$ 7) contains Ind$ SS(7)), it is enough to show that WF(Ind$ 7) contains
¢ ' (WF(7)) (respectively SS(Ind$ 7) contains ¢~ (SS(7))).

Before proving the Theorem, we first make a few general comments and then
we will prove a Lemma. Suppose H C G is a closed subgroup of a Lie group. Let
D(G) — G (resp. D(H) — H, D(G/H) — G/H) denotes the complex density
bundle on G (resp. H, G/H). Now, suppose we are given f € C'(H), a continuous
function on H, and w € Dy (G/H)*, an element of the dual of the fiber over {H}
in the density bundle on G/H. We claim that fw defines a generalized function on
G.

To see this, we must show how to pair fw with a smooth, compactly supported
density, p, on G. Let n = dim G, m = dim H, and recall that for each h € H, uy
is a map

pn: g®" — C
satisfying
pn(AXyq, ..., AX,) = |det Alpp (X, ..., X5)
for A € End(g) and X3,...,X,, € g. Similarly, w is a map
w: (/)™ = C
satisfying
WAX1, ..., AX ) = |det A7 w(X1, . Xoem)

for A € Aut(g/h) and X1,..., X, € 9/b.
To pair fw with u, we must show that uw defines a smooth, compactly supported
density on H. For each h € H, we will define a map

ppw: ™ = C.
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To do this, we fix Y7,...,Y,_,, € g such that {Y7,...,Y,,_,,} is a basis for g/b.
Then we define

(enw) (X1, X)) =
,U/h(Xla s 7Xm7Yl7 s 7Ynfm)w(?1; s 7?717171)

for any X1,...,X,, € h. One checks directly that this definition of pyw is indepen-
dent of the choice of Y7,...,Y,_,, and that it satisfies

(upw)(AX1, ..., AX,) = | det Al (ppw) (X1, ..oy Xom)

for A € End(h) and Xq,...,X,, € h. In particular, uw is a smooth, compactly
supported density on H, and the pairing

(fw, ) = (f, pw)

is well-defined and continuous. Thus, fw defines a generalized function on G.

Now, recall (7, W) is a unitary representation of H. For w; € W and a non-zero
w1 € (Du(G/H)'?)*, we define a distribution vector

dm(wi,w) € C7°(G/H,W @ DY?) = C>*(G/H,W @ D'/?)*
by
o (wi,w1): @ = (p(H), w1 @ wi).

The above pairing is the tensor product of the pairing between W and W via the
inner product on the Hilbert space W and the pairing between Dy (G/H)'/? and
its dual. Similarly, if wy € W and wy € (Dy(G/H)'/?)* is non-zero, we define a
distribution vector

Sm(we,wy) € CS°(G/H,W @ DY?) = C>®(G/H, W @ D'/?)*.
Now, we have a continuous inclusion
L*(G/H,W @ DY/?)® c C=(G/H,W @ D'/?).

Continuity follows from the local Sobolev inequalities. One observes that the lo-
cal Sobolev inequalities hold for functions valued in any separable Hilbert space.
Dualizing, we obtain a continuous inclusion

C7°(G/H,W @ DY?) c L*(G/H,W @ D'/?)==,

Therefore, since the distributions dp (w1, w;) and dg(we,ws) are supported at a
single point, they are compactly supported and by the above inclusion they both
define distribution vectors for the representation L?(G/H, W @ D'/?).

Lemma 4.1. The distribution on G defined by the generalized matriz coefficient
(m(9)0m (w1, w1), 61 (w2, w2))
(see Lemma 3.1) is equal to the generalized function on G defined by
p> [ det(Ad(h)lg/n)| - (7(h)wr, w2)w, 1)

where 1 is a smooth, compactly supported section of the density bundle on G and
w=wiws € Dg(G/H)*.
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Proof. We will prove the Lemma by directly analyzing the generalized matrix co-
efficient (7(g)dm (w1, w1), dp(we,ws)). Fix p € CX (G, D(G)) a smooth, compactly
supported density on G. By Lemma 3.1,

() om (w1, w1)
is a smooth vector in
LY(G/H,W @ DY?)>® c C*(G/H,W @ D'/?).

Pairing it with & (w2, ws) means evaluating this smooth function at { H} and pair-
ing it with wz ® wy. First, we wish to analyze the smooth function m(p)dm (w, wr)
by pairing it with ¢ € C°(G/H, W @ D'/?). We have

()12 (1), ) = / (wr ® w1, Ly (@) dulg).

G
Now, w € Dy(G/H)* is a vector in the dual of fiber of the density bundle on
G/H above H. We let w* € Dy (G/H) be the unique vector so that (w*,w) = 1.
Moreover, extend w* to a nonvanishing section w* of the complex density bundle
on G/H. Now, if ¢ € C°(G), then instead of integrating ¢u over G, we wish to
integrate over the fibers of the fibration

G— G/H

which are simply the cosets x H and then integrate against w* along the base. One
sees that for every gH € G/H, there exists a smooth density n,ug € C*(gH, D(gH))

such that
[ etomto = [ . (/) ctominm) a5

In addition, note ngw* = p and ng = puw. We apply this integration formula for

90(9) = (wl & wi, Lg*”zb(g))
Thus, we obtain

(m ()0 (wy, ), )
B /G/H [/H(“’l ®wr, L(gh)lw(g))dngH(h)} dw* (7)

— /G/H </H Ly(r(h)w, @ h - wl)dngH(h),w(g)> dw*(g)-

One sees the distribution m(u)d (wy,ws) is the smooth function with values in
the bundle W ® D(G/H)'/? given by

g (/H Ly(m(h)w; @ h - wl)dngH(h)> Cw*
Evaluating at {H} yields
(/H T(h)wi @ h - wldnH(h)> - w*.
Now, h-w; = [det(Ad(h)|g/p)| - wi1. Pairing with we ® wy yields
/H | det(Ad(R)[g/)|(T(R)w1, we)(w1w", wa)nm (k)

= (| det(Ad(h)[g/p)| - (T(R)w1, w2), pw).
Here we have used (wjws,w*) =1 and ng = puw. The Lemma follows. O
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Now, we are ready to prove Theorem 1.1.

Proof. Let wy,wy € W be two vectors, and let (7(h)wy,ws) be the corresponding
matrix coefficient of (7, W). To prove the Theorem, it is enough to show

WEF(L*(G/H,W @ D'?)) > ¢~ (WF(1(h)w1, ws))
and
SS(L*(G/H,W @ D?)) D ¢~ (SSe(T(h)wy, w2)).
Let V = L*(G/H,W ® D'/?) and recall the equalities
WEF(m)= | J WF.(n(9)¢,n)

¢neV -

and

ss(m) = J  SSe(m(g)¢.m)
¢meV =
from Proposition 3.2.
To prove the Theorem, it is therefore enough to show

WF . (m(9)8 1 (w2, ws), 0 (w1, w1)) = ¢~ (WFe((h)w, ws))

and
SSe(m(9)m (w2, w2), 8 (wi,w1)) = ¢~ (SSe(T(h)wy, wo)).
By Lemma 4.1, we know (7(p)d g (we,ws), dg(wy,wy)) is simply

(| det(Ad(R)[g/p) - (7(R)w1, wa), wh).

Now, to compute the wave front set and singular spectrum of this generalized
function, we fix a subspace S C g such that S ® h = g. Then we can work locally
in exponential coordinates S x h — g and forget about densities (since the density
bundle is locally trivial). In these coordinates, our generalized function is

do @ | det(Ad(exp Y)[q/p)| - (T(expY)wr, w2)

with Y € h. Now, [det(Ad(expY')|q/5)| is an analytic, nonzero function in a neigh-
borhood of zero. Therefore, it is enough to compute the wave front set and singular
spectrum of
do ® (7(exp Y)wr, ws).

Now, suppose we have open neighborhoods 0 € U; C S, 0 € Us C h and functions
w1 € C2(Ur), w2 € C(Usz) with ¢1(0) # 0, p2(0) # 0. Multiplying our distribu-
tion dp ® (T(exp Y)wi,wz) by the tensor product ¢1 ® w2 and taking the Fourier
transform yields

©1(0) @ Flpz(7(expY)wr, we)].
The first term is never rapidly decreasing in any direction in iS* regardless of
the choice of U; and ¢;. The second term is rapidly decreasing in a direction
¢ €ib* for all py € C°(Us) for some neighborhood 0 € Uy C ih* if and only if
€ ¢ WF (7(h)wy,wsz). It follows from the discussion on page 254 of [26] that we
can compute the wave front set of dy ® (7(exp Y)wy, w2) utilizing neighborhoods of
the form U; x Us and smooth functions of the form ¢1 ® ¢s. Hence, we deduce

WFo(dp @ (t(exp Y)w1,ws)) = iS* x WFE(7(h)ws, ws).
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However, this product description of the wave front set requires a non-canonical
splitting of the exact sequence

0—-Hh—=g—g/h—0.
A more canonical way of writing the same thing is
WF(m(9)8 5 (w2, ws), 05 (w1, w1)) = ¢~ (WFe(7(h)w, ws)).
The first statement of Theorem 1.1 now follows.

To compute the singular spectrum, we work in the same non-canonical, exponen-
tial coordinates. We fix precompact, open neighborhoods 0 € Uy x Uy C Uy x U4 C
S x b with U; (resp. Us) compactly contained in U (resp. U’). We fix ¢; € C°(U/)
such that ; is one on U; for i = 1,2. Let

2
Gi(s) =e™®
be the standard family of Gaussians on R. Now, we multiply
do ® (7(exp Y)wy, ws)

by v1 ® @2 and Gi(|Z]) @ Ge(|Y|) = Ge(|Z + Y]) and we take the Fourier transform
and evaluate at t¢ (Here we assume that |-| is a norm coming from an inner product
for which the subspaces S and § are orthogonal). We obtain

£1(0) @ F[Gi (Y )2 (7 (exp Y)wr, wa)] (£C).-

The first term is never exponentially decaying anywhere in iS*. The second term
is exponentially decaying precisely when the singular spectrum of (7(exp Y )w1, w2)
does not contain ¢ by definition. Thus, we obtain

SSo(dp ® (T(exp Y)w1,ws)) = iS™ x SSe(7(h)wa, ws).

However, this product description of the singular spectrum requires a non-canonical
decomposition g =5 @ h. A more canonical way of writing the same thing is

SSe(m(9)d 5 (w2, w2), 0 (wr,w1)) = ¢~ (SSe(T(h)wy, wa)).

The second statement of Theorem 1.1 now follows. O

5. WAVE FRONT SETS OF PIECES OF THE REGULAR REPRESENTATION PART I

Our next task is to prove Theorem 1.2. Suppose G is a reductive Lie group of
Harish-Chandra class, and suppose 7 is weakly contained in the regular represen-
tation of G. Then we must show

SS(7) = WF(w) = AC(O-supp ).
However, given that SS(7) D WF(r), it is enough to show
WF(r) D AC(O-supp)

and
SS(m) € AC(O-supp).
This section will be devoted to proving the first inclusion. The next section will
be devoted to proving the second inclusion.

Proposition 5.1. Suppose G is a reductive Lie group of Harish-Chandra class,
and suppose 7 is weakly contained in the regular representation of G. Then

WF(7) D AC(O-supp ).
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Fix a maximal compact subgroup K C G, and let £ denote the Lie algebra of K.
Let 6 be the Cartan involution of the Lie algebra of GG, denoted g, whose fixed points
are €. Suppose h C g is a 0 stable Cartan subalgebra of G, and let H = Zg(h), the
centralizer of h in G, be the corresponding Cartan subgroup. Decompose

h=tDa

into positive one and negative one eigenspaces under the Cartan involution 6. Let
A C G be the connected analytic subgroup of G with Lie algebra a. Let h* =
Homg(h,R), t* = Homg(t,R), and a* = Homg(a,R) denote the dual spaces, and
let gc = g®C, he = hRC denote the complexifications. Further, let A = A(gc, be)
denote the set of roots of gc with respect to hc. Denote by Ag C A (resp. Ajg,
Ac) the set of real (resp. imaginary, complex) roots. This is the set of roots taking
purely real (resp. purely imaginary, neither purely real nor purely imaginary) values
on bh. Equivalently, Ag (resp. A;r, Ac) is the set of roots that vanish on t (resp.
vanish on a, neither vanish on t nor a).

Choose a hyperplane in a* that does not contain the image of the projection of
any real or complex roots from h* to a*. Call a real or complex root positive if it
lies on a fixed side of this hyperplane, and denote by Aﬂ{ C Ag (resp. Aé C Ag)
the set of positive real (resp. positive complex) roots. For each o € A(gc, be), let
(gc)a C gc denote the correspoding root space. Thus, we have a decomposition

gc=bc ® ( D (9<c)a> o (@ (gc)a> o (EB (gc)a> :

a€EA;r a€Ag aEAc
Define

pc =bc® ( @ (%)a) ® @ (gc)a | @ @ (8c)a |

a€Air aEAS aeAT

and note pc C gc is a complex parabolic subalgebra. Note that the root spaces
(gc)a are complexifications of subspaces of g when « is a real root. When « is a
complex positive root, @ is also a complex positive root. Moreover, the space (g¢)a®
(gc)w is the complexification of a subspace of g. Let n denote the sum of subspaces
of g arising from positive real or complex roots in the above manner. Note that
n C g is a Lie subalgebra, and let N C G be the corresponding analytic subgroup.
Then p = Zg(a) ®n C g is a real parabolic subalgebra of g with complexification
pc-

If L is any Lie group, we define X (L) to be the set of Lie group homomorphisms
from L to R*. Then we define

M = ﬂ ker |x|
X€X(Za(A))

and we have a Langlands decomposition P = M AN of the parabolic subgroup P.
Now, every parabolic subgroup P that can be constructed from a 6 stable Cartan
subalgebra in the above way is called a cuspidal parabolic subgroup, and every
cuspidal parabolic subgroup can be constructed from an unique 6 stable Cartan
subgroup, up to conjugacy by K.

Continue to fix a #-stable Cartan subalgebra h =t®a Cg. Let T = Zg(t) C M
be the compact Cartan subgroup with Lie algebra t, let W(G, H) = Ng(H)/H be
the real Weyl group of G with respect to H, and let W(M,T) = Ny (T)/T be the
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real Weyl group of M with respect to T. Let AV (gc,bhc) C hc denote the set of
coroots of g¢ with respect to he. Let (ih*)" denote the complement of the zero sets
of the coroots on ih*. An open Weyl chamber in ih* is a connected component of
(ih*)’; a closed Weyl chamber in ih* is the closure of an open Weyl chamber. (For
expositions of this basic structure theory see [33] or [56]).

If § € M is a limit of discrete series representation, then its Harish-Chandra
parameter &y € it* is well-defined up to conjugation by W(M,H) = Ny (H)/H,
the real Weyl group of M with respect to H (see for instance pages 730-738 of
[34] or pages 460-467 of [32] for basic expositions of limits of discrete series). If
P = MAN is a cuspidal parabolic subgroup associated to h, § € M a limit of
discrete series representation, and v € Ais a unitary character, we may form the
(possibly infinite-dimensional) vector bundle on G/P corresponding to the tensor
product of 6 ® ¥ ® 1 with the square root of the density bundle on G/P. The space
of L? sections of this vector bundle is a tempered representation of G, which we will
call o(6,v). This representation depends on M A, §, and v, but it is independent
of the parabolic subgroup P. The reprentation o(d,v) is not in general irreducible,
but it is always a finite sum of irreducible, tempered representations.

As stated in the introduction, our definition of an irreducible, tempered represen-
tation of a reductive Lie group G of Harish-Chandra class is an irreducible, unitary
representation of G contained in the direct integral decomposition of L?(G) (more
precisely, one contained in the support of the Plancherel measure inside the unitary
dual). A glance at the Plancherel formula for L?(G) (see [20]) shows that every
irreducible, tempered representation of G is a subrepresentation of o(d,r) with ¢
a discrete series of M. Moreover, if ¢ is an irreducible subrepresentation of both
o(6,v) and o(d1, 1), then the Cartan b, the parabolic P, and the parameters § and
v must all be simultaneously conjugate via G to the corresponding parameters for
o(d1,v1). This result is known as the Langlands Disjointness Theorem. It is proved
for linear, connected semisimple groups with finite center on pages 643-646 of [32].
It is proved for real, reductive algebraic groups in [41] and in a different way in
[50]. We claim that this fact is true for reductive groups of Harish-Chandra class
and that the arguments in [32] and [41] are valid in this generality.

For technical reasons, the above description of the irreducible, tempered repre-
sentations of G is insufficient for this paper. Therefore, we recall from Theorem
5.3.5 of [12] that every such subrepresentation of o(d, ) with ¢ a discrete series can
be written in the form o(§’,v') with ¢’ a limit of discrete series. Further, in [12],
a process is given for producing parameters for the irreducible subrepresentations
of o(d,v) with 0 a discrete series (This process is a generalization of the one given
in [57] in the case where G is a real, reductive algebraic group). By the Langlands
Disjointness Theorem, we observe that every irreducible, tempered representation
can be uniquely realized with parameters given in Theorem 5.3.5 of [12]. We will
call this the GV-realization of an irreducible, tempered representation of a reduc-
tive Lie group of Harish-Chandra class. (We note that a cleaner description of the
irreducible, tempered representations of a connected, semisimple Lie group with
finite center is given in [35]. However, the authors do not know of a place where
this description has been generalized to groups of Harish-Chandra class; thus, we
do not use it).
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Now, fix a Cartan subalgebra h that gives rise to a fixed cuspidal parabolic
P = MAN, and fix a closed Weyl chamber ih% C ih*. Define

Gtemp,ihi

to be the set of irreducible, tempered representations with GV-realization o (4, v)
where § € ]\/4\, ve 2, and dp+v € b . Note that there are finitely many conjugacy
classes of 6 stable Cartan subalgebras b, and for each Cartan subalgebra b, there
are finitely many W (G, H) conjugacy classes of closed Weyl chambers ih% C ih*.
Thus, we obtain a finite union

Gtemp = U Gtemp,ihi

where the union is over conjugacy classes of closed Weyl chambers in 6 stable Cartan
subalgebras.

For each closed Weyl chamber ib% C ib* in 4 times the dual of a 0 stable Cartan
b, define

i, = T T P
+ ~ Gtemp,zhi
Uthemp,’ihi

If [ is the number of conjugacy classes of closed Weyl chambers in 6 stable Cartan
subalgebras, then we have an inclusion

Dmin; = =
ih*
where the sum on the left is over the set of conjugacy classes of closed Weyl chambers
in 0 stable Cartan subalgebras and the map is the direct sum of the inclusions
mipy < 7 for every ib7.
Now, note that WF(7r) = WF(7®!) and WEF(min- ) € WF() (see page 121 of
[28]). Therefore, we deduce

JWF(my:) € WF(n).

Now, suppose S1, ..., S, C W is a finite number of subsets of a finite-dimensional,
real vector space W. Then

AC (0 Sz-) = 0 AC(S;).

Indeed, S; C US; implies AC(S;) C AC(US;) and the right hand side is contained
in the left hand side. To show the opposite inclusion, suppose £ is in the set on the
left. Fix a norm on W, and define

Lc={neW||tn—¢& <esomet>0}

for every € > 0. Since ¢ is in the set on the left, I'. N U?=1 S; is unbounded. But,
then certainly I':N.S; is unbounded for some i. Let the subcollection I. C {1,...,n}
be the set of ¢ such that I'c: N S; is unbounded. Now, I is non-empty for every € > 0
and I, C I if ¢ < e. One deduces that there is some 4 in every I, and £ € AC(S;)
for this particular 7.
Since
O-suppm = U ((’) - supp ﬂih:)

ih*
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we deduce

AC(O-suppm) = AC U (O- supp Wibi)
ih*
Therefore, to prove Proposition 5.1, it is enough to show
WEF(7in: ) D AC(O - supp mip- )

for every closed Weyl chamber in the dual of a § stable Cartan subalgebra. In
particular, we may assume that 7 consists of irreducible, tempered representations
with GV-realizations o(d,v) with dy + v € ib% for the same fixed closed Weyl
chamber b contained in ¢ times the dual of a fixed 6 stable Cartan subalgebra

hCag.

Next, we note that in the direct integral decomposition of 7, the measure u, on
étemp,ibi is only well-defined up to an equivalence relation. Here two measures are
equivalent if and only if they are absolutely continuous with respect to each other.
In the next Lemma, we choose a suitable representative for what will follow.

Lemma 5.2. There exists a direct integral decomposition

iy =~ / R O-@W(TF,O')NJ‘”
ceG

zemp,ihj_
of m into irreducibles such that p, is a finite Radon measure on Gtemp,ibi'

Proof. First, we decompose

/
T / - O.EBm(ﬂ'vU)'uTr
UGGtemp,z‘hjr

into irreducibles with respect to some measure u,. We know from general direct
integral theory that u/ is a positive measure and there exists a countable decom-
position of étcmpyihi into Borel sets X1, Xo,... such that u% = 1/|x, is finite (see
for instance pages 168-170, 399 of [6]). Without loss of generality, we may assume
. (Xy) # 0 for every k.
Now, define
_ 1,
g z,; 2Rl (Xr)
Then p is a finite measure. We claim that p and ' are absolutely continuous with
respect to each other. Indeed, if U C étempyhi and 1/ (U) = 0, then pj (U) = 0 for

every k. Hence, u(U) = 0. Similarly, if 4(U) = 0, then % = 0 for every k
and therefore ug(U) = 0 for every k. We deduce p/(U) = 0.

Since p and ' are absolutely continuous with respect to each other, we may
form the direct integral decomposition of © with respect p instead of p/ without
changing the (isomorphism class of) unitary representation .

To complete the proof of the Lemma, we must show that u is a Radon measure.
For each limit of discrete series representation, § € M , let étemp,ihiﬁ be the set of
irreducible tempered representations with GV-realizations of the form o(d, ) with
do +v € ib}. Then

Gtemp,if): = U Gtemp,ihj_,ﬁ
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is a disjoint union of topological spaces. It is not hard to see from the definition of
Radon measure (see for instance page 212 of [9]) that a finite measure on a disjoint
union of topological spaces is Radon if and only if it is Radon on each topological

space in the union. Thus, it is enough to show p|g o s is a Radon measure for
temp,ibh* |
+

every limit of discrete series representation § € M.

Now, fix such a limit of discrete series 6 € M, and note that we have a continuous
injective map

Gtcmp,ihfpé — ia”
by
o(0,v) — dv.
See [10] for a result that expresses the topology on the unitary dual in terms of
characters; this result implies the continuity of the above map. Define iaj to be the
image of the above map. Now, let A(g,a) denote the restriction of Ag(gc, hc) and
Ac(gc, be) to a*, and let AT (g, a) denote the restriction of the union of Af (gc, bhec)
and Af (gc, he) to a*. We call At (g, a) the set of positive restricted roots of g with
respect to a. If S1,So C AT (g,a) are disjoint subsets of positive restricted roots,
define
1a* (Sl, SQ)

to be the set of dv € ia* such that
(o, dv) > 0if a € 5y
i{a,dvy =01if a € Sy
i{a,dvy < 0if a ¢ S1 U Ss.

Now, some subsets of the form ia*(S,S2) are empty, but regardless we can still
write

ia* = U ia*(Sl,Sg).
51,52

as a disjoint union. Observe that whether or not o(d,v) is a GV-realization of
an irreducible, tempered representation depends on whether the parameters (4, v)
are in the image of the process laid out on pages 1646, 1642, and 1635 of [12].
In addition, for fixed &, one notes that this only depends on which of the sets
1a*(S1,S2) the parameter dv lies in. In particular, for fixed ¢ there exists a finite
number of pairs (S;,,5;,),. .., (Si,, Sj,) such that ia*(S;,, S;,) is non-zero for each
l=1,...,k and

k
A .k
Gtemp,z‘b’;,& = U ia*(Si,, 9j,)-
i=1
Here we are viewing Gtemp,ihi,ﬁ as a subset of ia* via the above continuous inclusion.
Now, each ia*(S;,,S;,) is an open subset of an Euclidean space. Since any finite
measure on an Euclidean space is a Radon measure, we deduce that fijq«( Si,,55,)
is a Radon measure. Moreover, every finite sum of Radon measures is a Radon
measure, and therefore y|g S is a Radon measure. The Lemma follows. [
temp,ih* |
ol
From now on, we will take the direct integral with respect to our fixed finite,
Radon measure. We introduce a continuous map with finite fibers

Gremp,ibt. — 1h%
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via 0(0,v) — 0o + v. In particular, we may take our finite, Radon measure u, on
étemp,z‘bi and push it forward to a finite Radon measure on ih* . From now on, we
will abuse notation and write u, for the measure on both spaces.

Before the next Lemma, we require a few general remarks. Any finite, Radon
measure p on a locally compact topological space defines a continuous, linear func-
tional on C.(X) (see Chapter 7 of [9]). In particular, if X is a smooth manifold,
then p restricts to a continuous linear functional on C2°(X) and defines a (order
zero) distribution on X. Moreover, if X is a smooth manifold and f € L{ (X) is
a locally L! function with respect to a non-vanishing, smooth measure on X, then
the product fu defines a (order zero) distribution on X.

Let jg be Jacobian of the exponential map exp: g — G in a neighborhood of
the identity; we normalize the Lebesgue measure on g and the Haar measure on G
so that jg(0) = 1. Then jg extends to an analytic function on g. Moreover, it has

an unique analytic square root jé/ ? with jé/ 2(0) = 1.

Lemma 5.3. Let f € L}, (ib%) be a locally L' function on ib* with respect to a

loc
Lebesgue measure, and let pir be the above finite, Radon measure on ib% . For each

oE @temp, let ©, denote the Harish-Chandra character of o and let

0, = (exp” ®g)jé/2

denote the Lie algebra analogue of the character of o. If the distribution defined by
the product fu, is a tempered distribution on ib% , then

/ ~ 0o f pin
UEGimnp,ihi

defines a tempered distribution on g.

In order to define the above integral, we are identifying f with its pushforward
under the continuous map with finite fibers

A Lk
Gytemp,ihf‘F — Zb+~

Proof. We will show that the above integral defines a tempered distribution on g
by showing that it is the Fourier transform of a tempered distribution on i¢g*. For
each o € étemp,ibiv let O, denote the canonical invariant measure on the finite
union of coadjoint orbits associated to o [47], [48]. We will show that the integral

/ ~ Oo fin
Uthen}p,ihi

defines a tempered distribution on 4g* and its Fourier transform is the integral in
the statement of the Lemma. Following Harish-Chandra we define a map

) O (ig") — C((ih7)')
via
P o= (A= (Ox, ).
Here O, denotes the canonical invariant measure on the orbit G - A, which by an
abuse of notation we will also denote by Oy. Further (ib% )" C ib* is the set of

regular elements in ib%} . Harish-Chandra showed that this map, which he called
the invariant integral, extends to a continuous map on spaces of Schwartz functions
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[15]. Moreover, he showed that functions in the image extend uniquely to all of ib*
(see page 576 of [18]). Thus, we obtain a continuous map

Y S(igh) — S(ib7).
Now, if the infinitesimal character of ¢ is regular, then O, = Oy with X € (ib%)".
Therefore,

<Oz77 <P> =0dx0.

If the infinitesimal character of ¢ is singular, then O, can be written as a limit
= li O,

7 )\E(ihil)g,l)\ﬁ)\g
where Ao € ih7 is singular [48], [49]. Therefore,
Op =0x, 0%
for some A\ € ih* . Now, the map

P (Oc, ) f lir

Uthemp, b 1

for ¢ € C¢°(ig*) is simply the map

P V(@) f -

in%
Since @ is a continuous map between Schwartz spaces and fu, is a tempered dis-
tribution on ¢h% , we conclude that

/é Oy fin

temp,ihi

is a tempered distribution on ig*. Now, the Fourier transform of this tempered
distribution is defined by

oo ([ O = [ mfu

G G

temp,ih% temp,ib%

for any smooth, compactly supported density w on ig*. Here we have used F[O,] =
0, which was proved by Rossmann in [47], [48]. Thus, the integral is the Fourier
transform of a tempered distribution and is therefore tempered. O

Lemma 5.4. Let f € L} (ib*) be a positive, locally L' function. Assume that for

loc

every &g € it*, the integral

| iGdu,,, ., < b))
vEia* Pt

is finite and bounded by the absolute value of a polynomial p in the variable §y € it*.
Then

WE(r) > WF, / O ftir
O-E@tnmp,ihi

From this, we immediately deduce

WEF(r) > WF, / 0o f 1
UE@'/C"LP,":hi
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Proof. First, we note that our hypothesis and Lemma 5.3 together with the rela-

tion exp* O, = 0, jal/ 2 imply that the above integral defines a distribution in a
neighborhood of the identity e € G. Therefore, the right hand side is at least well
defined.

Now, let us break up the integral

/ R Gaf:u/ﬂ = Z /d . ea(é,u)f((SOa V)'Ltﬂ-|@tcmp,ihi,6.
o 5E]T/I\ veiay

EGtcmp,ihfF

If V (6, v) denotes the Hilbert space on which o(d, v) acts, then utilizing the compact
picture for induced representations (see page 169 of [32]), for fixed 6 € M, we may
identify the spaces V (4, v) as unitary representations of K. Thus, for a fixed limit
of discrete series representation ¢ € M , we may fix an orthonormal basis for V' (4, v)
that is independent of dv € ia}, which we will call {ef.yi(u)}. We choose this basis
in such a way that each vector ef’i(y) is contained in the isotypic component of

7 € K. Now, since

o Z 0'(5, l/)@rn(w,a(&,y))duﬂ_|6

sear’ dveia;

temp,?‘,hi,5 ’

the representation

/dueia* 0—(5, V)d'uﬂ- |étemp,ihi,6
5
3 (v) is con-

is a subrepresentation of our representation m. Now, the map v — e,
tained in the above direct integral representation since the measure fir|z5

temp,zﬂhi,é
is finite. Thus, for fixed 4, we may view €® ,(v) as a vector in our representation 7.
:

Now, we observe that the weighted sum of matrix coefficients

SN (ean@d ). ) Gorna,, .

SElT T veEiay

is simply our integral

./‘A O fhir-
UeGmmp,z‘nj‘F

Let V' denote the Hilbert space on which 7 acts. Let P be the orthogonal
projection of V onto the subspace generated by the vectors {6‘;1-}, let S be the
(possibly unbounded) operator on the subspace generated by the vectors {eii
that takes €2 ;(v) to f(do,v)el ;(v). Finally, define Ty = (I+Qx)~ N SP where Q
is the Casimir operator for K.

First, observe

Tr(m(g)SP) :/ R O fiin
Uthen)p,ihi
as a distribution. Next, we claim that Ty is a trace class operator for sufficiently
large N.
Observe
(I + Q)N SP|,

_ / o 00V 00,80

|Gtcmp,ibi,5
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1
= 2 2 (e M)
SeM ©T
where |-|; denotes the norm on the Banach space of trace class operators. We recall
that the multiplicity of 7 in any irreducible o(d, v) is at most (dim 7)? (see page 205
of [32] for an exposition or [14] for the original reference). Now, fix an inner product
on the vector space it*, and let | - | be the associated norm. By Weyl’s dimension
formula, we have (dim7)? < C(1+ |7|?)" where r is the number of positive roots of
K with respect to a maximal torus and C' is a positive constant. Moreover, a limits
of discrete series § € M can only contain 7 as a K type if |00] < |7| + Cy where
C: > 01is a constant independent of 7 (see page 460 of [32] for an exposition and [22]
for the original reference). Counting lattice points, this means that the number of
such § is bounded by Co(1+|7|?)¥ where k is the rank of G and Cy > 0 is a positive
constant. The relationship between |dp| and |7| also implies that we may bound
Ip(60)| < C3(1 + |7|*)™ for some positive integer M and some constant C3 > 0
whenever 7 is a K type of o(d,v). Combining these facts, the above expression
becomes
(1 7|2 ehet
(1 + [~

If N is sufficiently large, this sum will converge and therefore (I + Qg ) NSP is a
trace class operator on V. Now, using Howe’s original definition of the wave front
set involving trace class operators (see Proposition 2.4), we observe

WE(r) > WF, (Tr(r(g9)(I + Qk) N SP)).
To finish the argument, we first recall

( / O ftimsw) = Te(m(w)SP)
Ueétemp,ih*

+

< CCCs Z

for any smooth, compactly supported density w on g. Then we observe
Tr(n(w)SP) = Tr(r(w)(I 4+ Q)N (I + Q) NSP)
= Tr(n(L(r1a0vw)( + Q) N SP) = Lria,0n Tr(r(w)(I + Qk) NV SP).

Since differential operators can only decrease the wave front set, we obtain

WF(r) > WF, / i 00 f1in
ceG

temp,z‘hj‘F
and the Lemma has been verified. O

Next, we need a Lemma involving the canonical measure on regular, coadjoint
orbits. Let G be a Lie group with Lie algebra g, and let g* = Homg(g,R) be the
dual of g. For each £ € ig*, define a 2-form on G-£ = O¢ C ig*, the G orbit through
§, by

welad? X, ad? V) = —€([X, Y])
for every X,Y € g. This 2-form makes O into a symplectic manifold (see for
instance page 139 of [5]), and the absolute value of the top dimensional form
wé\ dim O¢ /2
(dim O /2)!(27)dim O¢ /2
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defines an invariant smooth density on Og, which we will denote by m(O¢)¢ and
call the canonical measure on Og.

Rather arbitrarily, we fix an inner product (-,-) on ig*, and we denote by | - |
the corresponding norm. If M C ig* is any submanifold we denote by Eucl(M) the
following density on M. If £ € M and dim7¢ M = k, we fix an orthonormal basis
e1,...,e, of T¢ M, and for every v, ..., v, € T¢e M, we define

EUCI(M)§<’U1, . ,’Uk) = |det((vi, ej)i,j)| .
One notes that this definition is in independent of the orthonormal basis {e;}.

Lemma 5.5. Let G be a Lie group, and let ig* be ¢ times the dual of the Lie algebra
of G. If £ € ig*, let m(O¢) denote the canonical measure on the G orbit through
and let Eucl(O¢) denote the measure on the G orbit through & that is induced from
a fized inner product on ig*. For every £ € O¢, we have

F(f)m(05)5 = EUCI(OE)E
for some function F on ig*. Then there exists a positive constant C > 0 (depending
on G) such that

[F(€)] < O+ [¢)ytmer?
for all € € ig*.

Proof. In order to simplify our notation, we prove the Lemma for coadjoint orbits
in O¢ contained in g* instead of ig*. Mutliplying by ¢ everywhere, one will obtain
the above Lemma. Observe that we must define the 2 form we on the coadjoint
orbit G - § = O C g* (instead of ig*) by

we(ad? X, ad? V) = £([X,Y])
(dividing by 4 twice removes the negative sign).

Now, fix § € g*, and choose a basis {1, ...,n} of T O¢ that is orthonormal with
respect to the restriction of the inner product on g* to 7¢O¢. Fori =1,...,k, define
X; € g by n(X;) = (n,n;) for all n € g*. Note that we also have (X;, W) = n;(W)
for all W € g (where the inner product on g is the one induced from our fixed
inner product on g*). We claim that ad’y, &, ... ,ad}k ¢ is a basis of T¢O¢. To show
this, we need only show that {X;} is a linearly independent set in g/Z4(§). Write
ni = ady, §. If W € Zy(§), then

(Xs, W) = (W) = ady, {(W) = —ady, £(Y;) = 0.
Since each X; is orthogonal to Z(€), the set {X;} must remain linearly independent

in g/Z4(&).
Next, we compute

Eucl(O¢)e(ady, &, .. ., ad}k &) = |det((ad}i £, ﬂj))’

and
m(O¢)e(ady, &, ..., adk, €) = c|det(£([X;, X;])["/?
= ¢|det(ad, g(xj))|1/2 = ¢|det((ady, g,nj))|1/2
where
_ 1
“T (2n)dmoe/z

Thus, we obtain

F(§) = - |det((ad, & ;)| /*.
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Now, we note that

g®g" —g", by (X,§) —adx
is a linear map between finite-dimensional vector spaces. In particular, it is a
bounded, linear map, and there exists a constant C; (depending on G) such that

lady ¢| < C1|X[[¢] for all X € g, £ € g

Therefore, we estimate,

k
|det((adk, £, 7)))] < (dim G)* [T C11Xill¢] = (dim G)*CFIg]*/2,

i=1
And for ¢, = (1/¢)(dim G)Cf/Q, we obtain
[F ()] < exlél®

whenever dim O¢ = k. Since the dimension of every coadjoint orbit is less than or
equal to the dimension of G, we obtain

[F(O)] < O+ [glytmer
where C' is the maximum of the constants ¢;. The Lemma follows. O
Next, we prove Proposition 5.1.

Proof. Suppose £ € AC(O-suppw). We must show £ € WF(7). As in the last
Lemma, we fix an inner product (-, -) on ig*, and we let |-| denote the corresponding
norm. Without loss of generality, we may assume |¢| = 1. By Lemma 5.4, to show
¢ € WF(x), it is enough to show

¢ € WF, / O fdps
Uthemp,ibi

for an appropriate function f. Now, to check this fact, we fix an even Schwartz
function Flp] € S(ig*) such that F[p](xz) > 0 for all z and Flg](z) =1 if |z| < 1.
Then F[p] is the Fourier transform of an even Schwartz function ¢ € S(g).

By Theorem 3.22 on page 155 of [8], if £ is not in the wave front set of

/ bt
Uthemp,ihi

at 0, then there must exist an open cone ¢ € T" such that for n € T with ||{|—|n|| <,
there exist constants Cy . for every 0 < e < 1 and N € N such that

d / 5 0o fdpr | * 7" AF[Q](t712) | (tn)] < Ot ™.
Uthemp,ibi

Here F denotes the Fourier transform and n = dim G. Taking this Fourier trans-
form, the left hand side becomes

/ O fdp # )2 | ()
oclG

temp,ihj_

- /ge@,,+ 1) </o

/1 F ) (“@C) d(OU)c) iz

o
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Thus, to prove a contradiction and conclude that ¢ is indeed in the wave front set,
we must find a suitable function f, a constant C, and an integer M such that

o tmnm—C> d > d -M
/UEGtemp,ihi f(o) </Og t. "M Fle] < i (O5)¢ | dun| > Ct;

for a sequence (tm, Nm) with 0, € T, [[€] — |nm|| < €, and ¢, — oco.
To do this, we first take our open cone I', and we note that there exists § < €
such that I' D I's where

s ={n cig”| |£ —tn| < d some t > 0}.

Since £ € AC(O-supp 7), we know that (O -supp 7)NTs is noncompact. Therefore,
we may find a sequence {t,,n,,} inside this intersection such that t,, > t;—1 + 2
and |n,,| = 1 for every m.

Let O = O,,, and for o], near o,,, consider the set

Sm,or, ={C € Oy, ONT5] [[C] = [tmmm]| <1}

m m

mMm

Let

Fr(o7,) = (Eucl(Oy: ), Smor )
be the volume of this set with respect to the Euclidean measure induced on the
corresponding orbit. Since ¢, € I's/2 and ¢,,0/2 > 1 for sufficiently large m, we
deduce that F,(c,,) >tk for sufficiently large m and some k; > 0. Since F},(o7,)
is a continuous function of o/, we can find a neighborhood N, of o, in étemmhi

for each m such that F,,(o’,) > (1/2)t* for every o/, € N,,. In addition, observe
that the sets
U Sm,agn

o’E€Np,
are disjoint.
Now, since o,, is in the support of y, and N, is an open neighborhood containing
Om, We must have

i (Np) > 0.

Recall that everything we have said thus far is true for any f satisfying the hy-
potheses of Lemma 5.4. We may choose f satisfying Lemma 5.4 such that

/ fpn >t Mo
N,

m

for some fixed, sufficiently large integer M. Checking the hypothesis of Lemma
5.4, it is not hard to see that such a choice of f is possible.
Next, we must estimate

(o) = (m(Oor, ), S, )

m

from F,, where the measure on the orbit is now the canonical invariant measure.
To estimate this volume, we use Lemma 5.5. Recall that we wrote

F(n)m(Oy)y = Eucl(Oy)y,
By Lemma 5.5, there exist constants C' > 0 and N > 0 such that
F(n) > C1+ (tm — 1)) = Ct, "
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whenever 1 € Sy, o with o7, € N,,. Thus, we obtain
Fr(on) = CtN F(oy,) > (C/2)t," "
Putting all of this together, we estimate

~n/4 fmnm—C) )
Ld%mwiﬂﬂ(lk% J%ﬂ( Jie— ) 400 ) s

[ 1 ( [ el (sl d(oag) fn

m,o Vv tm

LéeNmeU)(/ngu5”4~hﬂook>/m

o St o)y Pm,o
>(/06Nmf( )) T m(O0), S
> (Cf2)ty Mo VR /A,

This is what we needed to prove. The Proposition now follows. ([l

>

>

6. WAVE FRONT SETS OF PIECES OF THE REGULAR REPRESENTATION PART II

As explained in the beginning of the last section, we now prove the second
inclusion necessary for the proof of Theorem 1.2.

Proposition 6.1. If G is a reductive Lie group of Harish-Chandra class and 7 is
weakly contained in the regular representation of G, then

SS(m) € AC(O-suppm).

First, we require a technical Lemma.

Suppose V is a finite-dimensional real vector space, and fix a basis vy, ..., v, for
V. Of course, we may also consider the v; as differential operators on V. Suppose
Uy C U C V are precompact open sets with U; compactly contained in U. For
every multi-index a = (o, ..., ay), define

[ aq (6%
D% = vt o),

and denote |a| = a3 + ---ay. Then there exists (see pages 25-26, 282 of [26])
a sequence ¢n,uy,,v of smooth functions supported in U together with a fam-
ily of positive constants {C,} for every multi-index o = (a,...,a;,) such that
on, U, u(y) =1 whenever y € Uy and

sup [ Doy, ()] < O N + 1)
ye

whenever |3] < N. For each such pair of precompact open sets Uy C U C V, we fix
such a sequence oy, U-

Lemma 6.2. Suppose V is a finite-dimensional real vector space, suppose V is
an open beighborhood of zero in another finite-dimensional real vector space, and
suppose we have an analytic map

VvV XV 5V
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such that for each p € ‘7, Yy is locally bianalytic and g = I is the identity.
Suppose u is a distribution on V, suppose (x,£) ¢ SS(u), and suppose a is an
analytic function on V. Then one can find an open set 0 € Uc 17, an open set
Ee W CiV*, and an open set x € Uy C V' such that for every pair of precompact
open sets x € Uy C U C Uy CV with Uy compactly contained in U, there exists a
constant Cy, v > 0 such that

|F [a (¢pu) enu,u] ()] < COHGIN + 1NN
whenever p € (7, neW,andt > 0.

The thing that makes this Lemma non-trivial is the uniformity of the bound in
the variable p € U. We will prove it by relating the singular spectrum to boundary
values of analytic functions, utilizing Sections 8.4 and 8.5 of [26].

Proof. Since SS(u) C iT*V is a closed set, we may choose an open set x € U3 C V
and an open cone & € I'(1) such that Uz x I'(1) C iT*V — SS(u). Next, fix an open
cone

Eer(2) cT(2) cr@).
If I' C V is an open convex cone, we may form the dual cone
0 ={¢eiV*i(¢y) <0VyeV}
IfneiV* — m, we may find a cone of the form I'°, which is the dual cone

of an open convex cone I', such that n € T° C iV* — I'(2). Fixing an inner
product on the finite-dimensional real vector space V' and using the compactness of
SHmV=1n (j¥* —T(1)), we may choose a finite subcover I'Y, ..., T of iV* — T'(1).

Here each F? is the dual cone of an open convex cone I';. In particular, we have

k k

U SSw(u) cUs x |19, ¢ eiv — | JTV.
weU3 i=1 i=1

Now, in addition, we may choose (1";)0 such that F? is contained in the interior

of (F;)O, ¢ ¢ (F})O for any j, and (F;)O is the dual cone of an open convex cone
I, C T';. Utilizing Corollary 8.4.13 of [26], we may write u = 2521 uj with

U st(u]) Cc Us x F?
weUs
We note that to obtain the estimate in the Lemma for the distribution u, it is
enough to obtain the estimate for each distribution u;.
Next, choose © € U, C Us an open subset with U, C Us a compact subset. If
~v > 0 is a real number, define

I;(v) ={y eyl lyl <~}
By the remark after Theorem 8.4.15 of [26], for some y; > 0, we may find an analytic
function F; in Uy +4I';(7;) C Ve, where Vg = V ®g C is the complexification of
the vector space V, such that F} satisfies an estimate
|Ej (@ +iy)| < Cjlyl ™

in Uy +4T';(y) and

U; = lim Fi(-+1y).
T Y0, yely (1) j( )
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Here the limit is taken in the space of distributions on V. Next, we may complexify
the maps 1/, to attain the map

7/](3: ‘7 X V(c — VC
which is real analytic in the first variable and complex analytic in the second. Taylor
expand each ¢¢ at (0,z) € V x VC as a function of v € V¢ with coefficients that
are real analytic functions in p € V One sees from this expansion that we may

find open sets x € Us C Uy and 0 € Ucv together with positive constants 'yj >0
such that

Up(Uz +115(7)) C Us +4L5(v;)
for every p € U and every j = 1,...,k. After possibly shrinking Us, U and
decreasing ’y;-, we see from the Taylor expansion that we may in addition assume

lyl/2 < [ Im by (z +iy)| < 2[y|

forall p € U, = + iy € Uy + il';(7;). From now on, we will write u; for the
restriction of u; to Uy and Fj for the restriction of F; to Uz +iI";(7}). As in the
proof of Theorem 8.5.1 of [26], we now have

u; = lim YEE( -+
= yery(v) P i+ )

for p € U and 7 =1,...,k. In addition, we obtain the bounds
(W Fy) (@ +iy)| <2V Cjly| ™™ = Cly| =

uniform in p € U.
Of course, we may multiply through by our analytic function a to obtain

a *o . — 1~m *F . .
A L S

forpeﬁandjzl,...,k; and
la(yy Fy) (@ +iy)| < Cf [y~
uniform in p € U.
Now, we use these uniform bounds on ai; F; to obtain uniform bounds on
Fla(@pu) enuiu] -
To do this, we utilize the proof of Theorem 8.4.8 of [26]. We observe that the

constant Cy in (8.4.9) on the top of page 286 of [26] depends only on the constants
Cj‘, N; in the above bound on ay*F}; and on the functions ¢y, . Since these

constants are uniform in p, we obtain the necessary bounds on F [a (wz*,u) %) N7U1,U]

uniform in p € U and the Lemma has been proven. ([

Now, suppose (7, V) is a unitary representation of a reductive Lie group G of
Harish-Chandra class. Decompose

Py, / O_EBm(o,Tr)d'uﬂ_
0E€G temp

into irreducibles. As in Lemma 5.2, we may assume that p, is a finite Radon
measure on Giemp. By Lemma 5.3, if f € Llloc(Gtemp) is a locally L' function on
the tempered dual such that fi-|g is a tempered distribution on b7 for

temp,ib?*
+
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every closed Weyl chamber in 7 times the dual of a Cartan subalgebra, ih%, then

the integral
T
Ueétemp

defines a tempered distribution on ig*. Moreover, we see that this will be the case
if f is integrable with respect to p, (since this implies that f \@t - is integrable
omp,ib*

with respect to | Cromp. o= for every closed Weyl chamber in ¢ times the dual of
emp.ih*

a Cartan subalgebra, ih% ). Moreover, by the proof of Lemma 5.3, we see that the
Fourier transform of this tempered distribution is

/ Oy fdpiy.
oE€supp

Clearly this distribution is supported in O-suppn. Therefore, by Lemma 8.4.17
on page 194 of [26], we deduce

SSo </ Ggfd,u,r) C AC(O-suppm)
oEsupp

whenever f is integrable with respect to fi .

Before we begin the proof of Proposition 6.1, we need a bit of notation.

Fix a basis {X;} of g. For every multi-index I = (i1,42,...,im), let [I| = > i,
be the cardinality of I, and write X! for the product

i1 Y2 im
XU X ... Xin,

Now, for every pair of precompact open sets e € U; C U C G on which the
logarithm is well-defined and for which U; is compactly contained in U, we fix a
sequence of smooth functions ¢y 7, v supported in U and identically one on U
such that there exist constants C; > 0 for every multi-index I satisfying

sup | X" onu, wlexpY)| < OV + 1)1 1] < N.
Y €log(U)

As remarked above, the existence of such sequences is shown on pages 25-26, 282
of [26].
Next, we prove Proposition 6.1.

Proof. As in the statement of Proposition 6.1, fix a unitary representation (7, V)
of a reductive Lie group G of Harish-Chandra class that is weakly contained in the
regular representation. Choose £ ¢ AC(O-supp ). We must show that for every
u,v € V, there exists an open set £ € W C ¢g* and a constant C' > 0 such that

/ <w<g>u,v)soN,Ul,mg)et"“og@dg\ < OVHFU(N 4 1NN
G

for every n € W and t > 0.

For each o € @temp., we abuse notation and write (o, V,) for a representative
of this equivalence class of irreducible tempered representations. We have a direct
integral decomposition

v g/ (V, @ M,)dpux(0).
supp T

For each o € suppw, M, is a multiplicity space on which G acts trivially.
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Now, if v = (u,) and v = (v,) in our direct integral decompositions, then we
have

(o) = [ (olour.vr)dus(o).

Thus our integral becomes

/ (w(g)u,v)soN,Ul,U(gwm“Ogg)dg‘
G

=| [ exuvtaenten | (a(g)uo,va)dmcf)dg‘
G oESuUpp T

- / / o3.00.0(@)e 10D (0 ()i, 05 gy (o)
oesuppnm JG

[ (om0 (o)
oE€supp

/a'Gsuppﬂ'

5 , 1/2
([ Jotenme ] ) ([
oEsupp ™ HS o

Here ||z s denotes the Hilbert-Schmidt norm of an operator on V,,. Moreover, we
are abusing notation and writing o (¢ y,,v) for the action of ¢y, v on V, @ M,
as well as V. The second integral is a constant. Therefore, we may focus on the
first integral.

Next, we use a calculation of Howe (see page 128 of [28]). For o € @temw we
have

IN

(3,00 g | - 05| dpin(0)

1/2
|va|2duﬂ<o>) .

€supp T

/ onuno (g )e"®(O,, lylon,uy,ve"®))dg = |o(on,u, ue™ ) |3 s
G

Integrating both sides over o € supp 7 with respect to |u, |?du, (o) yields

| ewmwta e [ @fus (o) Lowe ) dg
G oESUpp T

- / 0 (o0, €709 By o [Pt ().
oesupp ™

We observe that getting the proper bounds for the right hand side is what we need
in order to prove our Proposition. We will obtain them by bounding the left hand
side utilizing Lemma 6.2 together with the remarks afterwards.

Choose an open set 0 € vV C g such that exp: vV > exp(‘~/) is a bianalytic
isomorphism onto its image. We apply Lemma 6.2 with V' = g, V as above,

P V x g—9
by (Y, X) — log(expY exp X), a zjé,/z, and

u= / 0o |t |2 dpir ().
oEsupp ™

Moreover, we use the above remark that (0,&) ¢ SSp(u). Then Lemma 6.2 assures
us of the existence of open sets 0 € log(U;y) C log(U) C log(U) C V such that the
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closure of log(Uy) is contained in the interior of log(U) together with an open set
& €W Cig* and a constant C' > 0 such that

/ ( [0 e Y exp (e @N,Ul,UxX)et"de) o Pdjin (o)
oesupp ™ g

S CN+1(N+ 1)Nt_N
whenever n € W, Y € log(U), and ¢ > 0.

Pulling back to the group, we obtain
[ ([ entamenu o an) s Paur (o)
oEsSupp T G

< O(C(N +1)Ne=N

whenever g € U ,m € W, and t > 0. Substituting and changing the order of
integration yields

‘ </ O, |uy |2dﬂ7r (0),1g [@N,Ul,U(h)et”(log(h))} ) ‘
oE€supp

< CNTYUN )N N

whenever g € (7, n € W, and t > 0. Finally, if we integrate over g in a precompact
set with respect to a smooth density multiplied by a bounded function, this will
simply multiply the bound by a constant, which we may incorporate into C. Thus,
we obtain

/G PN (g L)enton) / O, [t 211 (0) Lylipw 0 1" ydg
oesupp ™

S CN+1(N—|— 1)Nt_N

for n € W and t > 0. Tracing back through our calculations, we see that we obtain

/(ﬂ'(g)u’ U)@N,U],U(g)etn(logg)dg‘ S O(N+1)/2(N+ 1)N/2t7N/2
G

for n € W and t > 0. We simply replace N by 2NN and note that the sequence
wan,u,,u still satisfies the necessary conditions needed for Definition 2.3. Then we
obtain

S (CI)N+1(N + I)Nt_N

/(W(Q)U»U)sz,Ul,U(g)et"“Ogg)dg
a

for n € W and t > 0. Proposition 6.1 and Theorem 1.2 now follow. ]

7. EXAMPLES AND APPLICATIONS

In this section, we will give examples of our results in the case G = SL(2,R).
Then we will briefly mention applications to branching problems and harmonic
analysis questions.

We consider the special case of the group G = SL(2,R). We identify g = s[(2,R)

with R? via
T y—z
@ (5, V50
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In addition, we identify g = g* using the trace form,
X = (Y » Tr(XY)).

Dividing by 4, we obtain a (non-canonical) isomorphism ig* = R? which is useful for
drawing pictures. The coadjoint orbits of SL(2,R) come in several classes. First,
we have the hyperbolic orbits,

v ={(z,y,2)] 2* +y* = 2* =%}
for v > 0. Next, we have two classes of elliptic orbits,
OF ={(z,y,2)] 2> —2* —y* =n?, 2> 0},
m={@y,2)] 2 —a? =y =n?, 2 <0}
for any real number n > 0. Then we have the two large pieces of the nilpotent cone
= {(z,y,2)| 2* +1y* = 2%, 2> 0},

N~ ={(z,y,2)] 2* +y* = 2%, 2 <0}.
And finally we have the zero orbit, {0}.

The irreducible, unitary representations of SL(2,R) also come in several classes.
First, we have the spherical unitary principal series o(1,v) for v > 0 as well as the
non-spherical unitary principal series o(—1,v) for v > 0. Next, we have the holo-
morphic discrete series representations o, and the antiholomorphic discrete series
representations o, for n € N. Here we have parametrized the discrete series by
infinitesimal character. In addition, the terms ‘holomorphic’ and ‘antiholomorphic’
come from the standard holomorphic structure on the upper half plane and the
standard identification of SL(2,R)/SO(2,R) with the upper half plane. Finally, we
have the limits of discrete series, o+ and o~.

Of course, there is also the trivial representation of SL(2,R) as well as the com-
plementary series, but these representations are not tempered; hence, we will not
consider them in this paper.

Now, the representations o(1,v) and o(—1,v) are associated to the orbit O,
for v > 0, and the representation ¢(1,0) is associated to the nilpotent cone N =
NTUNTU{0}. The representation o, (respectively o, ) is associated to the orbit
O, (respectively O,;). And the representation ot (respectively 7~) is associated
to the orbit N (respectively N/ 7).

Next, we utilize Theorem 1.2 to compute the wave front sets of some represen-
tations. One notes

Foy) = AC(O) =N,
F(o,) = AC(0,)) = N7,
WF(o(1,v)) = WF(o(-1,v)) = AC(OV) =N
for v > 0. In addition,
WEF(o(1,0)) = AC(N) = N,

WF(ocT) = AC(OT) = N'T,

WF(c7) =AC(O7)=N".
Of course, all of these computations of wave front sets of irreducible, unitary rep-
resentations have been well-known for sometime because of the work of Barbasch-

Vogan [1] and Rossmann [51]. What is new in this paper is our ability to compute
wave front sets of representations that are far from irreducible.
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Suppose A C SL(2,R) is the set of diagonal matrices. Utilizing Theorem 1.1, we

observe
WF(L?(SL(2,R)/A)) D Ad*(G) - i(g/a)* = ig".
Therefore, WF(L?(SL(2,R)/A)) = isl(2,R)*. Similarly, if ' C SL(2,R) is a discrete
subgroup, then
WF(L?(SL(2,R)/T)) = ig*.

Of course, one could deduce these first two facts from Theorem 1.2 together with
the well-known decomposition of L?(G/A) and the existence of sufficiently many
Poincare series and Eisenstein series for I'. However, the authors like that we are
able to compute these wave front sets without knowledge of these decompositions.

Next, we utilize Theorem 1.2. Let igj, |, denote the set of hyperbolic elements in

ig*. Identifying ig* with R? as above, we have
ighyp = {(z,9,2)| 2> + 9% — 2% > 0}.
Let ig?, denote the set of elliptic elements in ig*. Break this set up into two by
(o)t ={(z,y.2)| 2* —2® —y* > 0, 2> 0},

(ig:H)_ = {($,y,2)| 22 - -'1/'2 - y2 >0, z< 0}
If K =SO(2,R), then we have

WF (L*(G/K)) = WF </V>Oa(1, y)) = AC (U oy> = igh,-

v>0

WF </ O’(].,I/)) = Gy
v>0
In addition, we have

WF (@ a,f) = AC (U Oi) = (igen) ™,

Similarly, we have

n>0 n>0
we (@ ) < ac (Y or ) - i
n>0 n>0

Next, we say a few words about branching problems. We recall the statement of
Corollary 1.4.

Suppose G is a reductive Lie group of Harish-Chandra class, suppose H C G is
a closed reductive subgroup of Harish-Chandra class, and suppose 7 is a discrete
series representation of G. Let g (resp. h) denote the Lie algebra of G (resp. H),
and let g: ig"™ — ih* be the pullback of the inclusion. Then

AC(O-supp(r|x)) O q(WF(m)).

This Corollary follows directly from Theorem 1.2, Proposition 1.5 of [28], and
the fact that the restriction of a discrete series to a reductive subgroup is weakly
contained in the regular representation (see for instance Theorem 3 of [45], though
this is neither the first nor the easiest proof of this fact).

We show how to utilize this Corollary in a simple example. First, let G = SU(2,1)
and let H = S0(2,1), = SL(2,R) be the identity component of the subgroup of G
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consisting of real matrices. If 7 is a quaternionic discrete series of G, then one can
show

WF(m) = Ng
where Ng is the nilpotent cone in ig*. One checks via a simple linear algebra
calculation that ¢(Ng) = ih*. Thus, we obtain

AC(O-supp(n|y)) = ih".
We note that this can only happen if

e 7|y contains an integral of spherical or non-spherical unitary principal se-
ries with unbounded support.

e 7|y contains infinitely many distinct holomorphic discrete series.

e 7|y contains infinitely many distinct antiholomorphic discrete series.

The authors believe that the last two facts are non-trivial. For comparison,
one can see utilizing arguments in [43] that whenever 7 is a holomorphic discrete
series of G, the restriction 7|y contains at most finitely many holomorphic and
antiholomorphic discrete series representations.

Next, we recall the statement of Corollary 1.5. Suppose G is a reductive Lie
group of Harish-Chandra class, H C G is a reductive subgroup of Harish-Chandra
class, and 7 is a discrete series representation of G. Let g (resp. §) denote the Lie
algebra of G (resp. H), and let ¢: ig* — ih* be the pullback of the inclusion. If
7| is a Hilbert space direct sum of irreducible representations of H, then

g(WF(m)) C i,

Here b7, C ih* denotes the subset of elliptic elements.

This statement follows from Corollary 1.4 together with the fact that only dis-
crete series of H can occur discretely in 7|y when 7 is a discrete series of G (this
can be deduced from Theorem 3 of [45]) and the fact that discrete series correspond
to elliptic caodjoint orbits [47].

To illustrate Corollary 1.5, we consider tensor products of discrete series repre-
sentations of SL(2,R). This particular example has been well understood for a long
time (see [46]). We use it because it is simple and it illustrates our ideas well.

The exterior tensor product 0,7 Kot (resp. o, Ko,,) corresponds to the product
of orbits O x O} (resp. O, x O,.) as a representation of SL(2,R) x SL(2,R).
The projection

isl(2,R)" @ isl(2,R)" — isl(2,R)”
is given by the sum (&, 1) — £ + 7. One checks that
Oy + 05, C (iga) ™, Oy + 05, C (igay) ™
In fact, 0,7 ® o}, is a discrete sum of holomorphic discrete series and o, @ o, is a
discrete sum of antiholomorphic discrete series (see Theorem 1 and Example 5 of
[46]). Therefore, the Corollary told us that these sums of orbits would be contained
in the elliptic set.

On the other hand, the exterior tensor product o, X o, corresponds to the
product of orbits O;f x O;,. Their sum contains the set of hyperbolic elements
igpyp- Utilizing the contrapositive of Corollary 1.5, we deduce that 0" ® o, is not
a discrete sum of irreducible representations. In fact, utilizing Corollary 1.4, one
deduces that it must contain an unbounded integral of unitary principal series. One
checks that this is the case (see Theorem 2 and Example 5 of [46]).
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Next, we consider applications to harmonic analysis questions. Recall Corollary
1.3. If L?(G/H) is weakly contained in the regular representation, then

AC(O-supp L*(G/H)) > Ad*(G) -i(g/h)".

We need several remarks on how to use this result. First, it will be helpful to
introduce the following notation. If h C g is a Cartan subalgebra and 7 is a
representation of G that is weakly contained in the regular representation, then we
define
ih*-suppw = U (O, Nih*) C ibh*
oesupp ™

We note that only irreducible, tempered representations with regular infinitesimal
character contribute to ih* - supp 7 N (ih*)’, where (ih*)" denotes the set of regular
elements in ih*. Further, any irreducible, tempered representation with regular
infinitesimal character contributes exactly one orbit of a real Weyl group in ih* for
a Cartan subalgebra h C g, unique up to conjugacy by G.

We deduce from the above discussion that for m weakly contained in the regular
representation

AC(O-suppm) N (ih*) C AC(ih* -suppm) C AC(O-suppm) Nih*.
In particular, if AC(O-suppw) = ig*, then
AC(ib* -supp7) = ih*
for every Cartan subalgebra b C g. The authors feel that this is ample justification
for saying that supp 7 is asymptotically identical to supp L?(G) if
AC(O-suppm) = ig*.

Second, we recall the recent work of Benoist and Kobayashi [2]. Suppose G is a
real, reductive algebraic group, and suppose H C G is a real, reductive algebraic
subgroup. Let g (resp. h) denote the Lie algebras of G (resp. H). Let a C b
be a maximal split abelian subspace, and recall that we have Lie algebra maps
a — End(h) and a — End(g) given by the adjoint actions. If Y € a, define b4 y
(resp. g4,y) to be the sum of the positive eigenspaces for the adjoint action of Y
on b (resp. g), and define

Py (Y) = Trf)+,y (Y)a pg(Y) = Trg+,y (Y)
In Theorem 4.1 of [2], Benoist and Kobayashi show that L?(G/H) is weakly con-

tained in the regular representation of G if and only if

2p(Y) < pg(Y) for every ¥ € a.

Now, suppose H C G are real, reductive algebraic groups satisfying the above
condition. Then Corollary 1.3 implies

AC(O-supp L*(G/H)) D Ad"(G) - i(g/b)".

We note that the right hand side is quite computable. Let q be the orthogonal
complement of h with respect to a nondegenerate, invariant form (the Killing form
will due if G is simple). After dividing by ¢ and identifying g* with g via this form,
we need only ask “which elements of g are conjugate to elements of q” in order
to compute the right hand side of the above expression. In particular, the right
hand side is ig* if and only if q contains representatives of every conjugacy class of
Cartan subalgebra in g.
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Benoist and Kobayashi give large families of examples of pairs H C G satisfying
their condition in Example 5.6 and Example 5.10 of [2]. We will focus on Example
5.6. We see that if G = SO(p,q) and H = [[,_, SO(p;,¢;) with p = >°._, ps,
q=>_1q and 2(p; + ¢;) < p+q+2 whenever p;q; # 0, then L?(G/H) is weakly
contained in the regular representation. To the best of the authors’ knowledge,
Plancherel formulas are not known for the vast majority of these cases. One checks
using parametrizations of conjugacy classes of Cartan subalgebras (see [40], [54])
and an explicit description of q, that if in addition, 2p; < p+1,2¢q; < ¢+ 1 for every
1 and p+ ¢ > 2, then

ig" = Ad"(G) -i(g/b)*.
Utilizing Corollary 1.3, we deduce supp L?(G/H) is asymptotically equivalent to
supp L?(G). In particular, suppose p and ¢ are not both odd and F is one of the
(p;q) families of discrete series of G = SO(p, ¢). Under these assumptions, if hg is
a compact Cartan subalgebra of g, then we observe

AC(ibg -supp L*(G/H)) = ibg.
In particular, we deduce that for every family F of discrete series of G,
Homg(o, L*(G/H)) # {0}

for infinitely many different ¢ € F. A particularly nice example is when G =
SO(4n,2) and H = SO(n,1) x SO(n,1) x SO(2n). In this case, one deduces

Homg (o, L*(G/H)) # {0}

for infinitely many distinct (possibly vector valued) holomorphic discrete series o
of G. We note that when n = 1, this statement can be deduce from Theorem 7.5
on page 126 of Kobayashi’s paper [38].
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