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ABSTRACT. The principal aim of this paper is to establish the optimality (i.e.,
sharpness) of the constants A(m, ) and B(m,a), m € N, a € R, of the form

m m m
Am,a) =4""[[@i—1-@)? Bma)=4""> [[@i-1-a)?
j=1 k=1 j=1
J#k
in the power-weighted Birman—Hardy—Rellich-type integral inequalities with
logarithmic refinement terms recently proved in [41], namely,

/p da:x"‘|f(m)(:1:)|2 > A(m, a) /p dxma72m|f(x)|2
0 0

N p _2 k L 5
#Bm,a) Y ["dsat = T] oy (/)] 2 5@,
k=170 p=1

F€C5((0,p)), mN €N, a€R, p,v€(0,00), v enp,

where sharpness is meant in the sense that A(m, «) as well as the N constants
B(m, o) appearing in this inequality are optimal.

Here the iterated logarithms are given by

Iny(-) =In(-), Injy1(-)=In(In;(-)), je€N,
and the iterated exponentials are defined via
e0 =0, ejpr1=¢€%, je€Ng=NU{0}.

Moreover, we prove the analogous sequence of inequalities on the exterior

interval (r, co) for f € C§°((r,00)), r € (0,00).
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1. INTRODUCTION AND NOTATIONS EMPLOYED

Given the notation introduced in (1.4)—(L.8)) we will prove in this paper that the
constants A(m, «) and the N constants B(m,«) appearing in the power-weighted
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Birman-Hardy—Rellich-type integral inequalities with logarithmic refinement terms,

P 9 P
/dmﬂf(m)(as)l >A(m,a)/ dz z°72™ | f(z)
0

0

| 2

N k ,
+Bma) Y [ deat [y (y/e) 2 f(a) (1.1)
k=170 p=1

feCs((0,p)), m,N €N, a €R, p,y € (0,00), 7= enp,

recently proved in [4]], are optimal (i.e., sharp). Moreover, we prove optimality of
A(m, a)) and the N constants B(m, «) for the analogous sequence of inequalities on
the exterior interval (r,00), that is,

/OO dmxa|f(m)(x)|2 > A(m, ) /OO dmx“‘2m|f(x)|2
N oo k
+ B(m, «) Z da x>2m H[lnp(x/F)]_2|f(m) 2 (1.2)
E=1"T p=1

fecCse((r,o)), mNeN, aeR, r,T"' € (0,00), r = enT.

Of course, (resp., (1.2])) extends to N =0, p = oo (resp., to N =0, r =0)
upon disregarding all logarithmic terms (i.e., upon putting B(m, «) = 0).

In their simplest (i.e., unweighted) form, the Birman-Hardy—Rellich inequalities,
as recorded by Birman in 1961, and in English translation in 1966 [19] (see also [45]
pp. 83-84]), are given by

[ arlsmwp > B D8 [ e,
0 0
feCg((0,p), meN, 0<p<oo.

The case m = 1 in (|1.3)) represents Hardy’s celebrated inequality [51], [62, Sect. 9.8]
(see also [61, Chs. 1, 3, App.]), the case m = 2 is due to Rellich [81] Sect. IL.7].
The power-weighted extension of is then represented by the first line of
(i.e., by deleting the second line in which contains additional logarithmic
refinements).

Even though a detailed history of the power-weighted Birman—-Hardy—Rellich
inequalities was provided in the companion paper [41], we will now repeat the
highlights of this history for matters of completeness.

We start with the observation that the inequalities and their power weighted
generalizations, that is, the first line in (|1.1]), are known to be strict, that is, equality
holds in (|1.3)), resp., in the first line in (in fact, for the entire inequality )
if and only if f = 0 on (0, p). Moreover, these inequalities are optimal, meaning,
the constants [(2m —1)!1]2/2%™ in (1.3), respectively, the constants A(m, ) in
are sharp, although, this must be qualified and will be revisited below as different
authors frequently prove sharpness for different function spaces. In the present one-
dimensional context at hand, sharpness of (and typically, it’s power weighted
version, the first line in )7 are often proved in an integral form (rather than the
currently presented differential form) where f("™) on the left-hand side is replaced
by F and f on the right-hand side by m repeated integrals over F'. For pertinent
one-dimensional sources, we refer, for instance, to [I4, p. 3-5], [22], [24 p. 104-105],
[42, [49, [51], [52], p. 240-243], [61] Ch. 3], [62] p. 5-11], [64, [72][80]. We also note that

(1.3)
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higher-order Hardy inequalities, including various weight functions, are discussed in
[60), Sect. 5], [61}, Chs. 2-5], [62, Chs. 1-4], [63], and [79, Sect. 10] (however, Birman’s
sequence of inequalities is not mentioned in these sources). In addition, there
are numerous sources which treat multi-dimensional versions of these inequalities on
various domains 2 C R"™, which, when specialized to radially symmetric functions
(e.g., when ) represents a ball), imply one-dimensional Birman-Hardy-Rellich-
type inequalities with power weights under various restrictions on these weights.
However, none of the results obtained in this manner imply , under optimal
hypotheses on « and 7. We also mention that a large number of these references
treat the LP-setting, and in some references x € (a,b) is replaced by d(x), the
distance of x to the boundary of (a,b), respectively, 2, but this represents quite
a different situation (especially in the multi-dimensional context) and hence is not
further discussed in this paper.

To put the logarithmic refinements in (i.e., the second line in ) into
some perspective and to compare with existing results in the literature, we offer
the following comments: originally, logarithmic refinements of Hardy’s inequality
started with oscillation theoretic considerations going back to Hartman [53] (see
also [54, p. 324-325]) and have been used in connection with Hardy’s inequality in
[38, 43], and more recently, in [39, 40]. Since then there has been enormous activity
in this context and we mention, for instance, [T, 2l [3, 4, [ @] [7, [& O} 10, 0T}, 12],
[14, Chs. 3, 5], [16, 1’7, 18, 211 23, 25 26, 27, 28, 29, 311 [32, 33, 34, 35, 36, 37,
39, [44] [46l 47], [48, Chs. 2,6,7], [56, 67, 65l 66}, 67, [68, [70, [T, [74, [76l [77], [81
Sect. 2.7], [82] [83] R4, [88] 89, @0, OT]. The vast majority of these references deals
with analogous multi-dimensional settings (relevant to our setting in particular in
the case of radially symmetric functions), several also with the LP-context. For
m > 2 the inequalities (1.1) and proven in [41] were new in the following
sense: the weight parameter a € R is unrestricted (as opposed to prior results) and
at the same time the conditions on the logarithmic parameters v and I' are sharp.

The issue of sharpness of the constants A(m,«) and B(m, «) appearing in
is a rather delicate one and hence we offer the following remarks, the gist of which
can be found in [41l Appendix A].

We start by noting that the smaller the underlying function space, the larger the
efforts needed to prove optimality. Many of the results cited in the remainder of this
remark, under particular restrictions on the weight parameter «, establish sharpness
for larger classes of functions f which do not automatically continue to hold in the
C§°((0, p))-context. It is this simple observation that adds considerable complexity
to sharpness proofs for the space C§°((0, p)). (The issue of dependence of optimal
constants on the underlying function space is nicely illustrated in [30].) By the
same token, optimality proofs obtained for C§° function spaces automatically hold
for larger function spaces as long as the inequalities have already been established
for the larger function spaces with the same constants A(m,«), B(m,«a). This
comment applies, in particular, to many papers that prove sharpness results in
multi-dimensional situations for larger function spaces such a&ﬂ C§°(B(0; p)) or
(homogeneous, weighted) Sobolev spaces rather than C5°(B(0;p)\{0}). Unless
C§°(B(0; p)\{0}) is dense in the appropriate norm, one cannot a priori assume that
the optimal constants A(m,a) and B(m, &) (with & appropriately depending on n,

1Here B(0;p) C R™ denotes the open ball in R™, n > 2, with center at the origin z = 0 and
radius p > 0.
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e.g., @ = o+ n — 1) remain the same for C§°(B(0; p)) and C§°(B(0; p)\{0}), say.
At least in principle, they could actually increase for the space C5°(B(0; p)\{0}).

Turning to a review of the existing literature, sharpness of the constant A(m,0),
m € N (i.e., in the unweighted case, a« = 0), corresponding to the space C§°((0, 0))
has been shown by Yafaev [01]. In fact, he also established this result for fractional
m (in this context we also refer to appropriate norm bounds in LP(R"™;d"z) of
operators of the form |z|=?%| —iV|™?, 1 < p < n/B, see [13, Sect. 1.7], [14, [55,
58, (59, 78], [86l, 87, Sects. 1.7, 4.2]). Sharpness of A(2,0) (i.e., in the unweighted
Rellich case) was shown by Rellich [8I, p. 91-101] in connection with the space
C§°((0,00)); his multi-dimensional results also yield sharpness of A(2,n — 1) for
n € N, n > 3, again for C§°((0,00)); in this context see also [14, Corollary 6.3.5].
An exhaustive study of optimality of A(2,&) (i.e., Rellich inequalities with power
weights) for the space C§°(Q\{0}) for cones 2 C R™, n > 2, appeared in Caldiroli
and Musina [2I]. The authors, in particular, describe situations where A(2, @) has
to be replaced by other constants and also treat the special case of radially symmet-
ric functions in detail. Additional results for power weighted Rellich inequalities
appeared in [74] [75]; further extensions of power weighted Rellich inequalities with
sharp constants on C§°(R™\{0}) were obtained in [69]; for optimal power weighted
Hardy, Rellich, and higher-order inequalities on homogeneous groups, see [82, [83].
Many of these references also discuss sharp (power weighted) Hardy inequalities,
implying optimality for A(1,@). Moreover, replacing f(z) by F(x) = fOI dt f(t) (or
F(z) = [°dt f(t)), optimality of the Hardy constant A(1,0) for larger, LP-based
function spaces, can already be found in [52] Sect. 9.8] (see also [I4, Theorem 1.2.1],
[61, Ch. 3], [62, p. 5-11], [64, [72], [B0], in connection with A(1, «)). We mention that
Theorems and which assert optimality of A(m,«a) in and , were
already proved in [41], Theorem A.1] using a different method.

Sharpness results for A(m,«) and B(m,«a) together are much less frequently
discussed in the literature, even under suitable restrictions on m and «. The results
we found primarily follow upon specializing multi-dimensional results for function
spaces such as C§°(2\{0}), or C§°(£2), & C R™ open, and appropriate restrictions
on m, «, and n > 2, for radially symmetric functions to the one-dimensional case
at hand (cf. the previous paragraph). In this context we mention that the Hardy
case m = 1, without a weight function, is studied in [11 2] 5} @] 20} 23] 26}, [36] 50} 57
65 [85] [89] (all for N = 1), and in [I0} 28| 46] (all for N € N); the case with power
weight functions is discussed in [I7], [47], [48, Ch. 6] (for N € N); see also [66].
The Rellich case m = 2 with a general power weight on C§°(Q\{0}) is discussed
in [21] (for N = 1); the Rellich case m = 2, without weight function on C§°(£2), is
studied in [26, 27, 29] (all for N = 1), the case N € N is studied in [4]; the case
of additional power weights is treated in [47], [48, Ch. 6], [T1]. The general case
m € N is discussed in [6] (for N = 1) and in [I5], [47], [48, Ch. 6], [90] (all for
N € N and including power weights, but with additional restrictions). Employing
oscillation theory, sharpness of the unweighted Hardy case A(1,0) = B(1,0) = 1/4,
with NV € N, was proved in [43].

As will become clear in the course of this paper, the special results available on
sharpness of the N constants B(m, «) are all saddled with considerable complexity,
especially, for larger values of N € N. For this reason only sharpness of the constants
A(m, «) was derived in [41, Appendix A] and sharpness of A(m,«) and B(m, «)
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was postponed to this paper which therefore should be viewed as a companion of

In Section [2| (a very massive one) we establish all the preliminary results, cul-
minating in Lemmas and required in the remainder of this paper. The
methods used in this section are adaptations of those in [I5] Sect. 3]. The basic
approximation procedure is introduced in Section [3] with Corollaries [3.12] and
summarizing the principal results. Our final Section [4] then proves optimality of
the N + 1 constants A(m,a) and B(m,«a) for the interval (0, p) in Theorems [4.1
and and for the interval (7, c0) in Theorems and based on Lemmas &
and [2.14] and Corollaries B.12] and B13l We also mention that Theorems 2] and
still hold if the repeated log-terms In,(-) (see . ) below) are replaced by the
typo of repeated log-terms used, for example, in [15] [I6] 17, I}ZII}H

We conclude this introduction by establishing the principal notation used in this
paper: for j € Ny (with Ny = NU {0}) we define e; by

€o = Oa €1 = la €j+1 = €Ej7 ] eN. (14)

For N € N, v,p € (0,00), with v > pen, and 1 < j < N, we define In;(y/x), for
0<z<p, by

Ini(y/xz) = In(y/x), Injpi(y/z) =In(In;(y/z)), 1<j<N-—-1. (1.5)

For the rest of this paper we shall assume that N € NU {0}, m € N, a € R,
v, p € (0,00), with v > peny1. We shall write

Alm, o) =4"m H(Zj —1-0a)% (1.6)
Bim,a)=4""Y" ] @i-1-a)? (1.7)
k=1j=1,j#k

Note that if @ € R\{2j — 1}1<;<m, one has

B(m,«a) = maZQg—l—a . (1.8)
j=1
We assume ¢ € C*°(R) satisfies the following properties:
(i) % is non-increasing, (1.9)
.. 1, < 8p/10,
(i) () = (1.10)
0, = >9p/10.
For g € C*°((0, p)) we shall write
P
/ da 2| g™ )} — A(m, a)/ dx x>~ |g(x)|?
(1.11)

k
B(m,« Z/ dx 272 |g(x) H In; (y/2)] 72,

2Detailed proofs of Theorems and for the type of log-terms used in [15] [I6} 17, 00] are

available from the authors upon request.
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provided that

p P
/ dz :ca|g(m)(x)|2 < 00, / dz x*?™|g(x)]* < oco. (1.12)
0 0

For j=0,1,...,N and 8 € R we introduce
oo(B) =(2m—1-a+p)/2,

. 1.13
oi(B)=—-1-p)/2, j=1,...,N. (1.13)
For 0 < j < k < N and ¢ = (eg,€1,...,6N), Where €p,€1,...,exy > 0, we shall
write
F],k(§) - Fj,k(E:OvEl?" . aEN)a
p
= dxx= e Ing (y/x)] 7 - [Iny (y/2)] 1S
/ Iy (/)] In; (/)] -

X Iy (y/@)] 750 - I (y/2)] 7
X [y (/)] 75 - [y (/)] = [ ()]

In particular, if N € N,
N

_[* o =1+ (v /I [ ()12
oo(e) = [ d T o/~
p k N
Pou@) = [ doa™t4 [Tnat/a) = T lnglo/a)' i)
0 =1 p=k+1
k=1,...,N, (1.15)
k N
Fuste) = [ oo Tmeo/o] = T o/l =0t
=1 p=k+1
k=1,....N,
o N
Pan(e) = [ doa % T[lne(y/o)] (w0,
0 =1
For k € N we shall write P} for the polynomial
P.lo)=0c(c=1)---(c—k+1), c€R. (1.16)

For 8 = (Bo, B1,---,Bn), where By, B1,...,8n € R, we introduce
’Uﬁ(l') = UVBy,B1,...8N (x)
[ aooBo), 0<z<p N=0, (1.17)
2700 T, (g (/)] 75, 0< 2 <p, N €N,

and
f8(x) = fgo,61,...0x () = vp(2)Y(2), 0<z<p. (1.18)

If NeNand g = (¢1,...,en), where e1,...,ex > 0, we define hy . : (0,p) = R,
¢ € N, iteratively by

N k
hie, (@) = hiey,.en (@) = Zak(gk H In; (v/z)]~
k=1 j=1

heyie, (z) = xhzél (), ¢eN.

(1.19)
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Note that, since v/x > v/p > eny1, one infers that
n;(y/z)] ' <1, O0<z<p, j=1,...,N. (1.20)

For 0 <j <k < N and By, B1,...,8n € R, we define a;x(8) = a;jx(Bo, b1, - -, ON)
by

a0.0(8) = [Pm(00(80))]” = A(m, ),
an.x(8) = on (Bx){ Prn(00(80)) Pl (o0(50)) lon (Bx) + 1]
+ [Pr(oo(Bo))] "on (8x) },
45.4(8) = 3 (8;){ Pon (00(80)) Pl (00 (80)) o5 (85) + 1]
o0

) (1.21)
+ [ a0(Bo))

}@(}_Bmﬂ»1<j<N—L
a05(8) = 20;(8) Pu(o ( Bo)) Pr(oo(Bo)). 1 <j< N,
B) = 01 (8} Pu(00(80)) Pir(o0(50))[24(8;) + 1]

+2[P(o0(Bo))) o3 (B))}, 1<i<k<N

If N eN, Bo,B1,....,68 € R,and 1 < j < k < N, then we define b; x(8) =
bj,k(ﬁo;ﬂlv"‘aﬁ]v) by

)
)

ajk(

by (8) = [P 00(50)) P (00(50)) + [Pha(oo(B)))] (85 — 62)
+a;5(B), 1 1<j<N, 2 (129
bi(8) = 3(8) = 7| Prr(00(B0)) Pra(00(B0)) + [Pha(oo (o))’

X (1=28))(1—B), 1<j<k<N.

For the rest of this paper we shall assume that M € (0,00) is fixed and that
€0,€1,---,en € (0, M), constants denoted by ¢;,j € N, will depend on N € NU{0},
v,p € (0,00) with v > peys1, m € N, a € R, M € (0,00), and ¢ € C*>°(R), but
will be independent of €y, 1, ...,ex € (0, M).

2. PRELIMINARY RESULTS

We mention again that the methods used in this section are adapted from [15]
Sect. 3].

Lemma 2.1. Let j € {1,...,N +1} and 8 € R. Then, for all0 <z < p,

%[lnj(v/r)]fﬁ:593*1[1111(7/96)}*1"'[1Hj—1(7/$)}*1[hlj(v/fv)]*l*ﬁ- (2.1)

Proof. For j =1 ([2.1) clearly holds. Suppose that (2.1) holds for j € {1,...,N}.
Then
d

i3/ = - fin(in; (/)]
Bl (/)] g )] i )]

j—1

= Bl (/)] P g (v/2)] 7 (=2t [ oe(/2)] 7

k=1
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J
= Ba [T ey /)]~ Mg (/)] . (2.2)
k=1
The result now follows by induction. (|

Lemma 2.2.
(i) [Pn(00(0)]” = A(m, ).

(i) 3{ [P (00(0)” ~ Pu(00(0)) Pl (a0(0)) } = B(m, o).

Proof. Since (i) is clear, we only need to prove (ii). Since both sides of (i4)
are continuous in «, we may assume that « € R\{1,3,...,2m — 1}. For ¢ €
R\{0,1,...,m — 1} one gets

PL(0) = (0~ )0 —2)-+ (0 —m+1)
+o(c—=2)---(c—m+1)+---+o(c—1)--- (0 —m+2)

=0 'Pu(o)+ (0= 1) Pp(o)+ -+ (6 —m+ 1) P, (o), (2.3)

hence »
Pé@( ) Z o _] ) (24)

7=0

thus, differentiating both sides,
m—1
Pp(0) P (o) = [P (o)) = WD (o —i)" (2.5)
7=0

Put 0 = 2m — 1 — a)/2. Then o € R\{0,1,...,m — 1} if and only if o €

R\{1,3,...,2m—1}. So, by (2.5)), part (¢), and (1.8)), for « € R\{1,3,...,2m —1},
one obtains

[P ((2m —1—a)/2)]* = Pp((2m — 1 - a)/2) Py ((2m — 1 - a)/2)

~ Pl 1= )2 3 () 20
§=0
that is,
[Pr.(90(0))]* = P (00(0))P” (00(0))
= Z —j)—1-a)?
7=0
=4A(m,0) ) (2j—1-a)7?
j=1
=4B(m, ). (2.7)
0

Remark 2.3. Let hee :(0,p) = R, £ €N, be as in (1.19). For all £ € N with £ >3
there exists ¢1(¢) > 0 such that for all £1,...,eny € (0, M) one has

e, ()] < er(O[In(y/2)] 7%, 0 <z <p. (2.8)
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Lemma 2.4. Suppose N € N. Let ve = Uy e,...en : (0,p) = (0,00) be defined as

in (1.17). Then, for T € N,

N
o7 () = 2= [Ty (/)] { Pr(o0(=0))
+ Pl(00(20))h1c, () + (1/2) P! (50(20)) [l ¢, ()] + (1/2) P! (00(0) ) hae, ()
+ Eﬁé(x)}, 0<z<p, (2.9)
where E. () is of the form
E‘r,g(x) =FErcoer,en (x)

Q) . . (2.10)
= prjlhig, @) g, ()], 0 < <p,
j=1

—

for some Q(7) € Nyw,;r € NU{0} forall j € {1,...,Q(7)} and k € {1,...,7},
prj €R forall j € {1,...,Q(7)}. Moreover, there exists co = ca(T) > 0, indepen-
dent of g, e1,...,eN, such that

|prjlhae, (@)]“790 - [y, ()]0
forall j €{1,...,Q(7)}. Hence
’ETé(m)’ < Q(T)[In(y/2)]73, 0<z<np. (2.12)

Proof. We prove this result by induction on 7 € N. For brevity we shall write
oj=0j(e;),7 =0,1,..., N, in this proof. For 7 =1 we have, by Lemma

< eofln(y/2)]73, 0<x<np, (2.11)

N
vl (x) = zoo~! H[lnj(’y/x)r”j (o0 +hie, (z), 0<z<p. (2.13)
For 7 = 2 we have
N
vl (z) = 277 H[lnj(W/x)]_Uj (00 = 1+ hug, (@) (00 + hag, (2))
” N
+a%! H[lnj (v/2)] 77 (¢ ha g, ()

N
— po0—2 H[lnj(»y/x)]*"f {oo(o0 = 1) + (200 — 1)hy ¢ ()

+ [hie, (2)] + hoe, (@)} (2.14)
For 7 = 3 we have
N
o () = 2707 H[lnj(v/x)]"’j (00 =2+ hig, (2)){o0(o0 — 1)

+ (200 — Dhig, (2) + [h g, (@) + ha, ()}

N
+ 2707 Ty (v/2)] 77 { (200 — Dhag, () + 2h1 ¢, (2)ho g, (x)
j=1

+ h3,§1 (x)}
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=277 T /)= {Palo) + Pl e, (2

+ (1/2) P (00)l1, (0)]2 + (1/2) Py (00)hz, (2) + Bocl) },  (2.15)
where
Esc(z) = [h1,§1 (x)]?’ + 3h1,§1 (x)hlgl (z) + h3,§1 (), (2.16)

hence the result holds for 7 = 3 by Remark and ([1.20)). Next, we assume that
the lemma holds for 7 € N. Differentiating (2.9) yields

N
VT () = g0 H[lnj (v/2)) "% (00 — T + h1c, (2)) {P‘F(UO)

j=1

+ Pl(o0)ha e, (2) + (1/2) P (00)[ha e, (2)]* + (1/2) P (00) hae, (%) + Er,g(w)}

N
2% [Ty (/@)= { Pi(ou)ha.s, (2)

j=1

+ Pl ()b, (2)hae, () + (1/2) Pl (00)hs g, () + JSE?,;(JJ)}

N
= goo= (1) H[lnj (y/x)] =% {PT(UO)(JO = 7) + [Pr(o0)

+ Pl(00)(00 — )] hae, (2) + [(1/2) P/ (00)(00 — 7) + Pl (00)] [l ¢, ()]
+ [(1/2) P (00) (00 — 7) + P1(00)] hae, (2) + Er+1,g($)}

N
— oo~ (T+1) H[lnj (y/x)] 7% {PT+1(UO) + P7'_+1(£70)h1,§1 (z)

+(1/2) P 1 (00) [P, () + (1/2) Pty (00)ho e, () + ET+1,;(~’E)}, (2.17)
where
Eri1,:(x) = (1/2) P (00) [l ()] + (3/2) P (00) iz, (2)ha e, ()
+ (00 = 7)Ere(x) + hg, (2) Ere(x) + (1/2) P (00)hs e, (2) + v E7 (x). (2.18)
Thus, by , E:11.(z) can be written in the form

Q(7+1)
Eri1e(x) = Z Pr+1,5 [hl,gl ()]t "'[hT+1,§1 ()]t (2.19)
j=1

for some Q(7+ 1) € Nyw,y1 1 € NU{0} for j € {1,...,Q(t+ 1)} and k €
{1,...,7+1}, prp1; €Rfor j € {1,...,Q(r + 1)}. By [Z18), (L.19), (T.20), and
Remark [2.3] there exists ¢, > 0, independent of eg, 1, ...,en € (0, M), such that,
for all 0 < z < p,

pry1glheg, ()]0 [y g ()]0 < Eolln(y/@)] 2. (2.20)
Hence the lemma holds for 7 + 1. O

Lemma 2.5. Suppose N € N. Let v: = Uegeq,...en : (0,p) — (0,00) be defined
as in (LI0), fo = foperrnew  (0,9) — [0,00) be defined as in (L18), and, for
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0<j<k<N,ajile) =ajr(co,e1,...,en) be defined as in (L.21). Let G1 . =
Gi(eo,€1,---,en) € R be defined byff

Iz Iz
/ de | i ()] = / doa® [l @) @) + CGre (221)
0 - 0 -
Then there exists c3 > 0, independent of €g,€1,...,en, such that
|G| < s, (2.22)

and

In-1[fe] = Gre + Z aj k() k(e)

0<j<k<N
N (2.23)

+ [ daarentmise T, (/2] 2 o))

j=1
where Go . = Gacyeq,...en © (0, p) = R satisfies
|Gae(@)| < e3[ln(v/2)]72, 0 <z <p. (2.24)

Proof. We shall write 0; = 0;(¢;), j = 0,1,..., N, in this proof. By Lemmawe
have

2

N
o @) @) = 270~ [Ty (/)77 [ Pu(o0)

+ Pl(00)h1 e, (x) + 3P (00) [, (2)]* + 5Py (00)ha e, (2) + Em,g(x)r[ﬂ)(ff)]Q
N
= g2(e0=m) H[hlj (/)] 2% { [Pm(ffo)]2 + 2Py (00) Py, (00)h1 ¢, ()

j=1

+ [ Pa(00) P (00) + [P (00)] | b1, @) + Pra(00) P (00 Bz, ()

+Galo) [l (2.25)
where, by Lemma G2e=G2.e0.61,..en : (0,p) = R satisfies
|G27§(x)| < 04[1n(’y/:£)]*3, 0<z<p, (2.26)
for some ¢4 > 0 independent of €y, e1,...,ex € (0, M). Direct computation shows
p N N
[z T/l @@ = SoTose, 220
j=1 j=1
o N
[z T /o) 2o @ @)
j=1

N
=Y T +2 Y ool (2.28)

Jj=1 1<G<k<N

30ne notes that, since g9 > 0, (I.10) and Lemma imply that the integrals in (2.21) are
finite and hence G'1 ¢ is well-defined.
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P N
/0 do 20 T i (3/0)] 2% o (@) )
N 1=
1<]<1{)<N

Combmmg (225) and ([2-27)-(2-29) yields
p
[ o2 o @) = [Paou)) oot
0

N
+ZQPm UO)UJFOJ( £)
J;{ 2
+ Z {[ (00) Pos(00) + [Pl (00)] ]032 - Pm(Uo)Péi(UO)Uj}Fj,j(E)

+ 5 {2[Puteoriton + [Pt ]oson + Pulw)Phtouon [Tyt

1< <k<N
N
/ dx z* o= [Ty (7/2)] 727 G () [ ()], (2.30)
j=1
Equation (2.23) now follows from (1.11f), (2.21)), and (2.30)). Since
@) =3 (7)ot ) a), (2.31)

=0

we have, by ,
P al £(m) 2 P al, (m) 2 2
}G1,§| = /0 drx |f§ (x)’ —/0 drx |vé (x)| [¥(x)]

(i( ) mei)( >w<ﬂ'><x>)2}| (2.32)

22( )/Oog)pdxxo‘|v (2)0lm=9) () [ () [ ()|

j=1 8)p
(0.9)p ) ]
#3 (MY() [ an o @t ) @0 )|
Jk=1 (0.8)p B B
Hence Lemma implies that there exists c5 > 0, independent of €g,e1,...,eny €
(0, M), such that |G1¢| < ¢5. Thus Lemma is proved upon putting c3 =
max{cy, c5}. O
Lemma 2.6. Let k € {0,1,...,N} and By, B1,..., 8k = 0. Then
P
[ dw  )  ))  < oo (239)
0
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if and only if

ﬂo > 07
or By =0 and B, > 0,
or fo =1 =0 and B2 >0, (2.34)
or fo=p1="--=Pr—1 =0 and B > 0.
Proof. This follows from Lemma and (1.20). O

Lemma 2.7. Let § € (—o0,1). Then there exists cg = cg(8) > 0, independent of
g0 € (0, M), such that

/ " da o0 oy (/)] P @ < oy (2.35)

0

Proof. Writing 7 = &5 '[In(v/p)]~! > 0, and using the change of variables

s =ey [In(y/x)] " (i.e.7 x = ve% ),

. (2.36)
ds = g5 ta ™ HIn(y/x)] " 2dx (i.e., dr = 'ysals_zefoisds),
one obtains
p p
/ dx z= e (In(y/x)]~ / da x= 1o In(y/z)] 7P
0 0
—1
275050—1+ﬂ/ dss™* e’ < ( dss +Bes>sgl+’8. (2.37)
0
([
Lemma 2.8. Suppose N > 2. Let 8 € (—o00,1) and 1 < j < N — 1. Then there
exists ¢y = c7(B) > 0, independent of e; € (0, M), such that
P i-1
/ doe™" [ [ Ine(v/@)]) g (/)] [ (y/2)] P ()]
0 i (2.38)

-1+
< C7€j .

Proof. Writing 7 =€ "Inj41(7/p)]~* > 0, and using the change of variables

s = e g (v/2)] 7L (2.39)
so that, by Lemma [2.1]
ds = e e Iy (v/@)] 7 - [y (/)] " g (/)] "2de, (2.40)
one gets
/O dwat T e (/)] o (/)] =% [ (/)] =P ()]
k=1

SEj /OT ds [In; (/)] [ 1 (/)77 (2.41)
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By ([2.39)) one has
1
(¢;5)" = In(In; (7/x)) (i.e., Inj(y/z) = e%i* ) (2.42)
Hence
P i—1
/0 do ™ ] ok (y/2)] g (v/2)] 7% Iy (/)] P ()
k=1
</ dsgjezl (g55)72F < (/ dsesls_“’@)stB. (2.43)
0 0
O
Next, we need to introduce some more notation: For 7 € {0,1,..., N — 1} and
T < j< k<N we write
P T J
(C:0),5 = [ o e [T/l TT st}
/=1 (=741 (244)
k N
< TI moty/a=ee T Mot/ W(w)}z}.
0=j+1 (=k+1
By Lemma (FT(E))J is well-defined for T E {O 1,. —1ljand 7 < j <k <
N as the 1ntegra1 on the right-hand side of is ﬁmte
Lemma 2.9. (i) There exists cg > 0, mdependent of €0,€1,...,en € (0, M), such
that
N
EQFOQ Z 1 —&j Foj +G3 &5 (245)
j=1
and for j=1,...,N,
N
501“0] Z&Zkrk] Z (1 - sk)l—‘j,k(g) + G4’j7§, (246)
k=j+1
where
|G §| < Csg, |G47]’,§| S Cg. (247)

(i) Suppose N > 2. Let 1 < j < N — 1. Then there exists c9 = cg(j) > 0,
independent of €9,€1,...,6N € (0 M), such that
N
e(Tm0),,= > (L=en)(l-1(8));, + Cs.je, (2.48)
k=j+1
where g; = (g5,...,€n), and, for j+1 <k <N,

k N
€j (ijl(g))j,k = Z €r (ijl(é))&k + Z (1 - 54)(1—‘j*1(§))k7[ + GG!jvkuéj,
l=j+1 l=k+1

(2.49)
and where

‘G5;J E; ’ Co, |G6,j,k,§j‘ < 9. (250)
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(#i1) There exists c19 > 0, independent of €9,€1, . .., en € (0, M), such that
N

eaTo,0(g) — 220 Y (1 —&5)T0 4(e)
j=1

N
= Z(Ej —eNTi5e) — Y. (1-26)(1—e)Tjn(e) +Gre, (251

1<j<k<N
where

’ng‘ < cio- (2.52)
Proof. (i) We observe

(ol (/)] B (/)] [ ()P
= 200 g (/)] 5 g (3 /) () ()

N

=gz 1 TE0 H[lnj (/)] =% [ ().
N

— (1 —en)a™ oy (/)] [ [ nj (v/2)]' = [ ()]

Jj=2

N

— (1= en)a =0 [Ty (v/2)] [ (), (2.53)
j=1
integrating both sides yields

N
Ggg—&‘oroo Z 1—€J FOJ (254)
Jj=1

Similarly, for j € {1,..., N},

k=1 k=j+1

= cor” 0 [T Inw(y/2)) 7 T Mow(/a)]' == [v(x))?
k=1 k=j+1

+ew oy (y/2)] 7 [T (/@))% T Iow(y /)] = ()
k=2

k=j+1

j N
T eja o [ ne(y/a) 5 [T DoaCr/m)] == (@)

k=1 k=j+1
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-(1- 5j+1)x*1+so H[lnk(’)’/l')]iliek[lanrl('y/x)]*ajJrl

k=1
N
x T Mok(y/2)) == [(a))?
k=j+2
J N
— (U —en)em o [T Mop(y/o)] 7 I Mow(y/a)]) = [w(@)?,  (2.55)
k=1 k=j+1

integrating both sides yields

J N
Gaje=c0T0;(e) + Y exlhj(e) = Y (1—ex)Tjx(e)- (2.56)
k=1 k=j+1
By , there exists cg > 0, independent of 9,1, --ex € (0, M), such that
|G37§| < ¢s, |G4,j,§| < . (2.57)
(#4) One has
d N
i (s TT o= [oia)?)
k=j+1
N
—2[n;(y/2)] " [ Mow(y/2))" = () ()
k=j+1
Jj—1 N
= ey [ [ Mow(y/@)] oy (y/2)) 7% [T Moe(y/a)]' ==+ [ (2))?
fm1 k=j+1
j—1
— (1= gj2)z " [ [ Mok (/@) oy (/)] =5 [Inj g (/)] <+
k=1

N
x T e/ == [o(a))?

k=j+2

j—1

= (1= en)e™ [T maC/a))~ oy (/)] 2

k=1

N
< T MoeCr/m) = (@) (2.58)
k=j+1
integrating both sides in ([2.58)) yields
N

Gsje, =€(L5-1(0),, = D (L=e)(Tj=1(9)) (2.59)

k=j+1
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Similarly one obtains, for j +1 <k < N,

- ([lnj(v/z)]*” ~ (g (/)] 7 g (/)] 75

dx
X [lnN(v/x)]lfs”W(x)F) = 2l (/@)% -+ [Ing(y/2)] 7
X (g (/)] 750 I (y/2)] 5 () d ()

i—1 k
=g [ [ne(v/@)]) " g (v/2)) 7 7% [ (oe(y/2)) 7=
=1 e=j+1
N
x T Moe(v/a)] = (@)
£=k—+1
_|_
j—1 k
+epr [ [ne(y/@)] ™ [ [ Ine(/a)) =
r=1 t=j
N
x T Me(v/a)] =y (@))?
r=k+1
j—1 k
— (1= epg)a [ [ Mo (y/2)] 7" [ [ ey /)~
=1 t=j
N
x g (y/2)] 7= T Moe(y/2)) == ()]
t=k+2
j—1 k
— (1 —en)z ™ T Mne(y/2)) " [ ] ey /2)) "=
=1 £=j
N
x T Moe(v/a)] == ()%, (2.60)
t=k+1
integrating both sides in yields
k N
Gejhe, = O &0 (Tj-1(8)) g — > - e0)(Tj-1(e)),,.- (2.61)
(=5 t=k+1

By (1.10)), there exists cg > 0, independent of €;,...,enx € (0, M), such that
’G5,j,§j| < ¢, |G6,j,k,§j| < ¢y, (2.62)

forl<j<N-landj+1<k<N.
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(#i1) By (i) we have

N
eolo,0(e —2502 ei)lo4(e) = —e0 »_(1—£;)To,(g) + £0Gz
j=1
N N
NS Zskrm S SN INERN
Jj=1 k=j+1
+c0Gs e
N N N
ZZZ(l—EJ Ekl—‘kj Z 1—€j 1—Ek)F]k()
j=1k=1 J=1k=j+1
+ G77§, (2.63)
where there exists ¢19 > 0, independent of ¢, &1, ...,enx € (0, M), such that
|G| < cao. (2.64)
Thus
N
e5T00(e) =280 Y (1 —&;)T0 4(e)
j=1
N
= 2(51 — &)y, (e) + Z (1 —exr)e;lk(e)
j=1 1<Gi<k<N
+ ei(l—er)Tikle) = >, (1—e)ljn(e) +Gre
1<i<k<N 1<i<k<N

N
=Y (=) — Y, (1=2)(1—ep)Tjn(e) + Gre (265)

j=1 1< <k<N
O

Lemma 2.10. Suppose N € N. Then there exists a constant c11 > 0, independent
of €0,€1,...,en € (0, M), with the following property: Given any fixede1,...,en €
(0, M), there exists a decreasing sequence {€9,¢}52; C (0, M) and Lo € R such that
€004 0 as €1 o0, |Lo| < c11, and, writing fe = fey ,e1,....en a5 defined in ,

fm Jxaalfd = > bi(0eren) (To(e)) , + Lo (2.66)

1<<hkEN

Proof. We first note that by Lemma there exists c12 > 0, independent of
€0,€1,---,6N € (0, M), such that for all eg,e1,...,en € (0, M) we have

oo(e) = [ doa™ 0l (/)]0 - I /)] 5 o)

0

P N
<[ dm1*60[1n1<v/x>13/2{[mlw/wn1/2Hunk<v/w>1}w<x>12

0 k=2

< ciaeg 2. (2.67)
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For j = 1,...,N, by Lemma [2.7} there exists ¢13 = c13(j) > 0, independent of
€0,€1,---,6N € (0, M), such that for all €g,e1,...,en € (0, M) we have
J N

o) = | Cdea e [Tt/ T Boelr/o)* (@)
0 k=1 k=j+1
P N
22 1T Ing (v/2)]Y 24 [Ing (v /)] /2 n T z)]?
< [a s (/) {u ol T I/ >]}w< )
< ciseg 2. (2.68)

Since we are fixing e1,---¢, € (0,M), for 0 < j < k < N, we shall consider
a;k(€) = ajk(€0,€1,...,n) as functions of eg € (0, M) only. Then

ao’o(&'o) = [Pm(Uo(Eo))]2 — A(m, Oé),
ag,0(€0) = Pm(00(€0)) Py (00(€0)),

ag oleo) = 1{Pm(0'0(60))P7/7/1(0'0(€0)) + [P,’n(ao(ao))]z}, (2.69)
dk

2
s =2 { e (1Pnl?)| ] k=aom
Similarly one has, for j =1,..., N, and k = ;0 L 2m— 1,
ao,j(20) = 20;(2;)Pm(00(20)) Py (00 (0)),
t5(e0) = o3 { [Prooco)]* + Pulon(co) Phloo(o) }. o0

k ) }
o=0¢(g0)

o) =2 Vo) L (Pato) Pl

Thus, by Lemma [2.2]

2m

1 _
a0.0(20) = a0,0(0) + a o(0)e0 + a5 o(0)ed + <} ( > () a3 (0)e )
k=3
1
= Pun(00(0)) P4, (00(0))e0 + 3 { P (00(0)) Pra(00(0)) + [P1, (00(0))) }
2m dk 9
—1lo—k k—3 3
+ (Z(k!) 2 {dak([Pm(a)] ) ) }go >50. (2.71)
k=3 o=0¢(0)
Put
2m dk 9
_ —1o—k k—3
Gaeo) = L0 2 ()| et e
k=3 o=0¢(0)
then there exists ¢14 > 0, independent of €g,e1,...,ex € (0, M), such that
|G8(€0)| <4, €0 € (O,M) (273)

Similarly, for j =1,..., N,
2m—1
an,j(€0) = ag 3 (0) +ap ;(0)eo + Y (k) al) (0)eh
k=2

= 20(&5) Pm(00(0)) P, (00(0))
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2
+ () { [Pr(00(0)]” + Pu(00(0)) P (00(0)) o

2m—1 dk
- ( > ()2 s e (Pal)Pa(o)| (O)}€’82>63 (2.74)

k=2
For j=1,...,N, put
2m—1 dk
GQ,](€07€]) — kz:z (k-') O'J(EJ){do_k (Pm(U)Pm(U)) 0__0_0(0)}60 3

(2.75)
then there exists ¢15 = ¢15(j) > 0, independent of &g, 1, .. ., en € (0, M), such that
|Go,j(e0,¢5)| <15, j=1,...,N, o,&; € (0, M). (2.76)

Hence, applying Lemma [2.9]

ao,0(e)To,0(e +Za0] (e)lo,5(e

- P, (go(opp (oo(o))soro,o(,)

+ i{P (00(0)) P (00(0)) + [Py, (0 (0))}2}5@0,0@

N

+ Gs(e0)eiTo0(e) + Y {20,(25) Pra(00(0))P1, (90(0))To 5 (2)
j=1

+05(e5) ([P (00(0)]” + Pro >P7,L<ao(o>>)soro,j (©)

+Goj(c0,¢5)e5 0,5 (é)}
N
= P00 Ph(oa(0){ eolin(e) — 301 - )T0)}
+ MR (oo() P o0 0) + [P7;<ao<o>>f}{s%ro e

N
— 260 Y (1—¢;)To, (E)} + Gs(e0)epTo0(e) + Z Go,j(e0,€5)e00,5(€)

= P (00(0))P;,(00(0))G3 .

+3{Pm(00(0))P7%(00( )+ [Pl (0(0 }{i

Jj=1
=Y (-2 a)le) + Gre )
1<k N
+G3(50)50F00 +ZG9] €0,E&j )EOFO 7( ) (277)

j=1
Put

G10,§ = Pm(00(0>)P7/rz(UO(O)>G3,§
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1 2
+ Z{Pm<ao<o>>P;,a<ao<o>> + [Prloo0)]*}Gre  (278)

+ Gs(e0)egTo,0(e +ZG9J (20,5)€0T0,5(€)-
j=1

Then by Lemma ©.67), 2.68), (.73, and (2.76)), there exists c;6 > 0, inde-

pendent of €g,£1,...,ex € (0, M), such that
|G105‘ 16,  €0,€1,---,6N € (0,M). (2.79)

Let {€0,¢}32, be any decreasing sequence in (0, M) with limgjo €0.¢ = 0. Applying

Lemma (2.77), and (2.78)), we have, with €9 = €g ¢,

N

Ivalfd =Giet [ " w0 T oy (/)] =5 G () [2)?

Jj=1

+ ao,0(€)T0,0(e +Za/0] e)lo,;(e) + Z a;k(e)Tk(e)
1<i<k<N
N

=G+ /OP dg g~ eoe H[lnj (V/x)]l_aj Ggé(aﬁ)[’(/}(a?)]z

Jj=1

+ Guoe + 1 Pl P(en(0) + [Paoo0)] '} 3ot - 0

- Y (a-2)0- ak)Fj,k(s)} + ) a4k

1<j<k<N 1<<k<N

= P (o0(0) P (00(0)) + [Pl (o0 }{Z ©

S <1—2ej><1—sk>rj,k<s>}+Gu,e+ S @),

1<G<k<N 1< <k<N
(2.80)

where

G =Gi(eop,€1,--.,EN)
N

p
+ [ dwar e [Tty /o) G o) o)
0 ;
Jj=1
+G10(€0)z761,...,EN). (2.81)
By (2.24) and Lemma there exist c17,c15 > 0, independent of €, e1,...,en €
(0, M), such that

N

/ da 2490 T [l (7/2)] % G o (2) b (@)

Jj=1

</Opdx03x_1[ln1('y/x)]_ {[ln (v/x)] 1/2H1n (v/x)] }[ U(z))?

j=2
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P
< 017/ de ™ Ing (y/2)] 7320 (2))? = e1s < o0. (2.82)
0
This, together with (2.22)) and (2.79)), implies that there exists ¢11 > 0, independent
of €9,€1,...,en € (0, M), such that
|G11,§| gclla €0,€1,---,EN € (OaM) (283)

By compactness of [—ci1,c11], there exist a subsequence {egy,}p2; and Lo €
[—c11, c11], such that

l#m Gll(Eo,gp,El,...,EN) = Lo. (284)
ploo

We shall regard this subsequence as {eg}72,. For 1 < j < k < N we have, by
monotone convergence,

l}#glo Ljk(goe,€1,---56n) = (Fo(é))j,k(ﬁh .- 3EN)- (2.85)
The lemma now follows from taking the limit ¢ 1 oo in (2.80) and using (2.81]) and
(2.83)—(2.85). O

Lemma 2.11. Suppose N > 2. Then there exists a constant c1g > 0, independent
of €0,€1,.-.,en € (0, M), with the following property: Let p € {1,...,N — 1} and
let ept1,...,en € (0,M) be fized. Then there exist L, € R, with |L,| < c19, and a
decreasing sequence {e,¢}92, C (0, M) with ep e | 0 as £ 1 oo, such that

i Y b0, 085081, en) (T (9))

JANeS) .
PSISkSN
= > b0, 0,54, ven)(Tp(e)), ), + Lp- (2.86)
pHISiSkSN
Proof. By Lemma [2.2] one obtains
bpp(0,...,0,6p,pt1,. - EN)

= i{Pm(ao(O))Pfé(ao(o)) + [P, (00(0))] 2} (ep — €2).
- %(1 - Ep){Pm(oo(o))P,QQ(ao(O));(l +ep) — [P,’n(ao(o))f%(l - gp)}
— B(m, )
— i{Pm(ao(O))Pfyll(Uo(O)) - [P,,/R(O'O(O))}z}gp = —B(m, a)ep, (2.87)

and, for j =p+1,..., N, one gets
pr(O7 e ,078p76p+17 e ,EN)
2
= 05(e1){ Pn(00(0)) Py (00(0))2 — [Phu(00(0)]*(1 — )}

+ 5032 Pu00(0)) Pl (00(0)) + [Ph(o0(0)]” 11— 25,)

= 203 Pra(0(0) Pls(a0(0)) — [Ph(00(0))]} = Blm,0)(1 — ;). (288)

Thus, by Lemma [2.9]

bpp(0,...,0,6p,€pt1,- - ,sN)(Fp_l(g))p)p
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N
+ Z bp;(0,...,0,ep,Ep11,--. ,EN)(Fp,l(g))p’j
Jj=p+1
N
- |- B {a ), - X a-)@ae),,}
j=p+1
< ¢, (2.89)
where c19 = B(m,a) max{cy(1),...,co(N — 1)} > 0 is once again independent of
€0,€1,.--,6n € (0, M). Hence by compactness of [—cy9, ¢19] there exist a decreasing
subsequence {e,¢}72, of {7152, and L, € [—cig, c19] such that
LP = g\g bpm(oa R 07 EplyEptly- - 75N)(Fp—1(§))p’p
+ ) b0 0sp iy en) (Tpo1(9)),, - (2.90)
j=p+1

By monotone convergence

l}iTm Z ijC(O,...,0,5p)@,5p+1,...,€N)(Fp71(§))j7k
% pH1<G<k<N

= D b0, 0,541, en) (Thle) (2.91)
pHIG<hEN

The lemma now follows from (2.90)), (2.91)). O
Lemma 2.12. We have
lim by n(0,...,0,en) = B(m, ). (2.92)

en{0

Proof. We have, by Lemma

El[ivrilobN7N(O7...,O7EN) = El}ivriloaN,N(O, ...,0,en)
= slzivI?O —i(l — 5N){Pm(0'0(0))P,/,/L(O'0(O))(1 +en) — [Py/n(ffo(()))f(l 3 EN)}
= i{ [Pl (00(0))]” — Pm(ao(o))P;;(ao(o))} = B(m,q). (2.93)

O

Lemma 2.13. Suppose N € N. Then given any n > 0, there exist €g,€1,...,EN €
(0, M) such that if fe = feg,e1,...en 05 as defined in (1.18)), one has

\JNl[fa [Cavan f_v[l[lnj(v/w)]‘ﬂfe(:v)ﬂl CBmo)| < (299)

Proof. Let cgp = max{ci1,c19} > 0, independent of eg,e1,...,eny € (0, M), where
c11 and cpg9 are as in Lemmas [2.10] and 2.11] By Lemma [2.6] and monotone conver-
gence one infers

P N-1

slzi\;rfo ; deax™! E [n; (y/2)] " Iny (v/2)] 15N [ (2)]? = oo. (2.95)



24 F. GESZTESY, I. MICHAEL, AND M. M. H. PANG

Thus, we can choose ey € (0, M) sufficiently small such that

/ dxx~ H [ (v/2)] ny (v/2)] 5N [ (@) > 1, (2.96)

and
-1

o N—
020{/ dx z~ H [ (y/2)] " ny (y/2)] 1 [w(x)]z] <n, (2.97)

and, by Lemma [2.12]
b (0,...,0,en) — B(m,a)| <. (2.98)

Thus, for any Ry_1 € [—ca9, c20], one has

p N-1
‘{bN,N(Ow-,O,sN)(FN 1(e ))NN+RN 1}{/ dra™! H [In;(y/z)]~
j=1

< llny (/)] Wxﬂ B(ma)

< |bN,N(Oa"'7Oa€N)_B(m)a)|

+ ¢20

o N-1 -1
[ /O dea™' I [1nj(7/x)]—1[lnm/x)]‘l‘ENWz(x)?]
j=1

< 2. (2.99)

Suppose first that N > 2. Then, by Lemma there exist Ly_1 € [—c19, C19]
and a decreasing sequence {enx_1,¢}72; C (0, M), with lims en—1,¢ = 0, such that

%g Z bji(0, ..., 0,en—1.06n)(Tn-2(€))
N-1G<kEN

:bN,N(Oa'"7075N)(FN71(§))N,N+LN71' (2100)

By (2.96) and monotone convergence, and replacing {en_1,¢}72, by a subsequence
if necessary, one can assume that

/ { -1 H [In;(y/x)]~ lnN 1(v/2)]” 1_eN,1,e[1nN(7/x)]—1—aN

X [w(x)ﬁ} >1, (€N (2.101)
Combining (2. 9?) (2.100), (2.101)), and with Ry_1 = Ly—_1, and using

monotone convergence, there exists en_1 E (O M ) satisfying

{ Z bjyk(O,...,O,sN1,5N)(1“N2(5))j,k}
N

—1<G<kEN

p N-—-2
) </ o™ T (/)] v (7)) 717 i (/)] 750

x [ww)_ ~ B(m,a)
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< ‘{ Z b]—,k(o,...,0,€N717€N)(FN72(§))j,k‘

N-1<j<k<N

_ [bN N(0,...,0,en)(Tn-a(e ))N,N+LN_1}}
[ / do o Zln] (v/))

Iy (/)] (/)] 12 [ww]

-1

{00 e) (Pr(©) g+ I

N—-2

< [/Opdxm_l TT (i (/)]

j=1

sl (y/)] e unNW/x)rl-EN[wm)P] B(m.a)

25

<n+2n=3n, (2.102)

and

o N—2
C20|:/ dra™! H (o (y/z)] !
j=1

as well as

o N—
/ de 2~ H My (y/2)] ™ T Moy (y/2)]) 7% ()] > 1. (2.104)

One notes that by m, (2.103)), for all Ry_s € [—ca0, c20],

{ Z bj’k(O ..... 07€N17€N)(FN2(€))J'7]€+RN2}
N—

1< <hEN
P

[/ dez™?

7B(T)’L,Ot)

< H Z b k(0. .., 0,8N—1,5N)(FN—2(5))j,k}

N-1<G<k<N

x[/o dxxlnlnj'y/x 1_1]";[

N—-2

N
[l (y/x)] ! H I (y/x)] "'~ Ej[t/)(x)]z}
j=N—

7j=1 7 1

-1

/)] o)

Jj=1 7 1
o N—2 N
— B(m, ) —|—620< dra™? H [In; (y/z)] H [In; (y/z)] 175
0 j=1 j=N-1

x ww)_l
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< 3n+n=4n. (2.105)

So we have chosen enx_1,ey € (0,M). If N —1 > 2, then, by Lemma [2.11} there
exist Ly_o € [—ci9,c19] and a decreasing sequence {en_2,}72, C (0, M) with
limepoo en—2,¢ = 0 such that

lim Z b;.%(0, .. ~aO»5N—2,Za5N—175N)(FN—3(§))j X

{100 s
N—-2<j<k<N

= Z bjyk(O,...,O,ENfl,EN)(FN 2( )) + Ly_o. (2.106)

N—-1<j<ksSN

By (2.104)) and monotone convergence, and replacing {e n_2,¢}7°, by a subsequence,
if necessary, one can assume that

o N-3
A | (O P
=1
N
< [ Mo(v/a)] @) > 1, LeN. (2.107)
j=N-1

Combining (2.103), ([2.106)), (2.107)), and (2.105]) with Ry_o = Ly _2, and monotone

convergence, there exists ey_2 € (0, M) satisfying

H > bik(0,...,0,en_2,En1, EN)(PN;),(E))M}

N-2<<k<N

[/p dex™ lNl:[j (In;(v/z)]™ _1]_]:[ 21n] (y/z)) " te [w(x)]z] -

< H Z bik(0,... 7Oa5N—275N—175N)(FN—3(§))j’k

N—-2<j<kSN

_[ S bik(0,..,0,en1,en) (Tv-a(e)), , + Liv- 2]}

N-1<j<h<N

X {/0 dea™ Aii[lnj (v/z)]~

+H > bikl0,...,0,en_1,6n) (Tnale €));, +Ln- 2]
N-1<j<ksN

N —l’

UL /e [w<x>12]

j=N-2

« {/Op dmx‘ll\ﬁj [in; (v/2)]~ _ﬁ[ (/)] ~1-c [1/1(56)]2]_1

— B(m, )

<n+4n = 5n, (2.108)
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and
N-3 N -1
620[/ dxx? H (In,(v/z)]~ H (o (y/2)] 1% [o(z))? <mn, (2.109)
j=1 j=N—2
as well as
P N-3 N
[ dmat [Ty /an T b/l p@P>1. @10
j=1 j=N—2

such that for all Ry_3 € [—cag, c20] one infers

'{ S b0 0.en e 1.en)(Tns(E)), , + Bive 3}

N-2<j<k<N
N

X [/Op drx™ 1:_[ [n;(y/x)]~ H [l (v/)] . [w(x)]ﬂ -1

j=N-2

< H Z b;1(0, .. ~7075N275N175N)(FN3(5))j7k}

N—2<j<k<N

N-3 N -1
X [/ dzz~1 H [In;(y/x)]™ H [In;(v/x)] 151[1&(1)]2}
0 j=1 j=N—-2
—B(m,oz)
N-3 N -1
+620|:/ dxx? H [In,(v/z)]~ H [In; (/)] 1~ [7,/1(:0)]2]
0 j=1 j=N-2
< 541 = 6. (2.111)

Repeating the argument above N —1 times (or if N = 1) one arrives at the following
fact: there exist e1,...,enx € (0, M) such that

'{ > bj,k(0,€1,...,€N)(FO(5))j7k}|:/pd$:v f[lmj (y/2)]

1< <kEN

X [w(x)P] - B(m,a)| < (2N — 1), (2.112)
and
P N 1
czo{/o drx™ H Inj (/)] "t~ [w(x)]ﬂ <, (2.113)
as well as

[y (v/2)] 7 == [ ()] > 1, (2.114)

,':]z

p
/ drx™
0

j=1
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so that for all Ry € [—c20, cap] one obtains

H 3 bjyk(o,gl,...75N)(r0(5))j7k+RO}

1<<k<N

<| [[aea _f_v[lnj ()1 [wwﬂ_l ~ B(m,a)

SH > byyk(oaﬁlw-~7€N)(Fo(€))j,k}[/Opda:x ﬂln] (y/x)] "1

1<G<kEN

< (o)l  Bima)

T em [ / s f_v[lunj (y/2) 1= [ww] B

< (2N —1)n+n=2Nn. (2.115)

Then, by Lemma [2.10] there exist Lo € [—cao,co0] and a decreasing sequence
{eo, l}e 1 € (0, M) with limgjs €0, = 0 such that

%%gJN*I[fEO,ZaﬁlwwiN] = Z bj,k?<0a517'"7€N)(F0(§))j7k+L0' (2116)

1SGSRSN

By (2.114]) and monotone convergence, and replacing {e¢ ¢}7°, by a subsequence if
necessary, we can assume that
N
/ dza=teos [[[Ing(v/2)] = (@) > 1, LeN. (2.117)
j=1

Combining (2.112)), (2.113)), (2.115) with Rg = Lo, (2.116)), (2.117)), and monotone
convergence, there exists g9 € (0, M) satisfying

N -1

‘JNl[fgo,gl,...,sN] [ [ dvam e T /) S el

Jj=1

— B(m, )

< HJNl[fso,el,...,sN} - { Z bjk(0,e1,... 75n)(Fo(§))jJC

1<i<hEN

e |[ [ e T o]

j=1

+ bj k(0,21 ,20)(To(e)) , , + Lo
{2z uIo}

ISGSkSN

o[ [ aees T w@F] - Bm.o

0 ol
<n+2Nn=(2N +1)n. (2.118)
O
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Lemma 2.14. Suppose N =0 and let f, be as defined on (1.18)). Then

P p -1
lim [ dx a:o‘|f§gn)(x)|2 {/ dx x*72™|f., (a:)|2} = A(m, ). (2.119)
2040 Jo 0
Proof. By (1.10) we have
p (0.8)p
lim [ doxz® ™| f., (z)]* > lim drx™ 110 = 0. (2.120)
Eoio 0 Eoio 0
In addition, one has
RIOESY (m) Pj(00(20))z7 T m=D (), 0 <z < p. (2.121)
: J
7=0

Thus, for all 0 < z < p,

2| £ (@) |* = 'io (T;l) <7;§> P;(00(0)) P (00 (0) ) +270(c0) =i =k

x (M=) () (MR ()
= [Pm(Uo(Eo))]2$_1+E° [(2)]* + G12(c0, 2)

= A(m, a — g0)z™ T [p(2)]? 4+ G1a(eo, ©), (2.122)
where, again by ,
|G12(g0, )| < c21, €0 € (0,M), 0<z<p (2.123)
for some co1 > 0, independent of €g,e1,...,en € (0, M). Hence,

P 5 P
[ el @) = Amea - 20) [ dwa o o)
0 0

+/Opde12(50,x), (2.124)

and the lemma follows by dividing both sides of by
[ e, @ = [ (2.125)
and applying , . ’ O

3. THE APPROXIMATION PROCEDURE

We start with some more notation. For the remainder of this paper we shall
assume €g,€1,...,en € (0,p/20), that is, we shall assume M = p/20. Let f, =
feo.e1,....en be as defined in (1.18). Then for § € (0, p/20), we shall write, recalling
£ = (60,81,...,61\/),

0, r<dorp<rw,
fo)e(@) = {fg(x)’ S<z<p
We shall let h € C°(R) satisfy the following properties:
(i) h is even on R, (3.2)
(#3) h(x) 20, z€R,
(#it) supp(h) C (—1,1), (3.4)

(3.1)
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(iv) /1 dx h(z) =1, (3.5)
(v) his 1non—increasing on [0, 00). (3.6)
For € > 0 we write
he(z) = e *h(z/e), x€R. (3.7)
For ¢ € (0,p/20) and ¢ € (0,d/4], we write
fo.e)e = fio)e % he- (3:8)

Remark 3.1. (i) Since h is even, we have

Fs.epelw) = / dte h(t/e) foy oo — 1)
/ dt e h(—t/2) f s (x—t):/_oo due " h(u/e) fis) . (@ + )
T+e
= [ e b = a ) = [ dre b - 0/ ), (9)

o z €R.
(ii) Since € € (0,0/4], supp(f(5,¢),e) € [36/4,73p/80]. Hence,
fs.e).e € C5°((0, ). (3.10)

(7i1) Let g € L*°(R),x € R,7 € R\{0}. For 0 < e < §/4 < p/80, let g. = h. *g. By
the sequence of change of variables in (3.9)), we have

T [9e(z + 7) — ge(7)]

_ / T (o) h((r — 2 — 1) /e) — h((r — 2)/)}a(r)
_ / T dr (re) W ((r — & — Ao )7) ) (r)g(r)

(o)
= —5_2/ dr ' ((r —x — X, r,7)7)/e)g(r), (3.11)
—oo
where
0< Mz,r,7) <1, z,reR. (3.12)
Since b/, g € L*°(R) and, for —1 < 7 < 1,
supph/([+ =2 — Nz, -, 7)7]/e) C [z —e — L,z + e+ 1], (3.13)

applying the dominated convergence theorem we get

gL(w) = lim 77 ge (2 + 7) — ge ()]

:fnmg*?/jo drW ((r—z — Xa,r,7)7)/)g(r)

T—0

r+e+1
= —2lim drb/((r —z — Xa,r,7)7)/€)g(r)

T7—0 r—e—1

r+e+1 x+e
= —5_2/ drh/((r—x)/e)g(r) = —5_2/ dr i/ ((r—x)/e)g(r). (3.14)

—e—1 —€
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Let 6 € (0,p/20). For technical convenience, so that we can use the general
theory of convolution, we shall write f(;) . for a function in Cg°(R) satisfying:

(i) Jio) (@) = foyer @236, (3.15)
(i1) fis)e(x) =0, —o0 <z < oo. '

Constants denoted by v;,j € N, will depend on N € NU {0}, v, p € (0,00) with
v = peny1, m € Ny a € R, hyyp € C®(R), and eg,e1,...,en € (0,p/20), but

independent of § € (0, p/20) and € € (0,5/4). o
Lemma 3.2. For all k € NU{0} there exists v1 = v1(k) > 0 such that
|f§(k)(m)| L ppzPm=P=lmat/2/2 o < ¢ < p. (3.16)

Proof. This lemma follows from Lemma [2.4] the product rule

k
k
1@ =3 ()@ @), 0<a <y 317
e 2\
j=0
and that, for all 8 > 0, the function ¢ +— t~#In(t) is bounded on (1, c0). O

Lemma 3.3. Forj=1,...,m, and x € [36/4,50/4], we have, writing 8 = §/4,

J

(J) Z k+107kh(k 1) (( 7$)/9)f((g) Ek)( )
k=1
x+0
+9*1/(S dr h((r — 2)/0) f3) (). (3.18)

Proof. For 35/4 < x < 56/4 we have, by (3.14)

Flsyo(@) = —0- / dr 1 ((r — 2)/6) fip ()

—0 2/ drh/((r —x)/0) f(s),(r)

)

e /5 (r = 2)/0)] fay £ (7)
{h r—x)/0)f(5).(r)
{ 460
= 07 h((5 — 2)/0) fig) 2 (0) + 0 /6 dr((r —z)/0) fly) (r).  (3.19)

Suppose j € {1,...,m — 1} and that for all x € [3§/4,55/4] one has

x+6

460
g - [ - w)/ﬂ)f(’@,a(r)}

0

z+0
0 = 16 = 9/0)19,20) - | drh((r—w)/ﬁ)ffg),g(?”)}

(J) i k+10 kp,(k—1) (( )/H)f((g) Ek)( )
k=1 (3.20)

x+6
+0*1/6 drh((r—)/0)f3) (r),
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then, by (3.14]), one concludes

J

IV (@) = ST (=1)0F(1/0)hB (5 — 2)/0) 5 (5)

k=1

+;;<ol / ””jdm« )/6)f3) <r>>

_ Zj:(_l)kaf(kJrl)h(k)(( x)/0)f % Ek)( )
k=1
z+6
L / A (=) /),
J+1

= SRR - a)/6) 151 0)

= ™ (G0t = 1/01) 500

it
_ Z(_l)k+19—kh(k—l)(( )/G)f(g;;l M (6)

- {2010

Jt+1

= SR (65— ) 0) 152 0)

1 (]) 1 [ete (J D,
+ 5 h((6 = 2)/0) ] ()+§/(s drh((r —2)/6)f3) (r

J+1

_Z DO FRE=D (5 — ) /0) 770 (9)

- / drh((r —2)/0) 5 ().

Hence, Lemma [3.3] follows by induction.
Corollary 3.4. There exists vo > 0 such that for all § € (0, p/20),

101y ()] < w1t o2 3574 < 0 < 50/,

Proof. Let
K, —sup{}hk) H—l LkzO,l,...,m}.
By Lemmas [3.2 and [3.3] we have for « € [36/4,56/4],
|f(;?/4)s Z4k5 "’Kmvl(m k)5[2k 1—a+(e0/2)]/2
k=1

+ 467188 — §) Ky sup {[ f5 ()] |6 < 7 < 66/4}

z+60 z+6
_/ drh((r —2)/0) £ 30 (r )}
Fy &

(3.21)

(3.22)

(3.23)
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m

_ Z 4 Ky (m — k)l et (/20172

+ 2K,,v1(m) sup {r[717a+(£0/2)]/2 |6 <r<65/4}

K,, ( Z 4k vy (m — k:)) {(4/3)[*17a+(60/2)]/2 + (4/5)[717a+(60/2)]/2}
k=1
w plm1—at(e0/2)]1/2
+ 2Kmu1(m){(4/5)[*1*0‘“50/2)]/2 + 2[717a+(so/2)]/2}I[flfa+(so/2)}/2
= ppgl1mat(=0/2)]/2 (3.24)

where

= Km<24kyl(m — k)) {(4/3)[—1—a+(60/2)]/2 + (4/5)[—1—a+(so/2)]/2}
k=1

+ 2K, 1 (m){ (4/5)[T 1ot (eo/DN/2 4 ol=1=at(eo/2)]/21 (3.25)
0

Lemma 3.5. There exists vs > 0 such that for all § € (0,p/20) we have

|1 4y o (@)] < vaalTimotCo/DI2 0 55/4 < o < p. (3.26)

Proof. We first note that, for 56/4 < x < 73p/80,
z+6/4

fosmel@) = [ dr (/80— 2)/5)f..(r)

—6/4

z+d/4 _

= [ @t )/ 0)
z—58/4

= (hsja* f5)) (@), (3.27)

hence

f(5 5/4), 5( T) = (h5/4 * ]?(E;;;) (z)

z+8/4
s dr h(4(r — 2)/8)F 5 (r)
z—8/4
z+6/4
:45*1/ dr h(4(r — 2) /0) F L (r), (3.28)
z—8/4

therefore, by Lemma

’f(66/4)5 )| < SUP{‘f((gr)L,)g(’"” |z —(6/4) <r <z+(5/4)}

< vi(m)sup {rl=1 ot /D2 | g (5/4) <r <2+ (5/4)}
< vy (m) sup {T[717Q+(60/2)]/2 |32/4 < r < bz/4}
<vi(m ){(3/4)[ 1—a+(e0/2)] /2 4 (5/4) —1- a+(50/2)]/2}x[—l—a+(ag/2)]/2' (3.29)

By Remark H (1), supp(f(s5,6/4),e) € [36/4,73p/80]. So ) holds for = €
[73p/80, p|, completing the proof. a
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Lemma 3.6. On any compact interval [a,b] C (0, p], f((;'?/4 converges to fg(m)
uniformly as 6 | 0.

Proof. Choose dg € (0, p/20) such that 0 < 509/4 < a. Then for all 0 < ¢ < dy and
x € [a, b,

z+6/4

fso/a).e(x) =461 s dr h(4(r — x)/6) f(5),(r)

z+8/4

=461 dr h(4(r —x)/9) f(s),(T)
z—8/4

z+6/4 ~
— 457! / dr h(4(r — 2)/0) f(50).(7)

—5/4
= (hsja* fion).c) (@). (3.30)
Since f50 € C°(R),
f(é 54 (T) = (h5/4 * J?(E;T))Q (z), z€Ja,b],
f (60), e( z)  uniformly for x € [a, b],

= f§<m>(az). (3.31)
O

Corollary 3.7. We have
lélﬁ)l dmxa‘f(é 5/4).c / dw x| f Fm( ‘ (3.32)

Proof. Let vy = max{vy,v3} > 0. Then by Corollary |3.4 n and Lemma we have,
for all § € (0, p/20),

a‘f56/4 2)|? v o< <. (3.33)
By Lemma [3.6] we have
(0% m 2
hmm |f55/4) (z )| =z |f§( )($)| , O<z<p. (3.34)

Since z V4x’1+(€°/ 2) is integrable on (0, p), the corollary now follows by domi-
nated convergence. [l

Lemma 3.8. There exists vs > 0 such that for all § € (0, p/20) we have
f6.6/a).(2)] S vpplPmmtmotCo/2I2 0 35/4 < o < 55 /4. (3.35)
Proof. For 35/4 < x < 55/4 we have

w484
sl = |16 [T arntatr = o))
< sup{|f(5),e(r)[ |6 <r < 66/4}
= sup{|fe(r)|[6 < r < 35/2}
< v1(0) sup {T[Qm_l_o‘+(5°/2)]/2 |6 <r<30/2} (3.36)
< 1 (0){(4/5)2m=1=o+ 0 2I/2 4 pltm—1=art(c0/2)]/2) ylom—1=a+(eo/2)/2,
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(]
Lemma 3.9. There exists vg > 0 such that for all § € (0, p/20) we have
|f(5.5/4),e(x)| < vgrlPmlmat(E/2N/2 5574 <o < p. (3.37)
Proof. For x € [5§/4, p) we have
z+6/4
| f5,6/4),e(@)] = ‘45—1/75 i dr h(4(r —x)/0) f(5)(r)
\SHP{lf Mz =d/4<r<z+6/4}
< v1(0) sup {r[2m717”‘+(5°/2)1/2 | 3x/4<r< 5x/4}
< V1( ){(3/4)[2m—1—a+(60/2)]/2 + (5/4)[2m—1—a+(€o/2)]/2}x[2m—1—a+(80/2)]/2.
(3.38)
O

Lemma 3.10. On any compact interval [a,b] C (0,p], f(55/4),c converges to fe
uniformly as 0 | 0.

Proof. Choose d§y € (0, p/20) with 0 < 55p/4 < a. By (3.30), for all 0 < § < dg, we
have

f(575/4)7§(1') = (h5/4 * }V‘(‘SD)7§) (l’), a < X g b (339)
Since ﬁgo)é € C§°(R), we have

f6/a).(@) = (hsa* ]?(50)@) (z)
e ﬁéo),é(l‘) uniformly for z € [a, b]

510
= fe(z). (3.40)
U
Corollary 3.11. For k € {0,1,..., N} we have
p k )
: a—2m -2
im | drx H[lnj (v/2)] 72| f5.6/a). ()]
(3.41)

o k
- / dw 222 Ty (/)] 2 | - ()]

0 ;

j=1
Proof. Let v; = max{vs,vs} > 0. By Lemmas and we have, for all § €
(0,p/20) and z € (0, p),

k k
e  [1BY (7/90)]_2“(6,5/4),;(@‘2 < Ve D T Iy (v/2)) 72 (3.42)
j=1 j=1

By Lemma we have for = € (0, p),

k
lélirgx Hlnj (v/2)] 72| f5,8/4).e( )|2
Jale

(3.43)

a—2

|
:?v

[in; (7/2)] 2| fel)[*.
j=1
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Since 2 +» 2~ 1+(=0/2) (H§_1 (In; (’y/x)]2> is integrable on (0, p), the corollary now
follows by dominated convergence. O

Corollary 3.12. Suppose N € N. Then there exists a family {gs.c}se(0,(0.05)p) €
C§°((0, p)) such that

o N -1
161%1 In-1(gs.e] </0 dx zo72m H[lnj(’y/m)]_ﬂg(;’g(x)f)

j=1

—ayalfd( [ doanon ﬁl[lnj(v/w)]2|fs(w)|2)l~

0

(3.44)

Proof. For § € (0,p/20) put gs. = f(5,5/4),e- Then gs. € C’O ((0,p)) by Remark
(#3). The result now follows from Corollaries 3 -7 and 3 O

Corollary 3.13. Suppose N = 0. Then there exists a family {gsc}se(0,(0.05)0) €
C§°((0, p)) such that

o _
%1?1 da: a:o‘|g </ dx xo‘_2m|g575(x)}2>
0 , . (3.45)
:/ dxx |f§( )(x)‘ (/ dx z°~2 | f=(2)] > .
0 0
Proof. The proof of this corollary is the same as that of Corollary O

4. PRINCIPAL RESULTS ON OPTIMAL CONSTANTS
In our final section we now prove optimality of the constants A(m,«) and
B(m, ).
Starting with the interval (0, p), we first establish optimality of A(m,«) in (1.1)).

Theorem 4.1. Suppose that N = 0. Then, given any n > 0, there exists g €
C§°((0, p)) such that

P —1
‘/ dx xo‘|g | {/ dx xa2m|g(:17)|2] —A(m,a)| < n. (4.1)
0
In particular, the constant A(m,«) in (1.1)) is sharp.
Proof. Given any 7 > 0 there exists ¢ € (0, p/20) such that
o -1
‘/ dl‘xa‘ (m) |2[/ dxxo‘_Qm‘fgo(x)‘z} — A(m,a)| < n/2, (4.2)
0

by Lemma- With this value of €9 € (0, p/20), Corollary implies that there
exists g € C§°((0, p)) such that

‘/ dz 2 |g™ () U dma—%\g@)ﬂ_l

o -1
- / twat| (P | [ e @] <o @
0 0
Theorem now follows from (4.2)), (4.3]). O

Next, we prove optimality of the N constants B(m,«) in (1.1)):
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Theorem 4.2. Suppose that N € N. Then for any n > 0, there exists g €
C§°((0, p)) such that

[Feovmt-somf e

N-1 ., k
/ dz z**™ g H In,(v/x)]~ ]
k=170 p=1
0 N -1
x U dxa:“_zmH In;(v/)] 2\g(x)|2] —B(m,a)| <n.  (4.4)
0 =
In particular, successively increasmg N through 1,2,3,..., demonstrates that the

N constants B(m,«) in (1.1) are sharp. Together with Theorem this theorem
asserts that the N + 1 constants, A(m,«) and the N constants B(m,«), in (1.1)
are sharp.

Proof. Given any n > 0 there exist eg,e1,...,enx € (0,p/20) such that, writing
fé = f80,817~--,81\/7

‘Jw—l[fe] [ [ e f[[lnj(v/x)]‘z’lfs(x)ﬂ_l ~Bma)| <nf2,  (45)

by Lemma [2.13] With these values of £g,e1,...,en € (0,p/20), Corollary
implies that there exists g € C§°((0, p)) such that

\JN_l[g} [ va ﬂ[lnm/x)]ﬂg(x)ﬂ h

=1

P N -1
a—2m — 2
—axaltd| [ dva=m Tyt /o) 2 o)
0 i
Theorem [4.2| now follows from (4.5)), (4.6). O

Next we turn to analogous results for the half line (r,00). We start with some
preparations.
Writing

o= (420 (- e

. 2m
:H<>‘2—(2]_i_a)2):Zke(mva)vv @)

one infers that
(Z) k:gj,l(m,a) = 0, j = L...,m, (48)
(i) koj(m,a) = (=1)"|kg;(m, )|, j=0,1,...,m,

<n/2. (4.6)

and thus,

Quma(N) =D (=1)" I [kg;(m, )| AY. (4.10)
7=0
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Lemma 4.3. (41 Sect. 2 and proof of Theorem 3.1 (4)])
Suppose p > eny1 and o € R\{1,...,2m — 1}. For g € C§°((p,0)) let w = wy €
C§°((In(p), 00)) be defined by

glet) = el@m=1=a)/2lty, (1)t e (In(p), 00). (4.11)

Then for all g € C§°((p, 00)),

) m
. 2
[l = [ a3 el [w )
P m@) =0 (4.12)
o0 oo
[ migwE = [ arjuo
P In(p)

and, if N € N, one also has, fork=1,...,N,

k
(et oz 2m 2 H lnp
p=1
k—1
=e Hw(t)|*t? H In, (%) t € (In(p), o).

p=1

(4.13)

Hence, if N € N,

oo
[ / dyylo ™)~ Amsa) [ gy o)
b b

o N-1 k ]

Bma/ dyy* ™ g(y |QZH1np

P k=1 p=1

x [ / "y g ()P ﬂl[mp(y)r ]

|

o0

[ e Y gm0 - Am.e) [ atluoP

n(p)  j—o In(p)

—B(m,a)/loci dt |w(t)|*t=2 NZI:[lnp ]

n(p) k=1
oo N-1 -1
x [ / dt fw(®) 22 T [lnp(t)]‘z} CgeCR((poo)).  (414)
In(p) p=1
Corollary 4.4. Lemma holds for all a € R, that is, it holds without the re-
striction « € R\{1,...,2m — 1}.

Proof. We first note that by (4.7), for £ =0,1,...,2m, k¢(m, ) is a polynomial in
a and so it is continuous in «. For g € C§°((p, 00)), to emphasize that the definition

of w =w,; € C§°((In(p),o0)) in (4.11) depends also on «, we shall write, for all
a €R,

Wy (t) = e [Cm=1=a) 2t gty ¢ € (In(p), 00). (4.15)
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Then, for j =0,1,...,m, one gets

D(t) = ZS(j,k,a,t)g(k)(et), t € (In(p), 00), (4.16)
k=0

where, for j € {0,1,...,m}, k € {0,1,...,5}, and t € (In(p), ), a — S(j,k, a,t)
is continuous in . We also note that, for g € C§°((p, >0)),
supp(wq) = {t € (In(p),00) | " € supp(g)} (4.17)

is independent of « € R. Now let « € {1,...,2m — 1}. Then, by dominated
convergence, for g € C§°((p, >0)),

o 2 o 2
lim dyy’@‘g(m | =/ dyya‘gm | )
B=a S 5

(4.18)
hm/ dyy” " |g(y) / dyy*~*"g(y)I?,
and, if N € N, one obtains
e’} N—-1 k
Jim | dyy® " gw)1* D [ np(y)] 2
*Jp k=1 p=1
o) N-1 k
= [y g Y TTmn )2 (4.19)
p

H

S
Il
-

512 j
5

i / dy P2 g ()2 T iy ()] 2 = / dy 2" g(y) Hlnp
p

=
Il
—

~—

Similarly, for g € C5°((p, o)

)

¢S] oo m . 2
lim dt Zu@j m, B)||w ()] / dt Y [kaj (m, o) |[wl ()],
poa ) 5o
lim A(m. 3) / dy s () = Alm,a) [ dylua(o) (4.20)
poa In(p) In(p)
and, if N € N, one has
o N-1k—1
lim B(m, 3) / dt fw ()22 3 ] op()]
B—a In(p) k=1 p=1
o N—1k-1
= B(m, a)/ dt |wa ()22 Z H In,, (t) (4.21)
In(p) k=1 p=1
0o N-1 0o N-1
lim dt [ws ()7t T [np(£)] 2 :/ dt Jwa (1)t T Mnp (1)) 72 (4.22)
B—a In(p) =1 In(p) p=1
The corollary now follows from (4.18)—(4.22) and Lemma O

Lemma 4.5. ([41] Sect. 2 and proof of Theorem 3.1 (#ii)])
Suppose 1/p > ent1 and o € R\{1,...,2m — 1}. For g € C§°((0,p)) let u = uy €
5°((In(1/p), <)) be defined by

gle™t) = e [@m=1=)/21ty (1) ¢ € (In(1/p), 0). (4.23)
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Then, for all g € C§°((0,p)),

P 0o m
duv®| g™ 2:/ dt koo (m, () (¢ 27
/0 wld Wl = [ agma)l[a0)

=0 (4.24)

P 9]
/ dyy* g () = / dt [u(t)]?,
0 In(1/7)
and, if N € N, we also have, for k=1,...,N

k
(e_t)a_Qm H In,, (€'
p:

)

N (4.25)
= elu(t |2t_2H In, ()72, t e (In(1/p),00).
Hence, if N € N,
g al . (m) 2 P a—2m 2
/dyy 19" ()] —A(m,a)/ dyy®~*"g(y)|
0 0
7 1 k
~ Blm.a) [ dyy " lgly) 3" TTnn1/0) }
0 k=1 p=1
5 N ~1
X {/ dyy* 2™ |g(y) H In, (1/y)] 2]
0 p=1
_ U dt Z|k2j(m,a)||u<j>(t)|2—A(m,a)/ dt [u(t)]?
(/) = In(1/7)
s —1k—1
- B(m,a)/ dt [u(t)|*t2 Z H In,(t) }
In(1/7) k=1 p=1
0o N-1 —1
| [0 anope? TLmor?| . secrom. @)
In(1/p) p=1

Corollary 4.6. Lemma [L.5 holds for all a € R, that is, it holds without the re-
striction o € R\{1,...,2m — 1}.

As the proof of this corollary is very similar to that of Corollary [I.4] we shall
omit it.
At this point we are ready to establish optimality of A(m,«) on the interval

(r,00) in (T.2).

Theorem 4.7. Suppose that N = 0. Let r € (1,00). Then, for any n > 0, there
exists ¢ € C§°((r,00)) such that

/TOO dzxa}w(m(x)f{/roo d$xa2m|(p(x)|2:|_l ~ A(m.o)

In particular, the constant A(m, ) in (1.2)) is sharp.

<. (4.27)
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Proof. Put p = 1/r so that 1 > p. Applying Theorem there exists g €
C§°((0, p)) such that

’/ dyy*1g"™ (v)] {/ dyy* > Ig(y)z] — A(m,a)| <. (4.28)
0 0
By Corollary writing

u(t) = el g € (In(1/p), o0), (129)

one obtains

oo m oo -1
/ dt 3 (ko (m, )] [u) (1) {/ dt |u(t)|2] ~ A(m,a)| <n. (4.30)
m1/p) i In(1/p)
Introducing
So(x) = x(2mflfa)/2u(1n(x)), T € (1//)700) = (T,OO), (431)
Corollary [£.4] implies
[ [ -1
[T aselem@P | [T dee @l - A < @
concluding the proof since ¢ € C§°((r, 00)). O

Next, we prove optimality of the N constants B(m,«) in (1.2)):

Theorem 4.8. Suppose that N € N. Let r,I" € (0,00) satisfy r > TCeny1. Then,
for any n > 0, there exists ¢ € C3°((r,00)) such that

> « m 2 > a—zm
H/ @) = Am.) [ et (o)

k
(m, Z/ dx x>~ |p(x) Hlnp x /)]~ ]

-1

y Umdma 2m) () |2H1n,, /)] ] ~B(m,a)| <n.  (4.33)

In particular, successively increasing N through 1,2,3..., demonstrates that the
N constants B(m, «) in (1.2) are sharp. Together with Theorem this theorem
asserts that the N + 1 constants, A(m,a) and the N constants B(m,a), in (1.2
are sharp.

Proof. Put p =T/r so that 1 > penyy1. Applying Theorem with v = 1, there
exists g € C§°((0, p)) such that
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By Corollary [£.6] writing

u(t) = el@m=1=)2lig(e=t) -t e (In(1/p), 00), (4.35)
one has
TS D) - A T 2
H /1n<1/p> 3 a0 - Al /m(l/p) )]
50 N—-1k-1
— B(m, dt |u(t))*t2 In, (¢ —2]
(m, ) /ln(l/p) fu(t) ;pr:[l[np( )
0o N-1 —1
X dt [u(t)[*t=2 In, (¢ 2] — B(m,a)| <. 4.36
[ /m/p) ()= I ) (mo)| <n.  (436)
Introducing
G(&) = Pm 1= 2y(In(€)), £ € (1/p,00), (4.37)
Corollary [£-4] implies
H [ dgelgm @l - Ama) [ dee g
1/p 1/p
N—-1 k
ma/ de ™SO D [ [y ()] ]
k=1 p=1
N —1
X Ul/pdgga 2m5(€) E[lnp ] — B(m, )| <. (4.38)
Putting
p(x) =@(x/T'), x€(I'/p,00)=(r,o00), (4.39)
one infers

|:F2mo¢1{ /Too da 2| (2)[* = A(m, ) /OO da x| ()]

—B(m,a)/roodxxa 2m|p(x))? _1ﬁlnp (z/T)]~ H (4.40)

1 p=1

=2

= WM

<1,

s |pmoet [T dnarmoo [yt 2| " Bima)

p=1

finishing the proof since ¢ € C5°((r, 00)). O

Remark 4.9. (i) Theorem [.1] (resp., Theorem [£.7) extends to p = oo (resp., r = 0)
upon disregarding all logarithmic terms (i.e., upon putting B(m,a) = 0), we omit
the details.

(#i) The sequence of logarithmically refined power-weighted Birman—Hardy—Rellich
inequalities underlying Theorems and extend from C§°-functions
to functions in appropriately weighted (homogeneous) Sobolev spaces as shown in
detail in 41l Sect. 3]. In the course of this extension, the constants A(m,a) and
the N constants B(m,a) remain the same and hence optimal.

(ii) We note once more that Theorems[1.1]and [4.7]were proved in [41, Theorem A.1]
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using a different method.

(iv)

Both Theorems and still hold if the repeated log-terms In,(-) are

replaced by the type of repeated log-terms used in [I5] 16} 17, 90]. Detailed proofs
of Theorems and for the type of repeated log-terms used in [I5] 16} 17, ©0]
are available upon request from the authors. o

Acknowledgments. We gratefully acknowledge discussions with Lance Littlejohn.
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