Define unpointed space and unreduced cohomology.

@® Unpoinfed spaces & wnreduced cohomology *

Funclor
® oy Top —>Tops 'aéc\g a digyint basepint 4o given space
o Fr unpointed space Y ( poinkd gpacs are spacet with dishinguished basepoint * eX)
W (YR i= B (s W) = DYs k(an]
s called unreduced cohomology of Y.
L_;, eq. Ore erarple of Has  Fun dor ie
<A\ = One point compachficabiot of  gpace X

g RL(X) := r\’\‘,*(g(\) s ie olled prao,H\r upperied
cehomolog\, of X .

trtroduce two Kunneth formulas

® Theorem . (Kunneth Theorem, [Hat02, Theorem 3.18]). Let R be a
commutative ring. There is a group homomorphism, natural in both X and
Y

)

H*(X;R)®@pr H*(Y;R) —— H*(X AY;R).

® Theorem ¢

(omsider o quohent X/A of unpointed &pam. Thic is maburally
po\m?\'e,a by e, point [A]. The angonal map AL Xy —> X+ AXx
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1"/7IVVMMLNLO (R H](.LP A - NTRH T 77 HNT+E Y AAMTROOStT
N\NAsAN ——> ()

ASa +—> (0,0) whith i3 Fhe baepank
oF K+ NX/A

Thie map omposed with homemarphism — Rom kurneth,
Yneorem  dekines a produck
Thwe we con defines o cup produd

Ut H* (XR) @ W* (x/8) —= BT (Xe AX/A) 2L * (X/R)

Define the Thom space and the Thom bundle
20 example 4.20.

® Thom gpaces & Thom isomorphism :

Def" ! hok piE—>B be an n-dim. veckr bundle. The  Fber
bundle P:E—>8 s defined by beking  the fberwlse |-poink
wompadifioabion. of £, go Mal the Fber of E abore b €8
is a copy of &N
Thig produces a4 hew gechm So | e gechom ak inFiniky
given by beR = point ok infinity in ik Aber.
TheThom gspace of E g defined by

ThEe):= g/smCB)

o

lek pPE—>8 be a veder budle. Define a Mo M E—R

st-  tehichon of M 4o each Fber ig a pottve definile quadrekic

form This ha 400 imp. Bper bundler  sitting vuide it
® Dick bundle: |ob prE) - %BEE | ue) \<\}
ton  p) =D WbeB



@ Sphese bundle: ok QLE) = €66E| m(e) =17
Baon pt )Y gm Y beB

Than
Th(E)= D(E) /SCE)
A
po'\nkn\

spale

79 ECBXKR’  sinee Ms a vl bundle
~ o n-| Bxs" L $x]x
= D(E)=BXD" & S(E)= BXS o SR
S Tw(E) = BXD"/gx¢" € gxs"/ g x{x) U¥ixS
 (By) NS
¥ iy disjoink fom B
3" (B+)
At (3" (BY)
rx—? (B4 (= B =H™ (5x))
HE(B)  (From def" &

ho mo\og‘j rf
unpoinked  spac)

wopersion destoys wp produeh S Hug g noh o ring
By kunneth %m,

WE () ® B* (By) & B* (z"BY)

R* (") @ n* (B) & h* (36)
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= m-t ﬂ) (EB

DA )

S RUTRE)) D ™ (B) e o lo given ) by multivlying
b\‘l gevesator in W (S

\\/Iﬁ)ve lemma 4.22 and corollary 4.23

Them gpaces  work well wibh products  of veckor bundles.
o lomma: For vedor bundley E—>8 & E'—>B
Th (EXE) € Th (E) ATh(E)



PP - Observe Hhar
D(EXE) S DCE) xD(E")
Retiicing ;i S (EXE') we get
SEXE) Y (9tB) x DE))V (D) x SCEY)
3 ThiEXxE) = DY) /acexe)

produLel

12

1p]

R pointed spae
with pont [SCEY]

® Cordlory: Th (E® &) oTh (E) NSk
p: E®@e T EX gk
Wo thnle of a0 bundle over o pont,
S Th(E)S DED/fgek) T DRJ/S"" o gk

Introduce Thom Class defn 4.24.

S —> = (E
B ’\Ze!'oE m%)mc,hj‘;{t:j"‘)
Cothlon. oF each fiber
F o prejed” wmap Th(E) B, bk 8 <k nicely inside, ThE).
e \fbeB Foe 8" C>Th(E)
This indutes
BT (B)A) —— H'(¢)
Couied resrichion of w o We Hberabore b

D(E) xDCE‘)/(sce\xD(E') U (DCE)x &)
(DE)/sey) A [DLE) /ste') = Th(E) ATWE)

Definition 4.24. A class ¢ € H"(Th(E); A) is called a Thom class with
coefficients in A if for every b € B the restriction of ¢ to the fiber above b is

a generator for H (S A).

The usual cases of interest are when A = Z/2 and when A = Z. When

A = Z this is often simply called a Thom class.

A bundle with a choice of Thom class with coefficients in A is called an

A-oriented vector bundle.

cohomelogy off
G doen't a)w)mf& exigt eg. Mobiw bundle, with we. Z.



Thom Claxer are nabura)l w.rt. oullbagks.

Proposition 4.25. Let p: E — B be an oriented vector bundle, let ¢ €
H"™(Th(E)) be the chosen Thom class, and let f: B" — B be any map.

There is an induced map Th(f): Th(f*(E)) — Th(E) which takes ¢ to a
Thom class for f*E.

P
Th (P%E) — 2, Th(E)

T it B>y E—> B4 (g) = Th ()

PPp ——— s E
/

[
SR RRE) — s e pUE)
BXE

Same, a3 Fibers

Theorem 4.26 (Thom Isomorphism Theorem). Let ¢ be a Thom class with

coefficients in A for the n-dimensional bundle p: E — B. The homomor-
phism

®: H (B:;Z/2) — H"™(Th(E); Z/2)  br—p*(b) — ¢

s an isomorphism for all i.

P nuC“

N B+ —>E+NE+ indues  Th (B)\— Ex ATh(E)
by  kunneth Hhearem,

R¥ () ®RF(ThE)) s T¥ (T (E))

[ p*: ¥ @) —>HF(E) is an iso 9)
preumposing — with PF@ 1
H* () ® PF(ThIE)) —> ThF(Th(E))

b= rukcdon oF his map  whee 9™ oovdinok is sek o kec.

o TP Eickivial . we sowo taay Thom closl  exst

* Suppote B =U Y, ( U.\}mow)
£ Thom Is0. holds for  Ely Elv ¢ Eluav
ke Thom clouses ¢ Cu,cv , Cuny

cusousded b alove .

Sinte. Them g0, holds Gor E|0n\/, Lor (=-1.
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We therefore have a Mayer—Vietoris sequence,
which begins:

o SH™Th(E)) — B™(Th(E|y)) ® A*(Th(Ely)) "= A"(Th(Eluny)) — --- I
The inclusion Th(E|yny) — Th(E|y) induces a homomorphism
H™(Th(E|1)) — H™(Th(E|uay); gl e

since the theorem holds for E|yny and Thom classes are preserved under
pullbacks (and are usnique because of the specified orientation), the image v
of ¢y is cyny. Thus the image of @y @ cy\in the middle term is 0; since
2. the sequence is exact there is a uniqueelement ¢ € H"(Th(E)) which hits Th V&\O} —b'ﬂ\(@)
@Pf" cy D cy.
Lo The Mayer—Vietoris sequence above receives a homomorphism from the
Mayer—Vietoris sequence

- — HElynv) — H'(E) — H'(E|y) ® H'(Blv) — H'(Elyav) — -

induced by cupping with the appropriate Thom class. By the induction

\o hypothesis this is an isomorphism on all terms other than the terms H'(E);

\0\))"“ by the five lemma these must also be isomorphisms, and the proof of this
case is complete.
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