
Introduction to Cobordisms-

What's the difference between a Klein bottle
and a forms ?

The Klein bottle is con orientable
,
while the

toras is not 3-
In other words

,
FW

+ a nanifold
S -

+ -

T = DWT
but the same is notdre for K.

We can ask this question in generality :

When is a closed n-manifold the boundary
ofan <+ 1) - Manifold ?

& e:LetMandNbe two mail
7 an (+1) - Manifold W

S
.
t

.

OW = MWN .
Here

,
Wis called a cobordism between Mand N.
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Ex: ① Any Manifold is coburdant to itself,
by way of W : = M x F.

② various articles of clothing :

A pair of parts & ,
where OP = S'r /Sust

A sock S
,
where OS = Sidd

A Shirt H ,
where IH = S : r (Susus)

③ Lobordians are notunique .
S'xI is

a cobordism between S and s but

so is a torus with its ends cut off.

Next up : the cobordism group

Ref : The unoriented cobordism group In
is defined as follows.

As a set
,In consists of the equivalence classes

of isomorphism classes of n-manifolds at to

cobordism.

Addition is W
. ([] + [N] = [MUN])

The empty manifold is an -Manifold
,
Fr.

↳[Q] consists of all closed
I-manifolds which are boundaries.

https://goodnotes.com/


Lenna : I ison abelian
group.

&of : We check well-definedness .

Suppose [M] = [M1J and [NJ = [N]
Then -a cobordism W between M ,

M

and I " "Wor NIN !

Now WWW' is a cobordism between

(MrN) and (M'WN)

S [MUN] = [M'UN1] as desired.

Inverses : Observe that [MJ-[M] = [MrM]

=G(M x F)

= [0]
.

So
every class

has an inverse.

In is abelian since MUNE NUM.

#
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We see that exp(11) = 2
.
So if the

group
is

finite ly generated this is enough to conclude

that ME (1/2)? for some 2.

This turns out to be true.

Thn : (thor) The group Rx= Mr is a graded [12-
algebra with the product given by [MJ[N] = [MXN]

As a graded algebra =1/2[X : i = 1,+ 25 - 17
with (i) = i

.

No proof.
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Siefel-Whitney Number

Def : Let M be on 1-manifold ,
and let

[M] He (M ; <2) be its 12-fundamental class.

Let T1 .... in zo be sit.

r +2+... + + = r .

Then the cohomology class

w ,
<TMit ---n (TM)

-is in He (M - - S-W class

The(r
, ..., val-Stiefel-Whitney number

is

(w
,
<TM)" we /Thi ... we (Tri)[n] Is

This is denoted wi ..wi[M]

Lemma : Let MandN be n = manifolds.
-

-
-orangTi-ii with 15252- ... r in = us

we have

wi... wi [MrN] = w ... [M] + w ...
WIN]

Proof : TM s M P(MrN)
-

to ↳ Tn-N
TIMEN >urN ↓ ↓ Pa

F TIMON - MON
F

We have : WeM) = wi(pT (Mrv)
= eT(w -

(T (MN)) H -

<TM)

Likewise , w (TN)= (wn(T(MN))) eITM
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So w.(T(MrN) = (w
,
TM

,
w

,
TN)

Now we get un <T (Mr N) [MWN] = <w
. <T(MN) ,

(MON]

= <(w
.TM ,

w
-
TN)

,
([M]

,
[N])

=<w
,
+M

,
[M]) +<TN

,
[N]]
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Compute S-W numbers for real projective spaces.

Recall : H
* (RPv) = [2 [x] /Mor

and wi (Trput = (1)xi
- S-W class

First
, supposen is even (2)

Wi (Trp1) = Cal + 0 = 2k+ 1
Then L

= n + 1
-> wr(Rp] + O

Similarly , w (TRA) = CX +0

=> w
,
[RPL] + 0

In general , wi - w[RP] = (* ) ... (vi) God 2)
These can vary, depending on n + 1.

When n = 22-1
,
all are nonzero.

When n = 24
, all but w, and we are zero.

Now suppose n = 24-1 is odd.

Note (17 = <1 + 20 + x)
*

= (1 +x2)k
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Thus (2) = (E) (nod 2) (+ x)22_ (k)
and Cl = 0 (nod2) ↳=:So Vi

, wa
(Tru) = 0

. G = (2) + (2
,4x + (2)

Since
any wi ... wir must I > --

have at least one rito for
= (a)x + (i) + (2)x

an odd i
,
we conclude that

all odd S-W numbers are 0
.

Thm : (Tontjagin-Thor)
Let M be a smooth closed n-manifold.
Then

,

I a smooth
, compact (+ 17-manifold B with OB = M

iff

all S-W numbers of Mare O.

Roof: 2
.
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Upshot : S-w number car identifyexactly when
a manifold is a boundary. By using the group

structure

on In ,
we conclude that S-W numbers can be

usedto defect cobodant manifolds.

Lor : Mand N are cobordant iff their S-W numbers
-

areequal
.
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Stability:

Want to talk about stability : properties of
invariants of spaces which are preserved
by the factor

X . EX

taking a pointed space to its suspension.

Ex: Reduced homology and cohomology factors
are stable by definition.

: : Top -> Ablp comes with a natural

suspension inaphise Techi(x) e (EX).

Homotopy ,
in general , is not stable.

Ex: z (52) =T but in (IS2) = iTu(53)=2.

For homotopy groups ,
we get a stabilization homomorphism.

For
my map

of pointed spaces 8 : X + Y
>

smashing with a circle induces

[f: X + zy

which induces a function

[X
,x] + [IX

,
[Y].

For homotopy groups ,
this is misomorphism.
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Ihm: (Freudenthal Suspension Theorem

For a n-connected pointed CW-complex X ,

the stabilization Momomorphism

in(X) (iTma([X)

is an isomorphism if k = 2n.

Our goal will be to prove on analogous result
forThom spaces.

Observation: suspending a thom space of a bundle E

corresponds to adding a trivial bundle.

i
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↳ra : For kin
,
the

group Ther
(Th (Vn))

is independent of k.

We won't prove this
,
but we know it's true for

cohomology groups. ?

Thos isomorphismF
th
(Th (Vul) HV (Eu)

Since <k
,
this is the grout 2

Ze Swi... w : 2:2+... in =3

Clearly, this is independent of I

This is our first encounter with stable homotopy groups.

# Consider the sequence of spaces

Th (8)
, Th(U) ,

ThSV), ..

The classifying map of the bundle Una
induces a Map

[Th (5)=Th(Unoc) <Th(Una)

The adjoint of this isa inclusion

: Th<)<Th (U)·
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If these were equivalences , we would have on -Spectrum
land thus a represented cohomologytheory)·

We conforce this to become onr-spectrum in

the following way
.

Define
Mon = colin (th(Un) ->Th(Una)+Th (Unz)

-..-)
where the maps are given by the adjoints.

We claim that this is an -spectrum,
and that

Trek Th (Url E colim (trom (Mon)
for h large enough.

Mon = colin (ThUn-IThOn +R2Th Unz ..)
= colim (12th Ur +R3th Unit - -->

=colir (t(2ThUneRThUnse ...1)

Filtered : Th U
, 4 Th Un

2) = -colim (2Th Var erThUst .-)
So Mon is representable
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Rul : With our new cohomology theory,-

we can ask : what useful characteristic
classes exist with values in MO ?

The existence of char . classes in a general cohomology
%theoryreliesoadditionalpolya b

polynomial ringwith one generator.

Then char . classes are defined and are similar to

ones we have seen.

What is the color
, theory represented by Mo ?

We can compute its value on a point
by
Mor (5 %) = [S

, colimTh(Unor)]
= colin[S"

, riTh(Unik)]

= colim[S?
,
Th (Unir)] .

Ihm: (trom) When h > n +2,

2nTrakTh (UK) ·
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