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· Recall homotopy groups for topological spaces.
A' * Pf-

B

v(p=f(a))
In(x) : =E,

(X,
*]

E
· How do we compute them ?

->Hi(D)-> Ti(A) Hi(c) ->Thi(i)-Tin()+ --

· How dowe compute Homology groups?
A + B + 4

cofiber requence :An cofiber Sequence

· pushouts don't respect homotory,
-

#X-X/A-

S Fiber Sequence :

s-D2 A =1B + C

- I
-

A n -filer sequence.

↓ j↓ -* -B
2 -

12-> S '

f A F7B+ A+B -> (f-> [A. looks like adistriguished
A+B ↓ B + (f+5A+ IB

triangle.

EWMine x
+Y

-

I they are adjunct.↓is good enough. * B -> G + IB not inverses !
&

- - Hi(A)-> Hi(r)gHi() ->Hi(D) -> Hi A--- AFIB ~ Ff -> A - B
.
1 Z/e are not automorphism.

I What wewant cofiber and fiber sequence to coincide
(Myervieturis seven (e) -



Blakers-Marrey Excision : ② n-connected. -deloop it.

highly
connected. -> B-

Y- -

un-conn Amap
a-

A

A B is meth
if I A:Al = A2

,

- 2B . = B
- f -

R -

In ↓ if TiCA)ETi(B) ism-1
#-> B' UH-connected .

->

epi fur i=m
.homotopy pushout/pullbach

-i delooping increases
, connectivity.

cincide upto some level Poteray Operad). [pace).

↑

we want to getcid of connectivity: &
X : = No X ,

X
,

X 3
,

-

-

·

X-X3.&X= Yo
,
XI EX,

Oberserve :

m - connected. Xo & Xo
.

Xn=Xu+1
.

-

A -> B is
-

m- I connected. This is calledspectra...
-

& A- > lB is

Note
. VoEX I

Xo- MX1
.

[sie = HiLRA) - HifeB) i <
M- 2

.

IIS
.

11 IIS

[iA) =it (A) -Hin(B) is for
iH <M-1.
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Definition of a Spectrum : - homotopy purhout of spectrum.-

Spectra X ,

is collection of spaces ,
X-Y Xn-> Yn

↓ urf tit· Xo
,
X1

,
X2

,

----

z -> w

· Exi Xi+ I structuremap .

&

->%L
Xn+1

=>Yn+1
·

a map
between two spectra, f

: x-1Y
, this -

[xn- I
square

Xo + X ,
=X+ --

tocommute .

Et
tol fl It
%- Y

,
+Y

,
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· IXVYIn = YuVYn
.

3 (xXYn = YnXYn
.

EX Xi+1

& (xV-n =in(XnY) = (aXn)v(S)v
->)

Itil e
.

Litt ↓ on I
Xn+1 V Yut

YiJ' Yitt
XNY .

<there is a way todefineit .



· Eenberg-MaclaneSpectra.
· Thomspectra,

k(A ,
n), ~ Complex k theory spectre .

Hi (2k (A,n)) = Hi+ (k(A,n) · So
,
S153, --

=A itini Ees
,
Eses"--

elsewhe

=Hi(k(A ,
n-1)

.

suspension spectra .

- k(A ,n) = k(A,
n-1)

.

If A 7 SilenbergMaclan spectra .

i (X, A) = [X,
K (A,MT).

·

·



3 notions of equivalence in spectra :

f

·motopy equivalence
: x
+y got Nidy

.
XaI+,Y

.

-
q fogridy

.

·Iel equivalence :
XI l. E .

if . Xn* weak homotopy equivalence.

zn.

· stuble equivalence: Tr(X) = Colim(tm(x)- Tr+(X) +tren (x2)-)
-

- X
E, S .

E
.

if. Tr(X) Etu(Y)
XK

.

closetome
,

-

centhalSuspension theorem
to
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I e. there are inverses in Spectra . Capto stable equivalence

Tr+ (2x) = Tr(x) = TIk-1(erX) .

Th(X) = Clim(-T()->Mxn)
+Thx I↓

HEA+z(zYn+ )
= colim (yellow portion) . Al

Tim(Ex) = Clim--> Math(x) -T ++(x)I ↓
Hm++n+1 (2X n+) I

= Colim (Yelomportion) ↓



cr. ·
the following are equivalent

.
-

x 1,Y S .E TIEx)= Th(X)
= He (2x)

# If Lef
EXE, 54 S. I Ey = +() = +u(-)

I

-X,Y SE
.

·X- 12X and ENX- > X.

are also stable equivalence

Hr(x) = Tra()Eth ([X) .

· homotopy cofiber and fiber sequences
wincide.



& g
& X- >Y - z cofiber sequence

#

Iz !n->IXIS
CYUz

x -Y
E

↓ n
I & zX = [YIPE .

↳=>Y->z

Y

I YIP7· T

↓zeptez = X +y+z

finer requence.



·nonotpushout,
pullbacks coincide :

A
I, B A- - B - [q

Cf

↓ rid if his ↳as I
D Cg ↓I the
A- B Ff A+B

it Ie ↓ ↓ act
Fg, c -> D =>Fibersequence.

1* I
H (y=.

·Spectra is additive .

MrYn-XX *n, ,
X VY = XXY . [product and coproduct

coincide



Mk(X vy) = Hu(x)@πk()

IS . I

T(XXY) = Hr(x)xπr(Y)

Do
Yup-> XipVPop eXYx- XvY
I ↓
I I *

- CXVYEYTop .

YEXY.
--- - Tr(x)-m(Xvy)- πu(y) + - -

&
Hr(Xv-y) =Th(x)@The()

.



ModelStructure on Spectra :

Tw sect Xn-Yn socefibration .

: sorre fibration

I
E

Xn--Lyn+1

In
Es' : weak homofyyequimlm En-refine
" : I =EBY : stable homotopyequivalene

and cofibrant
generation.
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