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Now for CGWH/ spaces.

#(xN, 2) = F(X,
F(,z)))
-

#ES'
,

F(zX , z) = F(X,2z)
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To (F(5X , 2)) = ToF)X,M2)

[S,
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&ets : A := category of orderedsets,

[n] =G011 . - - < n)
,

f
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Check they have the following

relationship,

did = did"- for iss

Sisi = sits-1 for is;

sixi =

dis for 12

is for i = j
,

i+9 di-st for i j+ 1

#mi any map
f : (n)-1[m] can be written as

a

composition of these.

* A simplicial set is a functor X :Assets ·
[n]- X(n)=Xn
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did ; = didi for iss

This
Sis = S ,

Sin for is; another
Si- 1 di for <
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Standard simplicial n-simpler .

denoted by A[n]
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Al- ,(0))
,/1((0) ,87) = 587

in moral sense
& ([17

,[01) = 5x7
. its a point .

I A [Cri, (os) = 507
.
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Do-> set

: In 1 A[n] is calleddaembedding.

let X be a simplicial set .

#RI]x
· X-Top . Singular Complex .

&
SX- Set Homior

.

(A,
X) = SXn

.

d"-> At di(40,
--
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,
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(x , 55y)o (Sin,3) .
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reconstructionsin set :

siets has no categorical surprises, Limits and
colimits are

calculated degreewise.

· IXWYa = X1HYgo(XXYa = XaXYa

Sket (xXY, z) = Set (X ,
Map (t,z) Much Esset

How to define Map(Y, ? choose X = 1(9)

sSet (a(a] XY,
z) = set (A [97 , Map (Y, zl)

= Map(Y, z) q (Yoneda.)
Map (Y, z)y = She+ (* (a) XY, E) ·

For any closedmonoid cat, Map(xXY, 2) = Map (X,Map(,z)

Composition : Map(Y,2) xMap(X,x) -> Map (X, z)

& f g. f

X X *[9]
*** (XX(xA[]*YX1[9]= 2

-
gof

tomotoryin terms of simplicial sets :
-

in topological spaces, xYX



in simplicial cets .

IXIX1]1Iti

↑ ·
(x X 1212111

this way we X X A[17 Y

define it. Xat52t

*i is homotopy equivalence if A g:-+ X st ·

go fill and tog id

Simplicial Abelian Groups .

Ab-category of Abelian groups . A = rAb,
2[]

Ab- Sets
,

X1+*[x] free abelian
- group on set X.

S
2 S

SAb set defined degreewise.
-
U

Hm(MN) = HisAb (M ,
Map(P

M =[A(91]
, Hamsan(bz((97], N)

= Human(*(ACT),Maplo,)

= McphP,N)g
,



Ne : 1 (M,Nq =A (MQL[A((1)),N)
and we can define homotopy naturally . (like before)

( = S ... t (q-1(qk(a+17
-- - Y

-x :0
- Do such that levelwise diagrams commute.

Ch := category of chain complenes (no ton negative graded
chain complexes

defined cycle ,
boundaries and homologie.

MESAb
,my (a(M) - Chy,0

.

do-d)
Mo M,i-

singular homology of a topological space?,

Ha(Y) := H*((, [Ising7)
more generally , for a simplicial set X, we define

Hx(x) = Ho ((o (x])

If MESAb,Ha=TCIUMD
-

Normalized Chain Complex:
min

ME SAd ~> ((M) = (h

(M)=d :Mama

Kam : A Chao induces equivalence of cate,

E
Hu(u) = Ho(hx,%)



PointedCas :

So for pointed simplicial sets.
XXY

X
,YESetso

,
XVY

,
XN :=

XVY

X + SzX = sX
,
S =(1)simplicial circle ·
2A[1]

tol+(i)17 ,201)Fi(,1)
i 2 A(2X =

impvimiz

Si= S's"!S'= 2 Al- , [11) = 50, 17
.

+: -> St (adde
abasepoint)

Ell ↓

i [x) =E- - x+s
Ab-

Setsz-
u

Ut

These
relations

are satisfied(
-

perform them deyreewise and we get corresponding
constructions

for pointed simplicialsets .

InNeXTDE Fn kaE[x])
(By cold-kam)

&"
: With Integral Eilenberg-Macane space

issh]

Masy = 3 in=k(, n)



Mapping Spaces and Homotopies

X
,
Ye SSete. Sx(X,Y) pointed simplicial set,

E(X,-)a = Spointed simplicial maps xnA(a)++
->Y

and we have similar properties like S(X,),
S(Y,2) So(x, -)->3x(X, 2)

[ (x My, 2) = S + (4,
Sa(X, ]))

to, fit Sx(X,Y) ,
pointed homotopy between them is

a map

XnA(17+ -Y.

and cohomologypaces mmmi

sing(X = S+ (s!sing(X)

eX == fa(s , sin(x1) Esing -/X .

loop and suppression are not adjoint,

reduced cohomology of xesset ,
is defined by

Fr(x) = To (a)X, 2 [S2])

Y-> singe/X1 .

snx-> Y ->SinglY) .

X -> S sing)=Y .

sax- > singly =Y


