
&ef3.b: :-B Fiberbundle w/fiberF
F : B + B any not

The pullback ofalong f is the fiber
bandle

p : B' xE - Br

given by the pullback square
B'xBE-E

ste ↓
B' > B
f

We write this bundle as Fi : f
*
E -> B.

It has fiber F.

Lemma 3 .7 : E
*

p is well-defined.-

Pf : Frf fe) Let & be the

> E
of p.

-

·
trivialization cover

w B
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Let & be the trivialization cover of p.
Wis : 7 an open cover sit

. YUERL
,

there is a pullback square
12

p is trivial over 0
"

unf

-wird mad
u

Claim : EF"(U) : We 93 is an appropriate open cover.

This is well-defined , sincef is continuous.

For eachOt M
,
the solid black diagram

commutes .

p is a fiber bundle - front face is a pullback square.
The left face is also a pullback square.

fr +F

-
w B

So the
green rectangle is a pullback square.
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Since the right face is a pullback square
by definition offEs
the partial inverse

gives us that the back
propertyis a p . b . square.

E

Ex3 .7 :

Def3 .9 : For i = 1 ,2 , letpi : E;B
be a fiber bundle with Fiber Fi.

The product bundle EXBEztB is
-

the diagonal mat in the p . b . square

EBEz El

↓ ↓2

Ez B
Pr

This is a fiber bandle with Fiber F, xEz ,
denoted pX P2 .

When p , and pe are both vector bandles 7

the good - bandle is also a vector bundle w/fiber
F, F2 . We all pop2 the Whitney sum.

https://goodnotes.com/


↳ema 3. 10 : If pladez are isomorphic bundles
over B and :Bit is is

my map,
then

f*p , and fire are isomorphic handles
over B' .

Also

if
p is any

bundle over3

then

dup , and pape are isomorphic.

Lemma 3 . 11 : Let p : E
+B and p :E B

-
be vector bundles and let f :Bit

be a map.
Then
Freget = feloffce)

.

Pf: Consider the commutative cabe

Feofter Eder

·
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The front , bottom ,
left

,
and right are pullbacks

by definition .

Left + bottom p .
b.) composition pob.

feofte' eger

·
Right p .b .
- top pob . by inverse prop.

feofte' eger

·
Top + first p .b.) composition p .b.
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This composition looks like

Eger

↓ ↓
BB

Weknow leget fits in the top left
corner

, by definition of F.

We just showed f
*Ef*E also works.

So by themiversal prop of pullback squares,

Freget effcel off let

Ex 3 . 12 : The targent bundle to als
smooth Manifold

-

is a pullback of a map from the Manifold into
a Grassmannian

Let M be a smooth n-ranifold and let f : M ↳RN

be a smooth embedding.

Define g
: M+ G

,
(RV)

E 3↑ ↳ linearsubspaceofRoyale
Now

9
*

Un = E(w ,
v7eMxUn : vis in the target

space to M at(x)3.
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Unr = Elw ,
ul : We g

,
cre

, vewerr3
Uni Undo
-E = B' + E

EgWinETM .

Ihm3 .
13 : (Classification the for vector bundles
over compact surfaces

Sps B is compact .
Let Vect (B) be the

set of isomorphism classes of n-dim') vector

bundles over B .
Write [B

,
0 .] for theset

of homotopy classes of maps BeOn
Then

the man : [B
,
G1] -> Vect - (B)
-* Un

is a bijection.

Cor 3 . 14 : If X and Y are homotopy equivalent-

finite CW complexes

therNect(X) and Vectr(1) are in bijection
In particular , if X is contractible
then
all bundles over X are trivial.
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-

that a homotopy class Je[B ,
En]

De3We+
formy Fec ,

EEf* Un
.

Any such choice offis a classifyingmap forE.

E3. 16 : Consider : RoxRo* Ro
inducedby Ca

, ac , ...) # (biba ,
--) = Cabi

, aribet
A point (v ,v) EnCn is a pair of subspaces

ofR

=> v Xv' is a subspace of ROX R&.

Write(vvv) = vov! .

This is an num-place in RP,
so it lives in Given

This induces : GrG & Gran

Let Belon and: Be On be classifying maps
for E and El

, resp
Consider

fo : B * B + B Erienven En Grun.

Then Fol Fede

⑦ on Grossmannims classifies Whitney sums .
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