Math 7366-1 Homework Spring 2021

. The gamma function is defined by I'(z) = foo

o z* le™®dzx, Re(z) > 0. Prove the

following equalities:
(1) T'(z+1) = 2T'(2), Re(2) > 0.

(2) T(1) =1
(3) I'(n) = (n — 1)! for any integer n > 1.
4) T

(4) I'(3) = V.
. Find the dimension n so that the sphere measure o(S™!) has the maximum value.

. Find the dimension n so that the volume V(B™) of the unit ball has the maximum
value.

e In problems #4 to #7 below, we use the notation for z = (z1,x2,...,x,) € R™
1
[zllp = (Jz1]” + -+ |za]P) 7, 0 <p < oo,
||x||00 = max{|ac1|, |£L’2|, ) |wn|}

e Note that || - ||, is a norm when 1 < p < oco. For 0 < p < 1, see Problem #7.

. Let 1 < p < 2. Prove that there exist positive constants a,, and b,, depending on the
dimension n such that

an[zllp < llzll2 < bullzllp, Ve e R™

. Let 2 < p < o0. Prove that there exist positive constants ¢,, and d,, depending on the
dimension n such that

cullzllp < llzfl2 < dullzllp, Ve e R™

. Prove that there exist positive constants a,, and f,, depending on the dimension n
such that
an|zlloe < [[2]l2 < Bulllloo, Vo € R™

. Let 0 < p < 1. Show that || - ||, is not a norm.

. Let 0 <p < 1. For x = (z1,22,...,2,) and y = (y1, Y2, .. .,Yn) in IR™, define
d(x,y) = [y1 — 21|P + |y — 22P + -+ + |yn — 2 [P

Prove that d(z,y) is a metric on IR™.
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Let H be an infinite dimensional Hilbert space. Does there exist a measure p on H

satisfying the following properties?

(1) p(b(z,7)) >0 for any z € H and r > 0.

(2) u(A) < oo for any bounded Borel subset A of H.
(3) w is rotation invariant.

Let K be the subspace of £? given by
K = {(O,mg,mg, o3&y, ...); ¢ 7# 0 for only finitely manyj’s}

and let ¢ be the vector (1,1/2,...,1/n,...) in £.
(1) Find the distance dist(§, K).
(2) Does there exist a unique vector & in K such that |£ — &| = dist(§, K)?

Let H = (% with norm | - |. Define a norm || - || on H by

oo 1 1/2
H(al,ag,...,an,...)H:<Zﬁai) :

n=1
Show that || - || is a measurable norm on H.
Define a norm || - || on £? by
I L)
al,ag,...,an,...)H:(nz_:lﬁan) )
Check whether || - || is measurable.

Let H be a separable Hilbert space with norm |- |. Suppose T is a Hilbert—Schmidt

operator on H. Prove that ||z|| = |Tz|, x € H, is a measurable semi-norm.

Let H be the Hilbert space ¢* with norm || - [|2. Check whether the norm || - ||, on H

for 2 < p < oo is measurable on H.

Let H be the Hilbert space L?[0,1] with norm || - ||2. Check whether the norm | - |,

on H for 1 < p < 2 is measurable.

Suppose || - || is a measurable semi-norm on a separable Hilbert space and A is a
bounded linear operator on H with respect to || - ||. Check whether the semi-norm

[zl = [|Azll, =€ H,

is measurable.



