Math 7380-3 (Homework) Fall 2008

Due September 25, 2008: 1, 2, 3,4, 5,6, 7

1. Let C(z) be the Cantor function on [0, 1]. Evaluate the Riemann-Stieltjes integrals
fol x dC(x) and fol 22dC(x).

2. Let X,,,n > 1, be a Gaussian random variable with mean p,, and variance o2. Assume
that the sequence {X,} converges to a random variable X in L?(Q). Prove that
p o= lim, o ptn, and o2 = lim,, (772I exist. Moreover, show that X is a Gaussian
random variable with mean p and variance o2.

3. Let B(t) be a Brownian motion. Find E|B(s) — B(t)|" forn =1,2,....

4. Let B(t) be a Brownian motion and 0 < s < ¢t < u. Find the distribution of the
random variable X = B(s) + B(t) + B(u).

5. Check whether X; = B(2t) — B(t) is a Brownian motion.

6. Let 0 < s < t. Show that the joint distribution of B(s) and B(t) is given by
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7. Let 0 < s < t. Use the distribution in Problem #6 to find the conditional expectations

E[B(t)|B(s) = z] and E[B(s)|B(t) = y].
Due November 13, 2008: 8, 9, 10, 11, 12, 13, 14, 15

8. Let B(t) be a Brownian motion. Find the distribution of fot B(s)ds. Check whether
Y, = fg B(s) ds is a martingale.

9. Let B(t) be a Brownian motion. Show that X; = 3 B(t)® — f(f B(s) ds is a martingale.

10. Let B(t) be a Brownian motion. Find the means and variances of the stochastic
integral ff (sgn B(t)) dB(t).
11. For a partition A = {a =ty < t; < --- < t, = b}, define

Find limHAH—’O MA in LZ(Q)



12.

13.

14.

15.

Let Xy = B(1)B(t),0 <t < 1.
(a) Show that X; is not a martingale with respect to the filtration F; = o{B(s);s < t}.
(b) For 0 < s <t <1, find E[X;|F;].

Let Xy =¢? fol e=B®W*/22 4B(t). Show that Xy — 0in L?(Q) as € | 0 if and only
if A < 1. Check whether lim, g X1 . exits in L3(Q).
Let Yy. = [§ e~ B(W*/2¢ 4B(t). Show that Y. — 0 in L2(€2) as € | 0 if and only
if A < 3. Check whether lim, g Y1 . exits in L?(Q).

Let Zy . =¢ fOEZ e=B®*/2¢ B(t). Show that Zy . — 0 in L(Q) as € | 0 if and only
if A < 1. Check whether lim. o Z; . exits in L?(Q).



