Math 7390-2 (Homework) Spring 2009

Due February 9, 2009: 1, 2, 3,4, 5

1. Let X be a Gaussian random variable with mean 0 and variance 2. Show that
Ee'X = 29" for any real number ¢. (The function (t) = Ee'X is called the
moment generating function of X.)

2. Let B(t) be a Brownian motion. Use Itd’s formula to find a stochastic process X
such that B(t)? — 5B(t)? — X is a martingale.

3. Let By(t) and By(t) be independent Brownian motions. Check whether the market
X = (1,24 By(t), =t + B1(t) + Ba(t)) has an arbitrage.

4. Let Bq(t) and By(t) be independent Brownian motions. Check whether the market
Xt = (1,24 By(t) + Ba(t), —t — B1(t) — B2(t)) has an arbitrage.

5. Let Bi(t) and Bs(t) be independent Brownian motions. Check whether the market
X; = (!, B1(t), B2(t)) has an arbitrage.

Due February 23, 2009: 6, 7, 8,9, 10, 11

6. Show that the inclusion map ¢, — /, is continuous for any 1 < p < ¢ < co. (Hint:
Prove the inequality ||al|, < |ja||, for all a € £, and 1 <p < ¢ < c0.)

7. Show that ¢, # ¢, if p # q.

8. Check whether the equalities hold: £} = Ni<p<oclp, €0 = Ui<gcooly-

9. Let pu(X) < oo. Show that the inclusion map LP(X, u) — L9(X, p) is continuous for
any 1 < ¢ < p < oo. (Hint: Use the Holder inequality.)

10. Let g be the Lebesgue measure on the interval [0,1]. Show that LP([0, 1], u) #
L([0,1], u) if p # q.
11. Let p be the Lebesgue measure on the interval [0,1]. Check whether the equalities
hold: L22([0,1], 1) = Mycpene L2(0, 1, ), L0, 1], 1) = Uy -y con L2(10, 1], ).
Due March 27, 2009: 12, 13, 14, 15, 16, 17
12. Check whether ¢5 C ¢, 2 < p < 00, is an abstract Wiener space.
13. Check whether L2[0,1] C LP[0,1], 1 < p < 2, is an abstract Wiener space.
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14.

15.

16.

17.

For z = (21,%2,..., %y, ...) € {9, define
<1 1/2
loll = (Y- -a2)
n=1
Check whether || - || is a measurable norm.

Let p, ~exp(1) for all n > 1 and v, ~ exp(\,,), n > 1. Define

=1 X g X X gy X

U=1] X Vg X+ X Up X+

Find the necessary and sufficient condition on the sequence {\,} so that u ~ v.

Let p, ~ N(0,1) for all n > 1 and v, ~ N(0,02), n > 1. Define

JO= 1 X i X X gy X

V=11 X Vg X =" XUpX-++-

Find the necessary and sufficient condition on the sequence {0, } so that u ~ v.

Take an injective Hilbert-Schmidt operator 7" on H. Let B be the completion of H
with respect to the norm ||z|| = |Tz| and let u be the Gaussian measure on B. Find
the integral [ [|z|* du(z).
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Presentation of special topics: April 27 to May 1, 2009

Reiser: Construction of a Brownian motion
Cross: Black-Scholes model

Szozda: An extension of the Ito integral
Tao: Normalized markets

Chen: Completeness of a market

Sae-Tang: Price of an option

Latin: Equivalence of norms in finite dimensional spaces
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Lodygowski: Proof of Gross’ theorem



