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Abstract
In this work new homogenization results are used to introduce a methodology for the design of structural components made from composite materials in the presence of stress constraints. A numerical method is developed for
ﬁnding functionally graded materials that provide the maximum torsional rigidity while keeping the mean square stress
inside the composite structure below a prescribed level. Ó 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction
During the last few years several technologically important applications have beneﬁted from the use of
functionally graded composite materials (FGMs) (see Glasser, 1997; Koizumi, 1997). In many applications
there is a separation of scales and the discrete entities forming up the microstructure exist on scales signiﬁcantly smaller than the characteristic length scale of the loading. Under this hypothesis FGMs are
modeled using eﬀective thermophysical properties that depend upon features of the underlying microgeometry. The eﬀective thermophysical properties are given by eﬀective constitutive laws relating average
ﬂux to average gradient (see Markworth et al., 1995).
The primary problem of design of a FGM is the determination of the optimal spatial dependence for the
composition. This type of problem has generated much interest in the engineering community and is the
topic of a rapidly developing literature (see Markworth et al., 1995; Ootao et al., 2000). For many objective
functions this type of problem has also received signiﬁcant attention from both the applied mathematics
and structural optimization communities in the 1980s and 1990s under the headings of the homogenization
method for topology optimization and structural optimization (see Bendsoe and Kikuchi, 1988; Allaire and
Kohn, 1993; Lurie and Cherkaev, 1986; Murat and Tartar, 1985; Cheng and Olhoﬀ, 1981). Homogenization methods applied to the design of composites for optimal structural performance can be found in the
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works of Sigmund and Torquato (1997), Fujii et al. (2001) and Diaz and Lipton (2000). This list is by no
means complete and further references to the literature can be found in the books of Bendsoe (1995), Lurie
(1993), Cherkaev and Kohn (1997) and Cherkaev (2000). In all of these works the problem of determining
the optimal spatial dependence for the composition is obtained through the use of eﬀective constitutive
relations.
Motivated by the applications, this work treats the problem of maximizing structural stiﬀness subject
to constraints on the stress. In many applications it is of central importance to control stress concentrations inside composite structural components. Regions of large stresses are most likely the ﬁrst to
exhibit failure during service. For this type of problem the eﬀect of microscopic stresses needs to be
accounted for. The concept of an eﬀective constitutive law is by its self not suﬃcient to capture the eﬀect
of microstresses. This requires new modeling beyond the notion of eﬀective thermophysical properties.
The objective of this paper is to point out a new class of macroscopic tensors relevant to the modeling of
microscopic stresses and to present a methodology for the numerical design of FGMs in the presence of
stress constraints.
To ﬁx ideas this article treats the problem of design of functionally graded reinforced shafts subject to
torsion loading. However the approach presented here extends to fully three dimensional problems (see
Lipton, 2001). The concept of a functionally graded material is introduced by considering a ﬁber reinforced
shaft. Here the microstructure within the composite shaft consists of long reinforcement ﬁbers with isotropic shear modulus Gf embedded in a more compliant matrix material with shear modulus Gm . The shaft
together with the ﬁbers are right cylinders with generators along the x3 axis and the cross-section of the
reinforced shaft is a region X in the x1 –x2 plane. The reinforcement ﬁber diameters are assumed to be of a
size e that is much smaller than the diameter d of the shaft cross-section X. The graded material properties
of the shaft are obtained by changing the local area fraction of ﬁbers and other microgeometrical
parameters across the cross-section of the shaft.
The composite shaft is subjected to torsion loading and the resulting stress tensor has the non-zero
components s13 and s23 . From the homogenization theory (Bensoussan et al., 1978; Murat and Tartar,
1997; Sanchez-Palencia, 1980), the actual in-plane stress s ¼ ðs13 ; s23 Þ is made up from macroscopic and
~ is the macrostress and sm
microscopic components. We write s ¼ s~ þ sm
e , where s
e is the microstress. Here
the microstress depends upon the characteristic length of the microstructure given by e. The macrostress s~
can be written in terms of a homogenized stress potential /~ that is a solution of
divðS e ðxÞ r/~Þ ¼ 1; on X;

ð1Þ

and /~ ¼ 0 on the boundary of the cross-section. Here the homogenized compliance S e ðxÞ is associated with
the local microstructure at x. The macrostress is given by s~ ¼ R r/~, where R is the 2  2 rotation matrix
associated with a 90° counterclockwise rotation. The coupling between the macroscopic stress s~ and the
m
local eﬀects due to the microstructure is contained in the microstress sm
e . The microstress se is given by
e
T
~ þ OðeÞ;
sm
e ¼ RðP  IÞR s

ð2Þ

where P e is the ‘‘corrector matrix,’’ (see Bensoussan et al., 1978; Murat and Tartar, 1997). It is evident that
any meaningful stress constraint for FGMs needs to be applied to the actual stress in the composite not just
the macroscopic part s~. In this paper we consider a constraint on the mean square stress in the shaft crosssection given by
Z
2
j~
s þ sm
ð3Þ
e j dx1 dx2 6 C;
X

where C is the maximum tolerable value. The problem is to design a FGM for maximum torsional rigidity
subject to the stress constraint given by (3). For small e we approximate the design problem by passing to
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the e ¼ 0 limit. It is well known from homogenization theory (Murat and Tartar, 1985) that in the e ¼ 0
limit, the torsional rigidity of the shaft is given by
Z
2 /~ dx1 dx2 :
ð4Þ
X

On the other hand passing to the e ¼ 0 limit in the stress constraint (3) requires new methods. This is due
to the fact that that the coupling between the macroscopic stress and local eﬀects due to microstructure do
not decouple in this limit (see Lipton, 2001). It has recently been shown that
Z
2
lim
j~
s þ sm
sÞ;
ð5Þ
e j dx1 dx2 ¼ F ð~
e!0

X

where the ‘‘homogenized mean square stress’’ F ð~
sÞ is given by
Z
Z
2
j~
sj dx1 dx2 þ RrðxÞRT s~ s~ dx1 dx2
F ð~
sÞ ¼
X

ð6Þ

X

(see Lipton, 2001). Here rðxÞ is the covariance tensor introduced in Lipton (2000). The second term on the
right hand side of (6) gives the contribution due to coupling between the macroscopic stress and local eﬀects
due to microstructure. The covariance tensor is a new type of eﬀective or macroscopic property that depends only upon the microstructure. Setting a ¼ 1=ð2Gm Þ and b ¼ 1=ð2Gf Þ the covariance is related to the
eﬀective compliance through the formula given by,


rðxÞ ¼ a1 S e ðxÞ  ðaI þ ðb  aÞ@b S e ðxÞÞ :
ð7Þ
Here @b S e ðxÞ is the derivative of the eﬀective compliance with respect to the material property b. Thus the
covariance can be easily computed from the eﬀective compliance if an explicit formula for the eﬀective
compliance is available. For the general case it is shown that r can be computed from the solutions of well
deﬁned microscopic equilibrium problems (see Lipton (2001); see also Lipton (2000) for the special case of
periodic microstructures). We note here that r is a positive tensor so the coupling term in (6) is nonnegative. For the case of layered microstructures the methods developed earlier in Lipton and Velo (2002)
and Velo (2000) allow one to correctly pass to the limit in (5).
To complete the discussion we suppose that we can fabricate a certain class of microstructures and we
denote the set of associated eﬀective compliances S e by Ad. It is evident from (4)–(6) that the optimal design
of FGMs for maximum torsional rigidity with d
e is approximated by the problem
Z
max 2 /~ dx1 dx2 ;
S e in Ad
ð8Þ
X
subject to : F ð~
sÞ 6 C
(see Lipton, 2001).
In the following sections we provide a numerical method for the optimal design of FGMs based on (8).
Here the goal is to ﬁnd the optimal macroscopic distribution for the microstructure. To ﬁx ideas we
consider microstructures given by conﬁgurations of ﬁbers with identical circular cross-sections centered on
a square lattice (see Fig. 1). The radii of the circular cross-sections are allowed to change on the macroscopic scale while all other geometric properties are held ﬁxed. For this type of microstructure the eﬀective
compliance and covariance S e and r are functions of the local area fraction hðxÞ of the reinforcement ﬁbers
(see Section 3). Thus the design variable for this problem is the local area fraction of ﬁbers. Here the local
area fraction of the ﬁber phase is allowed to range between 0 and 0:5. The graphs of S e ðhÞ and rðhÞ are
plotted for the values Gm ¼ 1 GPa and Gf ¼ 10 GPa in Figs. 2 and 3 of Section 3. Writing S e ðxÞ ¼ S e ðhðxÞÞ
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Fig. 1. A microstructure given by disks centered on a square lattice.

Fig. 2. Eﬀective compliance S e as a function of area fraction h.

Fig. 3. Covariance r as a function of area fraction h.
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Table 1
Performance comparison
Stress constrained design
Maximum rigidity design
Minimum F ðh; s~Þ design

Area fraction (%)

Torsional rigidity

F ðh; s~Þ

Coupling term

23.7
24.0
23.2

1.78
2.36
1.35

6.32
12.5
3.7

0.63
1.56
0.2

and rðxÞ ¼ rðhðxÞÞ, the design problem becomes one of maximization over the area fraction hðxÞ and is
given by
Z
max 2 /~ dx1 dx2 ;
h
X
Z
Z
2
ð9Þ
j~
sj dx1 dx2 þ RrðhðxÞÞRT s~ s~ dx1 dx2 6 C;
subject to: F ðh; s~Þ ¼
X
X


where; s~ ¼ R r/~ and  div S e ðhðxÞÞ r/~ ¼ 1; on X:
The optimal area fraction hopt ðxÞ delivers the optimal spatial distribution of the ﬁbers for the class of
microstructures under consideration.
We solve the design problem given by (9) numerically. We compare our results with the optimal design
when no constraint is placed on the stress and one seeks the FGM that maximizes the torsional rigidity
subject to a resource constraint on the total area of the ﬁber phase. We conclude with a comparison to the
design problem of minimizing the mean square stress subject to a resource constraint on the ﬁbers. The
performance speciﬁcations for each design are listed in Table 1. Our numerical solution of (9) shows that at
the optimal design, about 10% of the stress constraint is in the coupling term
Z
Rrðhopt ðxÞÞRT s~ s~ dx1 dx2
ð10Þ
X

(see Table 1).
To summarize, the treatment presented here is carried out in the asymptotic limit when the scale of the
microstructure tends to zero relative to the length scale of the body forces and structural domain. The
method presented here is suitable for design problems involving a very large number of small ﬁbers. When
the scale of the ﬁber microstructure is comparable to the design domain and the number of ﬁbers is not too
large in the graded direction the reader is referred to the work of Aboudi et al. (1997).
In Section 2 we give the mathematical arguments that illustrate the competition between design for
maximum torsional rigidity and design for minimum stress.

2. The competing requirements of maximum torsional rigidity and minimum stress
In this section we demonstrate that optimizing over FGMs for maximum torsional rigidity competes
with the requirement that
Z
Z
2
F ðh; s~Þ ¼
j~
sj dx1 dx2 þ RrðhðxÞÞRT s~ s~ dx1 dx2 6 C;
ð11Þ
X

X

when C is suﬃciently small. We recall that the shear stiﬀness of the ﬁbers is greater than that of the matrix, i.e., Gf > Gm . For the problem of ﬁber reinforced materials treated here it is easy to see that S e ðhÞ is
a decreasing function of h. Indeed, for a unit period cell Q consisting of a centered disk of radius r1
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surrounded by matrix material the associated eﬀective property is denoted by S e ðh1 Þ. For any constant
vector E the eﬀective property S e ðh1 Þ is given by the variational principle (Bensoussan et al., 1978)
Z
2
S e ðh1 ÞE E ¼ inf
Sr1 ðxÞjrv þ Ej dx:
v in V

Q

Here the set V is the set of all periodic square integrable functions with square integrable derivatives and
Sr1 ðxÞ is the local compliance in the period cell taking the value b in the matrix and a in the disk. Noting that
b < a we see that the local compliance Sr2 ðxÞ associated with a disk of larger radius r2 satisﬁes Sr2 ðxÞ < Sr1 ðxÞ
and S e ðh2 ÞE E < S e ðh1 ÞE E. This type of behavior is naturally found in the computations (see Fig. 2). For
h in the interval ½0; 0:5 and for any vector E it follows that
S e ðhÞE E P S e ð0:5ÞE E:

ð12Þ

We demonstrate that the torsional rigidity is greatest if S e ðhÞ ¼ S e ð0:5Þ everywhere in the shaft. We write
Z
T ¼ max 2 /~ dx1 dx2 ;
h
X
ð13Þ


subject to:  div S e ðhðxÞÞ r/~ ¼ 1; on X:
We follow standard procedure and incorporate the diﬀerential equation


div S e ðhðxÞÞ r/~ ¼ 1
into the objective functional to obtain
 Z

Z
e
T ¼ 2 max max 2 u dx1 dx2  S ðhÞru ru dx1 dx2 ;
u

h

X

ð14Þ

X

where u and its gradient are square integrable and u ¼ 0 on the boundary of the shaft cross-section. Clearly
for any u it is evident that
S e ðhÞru ru 6  S e ð0:5Þru ru;
and the most rigid shaft is obtained for S e ðhÞ ¼ S e ð0:5Þ everywhere in the shaft.
Next we will show that the quantity
Z
Z
F ðh; s~Þ ¼
j~
sj2 dx1 dx2 þ RrðhðxÞÞRT s~ s~ dx1 dx2
X

ð15Þ

ð16Þ

X

is smallest when there are no reinforcement ﬁbers and the shaft is made from pure matrix material, i.e.,
when S e ðhÞ ¼ S e ð0Þ ¼ a. Thus the requirement of keeping F ðh; s~Þ small is at odds with the fact that torsional
rigidity is greatest when there is the highest allowable density of ﬁbers everywhere in the shaft.
To see that F ðh; s~Þ is smallest when there are no ﬁbers in the shaft we consider the stress potential w
associated with pure matrix material with compliance a. For this case the covariance r vanishes. We also
consider a stress potential /~ associated with an FGM with compliance S e ðhÞ and associated covariance
rðhÞ. Standard arguments give the identities
Z
Z
arw rw dx1 dx2 ¼
w dx1 dx2 ;
ð17Þ
X

Z

X

S ðhÞr/~ rw dx1 dx2 ¼
e

X

Z
w dx1 dx2 :
X

ð18Þ
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We write
Z
Z
Z
1
1
2
jrwj dx1 dx2 ¼
arw rw dx1 dx2 ¼
w dx1 dx2
a X
a X
X
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z
Z
Z
1
1
2
e
e
~
~
¼
S ðhÞr/ rw dx1 dx2 6
jS ðhÞ r/j dx1 dx2
jrwj2 dx1 dx2 ;
a X
a
X
X
where the last inequality follows from Cauchy’s inequality. From this we see that
Z
Z
1
2
2
jrwj dx1 dx2 6 2
jS e ðhÞ r/~j dx1 dx2 :
a X
X
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ð19Þ

ð20Þ

Elementary bounds for composite materials give that for any vector g
1 e
jS ðhÞgj2 6 jgj2 ;
a2

ð21Þ

and we ﬁnd that
Z
Z
jrwj2 dx1 dx2 6
jr/~j2 dx1 dx2 :
X

ð22Þ

X

Finally we recall that the stress is given by sw ¼ R rw where RRT ¼ I and since rð0Þ ¼ 0 we see that for
no ﬁbers the quantity (16) is just
Z
Z
2
2
jrwj dx1 dx2 ¼
jsw j dx1 dx2 :
ð23Þ
X

X

Similarly s~ ¼ R r/~ and since rðhÞ P 0 we recover the required inequality
Z
2
jsw j dx1 dx2 6 F ðh; s~Þ:
F ð0; sw Þ ¼

ð24Þ

X

3. The eﬀective compliance and covariance tensors
In this section we present the microscopic equilibrium equation used in the computation of eﬀective
compliance and covariance tensors for a periodic array of ﬁbers. We suppose that the ﬁber cross-sections
are disks centered on a square lattice (see Fig. 1). We compute the eﬀective compliance and covariance for
area fractions of disks ranging from 0 to 0.5. The shear moduli of the ﬁbers and matrix are 10 and 1 GPa
respectively. The eﬀective properties are given in terms of the solution of the following ‘‘microscopic’’
problem in the unit period cell Q in the y1 –y2 plane. We look for solutions of the form uj ¼ vj þ yj , j ¼ 1; 2,
where vj is Q periodic and
a Duj ¼ 0 in the fiber;
b Duj ¼ 0 in the matrix:

ð25Þ

Here a ¼ 1=ð2Gf Þ, b ¼ 1=ð2Gm Þ where Gf ¼ 10 GPa and Gm ¼ 1 GPa. The solution is continuous across
the interface and
a@n ujjf ¼ b @n ujjm ;

ð26Þ

where @n is the normal derivative at the interface with normal vector pointing into the matrix phase and the
subscripts m and f indicate the side of the interface where the normal derivative is evaluated. We denote the
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unit vector in the jth direction by ej , j ¼ 1; 2 and it is well known (Bensoussan et al., 1978; Sanchez-Palencia, 1980) that the eﬀective compliance tensor is given by
Z
SðxÞrui ej dx1 dx2 :
ð27Þ
Sije ¼
Q

Here SðxÞ ¼ a in the ﬁber and b in the matrix. The covariance is given by
Z
rij ¼
rvi rvj dx1 dx2

ð28Þ

Q

(see Lipton, 2000, 2001). The tensors S e and r are functions of the ﬁber radii r or equivalently functions of
the area fraction h ¼ pr2 . For the square period cell it is easily seen that S e and r are invariant under the
group of rotations leaving the square invariant. Thus they are isotropic tensors and we write S e ¼ S e ðhÞI
and r ¼ rðhÞI, where I is the 2  2 identity. The functions S e ðhÞ and rðhÞ are computed numerically for
thirty values over the interval 0 6 h < 0:5 and are plotted in Figs. 2 and 3. These data points are interpolated using 5th order polynomials.

4. Solution algorithm
The optimal FGM for (9) is found using a steepest decent method. The design domain is a square of side
length two. The design variable is the local area fraction of ﬁbers h ¼ hðxÞ. For the numerical experiments
the area fraction is discretized and represented as a piecewise constant function. The design domain is
divided into 400 square subdomains or cells each of side length j ¼ 0:1. The local area fraction is allowed to
take diﬀerent values in each cell. All computations are done in terms of the stress potential /~. To this end
we note that under the relation s~ ¼ Rr/~ the stress constraint becomes
Z
2
ð1 þ rðhÞÞjr/~j dx1 dx2 6 C:
ð29Þ
X

We include the stress constraint through the addition of a penalty term and write the augmented objective function Lðh; /~Þ as
Z
Z
2
Lðh; /~Þ ¼ 2 /~ dx1 dx2 þ ‘ ð1 þ rðhÞÞjr/~j dx1 dx2 :
ð30Þ
X

X

The design problem is given by
min Lðh; /~Þ
h



where; div S e ðhÞ r/~ ¼ 1; on X;

/~ ¼ 0; on oX:

ð31Þ

To compute sensitivities we follow standard procedure and introduce the adjoint ﬁeld k. Here k is the
solution of
divðS e ðhÞ rkÞ ¼ 1 þ 2‘ divðð1 þ rðhÞÞ r/~Þ;

ð32Þ

where k ¼ 0 on the boundary of the shaft. For d  1, the change in the stress potential /~ due to a small
perturbation dh^ in the local density h is written as /^ and




div S e ðhÞ r/^ ¼ div h^@h S e ðhÞ r/~ ;
ð33Þ
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where /^ ¼ 0 on oX. Taking the ﬁrst variation of Lðh; /~Þ with respect to the design variable h gives to lowest
order
Z

Z
Z
2
^
^
~
~
^
~
DL ¼ d / dx1 dx2 þ d‘
2ðr/ þ rðhÞ r/Þ r/ dx1 dx2 þ h@h rðhÞjr/j dx1 dx2 :
ð34Þ
X

X

Application of (1), (32) and (33) gives
Z
DL ¼ d h^ð@h S e ðhÞr/~ rk þ ‘@h rðhÞr/~ r/~Þ dx1 dx2 :

X

ð35Þ

X

Denoting the ith cell by Xi the restriction of the piecewise constant perturbation h^ on that set is denoted
by h^i . The choice of h^ that renders dL the most negative is given by
Z
1
h^i ¼ 
ð@h S e ðhÞr/~ rk þ ‘@h rðhÞr/~ r/~Þ dx1 dx2 ; on each Xi :
ð36Þ
jXi j Xi
For this choice the objective is non-increasing, i.e.,
DL ¼ d

400
X

h^2i jXi j:

ð37Þ

i¼1

We outline the steepest decent method for this problem. For a given h we solve for /~ and k using the
system of equations given by (1) and (32). The design variable h is updated according to hnew ¼ hold þ dh^
where h^ is chosen according to (36). This algorithm is guaranteed to converge due the monotonicity of the
objective under our choice of perturbation. In the computations the stress potential and adjoint ﬁeld are
solved using standard triangular ﬁnite elements. The mesh for the stress potential and adjoint ﬁeld is ﬁner
than the size of the cells. Roughly 25 elements per cell are used in the computations.

5. Computational design for optimal FGMs
In this section we present numerical results for the stress constrained problem given by (9). We compare
these results with the optimal FGM that maximizes the torsional rigidity in the absence of stress constraints. For completeness we also compare with the design problem of minimizing the mean square stress
subject to a resource constraint on the ﬁbers. Here the design domain is a square cross-section of side length
two. The design variable is the local area fraction hðxÞ. It is discretized over 400 square subdomains of side
length 0.1 and is given by a piecewise constant function taking values in the interval 0 6 h 6 0:5.
For the stress constrained problem (9) we set the stress constraint to be C ¼ 6:33. The total area fraction
of the design domain occupied by the ﬁbers for this numerical experiment is 23.7%. The goal is to ﬁnd the
optimal distribution of the local area fraction of the ﬁbers denoted by hopt . At the optimal design the
numerical results show that the homogenized mean square stress F ðhopt ; s~Þ is 6.32. Roughly 10% of this is in
the coupling term, i.e.,
Z
Rrðhopt ðxÞÞRT s~ s~ dx1 dx2 ¼ 0:63:
ð38Þ
X

The macroscopic term in the stress constraint is
Z
2
j~
sj dx1 dx2 ¼ 5:69:

ð39Þ

X

The torsional rigidity for this design is 1.78. We give a gray scale plot of hopt over the design domain in
Fig. 4. Here the darkest regions are where h ¼ 0:5 and the lightest regions correspond to h ¼ 0. The design
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Fig. 4. Stress constrained design for maximum torsional rigidity.

consists of four spokes radiating out from the center of the shaft. In Fig. 5 a graph of hopt is plotted through
the cross-section along the line x1 ¼ 0, 1 < x2 < 1. Next we compute the distribution of area fraction hopt
that maximizes the torsional rigidity in the absence of stress constraints. We ﬁx the total area fraction of the
design domain occupied by the ﬁbers to be 24.0%. This is nearly the same total area fraction of ﬁbers used
in the stress constrained design. A gray scale plot of hopt for this design problem is given in Fig. 6. For this
problem the numerics give a design with a torsional rigidity of 2.36 and the homogenized mean square
stress F ðhopt ; s~Þ is 12.5. From Fig. 6 it is clear that this design emulates an annular cross-section. We point
out that the mean square stress for this design is nearly twice that of the stress constrained design while the
rigidity of this design oﬀers a 30% improvement over the rigidity associated with the stress constrained
design.
Last we examine the design that minimizes the homogenized mean square stress F ðh; s~Þ. Here we ﬁx the
total area fraction of the design domain occupied by the ﬁbers to be 23.2%. The homogenized mean square
stress for this design problem is 3.7. A gray scale plot of hopt is given in Fig. 7. The results of the three design
problems are listed in Table 1.

Fig. 5. Plot of hopt across the cross-section.

R. Lipton / International Journal of Solids and Structures 39 (2002) 2575–2586

2585

Fig. 6. Design for maximum rigidity without stress constraints.

Fig. 7. Design for minimum homogenized mean square stress.
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