M7210 Lecture 3 August 24, 2012

Permutations
Let X be a set with n elements, which we label 1,2,...,n.
Definition. A permutation of X is a bijective function o : X — X.

Table notation. We may describe a permutation o by a table of the following form:

Because o is bijective, each element of X occurs exactly once on the second line.

Ezample 1. The table below shows a permutation of X = {1,2,3,4,5,6,7,8,9,10} with
(1) =3, 0(2) =1, etc.

Pictures. One may visualize a permutation ¢ by means of a directed graph, where the
vertices are the elements of X and there is an arrow from z to y if y = o(x). There is one
arrow for every column in table notation. The permutation in Example 1 can be pictured
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Since o is bijective, each element of X has one arrow coming from it and one arrow going
to it. This implies, according to the following lemma, that if we start at any element and
follow the arrows, we eventually return to that element without ever passing through any
other element more than once. In general, the graph may have many connected components
as in the picture, or just one.
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Lemma 1. Let o be a permutation of X. If k is the smallest (strictly) positive integer
such that o*(x) = z, then the elements of {x, o (x),0%(x),..., 0" 1(x)} are all distinct.

Proof. Suppose o‘(z) = o™ (z), where 0 < £ < m < k. Apply 0% to both sides to get
r=0m"*(x). But 0 <m — ¢ <k, so by the the assumption on k, m — £ = 0. /1]

Cycles. A permutation is called a k-cycle (or a cycle of length k) if it fixes all but k
elements—which we may name aq, ...ar_1—and acts on those according to:

U(a0> =4ai, 0(&1) = az, e (a‘k—2> = ag—1 , O-(a‘k—1> = aop-



Such a cycle is denoted by listing the elements it moves between parentheses in such a
manner that the image of each element is listed immediately after it:

oc=(agag -+ ax_1).
We may start with any element in the cycle:

(ao ay - Q-2 Clk—1) = (CL1 ag - Gp—1 ao) == (Clk—1 ag - CLk—Z)'

A cycle of length 1 is the identity permutation. A cycle of length 2 is called a transposition.
Two cycles are said to be disjoint if they have no elements in common.

When using cycle notation to denote permutations, we use square braces to indicate the
argument of a function:

(24694 =6 (2469)[9]=2  (2469)[3] =3.

To evaluate a product of cycles, we work from the right.

(135)(237)(157)[2] = (135)(237)[(157)[2]
= (135)(237)[2]
(135)[237 2]]
= (135)[3] =5

Direct computation shows that if v and ¢ are disjoint cycles, then vd = 4.

Cycle decomposition. Suppose o is a permutation of X. Choose any element = of X. After
it, write o(z). After that, write o(o(x)) = o%(z), and continue until o*(x) = z. (The last
element written is 0¥~1(x).) Write the result as a k-cycle:

<a: o(z) o2(z) - -- Uk_l(m)).

After this, choose an element of X that is not in {z,o(x),0?(x),...,0" 1(x)}, and repeat.
Write the corresponding cycle after the one previously written. Continue choosing previ-
ously unused elements and writing out the cycles they traverse until every element of X
has been named. The end result will appear in following form:

(:)31 o(xy) - -akl_l(x1)> (:)32 o(xg) - -ak2_1(x2)> e (:Em o(Tpm) -+ -akm_l(azm)>, (%)

where
1) ;41 is an element of X that does not occur among the o/ (z) with s < i;
2) each element of X appears exactly once among the o7 (z;);
3) oFi(z;) = wy;



4) each k; is > 1-—when k; = 1, then the cycle containing x; is (x;).

Ezxample 1 (continued). In cycle notation, the permutation in the table looks like this:

(1392)(46)(5710)(8). /1111

Lemma 2. Every permutation can be written as a product of disjoint cycles, and the
cycles that appear in any such expression of a given permutation are the same, up to
order.

Proof. The existence is a direct consequence of the algorithm for cycle decomposition
which we just described. For uniqueness, let 1, ..., v, be disjoint cycles, and let 61, ..., d;
be disjoint cycles. Suppose

Ny s =81 Oy

Select any element of ;. It must appear in one of the §;s, and that in which it does must
equal ;. Multiply left and right by ~; ! thus removing it from both sides. By induction,
the remaining cycles are the same on both sides. //]]/

Lemma 3. A cycle of length k can be written as a product of k — 1 transpositions:

(agaz -+ ar—1) = (ao ar—1)(ao ak—2) - - - (ap az)(ag az)(ao a1).

Note that the transpositions are not disjoint. We see from Lemma 3 that every permutation
is a product of transpositions. There is no uniqueness. For example (abc) = (ac)(ab) =
(ba)(be) = (cb)(ca). We will show, however, that if o is any permutation, then the parity
(even or odd) of the number of factors in any decomposition of o into transpositions is the
same.

Lemma 4. Suppose k,¢ > 0, and a,cy,---,ck,b,dy,---,dy are distinct elements of X.
Then:
(ab)(acy---cxgbdy---dp) = (bdy---dg)(acy---ck),

(ab)(bdy---dp)(acy---cx) =(acy---cpbdy---dy).
In case k = 0, Lemma 4 asserts that (ab)(abdy---de) = (a)(bdy---dp). If k=0 =0, we
are saying (ab)(ab) = (b)(a). The proof of Lemma 4 is by direct computation.

Definition. Suppose o is written as a product of m disjoint cycles of length k1, ..., k.
Let N(0) := (k1 —1) + (k2 = 1) + - + (ky — 1). Let sgno = (~=1)V().

If 7 is a transposition, N(7) = 1 and sgnT = —1. Let us apply N to the permutations in
Lemma 4:

N((acl---ckbdl---dg)) =k+{+1,
N((bdy---de)(act--cp)) =k + L.

Lemma 5. Suppose 7 is a transposition and o is any permutation. Then
sgn(ro) = (—1)sgno.
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Proof. Suppose 7 = (ab). Write o as a product of disjoint cycles, allowing factors of the
form (a) or (b) if a or b does not occur in any other cycles, and write the cycles containing
a and b first. If @ and b both occur in the initial cycle of o, then by the first line of Lemma
4, N(o) is odd iff N(70) is even. If a and b occur in different cycles in o, then by the
second line of Lemma 4, N(o) is odd iff N(70) is even. /]]]/

Proposition. For any permutations a and g of X,

sgn(af) = (sgna)(sgn ).

Proof. Let m be the minimum number of transpositions required to write a. We use
induction on m, the case m = 1 having been proved in Lemma 5. Note that if a =
T1To ***Tm, then 7o - - - 7, cannot be written with fewer than m — 1 transpositions. Thus

sgn(af) = (=1)sgn(re - 7m0) by Lemma 5
= (—1)sgn(7a- - Tm)(sgn f) by induction
= (sgn «)(sgn ) by Lemma 5.

Homework

1) Suppose X is a set with n elements (n a positive integer) and f : X — X is any
function (not necessarily bijective). Let X3 := { f*(z) | 2 € X }, and let f}; be the
restriction of f to Xy;. Show that there is K < n such that f};) is a permutation of
X for all k > K.

2) If the positive integers (ki, ko, ..., k) in (x) are listed in decreasing order, the se-
quence is called the type of the permutation. The type is simply a list of the cycle
lengths. How many different types are there if X has 5 elements? 67 77

3) Suppose o = (agay --- agg). Write the following in cycle notation: o=, 02, 03, o4,
o, 0%, o".

4) Suppose o is a permutation of a set with n elements. Let t(¢) be the number of cycles
in o, including 1-cycles. (E.g., if o is the permutation in Example 1, (o) = 4.) Show
that sgno = (—1)"4),

5) Suppose that p is a non-constant function from the set of permutations of a finite set
X to {—1,1} with the property that

p(af) = p(a) p(B), for all permutations « and f.

Show that p = sgn.

6) Prove the statement in italics just before Lemma 4.



