Lecture 5. Generalities—very general—on graded algebras and modules

5.1. Definition. Suppose k is a ring and A is a k-module. let X be a set. An X-grading
of A is a decomposition if A into a sum of submodules indexed by X:

i) An X-graded k-module is a sum of k-modules:

A=A

feXx

The elements of A¢ are said to be homogeneous of degree &; we write deg(a) = ¢ if
a € A¢. Since 0 belongs to all the A¢, 0 does not have a unique degree.

1) Now suppose I' is a monoid. A I'-graded k-algebra is a k-algebra A which is I'-graded
as a k-module and which in addition satisfies:

A,YAA - A7_|_)\ and 14 € Ap.

ii1) Let A be a I'-graded k-algebra. A (A,T')-graded-module (also referred to as a graded
A-module, when the grading is obvious from context) is an A-module that is I'-graded

as a k-module, i.e.,
V=@,
yel'

and which in addition satisfies

A My C M, .

Examples.

i) Let S := k[z1,...,2z,]. Then S is an N™-graded k-algebra. Note that S is also a
graded S-module.
1) The monoid algebra k[I'| is I'-graded. (k[I'], is the free k-module generated by X7.)
ii1) Suppose A is a I'-graded algebra and ¢ : I' — A is a monoid homomorphism. Then A
can be given a A-grading by defining for A € A:

A= PlA, 16(1) =2}

For example, N* — N; o +— a1 + - - - + a,, gives the usual grading by total degree on
klzy,...,x,].
iv) Let L and M be graded A-modules. Then, L & M is A-graded if we define

(LeM)y:=L,® M, .

v) Let A be a I'-graded k-algebra and let B be a A-graded k-algebra. Then A ®j B
is a k-algebra with multiplication determined by (a @ b)(c @ d) = (ac @ bd) and the
distributive law. A ® B has a grading by I' x A:

(A ®%k B)(y,5) 1= Ay Ok Bx .
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With respect to this grading, A ®x B is a (I' x A)-graded-k-algebra.

v) Suppose that L is an (A,I')-graded-module and M is a (B, A)-graded-module. Then
A ®y B acts on L ®; M by (a ® b)(£ ® m) = al @ bm. With respect to this action,
A®g Bisa (A®g B,T' x A)-graded-module.

5.2. Definition. Let S be a I'-graded A-module. We can shift the grading by v € I'. It
is customary to denote the result S(—+), where the graded pieces are defined by:

S(—7)s =EP{Sr | A+7=46}.

If T' is cancellative, this gives S(—v)s := Ss— if § > v and S(—v)s := 0 otherwise. If
s € S and the degree of s in S is 0, then the degree of s in S(—~) is 7.

5.3. Definition. Let A be a I'-graded k-algebra. A homomorphism ¢ : M — N of
A-modules is said to be homogeneous of degree ¢ if for all v € I":

S(M,) C Ny +35 .

The category of (A,I')-graded-modules and homogeneous homomorphisms of degree 0 is
denoted M4 1 or just M4 if I' is understood.

Let L be an (ungraded) A-submodule of an (A,I')-graded-module M. L is said to be a
graded submodule of M if L is (A,T')-graded and the inclusion map is homogeneous, i.e.,
L, C M,, i.e., Lis generated by homogeneous elements.

If ¢ : M — N is a morphism of M4 r, then ker ¢ is a graded submodule of M. If L is a
graded submodule of M, then M/L =P, . M,/L, is an (A,I')-graded-module.

Free modules

The A-module B, A has generators €' := (0,...,0,14,0,...,0). Given an A-module M
(not graded) and a set of elements m; € M, there is a unique A-modulemap ¢ : @, A — M
such that ¢(€') = m;.

Suppose, now, that A is I'-graded. Then, so is @,, A (see Example iv). The degree of
each ¢; is 0. Unless deg(m;) = 0 for all i, however, ¢ will not be a morphism of M4 . To
remedy this, we shift the grading on €@,, A, using @;._; A(—deg(m;)) instead.



