Lecture 6. Logic II: Simple Sentences June 9, 2011

CCSS for Grade 6 (page 39)

Students understand the use of variables in mathematical expressions. They write expressions and
equations that correspond to given situations, evaluate expressions, and use expressions and formulas
to solve problems. Students understand that expressions in different forms can be equivalent, and they
use the properties of operations to rewrite expressions in equivalent forms. Students know that the
solutions of an equation are the values of the variables that make the equation true. Students use
properties of operations and the idea of maintaining the equality of both sides of an equation to solve
simple one-step equations. Students construct and analyze tables, such as tables of quantities that
are in equivalent ratios, and they use equations (such as 3x = y) to describe relationships between
quantities.

Equivalent expressions

Arithmetic expressions denote numbers. Algebraic expressions, on the other hand, don’t denote any-
thing but they have the form of arithmetic expressions, and consequently if numerical values are assigned
to the variables, then the result denotes a number. Two arithmetic expressions are said to be equivalent
if they denote the same number. Two algebraic expressions are said to be equivalent if, whenever values
are assigned to the variables in the two expressions in the same way, the resulting expressions denote
the same number. Equivalence in this sense is called “equivalence in meaning.”

There is another way to understand equivalence of expressions which is dependent upon rules such
as the associative, commutative and distributive laws. Each of these laws gives us a rule for rewriting
expressions—for example, using the commutative law, we may rewrite a+b as b+a. If one expression can
be transformed into another by applying the laws of arithmetic, then they are said to be “symbolically
equivalent.” Since the laws do not change what an expression denotes (or will denote when values
are assigned to its variables), if two expressions are symbolically equivalent, then they are equivalent
in meaning. The converse is also true. If two expressions are equivalent in meaning, then they are
symbolically equivalent. This is a remarkable fact; it shows that the laws of arithmetic give a complete
description of addition and multiplication of the real numbers.

Equality

So far, the symbolic formations we have been discussing can only point to numbers, or serve as directions
for making numbers from numerical ingredients. We are at the “Me Tarzan” stage, since we have not
yet introduced symbols that enable us to make complete, intelligent statements. The equality symbol
= takes us into a new realm. If we write the equality symbol = between two arithmetic expressions, we
get a mathematical sentence—a complete thought, (though possibly an an incorrect one). For example
1=1,2=1+1,14141=3 are sentences. 1 = 2 is also a sentence, but it is false.

In developing the ideas of logic, we have been careful to distinguish between the informal ideas of
constants, variables and functions and the formal ideas of constant symbols, variable symbols and
function symbols. The informal concepts are used in a variety of ways, and the exact meanings are
dependent upon context. On the other hand, constant, variable and function symbols have explicitly
stated meanings and are used according to explicit rules. The common-sense idea of an equation is also
flexible. For example, we often speak of scientific laws as equations. Ohm’s Law is the equation

I =
R7

where I is the electrical current through a load, V' is the voltage across the load and R is the resistance
of the load. It describes the behavior of direct current circuits, and it a fact of nature. But Ohm’s
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equation is always used in a context where this specific interpretation is understood. When we speak of
a formal equation, on the other hand, we are referring to an array of symbols consisting of two formal
expressions with an equals sign between them.

A formal equation is true if the expressions on the two sides denote the same number. It is false if the
two expressions denote different numbers. If a formal equation contains algebraic expressions then it
is neither true nor false, since algebraic expressions don’t denote anything. Such an equation can be
changed into true or false one by replacing the variable symbols by constant symbols.

Here are some examples:
a) 3+ 5 = 8. This equation is true.
b) z + 5 = 8. This equation is neither true nor false.

c) a4 b?> = 2. Without a knowledge of the meaning of a, b and ¢, we cannot say anything at all
about this string of symbols. If a, b and ¢ are constant symbols, then the equation is either true or
false, but we cannot tell which until we know more about the symbols. If a, b and ¢ are variable
symbols, then this equation is neither true nor false, but if we assign to the variables the lengths of
the sides of a right triangle, with ¢ being assigned the length of the longest side, then the resulting
assertion is true.

A law or an identitiy is an equation between algebraic expressions that is true no matter how the
variables are interpreted (in some domain). For example, the Commutative Law of Addition is the
equation z 4+ y = y + =, which we know it true of all real numbers.!

An algebraic equation that is not a law is neither true nor false. The solution set of an equation is
the set of all assignments of values to the variables that makes the equation true. In some cases, the
solution set is obvious:

e For x = 6, the solution set has one element.
e For (z — 1)(x — 2)(x — 3) = 0, the solution set is {1, 2, 3}.

Two equations are said to be equivalent if they have the same solution set. The process of “solving”
an equation amounts to translating the equation into equivalent equations (or possibly into sentences
more complex than equations) until a sentence whose solutions are obvious is obtained.

Problems

1. What is a linear equation? What is the solution set of a linear equation in one variable? In two
variables? In three variables?

2. An equation is said to be “polynomial” if the expressions in it can be made using only the oper-
ations of addition and multiplication. If a polynomial equation has only one variable, then what
generalizations can you make about the solution set? How about two variables?

3. Give an example of an equation in one variable that has the integers as a solution set. Give an
example of an equation in one variable that has the positive integers as a solution set.

4. List some transformations of equations that yield equivalent equations.

L We have said that a formal equation with variables is neither true nor false. If this is so, then it

would appear that to be consistent we would have to say that identities are neither true nor false when
viewed as formal equations. But remember that we are describing the structure of formal logic, not
giving advice for how to talk to your math class. In formal logic, we solve this problem by including
symbols that make the fact that we are asserting something for all substitutions explicit. Formal logic
actually contains a special symbol, V, to mean “for all”’. The Commutative Law is

Ve,y:rz+y=y+=x.



