Some 2002-2008
William Lowell Putnam Mathematical Competition
Problems

2A2 Given any five points on a sphere, show that some four
of them must lie on a closed hemisphere.

2B2 Consider a polyhedron with at least five faces such that
exactly three edges emerge from each of its vertices.
Two players play the following game:

Each player, in turn, signs his or her
name on a previously unsigned face. The
winner is the player who first succeeds in
signing three faces that share a common
vertex.

Show that the player who signs first will always win by
playing as well as possible.

3A1 Let n be a fixed positive integer. How many ways are
there to write » as a sum of positive integers, n =
a1 + ag + - - - + ax, with k an arbitrary positive integer
anda; < as < --- < ag < ay + 1? For example, with
n = 4 there are four ways: 4, 2+2, 1+1+2, 1+1+1+1.

4A1 Basketball star Shanille O’Keal’s team statistician
keeps track of the number, S(INV), of successful free
throws she has made in her first N attempts of the sea-
son. Early in the season, S(NN) was less than 80% of
N, but by the end of the season, S(N) was more than
80% of N. Was there necessarily a moment in between
when S(N) was exactly 80% of N?

4A2 For i = 1,2 let T; be a triangle with side lengths
a;, b;,c;, and area A;. Suppose that a; < ag,b; <
ba,c1 < ¢, and that T is an acute triangle. Does it
follow that A; < Ay?

4B2 Let m and n be positive integers. Show that
(m+ n)! m! n!
(m +mn)mtn = mmpn’
7B1 Let f be a polynomial with positive integer coefficients.
Prove that if n is a positive integer, then f(n) divides
f(f(n) + 1) if and only if n = 1. [Editor’s note: one
must assume f is nonconstant.]

8A2 Alan and Barbara play a game in which they take turns
filling entries of an initially empty 2008 x 2008 array.
Alan plays first. At each turn, a player chooses a real
number and places it in a vacant entry. The game ends
when all the entries are filled. Alan wins if the determi-
nant of the resulting matrix is nonzero; Barbara wins if
it is zero. Which player has a winning strategy?

8B1 What is the maximum number of rational points that can
lie on a circle in R? whose center is not a rational point?
(A rational point is a point both of whose coordinates
are rational numbers.)



