MATH 7230 Homework 4 - Fall 2019
Due Tuesday, Oct. 15 at 10:30

https://www.math.lsu.edu/~mahlburg/teaching/2019-MATH7230.html

You are required to turn in at least one of the following problems, and must complete a
total of 20 by semester’s end. Group work is allowed, but your solutions must be written up
individually.

In Problems|1|— |2 you will give a proof of Childress Exercise 2.15, and explore some additional
aspects of Dedekind zeta functions.

1. It is a basic fact from the theory of infinite products that if |z,| < 1 and Z Ty, converges
n>1
absolutely, then H (1+x,) converges. If this result is unfamiliar, you may also submit

n>1
Exercises 4 and 5 from

https://www.math.lsu.edu/~mahlburg/teaching/handouts/2017-7230/HW2.pdf|

(a) Use the Euler product for the Dedekind zeta function to show that (i (s) converges
for Re(s) > 1 if the following sum converges:

1

PCOy prime

(b) Now show that for real s, the above sum is bounded by

K:q- Y pl

p prime

and reach the desired conclusion.

2. As observed before Exercise 2.15,

Ce(s) = D022 where 9 = # {1 C Ok | N(I) =n}.

n>1

(a) Prove that if K = Q(v/D) is a quadratic field, then the 7, are unbounded.

(b) Prove that if K = Q((y,), then the v, are unbounded.

Remark: In fact, the v, are always unbounded for any number field K, but showing this
requires knowing that there are infinitely many primes that split — which follows from
Theorem 2.5.1.

3. In this problem you will give a more elementary proof of Lemma 4.3 in Childress (the
proof in the book uses the Galois tower for Q((,,)). The statement is that if (g, m) = 1,

then
P(m)

[Ia-x@n=(1-17) "
xEGm
where f is the order of g in (Z/mZ)*.


https://www.math.lsu.edu/~mahlburg/teaching/2019-MATH7230.html
https://www.math.lsu.edu/~mahlburg/teaching/handouts/2017-7230/HW2.pdf

(a) Although this is not essential to the argument, it is a useful observation to begin
by proving that if m = p{* ---p¢, then without loss of generality we can assume
that g # 1 (mod p?j).

(b) Let H := (g9) < (Z/mZ)*. Explain why there is a character x ¢ € G, that satisfies
xr(9) = ¢r-

In particular, suppose that ¢’ generates the maximal cyclic extension of H, so that
(Z/mZ)* = (¢') x G*,

where g € (¢'). Then if ¢’ has order f’, set x¢(¢') := (p and xf(G*) := 1.

(c) Show that
f-1

I1 (1 —Xg;(g)T) —1-17.

=0
Then let H := (xf) < Gy, and show that
fT/
[T x1) = (1—Tf)

xeH

(d) Finally, let §H be a set of coset representatives of H , so that @m = |_| wﬁ .
YeSy
Prove that for any ¥ € Sy,
£
[T a-xon=(-1)"

xewﬁ
Hint: Show that 1 (g) is an f-th root of unity.

4. In this problem you will answer Childress Exercise 2.16. Bertrand’s postulate states
that for any n > 1, there is a prime n < p < 2n. There is a famous elementary proof
due to Erdos that uses binomial coefficients.

Use this fact to construct an infinite set of primes with Dirichlet density zero.



