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Y:f(t7 Y7 U(t’ Y),(;(t)), YEy (1)

Y C R". We have freedom to choose the control function u(t, Y).
The functions ¢ : [0, 00) — D represent uncertainty. D C R".

Specify u(t, Y) to get a singly parameterized family
Y =G(t, Y. i), Ye, (2)
where G(t,Y,d) = F(t,Y,u(t, Y),d).

Typically we construct u(t, Y) so that all trajectories of (2) for all
possible choices of ¢ satisfy some control objective.
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What is One Possible Control Objective?

Input-to-state stability generalizes global asymptotic stability.
Y=G(tY), Ye. (X)
Y (D) <71 (627 "2(1 Y (1)) (UGAS)
Our ~i’s are 0 at 0, strictly increasing, and unbounded. v; € K.
Y =G(t,Y,it), Ye. (Zpen)
[Y()] < 71 (€2 2(] Y (10)1) +3(10]1.0) (1SS)

Find ~,’s by building certain strict LFs for Y = G(t, Y, 0).
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Consider a suitably regular nonlinear system

£ = J(tET,u) (3)
with a smooth reference trajectory g and a vector I" of unknown
constant parameters. £g(t) = J(t,&R(1), T, ug(t)) vVt > 0.

Problem: Find a dynamic feedback with estimator

u(t,e, ), T = 7(t¢ (4)
that makes the Y = (', &) = (I — [, € — ¢g) system UGAS.

Flight control, electrical and mechanical engineering, etc.
Persistent excitation. Annaswamy, Narendra, Teel..



New Results (Mazenc, de Queiroz, M., '11)



New Results (Mazenc, de Queiroz, M., '11)

We solved the tracking and parameter identification problem for

= 5
zi = gi(§)+ k(&0 +viu, i=12,....s. ©)



New Results (Mazenc, de Queiroz, M., ’11)

We solved the tracking and parameter identification problem for

= 5
2,' - g,(§)+kl(§)el+1/)lulv I: 1727"'78' ( )

£=(x,z) e RS



New Results (Mazenc, de Queiroz, M., ’11)

We solved the tracking and parameter identification problem for

X = 5
2,' - g,(§)+kl(§)el+1/)lulv i:1727"'7s' ( )
§ = (X,Z) € RS (971/}) = (91,---7937%,- . -ai/Js) € RP1FFPsts,



New Results (Mazenc, de Queiroz, M., ’11)

We solved the tracking and parameter identification problem for

X = 5
zi = gi(§) +ki(€)i+iuy, 1=1,2,....s. ©
€= (X,2) ER™S.(0,9) = (01, 05,01, .., 1hs) € RPIF-HPSTS,

The C? T-periodic reference trajectory ¢ = (xg, Zg) to be
tracked is assumed to satisfy vt > 0.



New Results (Mazenc, de Queiroz, M., ’11)

We solved the tracking and parameter identification problem for

x = (5)
zi = gi(&)+ k(& +vju;, i=1,2,...,s.
£=(x,2) e RS, (0,9) = (01, ..., 05, U1, . . ., 1hg) € RP1H-FPsHS,

The C? T-periodic reference trajectory ¢ = (xg, Zg) to be
tracked is assumed to satisfy vt > 0.

Main PE Assumption:



New Results (Mazenc, de Queiroz, M., ’11)

We solved the tracking and parameter identification problem for

o (5)
2/' = g/(§)+ki(§)0i+’l/)iui7 I: 1727"'78'
€ =(X,2) ER™S. (0,)) = (01, ..., 05,101, .. ., 1bs) € RP1HFPstS,

The C? T-periodic reference trajectory ¢ = (xg, Zg) to be
tracked is assumed to satisfy vt > 0.

Main PE Assumption: positive definiteness of the matrices
M; EFTAT (Nt dt € REFDx i), (6)
where Ai(t) = (ki(§r(1)), zr,i(t) — 9i(¢R(1))) for i=1,2,...,s.
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Dynamic Feedback

éi,j = wij, 1<i<s,1<j<p
{ i = T, 1<i<s
Here 6 = (Bi1,...,0ip) fori=1,2,...,s,
wij = —55(t k(€ +¢R(Y)) and
T = G tHu(t.E6.9).

ui(t,€,0,9) = (t7£)fgf(£)1;ik/(£)9f+zn,f(t)

(10)

(11)

The estimator and feedback can only depend on things we know.
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;

P _
Z = + ki(€ + €r(1))0;

+iu(tE,0,9), 1<i<s (12)
b, = — i 1<i<s 1<j<p
v = - Ti, 1<i<s

Tracking error: £ = (X,2) =€ — g = (x XR,Z — ZR)

Parameter estimation errors: 9 = 0; —0 and ¢, i — Qﬁ,-

Yy = RMSx (Hf:1 { f; (9i,j—9M79iJ+9M)})
(I (=001 = ).
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Stabilization Analysis

We build a strict LF for the augmented tracking and identification
vector Y = (§,0,¢) = (£ — &R, 0 — 6,1 — 1)) dynamics on ).

We start with this nonstrict barrier type LF on ):

L . s P 6;
L)

=1 j=1
S »j
i m
> am.
= Jo (1 (o

On Y, V; < —W(£) for some positive definite function W.

We transform into the desired strict LF.
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Our Transformation (M. et al, '11)

Theorem: We can construct £ € K., N C' such that
Vi(LE D) € L(Vi(tE8,0) + Y Qu(t.E0,0) . (13)

where Q;(t,€,0,1) = —Z\(t )04/(9/,@[)/) (14)
+a] (0 171/1/) i(t)ci(0 /,¢/)

(15)
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Application: Marine

Path of
robot .-~

X2

y2

ra

Robots (with Georgia Tech)

Y1

I

X1

Desired curve
to be tracked

p = |ra — rq], ¢ = angle between x4 and Xz, cos(¢) = X1 - X2
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Curve Tracking Dynamics

p = —sin(¢)
6 = "2y, (p,9) € (0,400) x (—7/2,7/2)

up = "9 — 1 (p) cos(¢) + psin(9)

h(p) = « {p + é — 2po} , po = desired value for p
V(p,¢) = —In(cos(¢)) + h(p)

U ) = — Hipysings) + - [ Tomyd
(9,6) = — H(p)si (@U/o o(m)dm
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Robustly Forwardly Invariant Hexagons

We used U to prove ISS results for the (p — po, ¢) system, where

p=—sin(¢), ¢="h(p)cos(¢) - usin(¢)+ 3 (21)
and 0 : [0, 00) — [—0,}, 04], on certain forward invariant sets H;.

T

| »—— ¢ View the state space (0,c0) x (—7/2,7/2)
‘ of (21) as a union of compact hexagon

N z ' |, shapedregions H{C H, C...C H; C...
For each /, all trajectories of (21) starting in
H; for all 6 : [0, 00) — [—0., 0./] stay in H;.

)

F E

Tight Disturbance Bound: Choose any d.; € (0, min{A.;, A,.;}).
A = min{|H(p)cos(¢)| : (p,¢)| € ABUED}
A,.; = min{|H(p) cos(¢) — usin(¢)| : (p,¢)" € BCUEF}.



New Results (Mazenc, de Queiroz, M., ’11)

We solved the tracking and parameter identification problem for

Xz (5)
2,' = g,-(§)+k,-(§)9,~+w,-u,', i = 1,2,...,3.
€= (x,2) € RIS, (0,4) = (01, ..., 05, 1, .., tbs) € RPIF-FPS,

The C? T-periodic reference trajectory ¢ = (Xg, Z5) to be
tracked is assumed to satisfy vt > 0.

Main PE Assumption: positive definiteness of the matrices
M; ETAT (Nt dt € READx i1, (6)
where Ai(t) = (ki(§r(1)). zri(t) — 9i(&R(1))) for i=1,2,...,s.



Adaptive Robust Curve Tracking

p = —sin(ep)
QIS _ ncos(¢>)+K[u+5]

1+kp

§=(p9),0i=0,v; =K, = —sin(¢), gi(§) =

K cos(¢)
1+kp

(22)



Adaptive Robust Curve Tracking

6 = "9 4 Klu+ 4]
€=(p,9), 0i =0, ;= K, /() = —sin(¢), gi(&) = “L=2)

Take u = —up/K.



Adaptive Robust Curve Tracking

) = —sin
{ p ncos(i;ﬁ) N (22)
¢ = i TKlu+d]
&= (p, ). i =0, v = K, 1(2) = —sin(g), gi(§) = =e22)
Take u = —u,/K. We proved ISS for the dynamics
& = —sin(&)
B = T~ Rkl KO (23)
K = —(K+K = Cun)(Cowr — K — K)9Y 2

09 K+K

for (g1, Qo, f() = (p — po, 0, K — K) on each set in a nested
sequence of hexagonal regions that fill the state space.
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Summer 2011 Field Work at Grand Isle, LA

20 days of field work off Grand Isle. Search for oil spill remnants.
Georgia Tech Savannah Robotics Team (led by Fumin Zhang).
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(Loading Video...)



SM.mov
Media File (video/quicktime)
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Conclusions

» Nonlinear control systems are ubiquitous in aerospace, bio,
electrical, and mechanical engineering.

» One central problem is to build functions called closed loop
controllers that force desired tracking behaviors.

» We designed controllers for several applications including
models with unknown parameters that we can identify.

» Our strict Lyapunov function approach gave key robustness
properties such as input-to-state stability.

» We aim for extensions that cover input delays and state
constraints that ensure collision avoidance.



