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NOTATION and DEFINITIONS

Given System:

ẋ = f(t, x, u), x(t0) = xo (Σ)

f assumed locally Lipschitz on[0,∞)× Rn × Rm and time periodic.

t 7→ φ(t; xo, to,u): max traj. forΣ andu ∈ U := MEB([0,∞),Rm).

Goal: Design explicit ISS Lyapunov functions forΣ.
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ISS(p) Property forΣ: ∃ β ∈ KL andγ ∈ K∞ s.t. everywhere

|φ(to + h;xo, to,u)| ≤ β

(
|xo|,

∫ to+h

to

p(s)ds

)
+ γ

(|u|[to,to+h]

)
.

CalledISS with decay ratep. Sontag’s ISS property is ISS(p) forp ≡ 1.
ISS⇔ [ẋ = F (t, x, d) := f(t, x, d∆(|x|)) GAS on[0,∞)× Rn × B for
appropriate∆ ∈ K∞].
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STATEMENT and SIGNIFICANCE of MAIN RESULT

Main Theorem:[M&Mazenc, Automatica, in press] Let p ∈ P andf be
as above. Then the following six conditions are equivalent:

(C1) f admits an ISS(p) Lyapunov function.
(C2) f admits a strict ISS Lyapunov function.
(C3) f admits a DIS(p) Lyapunov function.
(C4) f admits a strict DIS Lyapunov function.
(C5) f is ISS(p). (C6) f is ISS.

DIS(p) Lyap. Fcn. forΣ: V ∈ UPPD s.t.∃ Ω ∈ K∞, µ ∈ K∞ ∩ C1 s.t.
∀ t ≥ 0, x ∈ Rn, u ∈ Rm, we haveV̇ (t, x, u) ≤ −p(t)µ(|x|) + Ω(|u|).
(Strict) DIS Lyapunov function: DIS(p) Lyapunov function forp ≡ 1.

Significance:Proof providesexplicit constructionsof ISS Lyap. fcns. in
terms of given ISS(p) or DIS(p) Lyap. fcn. Valuable: ISS(p) and DIS(p)
Lyap. functions are often already available e.g. from backstepping.



EXPLICIT CONSTRUCTION #1
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4τ
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2 , α̃2(s) = max

{τ p̄

2
, 1

}
(α2(s) + µ(s) + s).
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ThenV ] is an ISS Lyap. fcn. forΣ. It has periodτ in t if V andp do.

Motivation: Double integral in (#) is motivated by Lyap. function theory

for delay systems.

N.B.: Any ISS(p) Lyap. fcn. forΣ is also a DIS(p) Lyap. fcn. forΣ, so

construction strictifies ISS(p) Lyap. fcns.
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Control-AffineΣca: ẋ = f(t, x, u) := h(t, x) + g(t, x)u, x(t0) = xo,
where we assumeh, g are locally Lipschitz and time-periodic.

Added Assumption:∃ time-independentW ∈ UPPD andḡ > 0 such that

|∇W (x)h(t, x)| ≤ ε

τ2p̄
W (x) , |∇W (x)g(t, x)| ≤ ḡ

for all t ≥ 0 andx ∈ Rn, wherep ∈ P(τ, ε, p̄) is given.

Construction:Assume thatV ∈ UPPD andχ ∈ K∞ are such that

|x| ≥ χ(|u|) ⇒ Vt(t, x) + Vx(t, x) [h(t, x) + g(t, x)u] ≤ −p(t)W (x)

for all t ≥ 0, whereW is as above. Then

U(t, x) := V (t, x) +
1
τ

[∫ t

t−τ

(∫ t

s

p(r) dr

)
ds

]
W (x)

is an ISS Lyap. fcn. forΣca. It has periodτ in t if p andV do.
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Given System:Whenx is not available to measure, we instead look at

ẋ = f(t, x, u), y = H(x) (ΣH )

We assumeH is locally Lipschitz andf is forward complete.

Outputs:y(to + h;xo, to,u) = H(φ(to + h;xo, to,u)).
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)
.

IOS Lyap Fcn. forΣH : C1 fcn. V : [0,∞)× Rn → [0,∞) s.t.∃ α1,

α2, χ ∈ K∞ andκ ∈ KL s.t. (i) α1(|H(x)|) ≤ V (t, x) ≤ α2(|x|) and

(ii) V (t, x) ≥ χ(|u|) ⇒ V̇ (t, x, u) ≤ −κ(V (t, x), |x|) everywhere.

Sontag/Wang, SICON 2K:Shows equivalence of IOS to the existence of

an IOS Lyapunov function for time-invariant systems.



EXPLICIT CONSTRUCTION #3

Assume we are given a systemΣH , a decay ratep ∈ P(τ, ε, p̄), aC1 fcn.
U : [0,∞)× Rn → [0,∞), andα̂1, α̂2, χ̂ ∈ K∞ andκ̂ ∈ C1 ∩ K∞ s.t.

α̂1(|H(x)|) ≤ U(t, x) ≤ α̂2(|x|) ∀x ∈ Rn (1)

U(t, x) ≥ χ̂(|u|) ⇒ U̇(t, x, u) ≤ −p(t)κ̂(U(t, x)) (2)

for all t ≥ 0. Definew : [0,∞) → [0,∞) by

w(r) =
1

τ2p̄ + 2τ

∫ r

0

sat{κ̂′(s)}ds,

wheresat{x} = sign{x}min{1, |x|}. Then

V (t, x) = U(t, x) +
[∫ t

t−τ

(∫ t

s

p(l)dl

)
ds

]
w(U(t, x))

is an IOS Lyapunov function forΣH .

See [M&Mazenc, ACC05 Proc., in press] for proof.
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Track the reference trajectoryω1r(t) = sin(t), ω2r(t) = ω3r(t) = 0.
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Dynamics of Velocities:̇ω1 = δ1 + u1 , ω̇2 = δ2 + u2 , ω̇3 = ω1ω2.
Track the reference trajectoryω1r(t) = sin(t), ω2r(t) = ω3r(t) = 0.

Error Equations and Feedback:Settingω̃i(t) = ωi(t)− ωir(t) gives

˙̃ω1 = δ1 + u1 − cos(t), ˙̃ω2 = δ2 + u2, ˙̃ω3 = (ω̃1 + sin(t))ω̃2

δ1(t, ω̃) = −ω̃1 − ω̃2ω̃3 + cos(t).

δ2(t, ω̃) = −[1 + sin(t)ω̃1 + sin2(t)]ω̃2 − (2 sin(t) + cos(t))ω̃3

DIS(p) Lyap. Fcn.:V (t, ω̃) = 1
2

[
ω̃2

1 + (ω̃2 + sin(t)ω̃3)2 + ω̃2
3

]
.

ISS Lyap. Fcn.:Using Explicit Construction #1, we get

V ](t, ω̃) = V (t, ω̃) +
[∫ t

t−τ

(∫ t

s
p(r)dr

)
ds

]
w(V (t, ω̃))

=
[
1 + π

32 − 1
32 sin(2t)

]
V (t, ω̃).


