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NOTATION and DEFINITIONS '

= f(t,z,u), x(ty) =z, (2)
f assumed locally Lipschitz g, oco) x R™ x R™ and time periodic.

t— ¢(t; zo,to,u): maxtraj. forX andu e U := MEB([|0, ), R™).

Given System:

Goal: Design explicit ISS Lyapunov functions far
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NOTATION and DEFINITIONS '

= f(t,z,u), x(ty) =z, (2)

f assumed locally Lipschitz g, oo) x R™ x R™ and time periodic.

Given System:

t— o(t; x,,t,,u): maxtraj. for andu € U := MEB([0, 00), R™).

Goal: Design explicit ISS Lyapunov functions far

Comparison and UPPD Functions:
ICoo: Cts. strictly incr. unbdgb : [0, 00) — [0, 00) S.t. p(0) = 0.

JCL: cts. 8 : [0,00) x [0,00) — [0,00) S.t. (a) B(+, 1) € Koo VE,
(b) B(s, ) nonincr.Vs, and(c) Vs, B(s,t) — 0 ast — +o0.

UPPD C! fens. V @ [0,00) x R™ — [0, 00) S.t. Ja; € Ko Such that
ai(lz]) < V(t,x) < as(|z]) and|VV (¢, x)| < as(|z|) everywhere.



DECAY RATES and NONSTRICT ISS '

P(r,e,p):cts.p: R — [0,00) S.t. ftt_T p(s)ds > e andp(t) < p Vt.
P: All decay rate(t); i.e.,P := U{P(1,¢,p) : T,&,p > 0}
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DECAY RATES and NONSTRICT ISS '

P(r,e,p): cts.p: R — [0,00) s.t. [ p(s)ds > e andp(t) < p VL.

P: All decay rate(t); i.e., P := U{P(7,e,p) : T,&,p > 0}

ISS(p) Lyap. Fen. fok2: V € UPPD s.t. 3 x € Koo, tt € Koo N CP s
2| > x(Jul) = V(t,z,u) < —p(t)u(|z]) everywhere

(Strict) ISS Lyapunov function: ISS(p) Lyapunov function for= 1.

ISS(p) Property fob2: 4 5 € KL andy € K, S.t. everywhere

to+h
[9(to + h; o, to,u)| < 8 (Ix/ p(S)d8> + ([l e, 1) -
t

o

CalledISS with decay rate. Sontag’s ISS property is ISS(p) for= 1.
ISS< [© = F(t,z,d) = f(t,z,dA(|z])) GAS on[0, oc) x R™ x B for
appropriated € K]



STATEMENT and SIGNIFICANCE of MAIN RESULT '

Main Theorem[M&Mazenc, Automatica, in pregket p € P and f be
as above. Then the following six conditions are equivalent:

(CY) f admits an ISS(p) Lyapunov function.
(C5) f admits a strict ISS Lyapunov function.
(C'3) f admits a DIS(p) Lyapunov function.
(Cy) f admits a strict DIS Lyapunov function.
(C5) fi1s1SS(p). (Cs) fisISS.
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STATEMENT and SIGNIFICANCE of MAIN RESULT '

Main Theorem[M&Mazenc, Automatica, in pregket p € P and f be
as above. Then the following six conditions are equivalent:

(C4) f admits an ISS(p) Lyapunov function.
(C5) f admits a strict ISS Lyapunov function.
(C'3) f admits a DIS(p) Lyapunov function.
(Cy) f admits a strict DIS Lyapunov function.
(C5) fisISS(p). (Cs) fisISS.

DIS(p) Lyap. Fcn. fo: V € UPPD s.t.3Q € Koo, tt € Koo N CH s
Vit>0,2€R"uecR™ wehaveV(t,z,u) < —p(t)u(|z|) + Q(|ul]).
(Strict) DIS Lyapunov function: DIS(p) Lyapunov function for= 1.

SignificanceProof providesxplicit construction®f ISS Lyap. fcns. in
terms of given ISS(p) or DIS(p) Lyap. fcn. Valuable: ISS(p) and DIS(p)
Lyap. functions are often already available e.g. from backstepping.



EXPLICIT CONSTRUCTION #1 '

Letp € P(r,e,p), V be a DIS(p) Lyap. fcn. foE, andas, i1 € Koo N C?L
satisfy the UPPD and DIS(p) requirements. Defiffeby

Vit,z) =V(t,z) + Ut; (/:p(r) dr) ds] w(V(t,x)),  (#)
where
1 1 D

W= —pody ao(s) = max{?,l} (aa(s) + u(s) + s).

ThenV*®is an ISS Lyap. fcn. foE. It has periodr in ¢ if V' andp do.
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EXPLICIT CONSTRUCTION #1 '

Letp € P(7,e,p), V be aDIS(p) Lyap. fcn. fok, andas, i € Koo NCY
satisfy the UPPD and DIS(p) requirements. Defiffeby

Vit,x) =V(t,z) + U;T (/:p(r) dr) ds] w(V(t,z)),  (#)

where

1 L D
w=——pody’, Ga(s) = max { 22,1} (as(s) + uls) + 5).

ThenV*®is an ISS Lyap. fcn. foE. It has periodr in ¢ if V' andp do.

Motivation: Double integral in ) is motivated by Lyap. function theory
for delay systems.

N.B.: Any ISS(p) Lyap. fcn. foX is also a DIS(p) Lyap. fcn. foE, so
construction strictifies ISS(p) Lyap. fcns.



EXPLICIT CONSTRUCTION #2 '

Control-AffineX.,: & = f(t,x,u) := h(t,z) + g(t,x)u, x(ty) = x,,
where we assumk, g are locally Lipschitz and time-periodic.



EXPLICIT CONSTRUCTION #2 '

Control-AffineX.,: ¢ = f(t,x,u) := h(t,z) + g(t,x)u, x(ty) = x,,
where we assumk, g are locally Lipschitz and time-periodic.

Added Assumptiond time-independentl’ € UPPD andg > 0 such that

VW (2)h(t,2)] < =W (x)

V@ L VW @(ta)] < g

forall ¢ > 0 andx € R"™, wherep € P(r,¢,p) is given.



EXPLICIT CONSTRUCTION #2 '

Control-AffineX.,: ¢ = f(t,x,u) := h(t,z) + g(t,x)u, x(ty) = x,,
where we assumk, g are locally Lipschitz and time-periodic.

Added Assumptiond time-independenittl’ € UPPD andg > 0 such that

VW (2)h(t, )| < T%pvv(a:) VW (@)t 2)| <

forall t > 0 andx € R"™, wherep € P(r,¢,p) is given.
Construction/Assume that” € UPPD andy € K, are such that
| > x(|u]) = Vi(t,x) + Vo (t, ) [h(t, 2) + g(t, z)u] < —p(t)W ()

for all t > 0, wherelV is as above. Then

Ult.z) = V(tz) + % [ /t i ( / () dr) ds] W(z)

Is an ISS Lyap. fcn. fok.,. It has periodr in t if p andV do.



EXTENSION for SYSTEMS with OUTPUTS '

Given SystemWhenzx is not available to measure, we instead look at

t = f(t,x,u), y=H(x) (Zu)

We assumd is locally Lipschitz andf is forward complete.
Outputs:y(t, + h; xo, to,u) = H(¢(t, + h; xo,to,1)).
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EXTENSION for SYSTEMS with OUTPUTS '

Given SystemWhenz is not available to measure, we instead look at

:t:f(t,a:,u), y:H(Qj) (Xm)

We assume is locally Lipschitz andf is forward complete.
Outputs:y(t, + h; xo, to,u) = H(¢(t, + h; xo,to, 1)),

I0OSofXy: A3 e LLandy € K S.t.VE, >0,2, € R", uelfand
h >0, we havely(t, + h; 2o, to, w)| < B (|zol,h) + v (|uli, ., 1))

I0S Lyap Fcn. for;: Ct fen. V 1 [0,00) x R™ — [0, 00) S.t. 3 o,
ag, X € Koo @andr € KLS.A. (1) a1 (|H(2)|) < V(t,x) < az(|z|) and
(i) V(t,z) > x(|u|) = V(t,z,u) < —k(V(t,z),|z|) everywhere.

Sontag/Wang, SICON 2KShows equivalence of 10S to the existence of
an 10S Lyapunov function for time-invariant systems.



EXPLICIT CONSTRUCTION #3 '

Assume we are given a systeny;, a decay rate € P(r,e,p), aC! fen.
U :1[0,00) x R* — [0,00), andéy, da, ¥ € Koo andi € Ct N K, s.t.

a1(|[H(x)]) U, x) < do(|z]) Vo eR" (1)
Ut,x) 2 x(Jul) = U(t,z,u) < —pt)a(U(t,)) (2)
forallt > 0. Definew : [0, 00) — [0, 00) by
1 " N
w(r) = 51 o7 /0 sat{k'(s) }ds,

wheresat{z} = sign{x} min{1, |z|}. Then

Vt,z) = U(t,z) + [ /t i ( / tp(l)dl) ds] w(U(t,z))

IS an 10S Lyapunov function far 4.
See M&Mazenc, ACCO5 Proc., in pregfor proof.



APPLICATION to ROTATING RIGID BODY '

DynamiCS of Velocitiesw; = 61 + uy , Wy = do + Us , W3 = Wiwa.
Track the reference trajectowy . (1) = sin(t), wa, (t) = ws,.(t) = 0.
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APPLICATION to ROTATING RIGID BODY '

DynamiCS of VEIOCitieswl = 51 + Uy, wyg = 52 + Uy, W3z = wWiwa.

Track the reference trajectory:, (t) = sin(t), wo, () = ws,(t) = 0.

Error Equations and Feedbacdgettingw; (t) = w;(t) — wq-(t) gives
01 =01 +up — cos(t), Wy = 0o + Us, W3 = (w1 + sin(t))ws
01 (t, (:J) = —W1 — Wows + COS(t).

O2(t, @) = —[1 + sin(t)@y + sin®(t)]@e — (2sin(t) 4 cos(t))ws

DIS(p) Lyap. Fen.V (¢, @) = 3 [@f + (@2 + sin(t)ws)? + @3 |.

ISS Lyap. Fcn.Using Explicit Construction #1, we get
Vit®) = V(@) + [ (S p(r)dr) ds| w(V(t,0))

= |1+ & — 55sin(20)| V(¢,0).



