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Abstract— For a broad class of nonlinear systems satisfy-
ing the Jurdjevic-Quinn conditions, we construct a family of
smooth control-Lyapunov functions whose derivatives along the
trajectories of the systems can be made negative definite by
smooth control laws that are arbitrarily small in norm. We also
design state feedbacks of arbitrarily small norm that render our
systems integral-input-to-state stable to actuator errors.

Index Terms—Control-Lyapunov functions, global asymp-
totic and integral-input-to-state stabilization

I. INTRODUCTION

Lyapunov stability is of paramount importance in nonlin-
ear control theory. In many important applications, it is very
beneficial to have a continuously differentiable Lyapunov
function whose derivative along the trajectories of the system
can be made negative definite by an appropriate choice of
feedback. Observe in particular that:
• Recent advances in the stabilization of nonlinear delay sys-
tems (e.g., [9], [10], [17], [19], [27]) are based on knowledge
of continuously differentiable Lyapunov functions.
• Lyapunov functions are very efficient tools for robustness
analysis. For example, many proofs of nonlinear disturbance-
to-state Lp stability properties rely on Lyapunov functions;
see [8, Chapter 13] and [2], [14], [20], [26]. Moreover,
control-Lyapunov function based control designs guarantee
robustness to different types of deterministic [6] and stochas-
tic disturbances, and to unmodeled dynamics [21], [22].
• When a control-Lyapunov function (CLF) satisfying the
small control property (as defined below) is available, the
universal formula provides an explicit expression for an
asymptotically stabilizing feedback that is also an optimal
control for a suitable optimization problem whose value
function is the CLF; see [24].
• Backstepping and forwarding require Lyapunov functions
of class at least C1 for the subsystems [22].

The converse Lyapunov theorem (see [7], [13]) ensures
that, for any system that is globally asymptotically stabi-
lizable by continuously differentiable feedback, a control-
Lyapunov function exists. Unfortunately, for nonlinear con-
trol systems, determining explicit expressions for control-
Lyapunov functions is in general difficult. Fortunately, for
large classes of systems, one can determine functions whose
derivatives along the trajectories can be rendered negative
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semi-definite. If the systems satisfy the conditions of the
celebrated Jurdjevic-Quinn Theorem (from [11]), then glob-
ally asymptotically stabilizing feedbacks can be constructed.
However, in this case, no formula for control-Lyapunov
functions is available, and this makes robustness analysis
more difficult. This motivates the following fundamental
question: When the Jurdjevic-Quinn Theorem applies, is it
possible to design explicit control-Lyapunov functions?

In [5], where this issue was addressed for the first time,
a method was presented for designing explicit CLFs for
affine homogeneous systems that satisfy the Jurdjevic-Quinn
conditions. Our objective in the present note is to extend
[5] by constructing control-Lyapunov functions for systems
satisfying the Jurdjevic-Quinn conditions but having no ho-
mogeneity property. Our work also complements [18] where
strong Lyapunov functions are constructed for a large family
of systems satisfying the conditions of LaSalle. The main
difference between the present work and [18] is that in [18],
only systems without input are considered whereas here we
consider systems with input.

This paper is organized as follows. In Section II, we
introduce our notation, and in Section III, we present our
main result on constructing control-Lyapunov functions, and
corresponding smooth stabilizing state feedbacks of arbitrar-
ily small norm, for systems satisfying the Jurdjevic-Quinn
conditions. Section IV is devoted to a discussion of our
main result, Section V to its proof, and Section VI to an
illustrating example. Section VII constructs feedbacks for our
systems that have arbitrarily small norm and that in addition
achieve integral-input-to-state stability relative to actuator
errors. Concluding remarks in Section VIII end our work.

II. PRELIMINARIES

1. We assume throughout the paper that the functions en-
countered are sufficiently smooth. In particular, if the vector
fields defining our systems are C∞, then our constructions
lead to Lyapunov functions and stabilizing state feedbacks
that are Cp for any prescribed p ∈ N.
2. We let K∞ denote the class of all continuous functions
ρ : [0,∞) → [0,∞) for which

i) ρ(0) = 0 and
ii) ρ is increasing and unbounded.

3. We let KL denote the class of all continuous functions
β : [0,∞) × [0,∞) → [0,∞) for which

i) β(·, t) ∈ K∞ for each t ≥ 0,
ii) β(s, ·) is nonincreasing for each s ≥ 0, and
iii) β(s, t) → 0 as t → +∞ for each s ≥ 0.
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4. A function V (·) on R
n is called positive definite (resp.,

negative definite) provided V (x) > 0 (resp., V (x) < 0) for
all x �= 0 and V (0) = 0; it is called radially unbounded
provided lim|x|→+∞ V (x) = +∞.
5. Given a smooth function V : R

n → R and f : R
n → R

n,
we use the notation LfV (x) := ∇V (x)f(x), where ∇V is
the gradient of V .
6. A positive definite function V (·) on R

n is called a control-
Lyapunov function (CLF) for a system

χ̇ = ϕ1(χ) + ϕ2(χ)u (1)

with input u provided it is radially unbounded and satisfies

Lϕ1V (χ) ≥ 0 ⇒ [ χ = 0 or Lϕ2V (χ) �= 0 ] . (2)

We use V̇ (x, u) to denote the derivative along trajectories of
(1), i.e., V̇ (x, u) = Lϕ1V (x)+Lϕ2V (x)u. We often suppress
the argument of V̇ to simplify the notation. We say that a
CLF V (·) for (1) satisfies the small control property provided
for each ε > 0, there exists δ(ε) > 0 such that if 0 < |χ| <
δ(ε), then there exists u (possibly depending on χ) such that
|u| < ε and Lϕ1V (χ) + Lϕ2V (χ)u < 0.

III. MAIN RESULT

In this section, we state our main result. Consider the
nonlinear system

ẋ = f(x) + g(x)u (3)

where x ∈ R
n, u ∈ R

m is the input and the function f(·)
satisfies f(0) = 0. We make the following assumptions:

Assumption H1. A smooth function V (x) that is radially
unbounded and positive definite and such that

LfV (x) ≤ 0 ∀x ∈ R
n (4)

is known.

Assumption H2. A vector field G(x) such that when
LgV (x) = 0 and x �= 0, then either LfLGV (x) < 0 or
LfV (x) < 0 is known.

Theorem 1: Assume that (3) satisfies Assumptions H1
and H2. Then one can determine a positive definite smooth
function δ(·) such that

U(x) = V (x) + δ(V (x))LGV (x) (5)

is a control-Lyapunov function for the system (3) that
satisfies the small control property. In fact, for each real-
valued positive function ξ(·), one can determine a function
δ(·) such that the corresponding function (5) is a smooth
control-Lyapunov function for the system (3) that satisfies
the small control property and whose derivative along the
trajectories of (3) in closed-loop with the feedback

u = −ξ(V (x))LgV (x)� (6)

is negative definite.

IV. DISCUSSION OF THEOREM 1

1. Assumptions H1 and H2 are similar to the assumptions of
the main result of [5]. In particular, [5] provides an explicit
expression for a vector field G(x) such that Assumption
H2 holds whenever the so-called “weak Jurdjevic-Quinn
conditions” are satisfied. This vector field is not continuous
at the origin but it turns out that there exists an integer N ≥ 1
such that the vector field GN (x) = V (x)NG(x) is of class
C∞ for V satisfying our assumptions. The equality

LfLGN V (x) = NV (x)N−1LfV (x)LGV (x)
+V (x)NLfLGV (x) (7)

then implies that if G(x) satisfies Assumption H2, and if
Assumption H1 also holds, then GN (x) satisfies Assumption
H2 as well. Consequently, one can take advantage of the
formula in [5] to determine a C∞ vector field for which
Assumption H2 is satisfied.
2. No restriction on the size of the function ξ(·) in (6) is
imposed. Therefore, the family of feedbacks (6) contains
elements that are arbitrarily small in (sup) norm. By taking
advantage of this fact, one can extend Theorem 1 to systems
that are not affine in the input.
3. An important class of dynamics covered by Theorem 1 is
described by the so-called Euler-Lagrange equations

d

dt

(
∂L

∂q̇
(q, q̇)

)
− ∂L

∂q
(q, q̇) = τ (8)

for the motion of mechanical systems, in which q represents
the generalized configuration coordinates, L = K − P is
the difference between the kinetic energy K and potential
energy P , and τ is the control [28]. In standard cases,
K(q, q̇) = 1

2 q̇�M(q)q̇ where the inertia matrix M(q) is
smooth and everywhere symmetric and positive definite.
Then the generalized momenta ∂L

∂q̇ are given by p = M(q)q̇,
so in terms of the state x = (q, p), the equations (8) become

q̇ =
∂H

∂p
(q, p)� = M−1(q)p, ṗ = −∂H

∂q
(q, p)� + τ, (9)

where
H(q, p) =

1
2
p�M−1(q)p + P (q)

is the total energy in the dynamics. We make the following
additional assumptions: (a) P (q) is positive definite and
radially unbounded and (b) ∇P (q) �= 0 when q �= 0.
(These assumptions are not too restrictive since one can often
perform a modification of H and τ resulting in a new system
that satisfies these assumptions.) Then H is positive definite
and radially unbounded, so V = H satisfies Assumption H1.
The radial unboundedness follows from the continuity of the
(positive) eigenvalues of the positive definite matrix M−1(q)
as functions of q [25, Appendix A4], which implies that each
compact set S of q values admits a constant cS > 0 such
that p�M−1(q)p ≥ cS |p|2 for all q ∈ S and all p. In fact,
in our general notation with x = (q, p), we get LfV (x) ≡ 0
and LgV (x) = Hp(x) = p�M−1(q). Choosing

G(x) =
(

0
∇P (q)�

)
(10)
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gives LGV (x) = Hp(x)∇P (q)�. Therefore, if LgV (x) =
p�M−1(q) = 0 and x �= 0, then p = 0 and therefore also
LfLGV (x) = −∇P (q)M−1(q)∇P (q)� and q �= 0. Since
M−1 is everywhere positive definite, Assumption H2 reduces
to our assumption (b) and therefore is satisfied as well. We
study a special case of (9) in Section VI below where we
explicitly compute the corresponding CLF (5) and stabilizing
feedback.

V. PROOF OF THEOREM 1

We fix a positive function ξ : [0,∞) → (0,∞).
First step. We exhibit a family of functions δ(·) for which
the function U(x) in (5) is positive definite and radially
unbounded. One can determine αi(·) of class K∞ such that

α1(|x|) ≤ V (x) ≤ α2(|x|) , |LGV (x)| ≤ α3(|x|) (11)

for all x ∈ R
n. It follows that

U(x) ≥ α1(|x|) − δ(V (x))α3(|x|)
≥ α1(α−1

2 (V (x)))

−δ(V (x))α3(α−1
1 (V (x))) ∀x ∈ R

n .

(12)

For each p ∈ N, we can use standard results to find a function
δ : [0,∞) → [0,∞), of class Cp, such that

δ(v) ≤ α1(α−1
2 (v))

1 + 2α3(α−1
1 (v))

∀v ≥ 0 . (13)

With such a function δ(·), the inequality

U(x) ≥ 1
2
α1(α−1

2 (V (x))) ∀x ∈ R
n (14)

is satisfied. Since V (x) is positive definite and radially
unbounded and 1

2α1(α−1
2 (·)) is of class K∞, (14) implies

that U(x) is positive definite and radially unbounded as well.
In the next steps, we impose further restrictions on δ.
Second step. Along the trajectories x(t) of (3), the derivative
U̇ of U(x) satisfies

U̇ = V̇ [1 + δ′(V (x))LGV (x)]

+δ(V (x))
d

dt
LGV (x)

= [LfV (x) + LgV (x)u] [1 + δ′(V (x))LGV (x)]
+δ(V (x)) [LfLGV (x) + LgLGV (x)u] (15)

When the system (3) is in closed-loop with the feedback (6),
(15) reads

U̇ =
[
LfV (x) − ξ(V (x))|LgV (x)|2]
× [1 + δ′(V (x))LGV (x)]

+δ(V (x))LfLGV (x)

−ξ(V (x))δ(V (x))LgLGV (x)LgV (x)�.

(16)

Minorizing 1/(1+4|LGV (x)|) by a positive function of the
form x �→ P(V (x)) using, e.g.,

P(s) = inf{1/(1 + 4|LGV (x)|) : x ∈ R
n, V (x) = s}

and arguing as above provides a C1 function δ(·) such that

δ′(V (x))LGV (x) ≥ −1
4

∀x ∈ R
n (17)

so recalling (4) gives the inequality

U̇ ≤ 3
4

[
LfV (x) − ξ(V (x))|LgV (x)|2]

+δ(V (x))LfLGV (x)

+ξ(V (x))δ(V (x))|LgLGV (x)||LgV (x)|.
(18)

The inequality (δ(V (x))|LgLGV (x)| − 1
2 |LgV (x)|)2 ≥ 0

multiplied by ξ(V (x)), with (4) and (18), gives

U̇ ≤ 1
2

[
LfV (x) − ξ(V (x))|LgV (x)|2]

+δ(V (x))LfLGV (x)

+ξ(V (x))δ2(V (x))|LgLGV (x)|2 .

(19)

Third step. The remaining part of the proof relies extensively
on the following consequence of Assumption H2:

Lemma 2: Assume that the system (3) satisfies Assump-
tion H2. Then, there exist continuous positive definite func-
tions Γ and N such that

|LgV (x)| ≤ Γ(|x|) implies
[ LfV (x) ≤ −N(|x|) or LfLGV (x) ≤ −N(|x|) ] .

Proof: We first show that the continuous function

S(x) = min{0, LfLGV (x)}
+ min{0, LfV (x)} − |LgV (x)| (20)

is negative definite. Observe first that S(0) = 0 and S(x) ≤ 0
for all x. Assume now that S(x) = 0. Each term of S(x) is
nonpositive. It follows that

min{0, LfLGV (x)} = min{0, LfV (x)} = |LgV (x)| = 0.

By Assumption H2, it follows that x = 0, which gives the
negative definiteness. Therefore −S(x) is positive definite. It
follows that one can determine a continuous positive definite
real-valued function ρ such that

ρ(|x|) ≤ −S(x) (21)

Let us now prove that |LgV (x)| ≤ 1
2ρ(|x|) implies that either

LfLGV (x) ≤ − 1
4ρ(|x|) or LfV (x) ≤ − 1

4ρ(|x|).
Consider x such that |LgV (x)| ≤ 1

2ρ(|x|). Then (20) and
(21) imply

ρ(|x|) ≤ −min{0, LfLGV (x)} − min{0, LfV (x)}
+|LgV (x)|

≤ −min{0, LfLGV (x)} − min{0, LfV (x)}
+ 1

2ρ(|x|)
We deduce that

1
2
ρ(|x|) ≤ −min{0, LfLGV (x)} − min{0, LfV (x)}

i.e., min{0, LfLGV (x)} + min{0, LfV (x)} ≤ − 1
2ρ(|x|).

It follows that either min{0, LfLGV (x)} ≤ − 1
4ρ(|x|) or

min{0, LfV (x)} ≤ − 1
4ρ(|x|). Therefore one can conclude

that |LgV (x)| ≤ 1
2ρ(|x|) implies LfLGV (x) ≤ − 1

4ρ(|x|)
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or LfV (x) ≤ − 1
4ρ(|x|), so we can take Γ(s) = 1

2ρ(s) and
N(s) = 1

4ρ(s).
Fourth step. We prove that the right hand side of (19) is
negative definite when the smooth positive definite function
δ(·) is suitably chosen, by considering all cases in Lemma
2.
First Case. |LgV (x)| ≤ Γ(|x|) and LfV (x) ≤ −N(|x|).
Then the inequality (19) implies that

U̇ ≤ − 1
2N(|x|) + δ(V (x))LfLGV (x)

+ξ(V (x))δ2(V (x))|LgLGV (x)|2 .
(22)

Arguing as before provides δ(·) such that

δ(V (x))LfLGV (x) ≤ 1
8N(|x|)

ξ(V (x))δ2(V (x))|LgLGV (x)|2 ≤ 1
8N(|x|)

(23)

for all x ∈ R
n. We obtain U̇ ≤ − 1

4N(|x|) < 0 for all x �= 0.
Second Case. |LgV (x)| ≤ Γ(|x|), LfLGV (x) ≤ −N(|x|).
Then the inequalities (4) and (19) imply

U̇ ≤ −δ(V (x))N(|x|)
+ξ(V (x))δ2(V (x))|LgLGV (x)|2 .

(24)

Choosing δ(·) such that

ξ(V (x))δ(V (x))|LgLGV (x)|2 ≤ 1
2
N(|x|) (25)

we obtain U̇ ≤ − 1
2δ(V (x))N(|x|) < 0 for all x �= 0.

Third Case. |LgV (x)| ≥ Γ(|x|). Then the inequality (19)
implies that

U̇ ≤ − 1
2ξ(V (x))Γ2(|x|) + δ(V (x))LfLGV (x)

+ξ(V (x))δ2(V (x))|LgLGV (x)|2 .

Choosing δ(·) such that

δ(V (x))LfLGV (x) ≤ 1
8Γ2(|x|)ξ(V (x))

δ2(V (x)|LgLGV (x)|2 ≤ 1
8Γ2(|x|) ,

(26)

we obtain U̇ ≤ − 1
4ξ(V (x))Γ2(|x|) < 0 for all x �= 0.

Fifth step. To conclude the proof, one has to prove that one
can determine continuously differentiable and positive defi-
nite functions δ(·) simultaneously satisfying the requirements
(13), (17), (23), (25), (26). This can be done by first finding
a C1 positive definite function δ satisfying the requirements
(13), (23), (25), (26) that is increasing on [0, 1] and non-
increasing on [1,∞), and then minorizing the result so that
it also satisfies (17). The lengthy but easy proof of this fact
is left to the reader. �

VI. EXAMPLE

We illustrate Theorem 1 by applying it to the two-
dimensional nonlinear system{

ẋ1 = x2 ,
ẋ2 = −x3

1 + u .
(27)

For this system, with our general notation, we have

f(x1, x2) =
(

x2

−x3
1

)
, g(x1, x2) =

(
0
1

)
. (28)

Let us check that (27) satisfies Assumptions H1 and H2.
i) The positive definite radially unbounded function

V (x1, x2) =
1
4
x4

1 +
1
2
x2

2 , (29)

while not a CLF for (27), satisfies LfV (x) = 0 on R
2.

Therefore Assumption H1 is satisfied.
ii) Consider the vector field

G(x1, x2) =
(

0
x1

)
. (30)

One can check readily that

LgV (x1, x2) = x2 , LGV (x1, x2) = x1x2

LfLGV (x1, x2) = x2
2 − x4

1 .
(31)

If LgV (x1, x2) = 0 and (x1, x2) �= (0, 0), then x2 = 0
and x1 �= 0, so LfLGV (x1, 0) = −x4

1 < 0. Therefore
Assumption H2 is satisfied. It follows that Theorem 1 applies
to the system (27).

We apply our CLF construction using

Γ(s) =
1
4

s2

1 + s2
, N(s) =

1
4
s4 . (32)

In this case, it suffices to prove that

|LgV (x1, x2)| ≤ Γ(|(x1, x2)|)
⇒ LfLGV (x1, x2) ≤ −N(|(x1, x2)|) .

(33)

According to (31) and (32), property (33) is satisfied if

|x2| ≤ x2
1 + x2

2

4(1 + x2
1 + x2

2)
⇒ x2

2 − x4
1 ≤ −1

4
(x2

1 + x2
2)

2. (34)

The inequality |x2| ≤ x2
1+x2

2
4(1+x2

1+x2
2)

implies

x4
2 + x2

2 +
1
4
(x2

1 + x2
2)

2 ≤ (x2
1 + x2

2)
4

[4(1 + x2
1 + x2

2)]4

+
(x2

1 + x2
2)

2

[4(1 + x2
1 + x2

2)]2

+
1
4
(x2

1 + x2
2)

2

which implies x4
2+x2

2+ 1
4 (x2

1+x2
2)2 ≤ x4

1+x4
2 and therefore

(34) holds.
Next we find a positive definite function δ(·) such that

U(x) = V (x) + δ(V (x))LGV (x)
= 1

4x4
1 + 1

2x2
2 + δ

(
1
4x4

1 + 1
2x2

2

)
x1x2

(35)

is a CLF for the system (27) that admits a negative definite
derivative along the trajectories of (27) in closed-loop with

u = −LgV (x)� = −x2 . (36)

Let us prove that these properties are satisfied in particular
with the function

δ(v) =
v2

8(1 + v)2
. (37)
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First observe that
1
2
x2

1 ≤ 1 +
1
4
x4

1, so |x1x2| ≤ 1 + V (x) ∀x ∈ R
2 (38)

and therefore choosing (37) in (35) gives

U(x) ≥ 1
4x4

1 + 1
2x2

2

−
(

1
4x4

1 + 1
2x2

2

)2

8
(
1 + 1

4x4
1 + 1

2x2
2

)2

(
1 +

1
4
x4

1 +
1
2
x2

2

)

= 1
4x4

1 + 1
2x2

2 −
(

1
4x4

1 + 1
2x2

2

)2

8
(
1 + 1

4x4
1 + 1

2x2
2

)
≥ 1

8x4
1 + 1

4x2
2 .

The derivative of U(x) along the trajectories of (27) in
closed-loop with the feedback (36) is

U̇ = −x2
2

[
1 +

V (x)
4(1 + V (x))3

x1x2

]

+δ(V (x))[−x4
1 − x1x2 + x2

2]

≤ −5
8
x2

2 − δ(V (x))x4
1 − δ(V (x))x1x2

≤ −3
8
x2

2 − δ(V (x))x4
1 + δ2(V (x))x2

1

≤ −3
8
x2

2 − δ(V (x))x4
1 + δ(V (x))

(
1
4x4

1 + 1
2x2

2

)
x2

1

8
(
1 + 1

4x4
1 + 1

2x2
2

)
≤ −1

4
x2

2 −
1
4
δ(V (x))x4

1, (39)

where we used (38) to get the first and last inequalities, and
the second inequality used (δ(V (x))x1 + 1

2x2)2 ≥ 0. The
right hand side of this inequality is negative definite. This
proves our assertion. �

VII. ROBUSTNESS TO ACTUATOR ERRORS

Theorem 1 provided a smooth stabilizing feedback law
u = K1(x) for (3) such that ẋ = f(x) + g(x)K1(x) is
globally asymptotically stable (GAS) to x = 0, meaning,
there exists β ∈ KL such that |x(t)| ≤ β(|x(0)|, t) for all
trajectories x(t) of the closed loop system and all t ≥ 0.
Moreover, for each ε > 0, we can choose K1 to satisfy
|K1(x)| ≤ ε for all x ∈ R

n.
One natural and widely used generalization of the GAS

condition is the so-called input-to-state stable (ISS) property,
as introduced by Sontag in his seminal paper [23]. For a
general nonlinear system ẋ = F (x, d) evolving on R

n×R
m

(where d represents the disturbance), the ISS property is the
requirement that there exist β ∈ KL and γ ∈ K∞ such that
the following holds for all measurable essentially bounded
functions d : [0,∞) → R

m and corresponding trajectories
x(t) for ẋ(t) = F (x(t),d(t)):

|x(t)| ≤ β(|x(0)|, t) + γ(|d|∞) ∀t ≥ 0. (ISS)

Here | · |∞ is the essential supremum norm.
The ISS property reduces to GAS to 0 for systems with no

controls, in which case the overshoot term γ(|d|∞) in the ISS
decay condition is 0; see also [15], [16] for the relationship
between the ISS property and asymptotic controllability. It
is therefore natural to look for a feedback K : R

n → R
m

for (3) (which could in principle differ from the feedback
K1 constructed above) for which

ẋ = F (x, d) := f(x) + g(x)[K(x) + d] (40)

is ISS, and for which |K(x)| ≤ ε for all x ∈ R
n, where ε is

any prescribed positive constant. In other words, we would
want an arbitrarily small feedback K that renders (3) GAS
to x = 0 and that has the additional property that (40) is
also ISS with respect to actuator errors d.

However, it is clear that this objective cannot be met, since
one can easily check that one cannot find a bounded feedback
K(x) such that the one-dimensional system ẋ = K(x) + d
is ISS. On the other hand, if we add

Assumption H3. There exists a positive nondecreasing
smooth function h such that (i)

∫ +∞
0 1/h(s) ds = +∞ and

(ii) |LgV (x)| ≤ h(V (x)) for all x ∈ R
n.

where V satisfies our continuing Assumptions H1-H2, then
any feedback K := −ξ(V (x))LgV (x)� obtained from
Theorem 1 and chosen such that |ξ(V (x))LgV (x)| ≤ ε for
all x ∈ R

n also renders (40) integral-input-to-state stable
(iISS). For a general nonlinear system ẋ = F (x, d) evolving
on R

n × R
m, the iISS condition is the following: There

exist β ∈ KL and α, γ ∈ K∞ such that for all measurable
locally essentially bounded functions d : [0,∞) → R

m and
corresponding trajectories x(t) for ẋ(t) = F (x(t),d(t)),

α(|x(t)|) ≤ β(|x(0)|, t) +
∫ t

0

γ(|d(s)|)ds ∀t ≥ 0. (iISS)

The iISS condition reflects the qualitative property of having
small overshoots when the disturbances have finite energy.
It provides a nonlinear analog of “finite H2 norm” for
linear systems, and thus has obvious physical relevance and
significance [1], [2], [3], [4]. The one-dimensional dynamic
F (x, d) = − arctan(x) + d is an example that is iISS but
not ISS [2]. Assumptions H1-H3 hold for our example in the
previous section, since in that case, |LgV (x)| ≤ 2(V (x)+2)
for all x ∈ R

n, so we can take h(s) = 2(s + 2). In fact, our
assumptions hold for a broader class of Hamiltonian systems
as well; see Remark 4 below.

To verify that the Theorem 1 feedback also renders (40)
iISS, we begin by fixing ε > 0 and V satisfying our As-
sumptions H1-H3 for (3), and using the theorem to construct
a CLF U for (3) corresponding to a positive function ξ that
satisfies

|ξ(V (x))LgV (x)| ≤ ε ∀x ∈ R
n. (41)

By reducing δ and δ′ from the proof of the theorem, and
replacing h(p) with p �→ h(2p) + 1, we can assume that

|LgU(x)| ≤ h(U(x)) ∀x ∈ R
n. (42)

It is then easy to check that

Ũ(x) =
∫ U(x)

0
dp

h(p) , where
U(x) = V (x) + δ(V (x))LGV (x)

(43)

is again a CLF for our dynamic (3), since our choice of
h gives Ũ(x) → +∞ as |x| → ∞ because U is radially
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unbounded, and because ∇Ũ(x) ≡ ∇U(x)/h(U(x)) (which
gives the Lyapunov decay condition). The smoothness of Ũ
follows because U and h are both smooth. Finally, (42) gives

|LgŨ(x)| = |LgU(x)/h(U(x))| ≤ 1 ∀x. (44)

Next choose K1(x) = −ξ(V (x))LgV (x)�, where ξ is a
smooth positive function satisfying (41), so K1 renders (3)
GAS to x = 0, by Theorem 1. To check that K(x) := K1(x)
also renders (40) iISS, notice that our choice of K1 gives

∇Ũ(x)F (x, d)
= ∇Ũ(x)[f(x) + g(x)K1(x)] + LgŨ(x)d
≤ −α3(|x|) + |LgŨ(x)| |d| ≤ −α3(|x|) + |d|

(45)

for all x and d for some continuous positive definite function
α3. This decay estimate differs from the usual ISS decay
condition because α3 need not be radially unbounded and
in fact is not sufficient for ISS of (40) [2]. However, (45)
says (see [2]) that the positive definite radially unbounded
smooth function Ũ is an iISS-CLF for (40). Therefore, the
fact that (40) is iISS now follows from the iISS Lyapunov
characterization [2, Theorem 1]. We conclude as follows:

Corollary 3: Let (3) satisfy Assumptions H1-H3 for some
vector field G : R

n → R
n and V : R

n → R, and let
ε > 0 be given. Then there exist two smooth functions
δ, ξ : [0,∞) → [0,∞) such that (i) the system (40) with
the feedback K(x) := −ξ(V (x))LgV (x) is iISS and has a
smooth iISS-CLF of the form (43) and (ii) |K(x)| ≤ ε for
all x ∈ R

n.
Remark 4: Assume the Hamiltonian system (9) satisfies

the conditions (a)-(b) we introduced in Section IV as well as
the following additional condition: (c) There exist λ, λ̄ > 0
such that spectrum{M−1(q)} ⊆ [λ, λ̄] for all q. (Assump-
tion (c) means there are positive constants c and c̄ such
that c|p|2 ≤ p�M(q)p ≤ c̄|p|2 for all q and p.) Then
(9) satisfies our Assumptions H1-H3 and so is covered
by the preceding corollary. In fact, we saw in Section
IV that (a)-(b) imply that Assumptions H1-H2 hold with
V = H , and then Assumption H3 follows from (c) because
|LgV (x)|2 = |Hp(q, p)|2 = |p�M−1(q)|2 ≤ λ̄2|p|2 ≤
(λ̄2/λ)p�M−1(q)p ≤ 2(λ̄2/λ)V (x) for all states x = (q, p),
so we can satisfy the requirements of Assumption H3 using
h(s) =

√
2(λ̄2/λ)(s + 1).

VIII. CONCLUSION

We showed how to construct control-Lyapunov functions
for systems satisfying the Jurdjevic-Quinn conditions. We
also constructed feedbacks of arbitrarily small norm that
render our systems integral-input-to-state stable to actuator
errors. Our constructions apply to important families of
nonlinear systems, and in particular to systems described by
Euler-Lagrange equations. Redesign and further robustness
analysis for these systems via our construction of control-
Lyapunov functions will be subjects of future work.
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[17] F. Mazenc, S. Mondié, S. Niculescu, Global stabilization of oscillators
with bounded delayed input. Systems & Control Letters, Vol. 53 pp.
415-422, 2004.

[18] F. Mazenc, D. Nesic, Strong Lyapunov functions for systems satisfying
the conditions of LaSalle. IEEE Trans. Automat. Control, Vol. 49 pp.
1026-1030, 2004.

[19] F. Mazenc, S. Niculescu, Lyapunov stability analysis for nonlinear
delay systems. Systems & Control Letters, Vol. 42 pp. 245-251, 2001.

[20] F. Mazenc, L. Praly, Strict Lyapunov functions for feedforward systems
and applications. Proc. 39th IEEE Conference on Decision and
Control (Sydney, Australia, December 2000), pp. 3875-3880.

[21] L. Praly, Y. Wang, Stabilization in spite of matched unmodeled dynam-
ics and an equivalent definition of input-to-state stability. Mathematics
of Control, Signals, and Systems, Vol. 9 pp. 1-33, 1996.

[22] R. Sepulchre, M. Jankovic, P. Kokotovic, Constructive Nonlinear
Control. Springer-Verlag, New York, 1996.

[23] E. Sontag, Smooth stabilization implies coprime factorization. IEEE
Trans. Automat. Control, Vol. 34 pp. 435–443, 1989.

[24] E. Sontag, A “universal” construction of Artstein’s theorem on non-
linear stabilization. Systems Control Lett., Vol. 13 pp. 117-123, 1989.

[25] E. Sontag, Mathematical Control Theory. Deterministic Finite-
Dimensional Systems. Second Edition. Springer, New York, 1998.

[26] A. Teel, On L2 performance induced by feedbacks with multiple
saturations. ESAIM: Control, Optimisation and Calculus of Variations,
Vol. 1 pp. 225–240, 1996.

[27] A. Teel, Connections between Razumikhin-type theorems and the ISS
nonlinear small gain theorems. IEEE Trans. Automat. Control, Vol.
43 pp. 960-964, 1998.

[28] A. van der Schaft, L2-Gain and Passivity Techniques in Nonlinear
Control. Springer, New York, 2000.

4729


	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




