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a sequence {v;} and positive constants v and v, such that

Vo =0, Vi — Vv € [Va, Vp] for all i > 0, w be continuous on

[Vi, Vi) for all i > 0 with finite left limits at each v;, and

d: [0,00) — [0, 00) be piecewise continuous.

Assume there is a constant p € (0, 1) such that
w(t) < p|w|_7- 4+ d(t) forall t>0. (1)
Then

w(t) < W1 e 7+ gldlpg forall t>0.  (2)

(1-p)



Our Contractiveness Lemma

Corollary: Let X : [0,00) — [0, o0) be piecewise C' and admit
constants g > 0,as >0, T > 0, and ¢ € (0,1) and piecewise
continuous functions a: [0,00) — [—as,00), b : [0,00) — [0, ),
and X\ : [0,00) — [0, 00) such that

X(t) < —a(t)X(t) + b(t) ?up ]X(s) + () Vt>g  (3)
seft—g,t

and
t t t
e Ji—ralmydm b(m)e  Im@O%am <5 vt >T+g. (4)
t—T
Assume that lim;_,,- X(f) € R at each p > 0. Then

") (t-T—g) | Te™s g

X(t) < [Xlo,r+g€™0 A= T+g. (5
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Assumptions and Theorem

x(t) = A(t)x(t) + B(t)x(t — h(t)) (6)

Assumption 1: The functions A, B, and h are bounded and
piecewise continuous. Also, there exist a bounded piecewise
continuous p; : [0, 00) — R, constants p, > 0 and p3 > 0, and a
C' function P : [0, 00) — R™" such that P(t) is symmetric and
positive definite for all t, such that V(t, z) = zT P(t)z satisfies

Palz? < V(t,2) < pa|2? (7a)
Vi(t, 2) + Va(t 2)[A(t) + B(Dz < -p1(DV(t.2)  (7b)

forallt > 0and z € R".



Assumptions and Theorem

x(t) = A(t)x(t) + B(t)x(t — h(t)) (3)
Assumption 2: There exist T > 0 and ¢ € (0, 1) such that

_21P()B(1)| [

r(t
") P2 t—h(t

| [|A(m)[ + [B(m)]]dm, (8)

is such that we have

t
o S rpi(mym / r(me InPam <5 (GA)
T

forall t > 2(T + |h|oo).
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Assumptions and Theorem

x(t) = A(t)x(t) + B(t)x(t — h(t)) (3)

Theorem: If (3) satisfies Assumptions 1-2, then it is uniformly
globally exponentially stable to 0.

» Decay rates pi(t) can take positive and negative values.
» Takes into account the case where B(t)x(t — h(t)) has a
stabilizing effect.

» If py is @a nonnegative constant and P, A and B are
constant, then (GA) simplifies to this averaging condition:

t T
p2 §—e P
— h dm
s T MM S SR A B T
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1—¢e!

A (1)

This example does not seem to be covered by Razumikhin or
Lyapunov-Krasovkii functions.

(1-c)d<

Our theorem applies with V(x) = $x? and u = 0.
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Let ¢ > 0 be arbitrary and k € N be an odd integer and consider
x(t) = —x(t— h(t)) , (12)

where x is valued in R, and
h(t) = max{o,esink(t)}. (13)

This example does not seem to be covered by Razumikhin or
Lyapunov-Krasovkii functions.
Our theorem applies, without any restriction on ¢ > 0.

For each T > 0, there is a k such that Assumption 2 is satisfied.
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