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Motivation

Pointer acceleration: in computer mice and other interfaces

Increases sensitivity as speed of pointer increases

Increase pointing range and speed without sacrificing precision

Human-computer interactions, neuroscience, psychology,..

No consensus on how much or what type of acceleration to use

Makes it harder for user to predict or reproduce pointer motions

Used in MAC OS X and by Mircrosoft but not some video games

First use of systems perspective to study pointer acceleration
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Background

c

Common Acceleration Profiles. ẇ = G(|v̇ |)v̇
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One Dimensional Pointing Model

Vertical integration to endpoint (VITE) model:{
ν̇ = γ(−ν + ρ− u)
ẏ = g(t)max{〈ν,d〉,0}

(VITE)

g(t) is go signal, ρ is target pointer position, d = ρ(0)− u(0).
(Bullock-Grossberg, Psychological Review, 1988)

ẋ(t) =

[
G̃(x+

2 (t − τ1)) x+
2 (t − τ1) + δ1(t)

−γ(x1(t − τ2) + x2(t) + δ2(t))

]
(1D)

x1 = w =displayed pointer position. γ = internal parameter > 0.
x2 = ν =difference vector. G̃(·) = gG(g·). ẇ = G(|v̇ |)v̇ .
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ẋ(t) =

[
G̃(x+

2 (t − τ1)) x+
2 (t − τ1) + δ1(t)

−γ(x1(t − τ2) + x2(t) + δ2(t))

]
(1D)

x1 = w =displayed pointer position. γ = internal parameter > 0.
x2 = ν =difference vector. G̃(·) = gG(g·). ẇ = G(|v̇ |)v̇ .
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Key Ingredient: Strict Lyapunov Function

Lemma: Let G̃ : [0,∞)→ R be any locally Lipschitz function that
is positive on (0,∞) and such that lim infr→∞ G̃(r) > 0. Then we
can find a constant γ > 0 such that for each γ ≥ γ, the function

Vnew(x) =
∫ x2

0
G̃(ζ+)ζ+dζ+

γ

2
(x1+x2)

2−x+
2 G̃(x+

2 )(x1+x2) (1)

is a strict Lyapunov function for

ẋ(t) =

[
G̃(x+

2 (t)) x+
2 (t)

−γ(x1(t) + x2(t))

]
(1D)

with respect to its equilibrium E = {x ∈ R2 : x1 ≥ 0, x2 = −x1}
on its state space R2.
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Key Ingredient: Strict Lyapunov Function

Key Properties:

1
10

∫ x2
0 G̃(ζ+)ζ+dζ + γ

4 (x1 + x2)
2 ≤ Vnew(x)

≤
∫ x2

0 G̃(ζ+)ζ+dζ + (G̃(x+
2 )x+

2 )2

2 + γ+1
2 (x1 + x2)

2
(PPD)

and

V̇new(x) ≤ −γ2

4 (x1 + x2)
2 − 1

2

(
G̃(x+

2 )x+
2

)2
(SLD)

for all x ∈ R2.

Equilibrium set: E = {x ∈ R2 : x1 ≥ 0, x2 = −x1}

Can prove input-to-state stability with respect to δi ’s.

Can convert Vnew into a Lyapunov-Krasovskii functional to
understand effects of the time delays τi ’s.
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Robust Forward Invariance

We can find maximum allowable bounds on δ2’s such that sets of
this form are forward invariant for (1D) for zero δ1’s and zero τi ’s.

Sa,b,c = {x ∈ R2 : |x1| ≤ a,−b ≤ x1 + x2 ≤ c} (FI)
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Robust Forward Invariance

We have analogs for cases where both δi ’s and τi ’s are nonzero
that produce unbounded forwardly invariant sets of this form.

Sµ

a,b,c =

{
x ∈ R2 : −b ≤ x1 + x2 ≤ c, x1 ≥ −a,
and x2 ≤ µx1 + (µ+ 1)a− b

}
(FID)
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Conclusions

Pointer acceleration is important in mice and other interfaces.

We provided a performance analysis for pointer acceleration.

We included the effects of delays and uncertainties.

Our key lemma applied the Matrosov strictification approach.

Robust forward invariance ensured performance bounds.

Varnell, P., M. Malisoff, and F. Zhang, “Stability and robustness
analysis for human pointing motions with acceleration under
feedback delays," International Journal of Robust and Nonlinear
Control, 27(5):703-721, 2017. [U.S. Patent 62/481,783.]

Thanks for your interest!
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