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BACKGROUND and MOTIVATION '

Lyapunov FunctionsUseful for buildingstabilizing
feedback@ndrobustness analysighen given by explicit
simple expressions.

Matrosov Conditions:Appropriate nonstrict Lyapunov
functionV plusauxiliary functionssatisfying certain decay
conditions=- stability.

Lyapunov Functions under Matrosov Conditior(stobal
strict ones constructed iMazenc-Nesic MCSS’QMery
general conditionsTeel-Loria et al, TAC’0% important
sufficient conditions for stability.



OBJECTIVES I

Explicit global strict Lyapunov function constructions under
Matrosov conditions.



OBJECTIVES I

Explicit global strict Lyapunov function constructions under
Matrosov conditionsAdvantage®f new construction:



OBJECTIVES I

Explicit global strict Lyapunov function constructions under
Matrosov conditionsAdvantage®f new construction:

e Simpler linear combinations of auxiliary functions



OBJECTIVES I

Explicit global strict Lyapunov function constructions under
Matrosov conditionsAdvantage®f new construction:

e Simpler linear combinations of auxiliary functions

e Bounded below by positive definite quadratics ngar



OBJECTIVES I

Explicit global strict Lyapunov function constructions under
Matrosov conditionsAdvantage®f new construction:

e Simpler linear combinations of auxiliary functions
e Bounded below by positive definite quadratics ngar

e Only require a non-strigtositive definitd” s.t. 7V < 0
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©=F(x,t,06(t), v€D (>)

0 € L,.(C)=all measurable essentially bounded functions
into a givenC ¢ R™. F € C*. 7(0,t,0) = 0.
o(+; to, o, 0): SOlution forx(ty) = x,

Lyapunov Functionsy : D x R — R is aLyapunov-like
functionfor (22) with § = 0 providedV ¢ C' is positive
definite an.dV(:z:, t) =D (x,t) + 2 (2, 1) F(z,¢,0) <0
V(xz,t). If V(x,t)is also negative definite, thanis astrict
Lyapunov-like functionDrop ‘like’ if V' is also proper.
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ISSof (2): 36 € KL, M € M(D) and~y € K, s.t. for all
t>t,>0,z, € D,andd € L, (C),
|§b(t5 tos Lo, 5)‘ < 5(/\/1(370)77f — tO) T 7(|5’00)-

M(D): all continuous functiongl : D — [0, 00) S.t. (A)
M(0) = 0and(B) M(xz) — +ooasx — 9D or |x| — +oo
while remaining inD.
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Assumption 1:d5 > 2; functionsV; : D — R,
N;: D — R, andg; : R5g — R+ q; and constants
€ (0, 1] such that thesklatrosov Condition$old:

(a) V;(0) =N;(0)=0foralli e {1,...,7},
(b) VVi(z)f(x) < —Ni(xz)Vx € D

(c) fori=2,...,5andallx € D, |
VVi(x) f(z) < =Ni(a) + ¢i(Vi(a)) S N () V)~ (@),
(d) V; Is positive definite orD.
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ASSUI\/IPTIONS.

Assumption 2:

() There exists a functiop: R>y — R such that
L Ni(w) > p(Vi(2))Vi(x) ¥z € D.

(i) There exist functiong; : R~y — R>q S.t.
Vi) < pi(Vi(x))Vi(x) Ve € D,i€{2,...,5}.



MAIN THEOREM for & = f(x)

Theorem: One can build explicit functionk;, ©; € K, N C*
such that

S(x) =37 Y (k(Vi(z)) + Vi(z))

satisfiesS(z) > Vi(z) andVS(z) f(z) < —3p(Vi(z))Vi(z)
Ve € D.
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BIOTECHNOLOGICAL EXAMPLE '

Anaerobic Digesters=substratez=anaerobic bacteria,
y1=methane flow

s =u(s;y, —s) —kr(s,x), ©=r(s,x)— aur,
y = (Ar(s,2), s)
Control Objective: Regulateto a prescribed value
S« € (0, 5i).

Assumptions3 positive A andA s.t.
sA(s,x) > r(s,x) > xsA(s, 7). IVm, Y > 0 S.1.
Vi i =K/ A(Sin — 54)| € (Yms M) & k/[ASin] < Y.
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Augmented DynamicsSettingu, = s;, — Sx, Ty = 1=,
T=2— Xy, §=58— S, =7 — Y, andu = ~y; yields

§=—v5+Av, T=al—7F —Ax,],

¥ =—K(v—m) (v — )53

Strict Lyapunov-Like FunctionApply the Matrosov
construction and séf; = 1 + [V, VK (Yar — Ym)]/ /0.
S(5,7) = Va(5,3) + | Ta + 21+ K (yar = ym)?| VA(5,9),

~ ~\N 1 =2 Vs v l
where Vi(5,7) = 55"+ 22 || tormmon— @
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Augmented DynamicsSettingu, = s;, — Sx, Ty = 1=,

T=2— Xy, §=58— S, =7 — Y, andu = ~y; yields

— 5+ AU, T=al—7F — Az,

¥ =—K(v—m) (v — )53

Strict Lyapunov-Like FunctionApply the Matrosov
construction and séf; = 1 + [V, VK (Yar — Ym)]/ /0.
$(:7) = Va6, 1) + [T1 + 5+ Koar = 30)?| Va(5.9)

1 ~ l
where V(5,7) = 2_82 T Rovm K’Ym O (145 —ym) (Yar— v*—l)dl
& V5(5,7) = —57.
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SIMULATIONS '

Noisy Error DynamicslUsing small bounds on thg’s, can
prove ISS of

/

S = =5+ Jv 4 02()(sin — 8) + (v + 62(2)) 01 (2)
¢ T = —a(y+61)T — a(d(t) + ).,
7 = KOy =) (o — )5 — K (v — m) (s — 7)5(t)
In which

Sin T+ 01 (t), u = (’Y + (52(t))y1, and
Y==Ky (v — vm)(vr —7)(5 +03())
Simulations:Used parameters from Bernard et &later Sci

Tech 2006 withs, = 1.5. 0, =1% white noises; andos of
s.d. 0.5¢g/land 0.1 g/l.
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CONCLUSIONS'

We gavesimplified explicitconstructions of strict
Lyapunov functions unddvliatrosov conditions

Extensions tdgime-varying systemand applications to
systems satisfying LaSalle conditions can also be shown.

We used our constructions to give new constructive
resultsfor the noisy experimental anaerobic digester.

For complete proofs, see [Mazenc, M., M. Malisoff, and
O. Bernard, “A Simplified Design for Strict Lyapunov
Functions under Matrosov Condition$EZEE Trans.
Automat. Contrglprovisionally accepted.]
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