Adaptive Tracking and
Parameter |dentification

Michael Malisoff

112



Basic Problem Formulation

Consider a system of differential equations
¢ = f(&P,u) (1)

with a vector P of unknown constant parameters and functions
¢r and ug such that {g(t) = f(&R(L), P, ug(t)) forall t > 0.



Basic Problem Formulation

Consider a system of differential equations
¢ = f(&P,u) (1)

with a vector P of unknown constant parameters and functions
¢r and ug such that {g(t) = f(&R(L), P, ug(t)) forall t > 0.

Problem:



Basic Problem Formulation

Consider a system of differential equations

£ = (& P,u) (1)
with a vector P of unknown constant parameters and functions
¢r and ug such that {g(t) = f(&R(L), P, ug(t)) forall t > 0.
Problem: Find u(¢, 15) and a system of differential equations

P =g(P) (2)

such that with the control choice u(é, P) in (1), all solutions
Y = (&,P) = (¢ —¢r, P — P) converge to 0 as t — +oc.



Basic Problem Formulation

Consider a system of differential equations

£ = (& P,u) (1)
with a vector P of unknown constant parameters and functions
¢r and ug such that {g(t) = f(&R(L), P, ug(t)) forall t > 0.
Problem: Find u(¢, 15) and a system of differential equations

P =g(P) (2)
such that with the control choice u(¢, P) in (1), all solutions

Y = (5, /5) =(—¢&r,P— 15) converge to 0 as t — +oo.

Lavretsky-Wise, Narendra-Annaswamy, Sastry-Bodson,...



Basic Problem Formulation

Consider a system of differential equations

£ = (& P,u) (1)
with a vector P of unknown constant parameters and functions
&g and ug such that {g(t) = f(&R(L), P, ug(t)) forall t > 0.
Problem: Find u(¢, 15) and a system of differential equations

P = g(P) (2)
such that with the control choice u(¢, P) in (1), all solutions

Y = (§,P) = (¢ — ¢r, P — P) converge to 0 as t — +oo.

Basar, Cortes, Dixon, Duncan, Krstic, Morse, Ortega, Yucelen,...



Basic Problem Formulation

Consider a system of differential equations

£ = (& P,u) (1)
with a vector P of unknown constant parameters and functions
&g and ug such that {g(t) = f(&R(L), P, ug(t)) forall t > 0.
Problem: Find u(¢, 15) and a system of differential equations

P = g(P) (2)
such that with the control choice u(¢, P) in (1), all solutions

Y = (§,P) = (¢ — ¢r, P — P) converge to 0 as t — +oo.

Flight control, mechanical systems, robotics,...
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Our more general settings: Perturbations and state constraints,
motivated by our robotics field work at Grand Isle, Louisiana..

Gyroscopic models: Steering command control for convergence
to parallel motion to, but positive distance from, curve..

Lyapunov function: Needed because of nonlinearities and
uncertainties preclude solving for explicit flow maps...

Adaptive control: We identified control gains and curvatures
under input delays, perturbations, and state constraints...

ZP. Jiang, E. Justh, P. Krishnaprasad, V. Lumelsky, A. Stepanov
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Gyroscopic Model (with Georgia Tech)

Simpler 2D case: Boundary following with gyroscopic control.

Path of
robot .-~
X2 ’
Y1 X1
y2
Desired curve
ra I to be tracked

Zhang-Justh-Krishnaprasad, IEEE-CDC’04.

p = |ra — rq], ¢ = angle between x4 and Xa, cos(¢) = X1 - X2
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Curve Tracking Dynamics for 2D

p = —sin(9) -
6 =520 —uy, (p,¢) € X = (0, +00) x (~7/2,7/2)
Up = 5229 — 1 () cos(@) + isin(9) (4)

(p):<y{p+-§~—2po},,mzzdeswedvameforp (5)
p=—sing, ¢="(p)cose— psin¢ (CL)

V(p,#) = —In (cos(¢)) + 1(p), equilibrium & = (po,0)  (6)

Along all solutions of (CL) for all t > 0, we have % V(p, ) <O0.



Strict Lyapunov Function (Mazenc-M-Z, TAC)

Theorem 1: The closed loop system (CL) has the strict
Lyapunov function

U(p, ¢) =
—H(p)sin(¢) + 1 [/ y(m)dm+ T(V(p, 6)) + V(p, ¢),

where 7(q) = 2“”{)% + 140502+ 4,

4
r(q)=2q+9(2) ¢* and V(p,6) = — In (cos(9)) + h(p)
on its state space X = (0, +o00) x (—7/2,7/2).



Strict Lyapunov Function (Mazenc-M-Z, TAC)

Theorem 1: The closed loop system (CL) has the strict
Lyapunov function
U(p, ) =
—H(p)sin(¢) + 1 [/ y(m)dm+ T(V(p, 6)) + V(p, ¢),
where ~(q) = 2(‘72#0)3 +1+0.5u2+ p,

0

(@)= 2q+9(2) ¢t and V(p.0) = ~In (cos(0)) + ()

on its state space X = (0, +o00) x (—7/2,7/2). O
U(p(1), 6(1)) = V(p(1), (1)) (PD)
#U(p(D), (1)) < —0.5[17(p(t)) cos(é(1))]? — sin*(6(1)) ~ (SD)
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Unknown Control Gains (M-Zhang)

po= —sin(9)
(Z.ﬁ = Hf_?_s(f) —+ KU K e (Cmm, Cmax) (0700) (7)
K = (K - Cmin)(cmax - K)ggu K(O) € (Cmim cmax)

u(p, ¢, f() = —Uup(p, <Z>)/f(. Proved input-to-state stability to 0 for

~ _ K (a )

® = Trnirie) ~ Ryl +0(1) ©
. ou _u

K = —(K+ K= cun)(Con — K= K)JH 222

for the augmented error (&, &z, K) = (p — po, ¢, K — K) on each
set Si x (Cmin — K, Cmax — K) Where S; is a nested sequence of
compact sets that fill our state space X'.



Nested Hexagons that Fill X

L3

2

AB and DE
have slope

Others flat
or vertical

8/12



Nested Hexagons that Fill X

L3

2

AB and DE
A R p have slope ;1

Others flat
or vertical

= (p,0)", B=(2ps,11p:)", C = (ps + Kpo, pp:) T
(

A
D= (p. + Kpo,0)", E = (Kpo, —ppx) " and F = (pu, —pips

)T



Nested Hexagons that Fill X

L3

2

AB and DE
A R p have slope ;1

Others flat
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For each hexagon H, we compute the sup of all A’s such that
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has H as a forward invariant set for all § : [0, 00) — [~ A, A].
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L3

2

AB and DE
A\ R p have slope ;1

Others flat
or vertical

F E

A= (p:,0)T, B=(2p.,10:)", C = (ps + Kpo, 11ps) T,
D = (p«+ Kpo,0)", E = (Kpo, —pps) ", and F = (p., —pps) "

For each hexagon H, we compute the sup of all A’s such that

p = —sin(¢), & = I(p)cos(¢) — psin(¢) +3(t)  (CLy)
has H as a forward invariant set for all § : [0, 00) — [~ A, A].

l.e., all solutions of (CLs) starting in A stay in # if sup, |§(t)| <A



Nested Hexagons that Fill X

3

2

AB and DE
A R p have slope p

Others flat
or vertical

F E

A= (p,0)T, B=(2p.,11p:)", C = (ps + Kpo, 1ps) T,

D= (/0* + Rp07o)—r! E= (Kp07 _/'Lp*)—r! and F = (10*7 _/'Lp*)T

For each hexagon , we compute the sup of all A’s such that

p = —sin(¢), ¢ = I (p)cos(d) — usin(¢) +3(t)  (CLy)
has 7 as a forward invariant set for all § : [0, 00) — [-A, A].

Robust forward invariant sets with maximum perturbation sets.



Barrier Lyapunov Function and Matrosov Ideas

9/12



Barrier Lyapunov Function and Matrosov Ideas

g = —sin(q2)

< o r cos(Qo) K

R = TGt RarUe

K = —~(K+K—Gu)(Con — K~ K) 53 2%

9)
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Barrier Lyapunov Function and Matrosov Ideas

% K q K
G = Ry - R ?
K = _(K +K— Cmin)(cmax - K- K)% RL-I:K

Ui, R) - U(E] + 5) + foK (£+Kfcmin)£(cmax—efK)d£ : (10)



Barrier Lyapunov Function and Matrosov Ideas

5 . x cos({p) K
q? - 1+H(EI1+2P0) - K+K Uo
K = _(K +K— Cmin)(CmaX -K- K)% RL-I:K

"~ - K
U@, K) = U(G+€) + Jo mrreim—rryd! -

Nonstrict Decay: Uf < —0.5[//(p) cos(qﬁ)]z— sin?(¢)



Barrier Lyapunov Function and Matrosov Ideas

g1 = —sin(G2)

e -, o

K = —~(K+K—cu)cw— K- K% 7%
UH(G.K) = U(G+€) + [ arratom—rrdl . (10)

Nonstrict Decay: Uf < —0.5[1(p) cos(¢)]2— sin?(¢)  (11)

Strictification: V#(g,K) = c.U%(g,K)+ K> — gk (12)



Barrier Lyapunov Function and Matrosov Ideas

5 . x cos({p) K
q? - 1+H(a14-2po) - K+K Uo
K = _(K +K— Cmin)(CmaX -K- K)% RL-I:K

~ ~ K
UG, K) = U(@+€) + Jo mrrememrryd -
Nonstrict Decay: Uf < —0.5[//(p) cos(qﬁ)]z— sin?(¢)

Strictification: V#(g,K) = ¢, U%(g, K) + K2 — 3K

Strict Decay: V* < —ag(V*), with aq positive definite
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20 days of field work off Grand Isle. Search for oil spill remnants.
Georgia Tech Savannah Robotics (co-led by Fumin Zhang)
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Our Other Adaptive Control Applications
Brushless DC motors turning a mechanical load with uncertain
motor electric parameters including integral ISS analysis.

Variants for uncertain parameters P that enter the system in a
nonlinear way for curve tracking with unknown curvatures.

To also allow delays in state observations in our controls, we
convert our strict LF into Lyapunov-Krasovskii functionals.

We used artificial neural network expansions for extensions to
cases where the P need not be constant.

Joint work with J. Muse from AFRL on model reference adaptive
control to reduce oscillations, applied to hovering helicopters.
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Conclusions
Adaptive nonlinear controllers are useful for many engineering
control systems for which parameters need to be identified.

Curve tracking controllers can be applied in robotics for
environmental sensing and other ME applications.

The strictness of our Lyapunov functions provides parameter
identifying update laws and robustness to perturbations.

Feedback delay compensation uses Lyapunov-Krasovskii
functions, Razumikhin functions, or sequential predictors.

Another promising research direction is to study adaptive robust
stochastic or event-triggered control.

Thanks for your interest!
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Speed a = ds/dt # 0.
nonpositive valued.
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3D Curve Tracking by Unit Speed Robot

7,
Y2

X2

N1

r

7

Iy
X1
N
7,
Ty
X2
Ya
7,

axy

QRp Yy + QkgZy
—akpXy
—QkgXy

X

uy; + v,
—UX,
—VX,

Speed o = ds/dt # 0. Controls: v and v. k, and xg are C' and
nonpositive valued. Zhang-Justh-Krishnaprasad CDC’04.
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3D Curve Tracking by Unit Speed Robot

7, .
1

Y2 )
X2 Xq
z M
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7,
r;
X,
Y2
7,

r

axy

Qkp Y1+ kg
—QkpXy
—QkgXy

X

uy; + v,
—UX,
—VX,

Speed a = ds/dt # 0. Controls: v and v. s, and xg are C' and
nonpositive valued. Zhang-Justh-Krishnaprasad CDC’04.

Basic Control Goal: Find v and v such that |r{(t) — ra(t)| — pc
for a desired pc > 0 and x4 - X — 1, while compensating for
additive uncertainty and delays and identifying control gains.
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Our New Variables and Control Design

(p1,p2) = ((r2—r1) - Y1, (r2 — r1) - 1) has desired value (pc1, pc2)-

pe = |(pPcts pe2)|- Shape vars: ¢ = X1 - Xp, S =Y1 - X2, 7 = 2Z1 - X

U=ai(Xqs-Y2)+ as(y1-Y2)+ as(zi - y2),
v =ay(Xy-22) + ax(y1 - 22) + as3(zq - 22),

a =W, o = — '(pﬂ—k%? a = — /(p2)+%7 and (14)
(91) = ¢ (pi+ p%/pi —2pai) , pi € (0, poi)
D=1
< (i = pai)?, pi > Poi

New state Y = (p1, ¢, p2, 0) takes its values in X*, where
(¢, 8,7) = (cos(¢) cos(h), —sin(¢) cos(h),sin(#)) and where
AP = (0,00) x (=7/2,7/2) x (0,00) x (—=7/2,7/2).



A Key Ingredient: Strict Lyapunov Function
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A Key Ingredient: Strict Lyapunov Function

p1 = —sin(¢)cos()
¢ = 7@ [ sin?(0) — 1, (p1) cos(¢) cos(8)
+ kg sin(6) sin(¢) cos(8) + psin(¢) cos(8)]
. . (15)
P2 = sm(H? i
6 = amgsc'gs((g)) — N, (p2) cos(#) — pcos(¢) sin(6)

+ <_ (p1) + m) sin(¢) sin(6)

Theorem (MZ, SICON’15): We can build a function £ such that
U(Y) = —H,(p1) sin(¢) cos(8)+ . (p2) sin(6) + [/ £(q)dq

is a strict Lyapunov function for (15) on X# for the equilibrium
(pc1,0, pe2, 0), where V(Y)=—In(cos(8) cos(¢))+hi(p1)+h2(p2).



Conclusions
Adaptive nonlinear controllers are useful for many engineering
control systems for which parameters need to be identified.

Curve tracking controllers can be applied in robotics for
environmental sensing and other ME applications.

The strictness of our Lyapunov functions provides parameter
identifying update laws and robustness to perturbations.

Feedback delay compensation uses Lyapunov-Krasovskii
functions, Razumikhin functions, or sequential predictors.

Another promising research direction is to study adaptive robust
stochastic or event-triggered control.

Thanks for your interest!



