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What Do We Mean By Control Systems?

Continuous time forced deterministic systems.

These are doubly parameterized families of ODEs of the form
Y =F(t, Y, u(t,Y), (), Ye. (1)

We design the controller u(t, Y) based on the control objective.
The functions § : [0, 00) — D represent uncertainty.

Specify u(t, Y) to get a singly parameterized family
Y =G(t,Y,it), Ye, (2)
where G(t,Y,d) = F(t,Y,u(t, Y),d).
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What are Some Possible Objectives?

Y=G(tY), Ye). ()

1Y (1) < 71 (e° 2] Y (%)) (UGAS)

Our ~j’s are 0 at 0, strictly increasing, and unbounded. v; € K.
Y=G(t, Y, i), Ye. (Zpen)

YOI < 71 (6%~ (1 Y (1)) + 7315l 1,0) (ISS)

(YD) < 71 (€9 2(| Y (1)) + Jy v3(15(r)dr— (iISS)

Find ~,’s by building certain strict LFs for Y = G(t, Y, 0).
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What Makes a LF Nonstrict or Strict?

ALFfor Y = G(t,Y) is a proper positive definite C' function V
that admits a nonnegative definite function W such that
Vi(t, Y)+ Vy(t,Y)G(t,Y) < —W(Y)forallt >0and Y € ).

If, in addition, W is positive definite, then we call V strict.
Example 1: 4 = yo, o = —y1 — y3. V(Y) = 0.5|Y[2. V = — 3.

V(Y)=In(1+Y2). V-2

Example 2: Y = AT vee:

1+Y2

Warning 1: For each constant 5>0, we can find a Yy such that
the solution ¢(t, Yp) for Y = —# + 4 is unbounded.



How Can We Robustify Controllers?



How Can We Robustify Controllers?

Assume that we have a controller v such that

Y=gt Y)E 1t Y)+g(t, Y)u(t, Y)

is UGAS to the origin.



How Can We Robustify Controllers?

Assume that we have a controller v such that
Y =G(tY) Ef(t, V) +g(t, Y)u(t, V) (3)
is UGAS to the origin.

Assume that we have a strict Lyapunov function V so that
W(Y) =inf{—[Vi(t, Y) + Vy(t, Y)G(t, Y)]} is proper.



How Can We Robustify Controllers?

Assume that we have a controller v such that
Y =G(tY) Ef(t, V) +g(t, Y)u(t, V) (3)
is UGAS to the origin.

Assume that we have a strict Lyapunov function V so that
W(Y) =inf{—[Vi(t, Y) + Vy(t, Y)G(t, Y)]} is proper.

Then
LgV(t,Y)

Y = £(t,Y)+ g(t, V)| u(t, Y) =D V(1Y) g(t, Y)+5|  (4)

is ISS with respect to actuator errors ¢ in any control set.
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Adaptive Tracking and Parameter Identification

Consider a suitably regular nonlinear system
£ = J(tET,u) ()
with a smooth reference trajectory (g and a vector I" of unknown
constant parameters. ¢g = J(t, &R, I, ug(t)) vt > 0.
Problem: Design a dynamic feedback with estimator
v = ute). F=(eh ©®)
that makes the Y = (', ) = (I — I, € — ¢g) system UGAS.

Flight control, electrical and mechanical engineering, etc.
Persistent excitation. Annaswamy, Narendra, Teel..
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First-Order (Mazenc, de Queiroz, M., '09)

In 2009, we gave a solution for the special case
£ = w@l+d+u. (7)
Our adaptive controllers have the form
u=E(t) — w(&)f + K(&a(t) - ©), F=—w(€)T(a(t) — ).
Classical PE assumption: 3 constants T, > 0 s.t.

oo < firw(())Tw(ea())dl forallte . (8)

Novelty: Our global strict Lyapunov function for the
Y = (I —T,¢—¢&R) dynamics gave ISS with respect to 9.
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Higher-Order (Mazenc, de Queiroz, M., '11)

We solved the tracking and identification problem for

Zi = gi({)‘i’ki(f)'ei“‘@/)iui, i:1a27"'7s'

(X’ Z) € RS, T = (97 1/}) = (917 ceey HSa 1/}1 PR 7¢S) € RP1 -+ FPstS,

The C? T-periodic reference trajectory £g = (Xg, zg) to be
tracked is assumed to satisfy xg(t) = f(¢g(t)) Vt > 0.

Main PE Assumption: positive definiteness of the matrices
P TN (MDA, 1<i<s (10)
where \;(t) = (ki(§a(1)). zr,i(t) — gi(§r(1))) for each i.
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Two Other Key Assumptions

» We know v; and a global strict LF V for
{ X = f((X.2) +¢a(t) — f(¢a(H) (1)
Z = v(t, X,2)

such that —V/ and V have positive definite quadratic lower
bounds near 0, and V and v; are T-periodic.

Key: Reduces the LF construction problem to (11).

» There are known positive constants 6y, 1> and ¢ such that
g < Y < E and |9,’| < Oy (12)
foreachie {1,2,...,s}. Known directions for the ¢;’s.
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Dynamic Feedback

The estimator evolves on {[]7_;(—6m, Om)P'} x (¢, )"

2 " SI=p (13)
bi = T 1<i<s
Hereé,-:(ém,...,é,-’pi) fori = 172"”73
@ij = —9(t,k(E+¢n(t)) and ”
T = —a*y(t E)ui(t,€,0,1) .
uj(t, f i @Z)) _oviltd)-— Q/(ﬁ)wf((f)9+zn;(f) (15)

The estimator and feedback can only depend on things we know.
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Augmented Error Dynamics

;

P ~
Z = + k(€ + €a(t)) - 0

Uit €,0,9), 1<i<s (16)
5:',/ = — wij, 1<i<s,1<j<p;
7;/' = - T, 1<i<s.

Tracking error: € = (X,2) =& — g = (X — Xr, Z — zp)
Parameter estimation errors: §; = 0; — 0; and 1/1, i — ;i

= e (T {00+ )
(T (i =6 = ).
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We build a strict LF for the augmented tracking and identification
vector Y = (§,0,v) = (£ — &R, 0 — 6,1 — ») dynamics on ).

We start with this nonstrict barrier type LF on ):
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On Y, V; < —W(£) for some positive definite function W.

We transform into the desired strict LF.
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Our Transformation

Theorem: We can construct K € Ko, N C' such that

where ﬁi(t,g,é,&) = —Zi\(Ha (:ﬂ/’/)

18
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is a strict LF for the Y = (£, 4,4) dynamics on Y.
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Application: BLDC Motor (Dawson-Hu-Burg)

Linear magnetic circuit. Drives single-link, direct-drive robot arm.
o=y
Vo = —pys— msin(yr) + K [KpCr + 116 (20)
G = Hily,Q)Bi+iu, i=1,2
Hi(y, Q) = (=C1,¥2¢2). Ha(y,C) = (—Ca, —Y2C1, —Y2).
> Y1, ¥» = load position and velocity. {; = winding currents.

» B =viscous friction coefficient. M = mechanical inertia.
N =related to the load mass and gravitational constant.
K, Ky =torque transmission coefficients.

» The unknown vectors (1 € R? and 3, € R® and unknown
scalars 1 and -, are the motor electric parameters.
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Application: Marine Robots (with Georgia Tech)

20 days of field work off Grand Isle. Search for oil spill remnants.
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Curve Tracking Dynamics

{ p = —sin(e)
o = 1y (p,¢) € (0,+%) x (-7/2,7/2)
Up = "758Y — W (p) cos(@) + usin(¢)
h(p) = Oz{p+ § —2po}
V(p,¢) = —In (cos(9)) + h(p)

. _ 1 [V(e9)
Uslp. 6) = ~ () sin(6) + - /0 Fo(m)dm
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Robustly Forwardly Invariant Hexagons

We can use U, to prove ISS of the perturbed closed loop system

p=—sin(@), é=H(p)cos(¢)—pusin(¢)+s  (26)

with respect to 0 : [0, 00) — [0+, d.] on forward invariant sets.

k4

2

A= (ps,0), B=(2ps, pps),
C= (p*+Kpo,up*) D = (p« + Kpo, 0),
_ b E=(Kpo, —ppe), F = (pe, —pps),
(1p

Tight Disturbance Bound: Choose any o, € (0,min{A,, A..}).
A. =min{|H(p)cos(¢)| : (p,¢)" € ABUED}
A.. =min{|H(p) cos(¢) — usin(¢)| : (p,¢)" € BCUEF}.
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Adaptive Robust Curve Tracking

p = —sin(¢)
(].5 _  KCOS(¢) _ Kg[V—l—(5]

1+kp

(27)



Adaptive Robust Curve Tracking

po= ) (27)
6 = 20 Gy + 4]

We proved ISS of the tracking and identification dynamics

571 = —sin(ge)

% . rcos(qp) K;

(:72 - 1+f€(571+2po) N f(z—&-zK Uz — Kao (28)
RZ = _(KZ + K2 mm)( 'max K2 - KZ)BUZ "

0¢ K2+K2

for (&1, 82, K2) = (p — po, ¢, Ko — K>) on each set in a nested
sequence of sets that fill the state space.
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Conclusions

» Nonlinear control systems are ubiquitous in aerospace, bio,
electrical, and mechanical engineering.

» One central problem is to build functions called closed loop
controllers that force desired tracking behaviors.

» We designed controllers for several applications including
models with unknown parameters that we can identify.

» Our strict Lyapunov function approach gave key robustness
properties such as input-to-state stability.

» We aim to find extensions that apply under time delays and
state constraints including obstacle avoidance.



