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Abstract

Let k be a field of characteristic different from 2 and letT be a fixedk-torus of dimensionn. In
this paper we study faithfulk-representationsρ : T → SO(A,σ ), where(A,σ ) is a central simple
algebra of degree 2n with orthogonal involutionσ . Note that in this caseρ(T) is a maximal torus in
SO(A,σ ). We are interested in describing the pairs(A,σ ) for which there is such a representatio
We compute invariants for these algebras (discriminant and Clifford algebra), which are suffic
determine their isomorphism class whenI3(k)= 0 by a theorem of Lewis and Tignol. The first pa
of the paper is devoted to the case whereA is split overk and an application to a theorem of Feit
orthogonal groups overQ is given.
 2003 Elsevier Inc. All rights reserved.

1. Introduction

Let k be a field of characteristic different from 2. LetV be a vector space of dimensio
2n overk and letT be an algebraic torus of dimensionn defined overk. Letρ : T → GL(V )
be a faithful self-dual representation defined overk.
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We study nondegenerate quadratic forms onV that areT-invariant under the represe
tationρ. These forms will be calledT-formsthroughout the paper. Note that ifq is such a
form onV , then, for dimension reasons,ρ(T) is a maximal torus inSO(V , q), hence the
title of the paper.

The setW of weights of the representationρ is naturally a Gal(ksep/k)-set and carries
the involutionχ �→ χ−1, sinceρ is self-dual, so it determines a unique étale algebraE over
k and an involutionσ onE. We show that allT-forms onV are equivariantly isomorphi
to certain scaled trace forms onE (see Proposition 3.9). This allows us to compute
discriminant and the Hasse invariant ofT-forms in terms of invariants attached to the ét
algebraE (see Corollary 4.2 and Theorem 4.3).

In the case whereI3(k)= 0, whereI (k) is the fundamental ideal of the Witt ring ofk,
we are able to classify the orthogonal groups that admitT as a maximal torus. Ifn is odd,
and under some condition onE, there is only one orthogonal group containingT (see
Corollary 4.8). As an application, we give a generalization of a theorem of Feit [3
orthogonal groups overQ (Corollary 4.9).

In Section 5, we consider more generally representationsT → SO(A,σ), whereA is a
central simple algebra of degree 2n overk andσ is an orthogonal involution onA. As in
the case whereA is split, we fix a set of weightsW and ask for the isomorphism class
of algebras with involution(A,σ) for which there is a representationT → SO(A,σ) with
set of weightsW . We compute the discriminant and Clifford algebra of such pairs(A,σ)

in terms of invariants attached toW . These computations lead to a complete classifica
whenI3(k)= 0, using a theorem of Lewis and Tignol [7, Proposition 6].

We are indebted to the referee for her/his careful reading and many useful and d
comments.

2. Notation and definitions

Let k be a field. Throughout this paper, we shall denote byksep a separable closure o
k and byΓk the Galois group Gal(ksep/k). If V is a vector space or an algebra overk, we
shall denote byVsepthe tensor productV ⊗k ksep.

Some algebraic groups

We shall denote byGm the multiplicative group overk and byµ� the subgroup ofGm
of �th roots of unity. IfB is a k-algebra, we will denote byGL1(B) the multiplicative
group ofB as an algebraic group overk. The general linear group of a vector spaceV

overk will be denoted byGL(V ).
If (B,σ ) is an algebra overk equipped with an involution, theunitary groupof (B,σ )

is the group scheme overk given by

U(B,σ )(R)= {
u ∈ B ⊗k R: σ(u)u= 1

}
for any commutativek-algebraR.
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In the particular case where(A,σ) is a central simple algebra overk equipped with an
orthogonal involution, the unitary group of(A,σ) as above will be called theorthogonal
groupof (A,σ) and will be denoted byO(A,σ) instead ofU(A,σ).

We shall denote byGO(A,σ) the group of similitudes of(A,σ) (see [5, Section 23])
The natural homomorphism Int :GO(A,σ) → Aut(A,σ) given by Int(u)(x) = uxu−1 is
an epimorphism and we have an exact sequence

1 → Gm → GO(A,σ)
Int−→ Aut(A,σ)→ 1. (1)

The quotient groupPGO(A,σ) := GO(A,σ)/Gm is called theprojective orthogona
groupof (A,σ) and will be always identified withAut(A,σ) via the above exact sequenc

We shall denote bySO(A,σ) the subgroup ofO(A,σ) of elements of reduced norm
and byPSO(A,σ) the image ofSO(A,σ) in PGO(A,σ). In the case whereA has even
degree overk, PSO(A,σ) has index 2 inPGO(A,σ).

In the particular case whereA = Endk(V ) and σ is the adjoint involution of a
quadratic formq onV , we use the more standard notationO(V , q), GO(V , q), SO(V , q),
PSO(V , q), PGO(V , q) for the groups above.

Galois cohomology

For an algebraic groupG defined overk, we shall denote byHi(k,G) the profinite
cohomology setHi(Γk,G(ksep)) as defined in [5, Chapter 7, Sections 28–29] (i � 1 if G
is not abelian).

3. Maximal tori and étale algebras with involution

In this section,T denotes a fixedk-torus of dimensionn and V a vector space o
dimension 2n overk. For general facts about representations of algebraic tori and w
space decomposition, see [12, Chapter 2, Section 5], [4, Chapter VI, Section 16],
Section 5].

Lemma 3.1. Letρ : T → GL(V ) be a faithful self-dual representation. Then all weights
ρ are nonzero and are simple.

Proof. Let X(T) := Hom(T,Gm). Recall that an elementχ ∈ X(T) is a weightof ρ if
there exists a nonzero vectorv ∈ Vsep such thatρ(t)v = χ(t)v for all t ∈ T(ksep). Let
W ⊂ X(T) be the set of nonzero weights ofρ. On the one hand, by faithfulness,W
generatesX(T), and by self-duality we have−W = W . Hence one-half of the elemen
of W suffice to generateX(T), so |W | � 2n. On the other hand, since dimk(V )= 2n, we
also have|W | � 2n. Hence|W | = 2n and the lemma follows. ✷

If (E,σ) is an algebra with involution, we shall denote by Sym(E,σ) the subspace o
symmetric elements ofE, i.e., Sym(E,σ)= {x ∈E: σ(x)= x}.
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Lemma 3.2. LetE be an étale algebra of dimension2n overk equipped with an involution
σ such thatdimSym(E,σ) = n. Then the unitary groupU(E,σ) is an algebraic torus o
dimensionn.

Proof. Let e1, e2, . . . , e2n be the primitive idempotents ofEsep. Since dimSym(E,σ)= n,
none of theei is fixed byσ , so we can renumber them so thatσ(ei)= en+i (n= 1, . . . , n).
Then the elements ofU(E,σ)(ksep) are of the form(t1, . . . , tn, t

−1
1 , . . . , t−1

n ) with ti ∈ k×
sep.

ThusU(E,σ)∼= Gm × · · · × Gm (n times) overksep. ✷
Let nowq be a nondegenerate quadratic form onV and letσ be the adjoint involution

of q .

Proposition 3.3. Let T ⊂ SO(V , q) be a maximalk-torus. Then there is a unique éta
algebraE ⊂ End(V ) stable byσ such thatT = U(E,σ). Moreover,E satisfiesdimE = 2n
anddimSym(E,σ)= n.

Conversely, for any étale algebraE ⊂ End(V ) stable underσ and satisfying the
dimension conditions above, the unitary groupU(E,σ) is a maximalk-torus ofSO(V , q).

Proof. LetE = EndT(V )= {f ∈ End(V ): f t = tf for all t ∈ T(ksep)}. It is clear thatE is
stable underσ . We shall show first thatE is an étale algebra. LetW ⊂X(T) be the set of
weights ofT acting onV . Forχ ∈W , we denote byVχ the corresponding weight subspa
of V and we consider the canonical decompositionVsep= ⊕

χ∈W Vχ . Notice thatEsep is
the subalgebra of End(Vsep) that preserves the subspacesVχ , thusEsep= ∏

χ End(Vχ).
Since the subspacesVχ are one-dimensional by Lemma 3.1, End(Vχ)= ksepand therefore
E is étale of dimension 2n.

Let eχ be the idempotent ofEsepcorresponding to End(Vχ) and letβ be the symmetric
bilinear form associated toq . For t ∈ T(ksep) andv,w ∈ V , we haveβ(tσ (eχ)v,w) =
β(v, t−1eχw)= β(v,χ−1(t)eχw)= β(χ−1(t)σ (eχ )v,w); so, by the nondegeneracy ofβ ,
we haveσ(eχ)v ∈ Vχ−1 for all v ∈ V . It follows that σ(eχ) = eχ−1, which proves in
particular that dimSym(E,σ)= n.

If E′ ⊂ End(V ) is another étale algebra withU(E′, σ ) = T, then, on the one hand
E′ ⊂ E, sinceE′ commutes withT, and on the other handn= dimU(E′, σ ) � 1

2 dimE′,
soE′ =E and uniqueness follows.

Conversely, if we start out with an étale subalgebraE ⊂ End(V ) of dimension 2n
preserved byσ and with dimSym(E,σ) = n, then U(E,σ) is a torus of dimensionn
by Lemma 3.2 and is obviously contained inO(V , q). By connectedness, we have in fa
U(E,σ)⊂ SO(V , q). ✷

It will be useful for later in the paper to have a description of the étale algebra EndT(V )

associated withT in terms of Galois sets. The Galois groupΓk acts on the weight setW
and we can consider the associated étale algebra1 E′ := MapΓk (W,ksep) of dimension 2n
overk. The involutionχ �→ χ−1 onW induces an involution onE′ that we shall denote
by σ ′.

1 For the general correspondence betweenΓk -sets and étale algebras overk, see [5, Section 18].



R. Brusamarello et al. / Journal of Algebra 266 (2003) 87–101 91

.

,
f

of

e

Proposition 3.4. There is a canonical isomorphismϕ : (E′, σ ′) ∼→ (EndT(V ), σ ) of
k-algebras with involution. The mapϕ induces an isomorphism ofk-algebraic tori
ϕ̄ : U(E′, σ ′) ∼→ T and the following diagram commutes:

E′
sep

ϕ∼=−→ EndT(Vsep)

∪ ∪
U

(
E′, σ ′)(ksep)

ϕ̄∼=−→ T(ksep)

Proof. For v ∈ Vsep we shall writev = ∑
χ∈W vχ , wherevχ lies in the eigenspaceVχ

corresponding to the weightχ . We defineϕ :E′
sep= Map(W,ksep)→ EndT(Vsep) by

ϕ(f )v =
∑
χ∈W

f (χ)vχ .

One verifies readily thatϕ commutes with the action ofΓk and is an isomorphism
Indeed, the primitive idempotents ofE′

sep are the mapse′
χ defined bye′

χ (ψ) = δχψ

(Kronecker delta) forχ,ψ ∈ W , and one sees immediately thatϕ(e′
χ) = eχ , whereeχ

is the idempotent of EndT(Vsep) corresponding toVχ . From the proof of Proposition 3.3
we haveσ(eχ )= eχ−1 = ϕ(e′

χ−1)= ϕ(σ ′(e′
χ )), which proves thatϕ is an isomorphism o

algebras with involution. ✷
Proposition 3.3 will allow us to compute the cohomology groupH 1(k,T) for a maximal

torusT ⊂ SO(V , q).
Keeping the notation of Proposition 3.3, we letF = Sym(E,σ) and define the norm

mapNE/F : GL1(E)→ GL1(F ) by x �→ xσ(x).

Corollary 3.5. H 1(k,T)= F×/NE/F (E
×).

Proof. By Proposition 3.3, we haveT = U(E,σ), so T fits into the exact sequence
algebraic groups

1 → T → GL1(E)
NE/F−→ GL1(F )→ 1.

Taking cohomology we have

E× NE/F−→ F× ∂−→H 1(k,T)→H 1(k,GL1(E)
)
.

By Hilbert’s Theorem 90, we haveH 1(k,GL1(E)) = 0. HenceH 1(k,T) = F×/
NE/F (E

×). ✷
We shall now consider triples(V ,ρ, q), whereV is a vector space of dimension 2n

overk, ρ is a faithful representationT → GL(V ) defined overk, andq is a nondegenerat
T-form onV .
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Two such triples(V ,ρ, q) and(V ′, ρ′, q ′) are said to beisomorphicif there is ak-linear
mapφ :V → V ′ satisfyingφρ(m)= ρ′(m)φ for all m ∈ T andq ′φ = q .

An obvious invariant of the triple(V ,ρ, q) is the character of the representation(V ,ρ),
or, equivalently, the set of weightsW of ρ. If (V ,ρ, q) and (V ′, ρ′, q ′) are triples with
the same set of weights, then they are isomorphic overksep. This can be seen as follow
Let W = {χ1, . . . , χn,χ

−1
1 , . . . , χ−1

n } be the set of weights ofρ and letVχi denote the
corresponding weight spaces. Then we have an orthogonal decomposition

Vsep= (Vχ1 ⊕ V
χ−1

1
)⊥ · · · ⊥ (Vχn ⊕ V

χ−1
n
),

where eachVχi ⊕ V
χ−1
i

is a hyperbolic plane.

Hence, by standard descent theory, the triples(V ′, ρ′, q ′) with given weight set are
classified, up to isomorphism, byH 1(k,Aut(V ,ρ, q)), whereAut(V ,ρ, q) denotes the
automorphism group of(V ,ρ, q) as an algebraic group overk.

Proposition 3.6. Let (V ,ρ, q) be a triple as above and letE = EndT(V ). Then
Aut(V ,ρ, q)= U(E,σ)= ρ(T).

Proof. By the very definition ofAut(V ,ρ, q), we have

Aut(V ,ρ, q)= GL1(E)∩ SO(V , q)= U(E,σ).

The equalityρ(T)= U(E,σ) follows from Proposition 3.3. ✷
Corollary 3.7. The set of isomorphism classes of triples(V ,ρ, q) with fixed set of
weightsW is in one-to-one correspondence with the elements of the groupH 1(k,T) =
F×/NE/F (E

×).

Proof. This is an immediate consequence of Proposition 3.6 and Corollary 3.5.✷
Remark 3.8. In fact, the correspondence of Corollary 3.7 can be made quite expli
follows: Let β be the bilinear form onV such thatβ(x, x) = q(x). For a ∈ F× define
qa(x)= β(ax, x). Then the correspondence is given bya �→ (V ,ρ, qa).

For a ∈ F× we defineBa(x, y) = TrE/k(axσ(y)) and we letQa(x) = Ba(x, x) =
TrE/k(axσ(x)) be the associated quadratic form. Note that the groupU(E,σ) acts by
isometries onQa , and with the equalityρ(T) = U(E,σ) given by Proposition 3.6,Qa

becomes aT-form viaρ. For simplicity, we letQ=Q1.

Proposition 3.9. (V ,ρ, q) ∼= (E,ρ,Qa) for somea ∈ F× uniquely determined modu
NE/F (E

×).

Proof. SinceE andV have the same dimension andE acts faithfully onE, V is free
of rank one overE, so we can assume thatV = E. Let β be the symmetric bilinea
form associated withq . The adjoint maps ad(β),ad(B1) :E → E∗ are isomorphisms
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so ad(B1)
−1ad(β), being anE-automorphism ofE, must be multiplication by a un

of a ∈ E. Hence ad(β)(x) = ad(B1)(ax) = ad(Ba)(x). It follows that β = Ba . By the
symmetry ofβ , we must havea ∈ F . The uniqueness ofa moduloNE/F (E

×) follows
from Corollary 3.7. ✷

4. Invariants of T-forms

LetV be a vector space of dimension 2n overk and letT ⊂ GL(V ) be a fixed algebraic
torus of dimensionn. We shall assume thatV is self-dual as a representation ofT, soV can
affordT-invariant quadratic forms. In this section we shall investigate the low-dimens
invariants of these forms.

Proposition 4.1. Let q be a nondegenerate quadratic form onV with T ⊂ SO(V , q). The
isomorphism classes of quadratic formsq ′ onV such thatT ⊂ SO(q ′) are in one-to-one

correspondence with the elements in the image of the mapH 1(k,T)
ι∗→ H 1(k,SO(V , q))

induced by the natural inclusionT
ι
↪→ SO(V , q). In particular, all theT-forms have the

same determinant.

Proof. We already know by Corollary 3.7 that the triples(V , ι, q ′) are classified by

H 1(k,T). It is clear that the natural mapH 1(k,T)
ι∗→ H 1(k,SO(V , q)) sends the clas

of a triple(V , ι, q ′) to the class ofq ′. ✷
Corollary 4.2. LetE andF be as in Section3 and writeE = F [t]/(t2 − d) with d ∈ F×.
Then allT-formsq onV have determinantNF/k(−d).

Proof. By Proposition 3.9, we can assumeV =E andq =Q1, since all theT-forms have
the same determinant. Letx ∈E and writex = r + ts with r, s ∈ F . Thenxσx = r2 − ds2

andQ1(x)= TrE/k(xσ(x))= 2TrF/k(r2)+ 2TrF/k(−ds2). Hence

detQ1 = 2nδF/k · 2nNF/k(−d)δF/k ≡NF/k(−d)
(
modk×2),

whereδF/k is the discriminant ofF/k. ✷
The next step is to determine the Hasse invariant of theT-forms as above. For this, w

consider the étale algebraE of the previous section and identifyT with U(E,σ). We can
assume, without loss of generality thatV =E andq =Q.

Theorem 4.3. Let a ∈ F× andE = F [t]/(t2 − d) with d ∈ F×. Then

h(Qa)= h(Q)+ CorF/k(a, d), (2)

whereh denotes the Hasse invariant andCorF/k :H 2(k,GL1(F )) → H 2(k,Gm) is the
corestriction map, that is, the map induced by the normNF/k : GL1(F )→ Gm.
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As the referee has kindly pointed out, one can obtain a complete formula forh(Qa)

combining (2) with Serre’s formula [10, Théorème 1] for the Hasse invariant of the
form. Even though Theorem 4.3 is sufficient for our purposes, we work out below
details of this relation.

Let S2n be the symmetric group in 2n letters, identified with the group of permutatio
of the set of primitive idempotents ofEsep. Let ϕE :Γk → S2n be the homomorphism
defined by the action ofΓk on this set. Lets2n ∈ H 2(S2n,Z/2Z) be the canonical clas
defined in [10, 1.5]. We denote byδE/k the discriminants ofE/k.

Theorem 4.4. With the notation above, we have

h(Qa) = ϕ∗
E(s2n)+ (

δE/K, (−1)n−12
) + (δF/k,−1)+ n(n− 1)

2
(−1,−1)

+ CorF/k(a, d).

Proof. We first relateh(Q) to the Hasse invariant of the usual trace formqE/k(x) =
trE/k(x2) using an argument similar to one used by D.W. Lewis in [6, Theorem 2].

Let q0 be the restriction ofqE/K to F and letq1 be the restriction ofqE/K to the
subspace of antisymmetric elements{x ∈ E: σ(x) = −x}. Then qE/K = q0 ⊥ q1 and
Q= q0 ⊥ (−q1). Hence

δE/k = detqE/k = det
(
q0)det

(
q1) = (−1)n detQ and det

(
q0) = 2nδF/k.

We haveQ ⊥ qE/K ∼= q0 ⊥ q0 ⊥ H , whereH is a hyperbolic form of rank 2n, so
applying the formula for the Hasse invariant of an orthogonal sum [9, 12.6] to both
of this equality, we get, after some manipulation:

h(Q)= h(qE/K)+ (n− 1)(δE/K,−1)+ (δF/k,−1)+ n(n− 1)

2
(−1,−1). (3)

We obtain the desired expression forh(Qa) by putting together (2), (3), and Serre’s formu
h(qE/K)= ϕ∗

E(s2n)+ (δE/k,2) [10, Théorème 1]. ✷
In order to prove Theorem 4.3 we need some preliminaries. Consider the exact se

0→ GL1(F )→ GL1(E)
p−→ T → 0,

with p(u) = uσ(u)−1. Note thatp is surjective by dimension reasons. Denote byMF/k

(respectivelyME/k) the kernel of the norm mapNF/k : GL1(F ) → Gm (respectively
NE/k : GL1(E)→ Gm). We have the following commutative diagram with exact rows
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0 0

0 MF/k ME/k

f

T̃ 0

0 GL1(F )

NF/k

GL1(E)
p

NE/k

T 0

0 µ2 Gm
2

Gm 0

0 0

(4)

whereT̃ := ME/k/MF/k andf : ME/k → T̃ is the canonical projection. By the Sna
lemma, we get an exact sequence

0→ µ2 → T̃ → T → 0, (5)

which shows that̃T is a two-fold cover ofT.

Lemma 4.5. There exists a map̃i : T̃ → Spin(Q) such that the following diagram
commutes

ME/k

f

j

T̃
ĩ

Spin(Q)

π

GL1(E)
p

T
i

SO(Q).

Proof. Since T is connected, if a lifting̃i exists, it is unique and hence it is defin
over k. Thus it is enough to show the existence ofĩ over the separable closureksep.
Let {e1, . . . , en, f1, . . . , fn} be the set of primitive idempotents ofEsep, numbered so
that σ(ei) = fi . We shall first define a mapϕ : ME/k → Spin(Q) and see that it factor
throughT̃.

We denote by Cliff(Q) the Clifford algebra ofQ and by Cliff+(Q) its even subalgebra
The canonical involution on Cliff(Q) will be denoted by∗.

Defineηi = 1
2eifi in Cliff +(Q). One verifies easily from the definition of the Cliffo

algebra that theηi satisfy the following relations:

(i) η2
i = ηi ,

(ii) ηiη
∗
i = 0 andηi + η∗

i = 1,
(iii) the elementsη1, η2, . . . , ηn, η

∗, η∗, . . . , η∗
n commute with each other.
1 2
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the
Let x ∈ ME/k and writex = ∑n
i=1(xiei + yifi) with x1 · · ·xny1 · · ·yn = 1. Define

ϕ(x)=
n∏
i=1

(
xiηi + yiη

∗
i

)

in Cliff +(Q). It follows from the properties (i)–(iii) above thatϕ is a homomorphism.
We also verify readily the relationseiηj = ηj ei , fiηj = ηjfi for i �= j , andeiηi = 0,

ηiei = ei , fiηi = fi , ηifi = 0, and the relations obtained from these by applying
canonical involution∗: η∗

j ei = eiη
∗
j , η∗

j fi = fiη
∗
j for i �= j , and η∗

i ei = 0, eiη∗
i = ei ,

η∗
i fi = fi , fiη∗

i = 0. Using all these relations, we have:

{
ϕ(x)eiϕ(x)

−1 = xiy
−1
i ei,

ϕ(x)fiϕ(x)
−1 = yix

−1
i fi

and ϕ(x)ϕ(x)∗ =
n∏
i=1

xiyi. (6)

Henceϕ(x)Esepϕ(x)
−1 ⊂Esepandϕ(x)ϕ(x)∗ = 1, soϕ(x) ∈ Spin(Q).

If x ∈ MF/k, we havex = ∑n
i=1xi(ei + fi) with

∏n
i=1xi = 1, soϕ(x)= ∏n

i=1xi(ηi +
η∗
i )= 1. Henceϕ factors through̃T. We call ĩ the induced map̃T → Spin(Q). ✷

Now we are ready to prove Theorem 4.3.

Proof of Theorem 4.3. From Lemma 4.5 we get the following commutative diagram

0 µ2 T̃

ĩ

T

i

0

0 µ2 Spin(Q) SO(Q) 0.

Taking cohomology we have

H 1(k,T)
∂T

i∗

H 2(k,µ2)

H 1
(
k,SO(Q)

) ∂1
H 2(k,µ2).

By Springer’s interpretation of the coboundary map [11, Formula 4.7], we have∂1(Qa)=
h(Qa) − h(Q). Thus, by the commutativity of the diagram,∂T(a) = h(Qa) − h(Q) ∈
H 2(k,µ2).
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Now we take cohomology in (4), so the diagram

0 H 1(k,T)
∂ ′

∂T

H 2
(
k,GL1(F )

)
CorF/k

H 2
(
k,GL1(E)

)
CorE/k

0 H 2(k,µ2) H 2(k,Gm)
2

H 2(k,Gm)

(7)

commutes. IdentifyingH 1(k,T) with F×/NE/F (E
×) we have ∂ ′(a) = (a, d) ∈

H 2(k,GL1(F )), where(a, d) is the cup product of the classes ofa andd in H 1(k,µ2,F )=
F×/F×2. From the commutativity of the diagram, which follows from the commutati
of (4), we haveh(Qa)− h(Q)= CorF/k(a, d). ✷
Corollary 4.6. If I3(k) = 0 (that is, the quadratic forms overk are classified by
discriminant and Hasse invariant), then Qa is k-isomorphic toQb if and only if
CorF/k(a, d)= CorF/k(b, d).

Corollary 4.7. If I3(k) = 0 then the similarity classes of quadratic forms onV whose
orthogonal group admitsT as a maximal torus are in one-to-one correspondence with
elements of the group

{CorF/k(a, d): a ∈ F×}
{(λ,NF/k(d)): λ ∈ k×} .

This correspondence is given byQa �→ CorF/k(a, d).

Proof. Observe that forλ ∈ k× we have CorF/k(λ, d)= (λ,NF/k(d)). Thus, if

CorF/k(a, d)= CorF/k(b, d)+
(
λ,NF/k(d)

)
for someλ ∈ k×, then CorF/k(a, d) = CorF/k(λb, d), which, by Corollary 4.6, implies
Qa

∼=Qλb = λQb . ✷
Corollary 4.8. If I3(k) = 0, n is odd andd ∈ k×(F×)2, then all T-forms arek-similar
to Q. Consequently, there is only one orthogonal group of rankn, up to isomorphisms
containingT as a maximal torus.

Proof. We may assume without loss of generality thatd ∈ k×. For a ∈ F×, we have
CorF/k(a, d)= (NF/k(a), d)= (NF/k(a),NF/k(d)), the last equality using the fact thatn
is odd. Hence the group of Corollary 4.7 is trivial.✷

Corollaries 4.6–4.8 can be easily restated in the more general situation whereI3(k)

is torsion-free, since in this case, by Pfister’s local-global principle [9, Chapt
Theorem 6.2], quadratic forms overk are classified by discriminant, Hasse invariant a
signatures. We shall only give a version of Corollary 4.8 in this situation.
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Corollary 4.9. If I3(k)tors = 0, n is odd, d ∈ k×, and Q is positive-definite, then a
positive-definiteT-forms arek-similar toQ. Consequently, the orthogonal groups of su
forms are all in the samek-isomorphism class.

Corollary 4.9 is in fact a generalization of the following theorem of Feit [3] (see
[8]) for positive-definite quadratic forms overQ.

Proposition 4.10 (Feit, [3]). Let p be a prime number congruent to3 modulo4. Let q
andq ′ be positive-definite quadratic forms overQ of rankp − 1. If bothq andq ′ admit a
rational autometry of orderp, then they are similar, and consequently they have isomor
orthogonal groups.

Proof. Let E = Q(ζ ), where ζ is a primitive pth root of unity. Let τ be complex
conjugation and letT = U(E, τ). Note that ift ∈ SO(V , q)(Q) is an element of orderp,
there is a unique representationT → SO(V , q) with ζ �→ t , so q becomes aT-form.
SinceE is an abelian extension ofQ, and [F : Q] = n = (p − 1)/2 is odd, we have
E = F [t]/(t2 − d) with d ∈ Q×. We conclude by Corollary 4.9.✷

5. Algebras with orthogonal involution

In this section, we generalize the results of the previous section to central s
algebras with orthogonal involution.

As before,T denotes an algebraick-torus of dimensionn and we consider faithfu
k-representationsρ : T → SO(A,σ), whereA is a central simple algebra of degreen
equipped with an orthogonal involutionσ . The main question we shall deal with is
describe, for fixedT, the isomorphism classes of algebras with involution(A,σ) for which
there is such a representation.

We fix T and a set of weightsW ⊂X(T) generatingX(T) with |W | = 2n, stable unde
both the action ofΓk and the involutionχ �→ χ−1. This is equivalent to fixing an éta
algebra with involution(E, τ) of dimension 2n and an isomorphismT ∼= U(E, τ). We
shall study the isomorphism classes of algebras with orthogonal involution(A,σ) such
that there is a representationρ : T → SO(A,σ) with weight systemW . As in the case whe
A is split,E is identified with the elements ofA that commute withρ(T) and with this
identification we haveρ(T)= U(E, τ) as in Proposition 3.3. Studying such representat
is equivalent to studying the embeddings of(E, τ) ↪→ (A,σ) as algebras with involution

We first have the existence problem, which is discussed in [2] in the more ge
context of Frobenius algebras.

Proposition 5.1 (see [2, Proposition 5.7]).Let (E, τ) be as above and letA be a central
simple algebra withdimk(A)= dimk(E)

2. There is an orthogonal involutionσ onA and
an embedding(E, τ) ↪→ (A,σ) as algebras with involution if and only ifA∼= Aop andA
splits overE/m for all maximal idealsm ofE.



R. Brusamarello et al. / Journal of Algebra 266 (2003) 87–101 99

bra

r

t

by
ss

ible
y

e

f

-

f

The existence question having been addressed, we fix a central simple algeA

satisfying the conditions of Proposition 5.1 and an embeddingE ↪→ A and we describe
the conjugacy classes of involutions onA that extend the involutionτ onE. Following the
notation of the previous section, we denote byF the subalgebra ofE of points fixed unde
τ and we letT = U(E, τ). We also writeE = F [t]/(t2 − d) andδ =NF/k(d).

Lemma 5.2. Letσ be a fixed orthogonal involution onA extendingτ . Then for alla ∈ F×,
the mapσa := Int(a)σ is an orthogonal involution extendingτ . All orthogonal involutions
onA that extendτ are of the formσa for somea ∈ F×.

Proof. An easy application of Skolem–Noether shows that allk-involutions onA are of
the formσa = Int(a)σ , with a ∈A× andσ(a)= ±a. Sinceσa|E = σ |E = τ , we have tha
a ∈ ZA(E)=E, and the fact thatσa is orthogonal implies thatτ (a)= a. ✷

Let σ be a fixed orthogonal involution onA extendingτ . Let C(A,σ) be its Clifford
algebra (see [5, Chapter II, 8B] for the definition) and letZ = Z(C(A,σ)). It is known
thatZ is an étale quadratic extension ofk (see [5, Chapter II, Theorem 8.10]).

Recall that the cohomology setH 1(k,PSO(A,σ)) classifies triples(A′, σ ′, φ′), where
A′ is a central simple algebra overk of degree 2n, σ ′ is an orthogonal involution onA′ and
φ′ :Z →Z(C(A′, σ ′)) is ak-isomorphism (see [5, Chapter VII, 29.F]). We shall denote
[A′, σ ′, φ′] the element ofH 1(k,PSO(A,σ)) that corresponds to the isomorphism cla
of (A′, σ ′, φ′). The triple[A,σ, idZ] corresponds to the trivial class inH 1(k,PSO(A,σ)).

Once an isomorphismφ′ :Z → Z(C(A′, σ ′)) has been chosen, one of the two poss
choices, the Clifford algebra of(A′, σ ′) becomes aZ-algebra, which will be denoted b
C(A′, σ ′, φ′).

We shall be interested in the triples(A′, σ ′, φ′) that arise from the image of th

natural mapj∗ :H 1(k,T) → H 1(k,PSO(A,σ)) induced by the composite mapT
incl.−→

SO(A,σ)
proj.−→ PSO(A,σ).

Using the identificationH 1(k,T) = F×/NE/F (E
×) of Corollary 3.5, the elements o

Im(j∗) are, by Lemma 5.2, of the form

j∗(a)= [A,σa,φa] ∈H 1(k,PSO(A,σ)
)

for a ∈ F×/NE/F (E
×). The isomorphismφa :Z →Z(C(A,σa)) can be described explic

itly as follows: Letu ∈E×
sepbe such thatuσ(u)= a. Then Int(u) : (Asep, σ )→ (Asep, σa)

is an isomorphism and induces an isomorphism Int(u)∗ :C(A,σ)sep→ C(A,σa)sep. We
defineφa := Int(u)∗|Zsep. It is easy to verify thatφa is defined overk and is independent o
the choice ofu.

We can now state the main result of this section:

Proposition 5.3. For a ∈ F×/NE/F (E
×), the equality[

C(A,σa,φa)
] = [

C(A,σ, idZ)
] + ResZ/k CorF/k(a, d)

holds inBr(Z)=H 2(k,GL1(Z)).
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Proof. Let Spin(A,σ) be the universal cover ofSO(A,σ) and letC = ker[Spin(A,σ)→
PSO(A,σ)]. It is known thatC = µ4[Z] if n is odd, andC = RZ/k(µ2,Z) if n is even
(see [5, Chapter VII, 31.A]). In any case,C ⊂ GL1(Z), and we have a natural ma
H 2(k,C) → H 2(k,GL1(Z)). Notice thatH 2(k,GL1(Z)) = H 2(Z,Gm) = Br(Z) by the
Faddeev–Shapiro lemma [5, Lemma 29.6].

From the exact sequence 1→ C → Spin(A,σ) → PSO(A,σ) → 1, we get a
connecting homomorphism∂ :H 1(k,PSO(A,σ)) → H 2(k,C). Let ∂ ′ be the composite
map

H 1(k,PSO(A,σ)
) ∂−→H 2(k,C)→ Br(Z).

On the one hand, it follows from the Tits class computations in [5, Chapter
Example 31.11] that for[A′, σ ′, φ′] ∈H 1(k,PSO(A,σ)) we have

∂ ′[A′, σ ′, φ′] = [
C

(
A′, σ ′, φ′)] − [

C(A,σ, idZ)
]
. (8)

On the other hand, from the exact sequence 1→ µ2 → T̃ → T → 1 of (5), we get a map
∂T :H 1(k,T)→H 2(k,µ2), which by diagram (7) is given by

∂T(a)= CorF/k(a, d) (9)

for a ∈H 1(k,T)= F×/NE/F (E
×). The diagram

1 µ2

i

T̃ T 1

1 C Spin(A,σ) PSO(A,σ) 1

(10)

commutes, so taking cohomology we havei∗∂T(a)= ∂[A,σa,φa] in H 2(k,C). Taking the
image of this equality under the natural mapH 2(k,C)→ Br(Z) and using (9), we get

∂ ′[A,σa,φa] = ResZ/k CorF/k(a, d). (11)

The combination of (8) and (11) proves the desired result.✷
Corollary 5.4. If I3(k)= 0, then(A,σa)∼= (A,σ) if and only ifResZ/k CorF/k(a, d) is in
the subgroup(of order at most2) generated byResZ/k[A].

Proof. Let ∗ be the nontrivialk-automorphism ofZ. We begin by noting the equality[
C(A,σ,∗)] − [

C(A,σ, idZ)
] = ResZ/k[A] (12)

in Br(Z). This is an immediate consequence of [5, (9.9)].
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If (A,σa) ∼= (A,σ), then C(A,σa,φa) is isomorphic to eitherC(A,σ, idZ) or to
C(A,σ,∗). By Proposition 5.3, we have in the first case ResZ/k CorF/k(a, d) = 0 and
in the second case ResZ/k CorF/k(a, d)= ResZ/k[A], using (12).

Conversely, if ResZ/k CorF/k(a, d) = 0 or ResZ/kCorF/k(a, d) = ResZ/k[A], then
[C(A,σa,φa)] = [C(A,σ, idZ)] or [C(A,σa,φa)] = [C(A,σ,∗)], that is, in either case
C(A,σa)∼= C(A,σ) ask-algebras. Under the hypothesisI3(k)= 0, this condition implies
(A,σa)∼= (A,σ) by a theorem of Lewis and Tignol [7].✷
Corollary 5.5. If I3(k) = 0, d ∈ k×F×2 and n is odd, then, up to conjugacy, there
exactly one involution onA that extendsτ .

Proof. We can assume without loss of generality thatd ∈ k×. Thenδ = NF/k(d)= dn ≡
d (modk×)2 andZ ⊂ E, so ResZ/k CorF/k = CorE/Z ResE/F . Sinced is a square inE,
ResE/F (a, d)= 0. We conclude by Corollary 5.4.✷
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