MATH 2065-4, Fall 2010 Name:
Test 1, Thursday, Sept 23, 2010

. For partial credit, show all your work!

1{6P]) Which of the following functions y(t) is a solution (S)/not a solution (N) to the
differential equation y' + 2ty = t?

y(t) Y|N
1/2
et +1/2
2e7t +1/2

2[9P]) Determine and mark with Y for yes, and N for no, if each of the following differential
equation is separable (S), linear (L), and /or homogeneous (H). Note, that in each case, more
than one might be correct.

Equation S|ILIH
tlyl — yZ + ty
y -ty =ty

(v’ +2tyy =ty

3) Solve the following differential equation:
a[10P]) ¥’ + 2ty = 0. Solution y(t) =




b[10P)) ¥’ + vy = ty*. Solution y(t) =

5) Solve the following initial value problems.

1
all5P)) ¢ — 5ty = t3¢, y(0) = 3. Solution y(t) =

b[15P]) t*y’ = —y?, y(1) = 1. Solution y(t) =




3) A tank contains 100 gal of brine made by dissolving 40 1b of salt in water. A brine solution
containing 10 grams salt per liter flows into the container at a rate of 4 liters per minute.
The well stirred mixture runs out at the same rate. Denote by y(t) the amount of salt in
the tank at time ¢.

a[8P])) Write an initial value problem that y(¢) must satisfy.

Solution:

b[10P}) Solve the initial value problem. Solution: y(t) =

¢[5P]) How much salt is in the tank after 10 min? Solution:

4[12P]) Apply Picard’s to compute the approximations yo(t), ¥1(t), and y,(t) to the solution
of the initial value problem y' = (y +1)%, y(0) = 0.



MATH 2065-4, Fall 2010 Name:
Test 1, Thursday, Sept 23, 2010

. For partial credit, show all your work!

1[6P]) Which of the following functions y(t) is a solution (S)/not a solution (N) to the
differential equation 3’ = y — #?

y(t) Y|N
t+1
e+1+4t
2t —t—1

2[9P]) Determine and mark with Y for yes, and N for no, if each of the following differential
equation is separable (S), linear (L), and/or homogeneous (H). Note, that in each case, more
than one might be correct.

Equation S|L|H
S
y+i
y —ty=ty
(y° +2t%) + 2tyy’ =0

3) Solve the following differential equation:
a[10P]) v’ = —2yt. Solution y(t) =




b[10P]) ¥’ — y = ty*. Solution y(t) =

5) Solve the following initial value problems.

a[l5P]) ' — %y = t%, y(1) = 3. Solution y(t) =

b[15P]) ¢’y = —y* + yt, y(1) = 1. Solution y(t) =




3) A tank contains 100 gal of brine made by dissolving 40 Ib of salt in water. Pure water runs
into the tank at the rate of 4 gal/min, and the mixture. which is kept uniform by stirring,
runs out at the same rate. Denote by y(¢) the amount of salt in the tank at time ¢.

a[8P])) Write an initial value problem that y(t) must satisfy.

Solution:

b[10P]) Solve the initial value problem. Solution: y(t) =

¢[5P]) How much salt is in the tank after 10 min? Solution:

4[12P]) Apply Picard’s to compute the approximations yo(t), (t), and y»(t) to the solution
of the initial value problem y' = y*+1, (0) =0.



MATH 2065-4, Fall 2010 Name: S OLUWTION

Test 1, Thursday, Sept 23, 2010
. For partial credit, show all your work!

1[6P]) Which of the following functions y(t) is a solution (S)/not a solution (N) to the
differential equation ¢’ = y — ¢?

, \ ~t=< kil -t=\=
y@® YN %“EH)\S \3 é

tt+1 r \Q-Q-tt-t-\)na_—e T La_’t:e+\
e+1+t | &

_9etol y-t =2eP-e-l #+
P Zl 8= = 2eb- -1 ‘é 2et-1 > 8 € 3—

2[9P]) Determine and mark with Y for yes, and N for no, if each of the following differential

equation is separable (S), linear (L), and/or homogeneous (H). Note, that in each case, more
than one might be correct.

_og-t G0 - V=) w
= ‘_‘\_‘t L‘é/t)—k-‘ A4 31
Equation S|L|H
e 3= £ty = (23
Y+t v seposable N
, y'—-ty=t3y L & \&_Ct_‘__ES)B—:o)QmQQI\_
(' +28)+2yy =0 -, | £71

ss,amdan:ﬂ Lovrmn 2
Vo gmarr (2)*2
Aty ‘q LAY

M\o H/tn €oL
3) Soive the tollowmg differential equation:

a[10P]) ¥’ = —2yt. Solution y(t) = C e
\,Gw Ca\m Wae MaaA Ml an servo\ra\b‘e omd cdso
Qive aan VB + 2t é-——

So_&;cxm\bm

2 = — kA ,Q/h\é\ -t
) J

2.
LS = CQ“t

4"




b[10P]) ¢ — J—ty2 Solution y(t)_ ~t 41 x Ce~

-t

37 Z T —t+tlaCe "
5) Solve the following initial value problems. &
3 _
a[l15P)) ¢’ — gy = %!, y(1) = 3. Solution y(t) = £ C e +3-<&

Linean - M= Q_sﬂ""t: 3

Se\kdu_:e_b-\rc
4l = t%Ceb-\—C)
4 = e+ C=3,C= 3-¢&

+
L[15P]) %' = —y® + yt, y(1) = 1. Solution y(t) = _ Ln (k) * \

Thie 18 A Jaomogmewg ‘Qﬂlu\OJ-\ch

\/‘=—(5)T% -VEy ipve
‘tv“’r\l: - V2+V o~ tvi: Vv
dv - ok \
Cov= T € v = () doe)
\ +
= om)rC A=tv= L oac

[
U=\ = P <o A= |



3) A tank contains 100 gal of brine made by dissolving 40 Ib of salt in water. Pure water runs
into the tank at the rate of 4 gal/min, and the mixture. which is kept uniform by stirring,
runs out at the same rate. Denote by y(t) the amount of salt in the tank at time ¢.

a[8P])) Write an 1mt1al value problem that y(¢) must satisfy.
Solution: \é - 9.;*%-. comd 4.C) =0 4
\6\: W\P“* ~ount put - Thage isno Salk \KW"‘P“{H mo /M‘}Q“’& loo %(’k_\

\ ! 5 A o
'té = - Z{T;‘é . ks Atven | Ehat ot Fime t=o die
tmount of salt u  UYolb .

=
L — s
b[10P]) Solve the initial value problem. Solution: y(t \ o S
oy A t
—_— = - T = - —=xC ( 50)
P 25 n ey 23 3
_t /2. ¢

3=CQ Ta,te‘.,;é bzo)%(o):qO:C

=

-Z a
c[5P]) How much salt is in the tank after 10 min? Solution: L[D L™ ~ ? 6 21
16 2z

G (10) = Hoe ¥ =40 e /i’—z 26,8 L

4[12P]) Apply Picard’s to compute the approximations yo(t), ¥ (t), and y»(t) to the solution
of the initial value problem 3’ = y* +1, y(0) =0.



MATH 2065-4, Fall 2010 Name:
Test 2, Thursday, Sept 26, 2010. For partial credit, show all your work!

1[24P]) Compute the Laplace transform of each of the following functions:

a) L (%) (s) =

b) L (tsin(4t) + e~* cos(t)) (s) =

c) L{(2te’ +1)(* +2)) (s) =

2(24P]) Find the partial fraction decomposition of each of the following rational functions.
You may use the convolution formula if you prefer.

) 7s+9 _
(s—1D(s+3)



b) (s —1)(s?+1)

°) s(s—1) -

3[16P)]) Evaluate the following convolutions. You may use the Laplace transform if you
prefer.

a)tP*t =

b) t*xe 4 =

3[36P]) Compute the inverse Laplace transform for each of the following functions:

5
-1 s —
2) £ <32+63+9>



9 £ (=) =

¢) L (ﬁ) (t) =

)£ (o) -



A short table of Laplace transforms and inverse Laplace transform

L(af(t) + bg(t))(s)
L(e*f(t))(s)

L(-tf(t))(s)
L(1)(s)
L(t™)(s)
L{e*)(s)
L(cos(bt))(s)
L(sin(bt))(s)

L(F'())(s)
L(f * 9(£))(s)

o (i)
(i)

aF(s) 4+ bG(s)
F(s—a)

d
EF(S)

sF(s) - £(0)
F(s)G(s)

%(sin(t) — tcos(t)

%t sin(t)



MATH 2065-4, Fall 2010 vame:  Dolukbiong
Test 2, Thursday, Sept 26, 2010. For partial credit, show all your work!

1[24P]) Compute the Laplace transform of each of the following functions:

&
(S«
_2s 5r 2
b) £ (tsin(4t) + e"*cos(t)) (s) = ( Sz+\ QXZ -+ ( S+3)Z+\

a) L (%) (s) =

G 2
£ ((2te* +1)(# s + 4 0 . S
c) L((2te' + 1)(t* +2)) (s) = (S — l\:‘; S (S—l\

2[24P)) Find the partial fraction decomposition of each of the following rational functions.
You may use the convolution formula if you prefer.

) 7s+9 _ ____Lj___ “+ 3
(s—1)(s+3) < -\ S+ 3

iﬂj q A e —_
(sj‘:(sdr?ﬂ = s T ey Hhem
CA*%\S*B/_\—B:—YS“'C‘ a
Ar B =71
2A-¥ =9

A =lo of A=lb/y =

9
E:"]—-A—‘-‘—]"@:i



AAx\3 =0

s+l -RBxC=O
oo . e A -=|

§ —
(s—){S%+\) S =1 Ry
— == =\ = = =
Thas R=C and AAt%&;: o A=z, ® 2,

1 \ \
T T S T o)

‘ s+ |
b _—_1 - - _’i—’
)(3-1)(32+1)" 2. S =\ ST\
A

3
w nla

3[16P]) Evaluate the following convolutions. You may use the Laplace transform if you
prefer.

a) Bxt= ‘—;)\--LL‘. ‘ 2 oz 1=
Woa &IJNQ :T’P\qm ‘(thongm £ (£%t) = g3 S* S
2 Tss
Ly L _\_‘_e_'g“c
b)_ta:::;_\\q’{: lpqt N TSN -k ‘mt_
dur = € [Soueqdbu ~<  |Fue, "
! U o

3[36P]) Compute the inverse Laplace transform for each of the following functions:

06 (i) - S T

s246s+9



t [}
-1 2 — '
92 (o)~ € — oot~ S
|

2 S~ ( ; :_E_ae-l‘ P

— _I. - =~ 2 —
=D\ T sy S=U sty S -

(e (aoo\o(@/m ﬂi‘b\

¢) L7 (s2+is+5). ®)= é-zt (\_C%'JC — g&h{]

< S . S+? - =
S ($+Q)™=! (S+2)>+ | (Sta) ¢ |

1

-t =
d)ﬁl(—s+1 )= te Sm
((s+1)2+1)2 Z

(oo da QosH %ovh’vwfc\ m W‘(‘q\aﬁmw




A short table of Laplace transforms and inverse Laplace transform

Laf(t) +bg(8))(s)
L(e*f(£))(s)

L(-tf(®))(s)
£(1)(s)
L(£™)(s)
L(e*)(s)
£L(cos(b2))(s)
L(sin(bt))(s)

L(F'®)(s)
L(f »g($))(s)

() ©
= (i) ©

aF(s) + bG(s)
F(s—a)

2 F(s)

pa
sF(s) — f(0)
F(s)G(s)

—21-(sin(t) — tcos(t))

-;—t sin(t)



MATH 2065-4, Fall 2010 Name: S 0 h..k.\-:LO\/Y\)B
Test 3, Thursday, Nov. 18, 2010. For partial credit, show all your work!

1{12P]) For cach of the following differential equations determine if it is linear (Y=linear)
or not (N=not):

L(y) YI|N
y' +y +y=sin(t) [ X
v +yy=t Pe

y" + cos(y) = cos(t) N
v+ +cos(t) =y | X

2[6P]) Show that y(t) = t!/2 is a solution to the differential equation 4t%y” + y = 0.

‘é,"\‘-z "H-_‘é +4. = — L= 1% =0
=xk
L7
3 'H
3[7]) For the hneaI operator L = D? + 4D + 4 determine L(te™?) =
\é Lte Lite®) = ~l:€t—2e—tt
xé—-‘LQ -x-» ~t T‘L{‘!‘.E-;tbﬁ- He -
Pole _i + Yte
= e - 4= 4
A2 =te W 3¢ A

4[45P]) Find the general solution to each of the following differential equations:
a)y" — 3y +2y =¢". Solution y(t)= <, Q% “* C& eZt_%ﬂ
s2 29+ = (s—()(5-2)

— t 2+
L&h Cte \+ Ca < _\ \
\ép<ﬂ—> Gz (6-2) T (s=n> T enGR)
L& = ~‘i:€4°
¥ 24 2+ ©

b)y” 4y +4y = €. Solutlony(t)_ C\Q, .\..C 1te + e
2 NeeMd =ls—0F
W A
‘-3 :Ae,\\jp~(l-el%? -Ae

3



¢) ¥ — 1y +5y = 1. Solution :/( ) = e (C coa e + C_ M/h Cﬂw ‘é—

g2 ¢+S = (g-2) x|
5[15P)) Find the general solntion to the differential equation y"” +y' — 2y = Ict.
Solution: y(f) — -2 A4
g% -2 =640 (S=0) vjhu—')—_ c,e <<
- ~24 +
Yl ke Y= cthe Tac, (het . Thae-
\ ~2.+ ( R 3k
'C\e +CQ = Q0 Cl--’&&te‘ CQL*
1 =2 + = -1 _3E 34
-2C, e —+CL€ =4de C\te +Z‘\'S€ S
| 3t
I T ) = - =~ 4 3¢
%C&f‘_ :-{QJC_OWCZ?—E—E ,"\ -{._e NES A
= -4 Loy 2 ¢
C-Z: %S‘E&iaéﬁz P °|£"e""17€ +-te
— w —24
3c' g 1 et 3—“&\& ~ e &
3 = -te '{‘*EL L{4~L)C~b
i 2 S pr— .
C, = "-g "Léb © 1 21 )

6[15P]) Solve the initial value pmhl( Py ly' =y = 0. y(1) = 1, y'(1) - 1.

Solution: y(/) —( %.EZ ) 2
%QTM\M \(Q@ ~yUy=0 o \CX)—C e&"ic e

GCA=Ct* ¢, £7% CHE, =L
"g(]’) _ QC\‘(:)‘_QC_Z{—Z lCFZQL:-(




MATH 2065-4, Fall 2010 Name:
Final, Tuesday, Dec. 7, 2010, 12:30-2:30

For partial credit, show all your work!

1[10P]) Let L = D? + 3tD + 2. What is L(e! +1) =

2[48P]) Find the general solution to each of the following differential equation:
a) y' = —2ty. Solution: y(t) =

b) ¢ = %;—t Solution: y(t) =

b) ¥" + 3 — 6y = €*. Solution: y(t) =

e) ¥y’ — 6y + 10y = 0. Solution: y(t) =



3[45P]) Solve each of the following initial value problems.

a)y — %y = t* cos(t), y(w) = 3. Solution: y(t) =

b) y" +y' —2y =1, y(0) = 0, 3(0) = 1. Solution y(t) =

;o 1if 0<t<2 B o
)y —y= { 1 if 1<t<oo y(0) = 0. Solution: y(t) =

4[8P]) Compute the Laplace transform L(tcos(t))(s) =

5[16P]) Compute the inverse Laplace transform for each of the following functions:



a) L7 (;5;5:—9_——3) ) =

) £ (Gt © =

5[8P]) Evaluate the convolution ¢ * e* =

6)[15P]) A tank contains 100 gal of brine made by dissolving 80 b of salt in water. Pure
water runs into the tank at the rate of 2 gal/min, and the mixture, which is kept uniform
by stirring, runs out at the same rate. Find the amount of salt in the tank at any time ¢.



MATH 2065-4, Fall 2010 Name:
Final, Tuesday, Dec. 7, 2010, 12:30-2:30

For partial credit, show all your work!

1[10P]) Let L = D* + 4tD + 1. Show that sin(t) is a solution to the differential equation
L(y) = 4t cos(t).

2[48P]) Find the general solution to each of the following differential equation:
a) y' = —2cos(t)y. Solution: y(t) =

,:3y2_t2

b) y . Solution: y(t) =

b) 3" — 3y’ + 2y = €'. Solution: y(t) =



e) y" — 6y’ + 10y = 0. Solution: y(t) =

3[45P]) Solve each of the following initial value problems.

a)y — %y =3¢, y(1) = 3. Solution: y(t) =

b) "+ — 2 =1,9(0) = 0, ¥/(0) = 1. Solution y(t) =

. 1if 0<t<2 B N
c)y —y—{ 1 if 1<t< o0 y(0) = 0. Solution: y(t) =



4[8P]) Compute the Laplace transform L(z cos(t))(s) =

5[16P]) Compute the inverse Laplace transform for each of the following functions:

a) L7 (;%) (t) =

5[8P]) Evaluate the convolution ¢ * ' =

6)[15P]) A tank contains 100 gal of brine made by dissolving 80 Ib of salt in water. Pure
water runs into the tank at the rate of 4 gal/min, and the mixture, which is kept uniform
by stirring, runs out at the same rate. Find the amount of salt in the tank at any time t.



