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Linear Maps

We have all seen linear maps before. In fact, most
of the maps we have been using in Calculus are

linear.
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Two Important Examples

Example. The Integral
To integrate the function f(x) = x* + 3x — cosx over the

interval [, b], we first find the antiderivative of z°, that is 5x°,

then the antiderivative of x, which is %:132, and then multiply
that by 3 to get 2x°. Finally, we find the antiderivative of
cosx, which is sinx, and then multiply that by —1 to get
—sinx. To finish the problem we insert the endpoints. Thus,
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Two Important Examples

Example. The Integral Linear Maps
To integrate the function f(x) = x* + 3x — cosx over the
e Integral(cont.

interval [a, b], we first find the antiderivative of x*, that is %g;?) B e
7 Lemma
then the antiderivative of x, which is %5132, and then multiply Eiiﬂﬁiiigcom_)
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—sinx. To finish the problem we insert the endpoints. Thus, e
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The Integral(cont.)

What we have used is the fact that the integral is a  treates
linear map C'([a,b]) — C([a, b]) and that
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The Integral(cont.)

What we have used is the fact that the integral is a inear Mepe
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Two Important Examples(cont.)

Example. The Derivative s s
AnOthef example IS dlffefentlatlon Df f— f/. To dlffel’entlal'e TwImortantExampIes
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Two Important Examples(cont.)

Example. The Derivative s s
AnOthef example IS dlffefentlatlon Df f— f/. TO dlffel’entlal'e TwImortantExampIes

Two Impor;ant Examples(cont.)

the function f(x) = x* — 3x + e — cosx, we first Defiton
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differentiate each term of the function and then add: Eranpls
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Definition

Definition. Let IV and 11 be two vector spaces. A map
T .V — W is said to be linear if for all v, u € V and alll
r, s € R we have:

T(rv+ su) =rT(v) + sT(u).
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Definition

Definition. Let V and IV be two vector spaces. A map Linear aps
. . . Two Important Examples
T :V — IV is said to be linear if for all v, u € V" and all e eglcon)
r, s € R we have: e
xamples
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Tw+u)=Tw)+ T(u) =i
T(rv) =rT(v).




Lemma

Lemma. Suppose that’l' : V' —— W is linear. Then Linear Maps
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Examples

Example. Let us find all the linear maps from R? — R?,
Any arbitrary vector (11, T5) € R? can be written as:

(21, 22) = x1(1,0) + 22(0, 1).

Hence,

T(x1,19) = 21T(1,0) + 227(0,1).
Write T'(1,0) andT'(0, 1) as:
T(l, O) — (&11, CL12),T(O, 1) = (CL21, CLQQ), where A e R.
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Examples(cont.)

T h e n y Linear Maps
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Examples(cont.)

Example. Next, let us find all the linear maps
T : R — R>. As before we write (x1, 12, 23) € R as:

(331,1'2,1’3) — 331(1, 07 O) T xQ(Ov 17 O) T .773(0, 07 1)

where,

T(1,0,0) = (a11, a2, as)
7(0,1,0) = (a1, ass, ass)
7(0,0,1) = (asi, asz, asz).
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Examples(cont.)

T h e N ; Linear Maps
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Examples(cont.)

Example. All the linear maps from R®> — R. Notice that R
is also a vector space, so we can consider all the linear maps
R™ to R. We have :
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Examples(cont.)

Linear Maps

Example. All the linear maps from R® —— IR. Notice that R~ e ase
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is also a vector space, so we can consider all the linear maps The Integral(cont)
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T(z1,%3,...,3n) = z1T(L,0,..,0) + 227(0,1,...,0)  semee
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Lemma

Lemma. A map R" — R™ s linear if and only if there
exists numbers a;;,1 = 1,...,m, 3 = 1, ..., m, such that:

T(Qfl,xg, ,azn) — (3310,11 + ToQ91 + ... + LnQnly «--,

L1A1m -+ Lo2Ao2m + ... + ZE’nCan)
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Lemma

Lemma. A map R" — R™ s linear if and only if there
exists numbers a;;,1 = 1,...,m, 3 = 1, ..., m, such that:

T(Qfl,ZEQ, ,$n) — (3310,11 + ToQ91 + ... + LnQnly «--,

L1A1m -+ Lo2Ao2m + ... + ZEnCan)

This can also be written as:

n n n
T(xl,xg, ,xn) = ( E LiAi1, E L2, E xiaim)
i=1 i=1 i=1
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Lemma

Lemma. A map R" — R™ is linear if and only if there Lincar Maps
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Counterexample

Example. The map T (z,y,z) = (2x + 3y, z + y) is not
linear because of the factor x1. Notice that:

but

and

T(1,1,0) = (5,0)

T(2(1,1,0)) = T(2,2,0) = (16,0)

2T(1,1,0) = (10,0) # (16,0)
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Examples

Example. Evaluate the given following maps at a given point: Linear Maps

Linear Maps
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T’(gj7 y) — (Sx + v, Sy)’ (gj7 y) — (17 _1) ol Sy

Definition
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Examples

Example. Evaluate the given following maps at a given point: Linear Maps
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Examples(cont.)

Example. Some examples involving differentiation and

integration:

D(3z° +4z — 1) = 6z + 4
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Examples(cont.)

Example. Some examples involving differentiation and
integration:
D(3z° +4z — 1) = 6z + 4

y
/ 2 —efdr =
1
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Kernel

Definition. Let V' and 11/ be two vector spaces and
T :V — W alinear map.
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Kernel

Definition. Let V' and 11/ be two vector spaces and

T :V — W alinear map.

m Al Theset Ker(1T) ={v €V : T(v) = 0} is called the
kernel of 1’
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Kernel

Definition. Let V' and 11/ be two vector spaces and

T :V — W alinear map.

m Al Theset Ker(1T) ={v €V : T(v) = 0} is called the
kernel of 1’

m A2 The set
Im(T)={w e W :thereexistsav € V : T'(v) = w}
is called the image of 7".
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Kernel

Definition. Let V' and 11/ be two vector spaces and Linear Maps

Linear Maps
Two Important Examples

T . V — W a ||near map The Integral(cont.)

Two Important Examples(cont.)

m Al Theset Ker(T) ={v eV :T(v) =0}iscalledthe e
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Theorem

Theorem. The kernel of T is a vector space.

Proof. Letu,v € Ker(T)andr,s € R We have to show
that ru + sv € Ker(T). Now,u,v € Ker(T) if and only if
T(u) =T(v) = 0. Hence,

T(ru+sv) = rT(u)+ sT(v) (Tislinear)
r-0+s-0 (u,ve Ker(T))
= 0

This shows that ru + sv € Ker(T). O
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Remark

Remark: Let R? — R? be the map:
T(z,y) = (2" +y,2 +y).
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Remark

Remark: Let R? — R? be the map:

Then,

T(z,y) = (2" +y,2 +y).

T(1,-1)

(1—1,1—1)

(0,0).
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Remark

Remark: Let R? — R? be the map: o
The Integral(cont.)

CZ—V(:L'7 y) — (CE2 _|_ y’ T —|_ y) Bv;:r:ir:i]gr?rtantExamples(cont.)

Lemma
Examples

Examples(cont.)

T h e n Examples(cont.)
’ Examples(cont.)
Examples(cont.)

CZ—"(];7 _1) — (1 - 1, 1 - 1) — (O, O) Egz:i:gf;ample
Examples(cont.)

BUt CF(Z(].7 —1)) — T(z’ —2) — (4 _ 27 2 _ 2) — Kernel
2,0)# 0,0 st

So if T is not linear, thenthe setv e V : T'(v) =0 is
In general not a vector space.




Examples

Example. Let R* — R be the map: T'(x,y) = 2z — v.
Describe the kernel of I".

We know that (x, 1) is in the kernel of T' if and only if
T(x,y) =2x—1y =0,

Hence, y = 2x. Thus, the kernel of T is a line through (0, 0)
with slope 2.
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Examples(cont.)

Example. Let R® — R? be the map:
T(x,y,z) = (20 — 3y + z,x + 2y — z). Describe the
kernel of I

We have that (x,y, z) € Ker(T) if and only if
20 —3y+2=0 and x4+ 2y — 2 =0.

The equations describe planes through (0, 0, 0) with normal
vectors (2, —3,1) and (1,2, —1) respectively. The normal
vectors are not parallel and therefore the planes are different,

It follows that the intersection is a line.
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Examples(cont.)

Let us describe this line. Adding the equations we
get:
Jr—y=0 or y=3ux.

Plugging this into the second equation we get:
O=x+203z)—z=T7r—2 oOr z="Tx.

Hence, the line is given by: x - (1,3, 7).
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Theorem

Theorem. Let V' and W be vector spaces, and Linear Mps

Linear Maps
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T :V — W linear. Then, Im(T') & W is a vector space.  memssateon) "~
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such that T'(uy ) = wq, T'(ug) = ws. Letr, s € R. Then, Erampls
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Chapter 5

Inner Product

Inner Product

Inner Product

Inner Product(cont.)
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Inner Product

Let us start with the following problem. Given a

Inner Product(cont.)

point P € R? and a line L € R?, how can we find
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the point on the line closest to P?
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Inner Product

Let us start with the following problem. Given a
point P € R? and a line L € R?, how can we find
the point on the line closest to P?

Answer: Draw a line segment from P meeting the
line in a right angle. Then, the point of intersection
IS the point on the line closest to P.
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Inner Product(cont.)

Let us now take a plane L € R and a point
outside the plane. How can we find the point u € L
closest to P?

The answer is the same as before, go from P so
that you meet the plane in a right angle.
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Observation

In both examples we need two things:

Inner Product

Inner Product
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Observation

In both examples we need two things:

= A1 We have to be able to say what the length of
a vector is.
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Observation

In both examples we need two things:

= A1 We have to be able to say what the length of
a vector is.

m B1 Say what a right angle is.
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Observation

In both examples we need two things:

m A1 We have to be able to say what the length of
a vector is.

m B1 Say what a right angle is.

Both of these things can be done by using the
dot-product (or inner product) in R™.
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Definition

Definition. Let (21, 3, ..., ), (Y1, T2, ..., Yn) € R™. I

Inner Product(cont.)

Then, the dot-product of these vectors is given by the

Examples

n U m be I’ Perpendicular

Perpendicular(cont.)

Example
Question 1

((z1, 22, s Tn), (Y1, T2y ooy Yn)) = T1y1+T2Y2+ - TnYn. Do
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proof
Examples
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Examples
Examples
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Definition

Definition. Let (21, 3, ..., ), (Y1, T2, ..., Yn) € R™. I

Inner Product(cont.)

Then, the dot-product of these vectors is given by the

Examples

n U m be r Perpendicular

Perpendicular(cont.)

Example
Question 1

((:El? L2y s CIZ'n), (yla Loy wuny yn)) — $1y1+$2y2+...+xnyn. Question 2

Definition

Definition

The norm (or length) of the vector ke

— . . roof

U= (x1, %3, ....,T,) € R™is the non-negative number: G
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Jull = V{w,u) = /23 + a3 + ... 4 a2,
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Examples

Inner Product
Inner Product
Inner Product(cont.)

Example. m g) ((1,2,-3),(1,1,1)) =14+2-3=0 e
Ferpandiularicont)
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Perpendicular

Because,

[ T1y1 + Toys + oo + T Yn| < A/ X2 423 + ... +x%\/y% +ys+ ... +y?

or
[(w, v)| < lull - [|v]

we have that (for u, v # 0)

< (wy)
= |- ol
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Perpendicular(cont.)

Hence we can define:

B (u,v)
cos( (V) = T el

In particular, u_Lv (u perpendicular to v) if and only
if (u,v) =0.
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Example

Example. Let L be the line in R? given by y = 2x. Thus, e Produe

Inner Product(cont.)
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Definition
L={r(1,2):r €R}.
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Question 1

Question 1: What is the point on L closest to P?
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Question 1

Question 1: What is the point on L closest to P?

Answer: Because u € L, we can write « = (r, 2r).
Furthermore, v —u=(2—r,1 —2r)is
perpendicular to L. Hence,

0=((1,2),2—r,1—2r))=2—r+2—4r =4 —5r.

Hence, r = £ and ¢ = (3, 2).

Inner Product

Inner Product

Inner Product(cont.)
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Question 2

Question 2: What is the distance of P from the
line?
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Inner Product
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Question 2

Question 2: What is the distance of P from the L

. Inner Product(cont.)
| I n e ? Observation
. Definition
Examples
Perpendicular

Answer: The length of the vector v — u, I.e. e

Example

|v — ul|. First we have to find out what v — u is. We
have done almost all the work: gz::zi:r:g,e':s

51 4 8 6 —3 proat
’U —_ u f— ( ) — (_ _) — (_ _). Examples(cont:)
’ 55 5 5 B

Examples(cont.)

Problem

The distance therefore is: Faois
36 9 35

_— = = proof

% + 25 5 ’ Example



Properties

m 1 (positivity)To be able to define the norm, we
used that (u,u) > 0.
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Properties

m 1 (positivity)To be able to define the norm, we
used that (u,u) > 0.

m 2 (zero length)All non-zero vectors should have
a non-zero length. Thus, (u,u) = 0 only if u = 0.
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Properties

m 1 (positivity)To be able to define the norm, we
used that (u,u) > 0.

m 2 (zero length)All non-zero vectors should have
a non-zero length. Thus, (u,u) = 0 only if u = 0.

m 3 (linearity)lf the vector v € R” Is fixed, then a
map u — (u,v) from R™ to R is linear. That is,

(ru + sw,v) = r(u,v) + s(w,v).

Inner Product

Inner Product

Inner Product(cont.)
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Properties

m 1 (positivity)To be able to define the norm, we
used that (u,u) > 0.

m 2 (zero length)All non-zero vectors should have
a non-zero length. Thus, (u,u) = 0 only if u = 0.

m 3 (linearity)lf the vector v € R” Is fixed, then a
map u — (u,v) from R™ to R is linear. That is,

(ru + sw,v) = r(u,v) + s(w, v).

m 4 (symmetry) For all u,v € R" we have:
(u,v) = (v, u).
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Properties

m 1 (positivity) To be able to define the norm, we e Procuc
Inner Product(cont.)
used that (u, u) > 0. Observaton
m 2 (zero length)All non-zero vectors should have Perpanccaia oot
a non-zero length. Thus, (u,u) = 0 only if u = 0.
m 3 (linearity)lf the vector v € R” Is fixed, then a Detiton
map v — (u,v) from R” to R is linear. That is, cramis

Examples(cont.)
Examples(cont.)
p— Examples(cont.)
(ru + sw,v) = r(u,v) + s(w,v). Eranpecont)
Problem
Facts

m 4 (symmetry) For all u,v € R” we have: Tren

Note

(u,v) = (v, u). o,

Example

We will use the properties above to define an inner
product on arbitrary vector spaces.



Definition

Let V' be a vector space. An inner product on V' is e Frode

Inner Product(cont.)

. I I Observation
amap (.,.): V x V — R satisfying the following
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Definition

Let V' be a vector space. An inner producton V' is ~ {mereose
. . . Inner Pro.duct(cont.)
amap (.,.): V x V — R satisfying the following Observaton

p rO pe rti eS : Perpendicular

Perpendicular(cont.)

Example

= 1 (positivity) (u,u) >0, forallv e V.
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Definition

Let V' be a vector space. An inner produ

ctonV iIs

amap (.,.): V x V — R satisfying the following

properties:
= 1 (positivity) (u,u) >0, forallv e V.

m 2 (zero length) (u,u) = 0 only if u = 0.
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Definition

Let V' be a vector space. An inner produ

ctonV iIs

amap (.,.): V x V — R satisfying the following

properties:
m 1 (positivity) (u,u) >0, forallv e V.

m 2 (zero length) (u,u) = 0 only if u = 0.

m 3 (linearity)lf v € V Is fixed, then a map

u — (u,v) from V to R is linear.
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Definition

Let V' be a vector space. An inner produ

ctonV iIs

amap (.,.): V x V — R satisfying the following

properties:
m 1 (positivity) (u,u) >0, forallv e V.

m 2 (zero length) (u,u) = 0 only if u = 0.

m 3 (linearity)lf v € V Is fixed, then a map

u — (u,v) from V to R is linear.

m 4 (symmetry) (u,v) = (v,u), for all u,v € V.

Inner Product

Inner Product

Inner Product(cont.)
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Definition

Definition. We say that « and v are perpendicular if

(u,v) = 0.

Inner Product
Inner Product
Inner Product(cont.)
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Definition

Definition. We say that © and v are perpendicular if Iner Product

Inner Product

Inner Product(cont.)
(U ’ U ) — O . Observation

Definition

. . Examples

Definition. If (.,.) is an inner product on the vector space V/, rovendovr

then the norm of a vector v € V' is given by: Sation
Question 2
Properties

Definitinan
P Properties
u - u) u S Examples

proof
Examples(cont.)
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Examples(cont.)
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Properties

Lemma. The norm satisfies the following properties:
m1||ul| >0,and ||u|| =0 only if u = 0.
w2 |rul| = |r|-[[ul]

Proof. We have that

rull = /(o)
= VW
= /() = Ir| - ull




Examples

Example. Leta < b, [ = |a,b], andV = PC(la,b]). e Frode

Inner Product(cont.)
D e f I n e ; Obs.e.r\_/ation
’ Definition
Examples
Perpendicular

b
(f? g) — / f(t)g(t) dt Eirar::;d;cular(cont.)

Question 1
Question 2
Properties

Then, (.,.) is an inner product on V. peton
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Propertie

proof
Examples(cont.
Examples(cont.
Examples(cont.
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proof
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proof
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proof

Proof. Letr,s € R f g,h € V. Then:
mi1(f f)= f f(t)?dt. As f(t)* > 0, it follows that

[2 f(t)2dt > 0.
m2If(f, f):O thenf( )2 =0forallt,ie f =0.

w3 [, (rfsg)(t)(t) dt = [, rf(£)h(t) + sg(t)h(t) di

_ / () dt+s/bg(t)h(t) i
= r(f,h)+s(g,h).

Hence, linear in the first factor.

m4As f(t)g(t) = g(t)f(t), itfollows that (f, g) = (g, f).

Notice that the norm is:

m=¢/ﬂww




Examples(cont.)

Example. Leta = 0, b = 1 in the previous example. That is,  merrodme
Inner Product(cont.)

f(t) =t*and g(t) =t — 3t>. Then: Otsenion
E:?g;ﬂldeiiular
Perpendicular(cont.)

1
(o) = | #-3)ar
0

Properties
Definition

1 Definition
3 4 Properties
E les
t3 — 3t*) dt
Examples(cont.
0

)
Examples(cont.)
Examples(cont.)
3 Examples(cont.)
— = Problem
Facts
5 Theorem

proof
Note
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Examples(cont.)

Also, the norms are: o —
Inner Product(cont.

Observation
Definition

]. 1 Examples
4 Perpendicular
’ ‘ f ‘ ‘ p— t dt ==l Perpendicular(cont.)
Example
0 5 Question 1

Question 2
Properties
Definition
Definition
Properties

1 Examples
proof
(t — 3t?)* dt S
O Examples(cont.)
1

gl

Examples(cont.)
Problem

Facts

Theorem

roof
— t2 - 6t3 —|_ 9t4 dt Eote
O Tﬁ:]:::m

- 1 3 _|_ 9 Example
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Examples(cont.)

Example. Let f(t) = cos 2wt and g(t) = sin 27t. Then: e fods
Inner Pro.duct(cont.)
1 Defnion
Examples
(f,9) cos 27t sin 27t dt rovendou
Y g Perpendicular(cont.)
0

Example
Question 1
1 1 Suesti?n 2
' 2 0 Deiiton.

o I:(S].I]. 27Tt) :I 0 T ° Definition
7-‘- Properties

Examples

proof

So, cos 27t is perpendicular to sin 27t on the interval |0, 1. Examples(cont)

Examples(cont.)
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proof

Note
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Examples(cont.)

Example. Let f(t) = X0.1/2) — X[1/2,1) and g(t) = Xjo.1)-

Then:

(f,9)

One can also easily show that || f|| = ||g|| = 1.

1 P ar
/ (X10,1/2) () — X[1/2,1) () (X[0,1)) dt S
0 5

1 : n
/ Xioa/2)(t) dt = / X(1/2)(t) dt
0 0

1/2 1 1
/ dt—/ dt = - =—-=0.
0 1/2 2 2




Problem

g - T I Inner Product
PrOblem- Flnd a pOIynomIaI f(t) — a —l_ bt that IS Inner Product
. . Inner Product(cont.)
p— — Observation
perpendicular to the polynomial g(¢) = 1 — ¢.
Examples
Perpendicular
Perpendicular(cont.)
Example
Question 1
Question 2
Properties
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Definition
Properties
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proof
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Examples(cont.)
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proof
Note
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Problem

Problem: Find a polynomial f(¢) = a + bt that is
perpendicular to the polynomial ¢g(t) =1 — ¢.

Answer: We are looking for numbers a and b such

that:

0=1(f,9)

/1(a+bt)(1—t) it

1
/ a -+ bt — at — bt* dt
0

Inner Product

Inner Product

Inner Product(cont.)
Observation
Definition

Examples
Perpendicular
Perpendicular(cont.)
Example

Question 1
Question 2
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proof

Examples(cont.)

Examples(cont.)
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Problem

Problem: Find a polynomial f(¢) = a + bt that is ot —
perpendicular to the polynomial g(¢) =1 — ¢. Obsenvaton

Answer: We are IOOking for numbers a and b SUCh Perpendicular(cont.)

Example
Question 1
th at : Question 2
] Properties
Definition
Definition
Properties

1
0= (f.9) = [ (aroni-ta =
0

Examples(cont.)
Examples(cont.)

Examples(cont.)

1 E QN
— /a+bt—at—bt2dt
Theorem
O proof

Note

b a b b
= 0t5; 7573 i
b

Thus, 3a + b = 0. So, we can take f(t) =1 — 3t.



Facts

We state now two important facts about the inner
product on a vector space V. Recall that in R we
have:

(u,v)

lull - vl

cos(f) =

where u, v are two non-zero vectors in R? and 0 is
the angle between v and v. In particular, because
—1 < cosf < 1, we must have:

H(w, )| < Jlull - [loll-

We will show now that this comes from the
positivity and linearity of the inner product.
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Inner Product(cont.)
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Theorem

Theorem. Let V' be a vector space with inner product (.,.). Inner Product

Inner Product(cont.)

; Observation
Then. Definition
Examples
| (U, U) | < ||/U,‘ ’/U” Perpendicular
_ Perpendicular(cont.)
Example

Question 1
forallu,v € V. Guestion 2
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Definition
Definition
Properties
Examples
proof
Examples(cont.
Examples(cont.
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proof
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proof
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proof

Proof. We can assume that u, v # 0 because otherwise both ok
Inner Product(cont.)

the LHS and the RHS will be zero. By the positivity of the Observaton

Definition

1 . Examples
inner product we get: e
Perpendicular(cont.)
Example
Question 1
Question 2
Properties
'U, u) ('U, U) I Definition
2 U, v — 2 u) (pOSZtZ?JZty) Definition
u Properties
|| || Examples

2 proof
= (v,0) = 2,0 - 12 Wbl 4wy (inearity)  Samee
’ | u ’ | Examples(cont.)
Examples(cont.)

( : ) 2 Problem

Facts

T2E T e mmety) i
[wll [Jul]

Note
Lemma
2 Theorem
proof
2 ° Example
[[wll

Thus,
(u,v)?

2
]

<oll® or lI(u, )]l < llufl - [lv]l-



Note

Notice that: e oyt

Inner Product(cont.)

Observation
(u fU ) (u /U ) Definition
) Examples
2 ) Perpendicular
u Perpendicular(cont.)
Example

Questi
. Properties
Only If Definition
D h
P

(
(
Examples(
(

. Examples(cont.
I u e = Problem

Facts

(U, ; v ) Theorem

v = 5 U [ —

Hu” Lemma

Theorem
proof

Thus, v and u have to be on the same line through =
0.



Lemma

. Inner Product
We can therefore conclude:
Inner Product(cont.)
Observation
Definition
Examples

Lemma. ||(u,v)|| = ||u|| - ||v|| ifand only ifu and v are on ~ Fevensious
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. Example
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Question 2
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proof
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Examples
Examples
Examples
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Theorem

' 1 1 1 Inner Product

The following statement is generalization of
Inner Product(cont.)
Observation

Pythagoras Theorem.
Examples
Perpendicular
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Definition
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proof
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proof
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Theorem

The following statement is generalization of

Pythagoras Theorem.

Theorem. Let V' be a vector space with inner product (.,.).

Then:
Ju+ o] < flull - o]

for all w,v € V. Furthermore,
and only if (u,v) = 0.

2 2 .
uol* = [ull]® + ol i

Inner Product

Inner Product
Inner Product(cont.)
Observation
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Examples
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Question 2
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Definition
Properties
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proof
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Examples(cont.)
Examples(cont.)
Problem

Facts

Theorem

proof
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proof
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proof

Proof.
Hu+v||2 = (u+v,u+0)
= (u,u) + 2(u,v) + (v,v) (¥)
2 2
< lul]” +2|ul| - [Jv]] + [Jv]]

(Ilwll + llvl)*.
If (u,v) = 0, then (*) reads:

2 2 2
lu+of|” = Jlull” 4 [v]

On the other hand, if ||u 4 v||* = ||u|* + ||v||*, we see from
(*) that (u,v) = 0. O




Example

Example. Letu = (1,2,—1),v = (0,2,4). Then:
(u,v) =4—-4=0

and
lu|>=1+4+1=6,|v|* =4+ 16 = 20.
Also, u + v = (1,4, 3) and finally:

lu4v|°=1+164+9=26=6+20 = |jul|” + ||v]°.




Generating Sets and Bases

Generating Sets and Bases
Intro

Intro(cont.
Intro(cont.
Intro(cont.
Intro(cont.
In general

C h t r 6 Possibilities
a p e Case C
Case C (cont.)
Definition
Definition
Lemma
proof

Generating Sets and Bases

Example(cont.)
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Examples
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Generating Sets and Bases

Generating Sets and Bases

Let V' be the vector space R* and consider the
vectors (1,0), (0,1). Then, every vector (z,y) € R? ot

Intro(cont.)

Intro(cont.)

can be written as combination of those vectors. ntra(oont)

. In general
T h at I S . Possibilities
C Case C

Case C (cont.)

(z,y) = z(1,0) + y(0, 1). Deriton

Lemma
proof

Similarly, the two vectors (1,1) and (1, 2) do not

Examples

belong to the same line, and every other vector can  gamete
be written as a combination of those two vectors. Ej
Eizmg:?cont.)




Intro

In particular:
(z,y) = a(1,1) + (1,2)
gives us two equations
a+b=x and a+2b=vy

Thus, by substituting the first equation to the
second, we get

b= —x+y
Inserting this into the first equation we get

a=2r —y

Generating Sets and Bases

Intro(cont.)
Intro(cont.)
Intro(cont.)
Intro(cont.)

In general
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Case C
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Definition
Definition
Lemma

proof
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Examples
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Intro(cont.)

I h t 3 Th Generating Sets and Bases
Ta ke fOr exam p e t e pOI n e n Generating Sets and Bases
(4 3) . ( ) ( ) ( ) Intro(cont.)
’ — Intro(cont.)
Intro(cont.)
In general
— ( ) ( ) Possibilities
Case C
Case C (cont.)
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Definition
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proof
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Intro(cont.)

We have similar situation for R? and all of the e

spaces K”. e r—

In the case of R°, for example, every vector can be  fxbies
Case C (cont.)

written as combinations of (1,0,0), (0,1,0) and Defron
(0,0,1), i.e.,

(z,y,2) = x(1,0,0) + y(0,1,0) + 2(0,0,1). i
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Or, as a combination of (1,—1,0),(1,1,1) and S
(0,1,—1), that is:

(2,9,2) = a(1,~1,0) +b(1,1,1) + ¢(0, 1, ~1).
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The Iatter glves three equathn g::eratingSetsandBases
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(2) + (3) gives:
(cont.)

—a+2b=y+2z (4) e

ont.)

(4) + (1) gives: Eramplont)

7L _|_ y _|_ z Examples
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3b=x +y+ z0rb =



Intro(cont.)

Then (1) gives:

|

&
|

S¥
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Finally, (3) gives:

Hence, we get:

2 — Yy — 2
3

(z,y,2) = (1,—1,0)+

(1,1,1)+

T+ y— 2z
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In general

Notice that we get only one solution, so there is
only one way that we can write a vector in R® as a
combination of those vectors. In general, if we
have k vectors in R?, then the equation:

r = (x1,Ta,...,Tp) = CLU] + CoUs + ... + U (%)

gives n-equations involving the n-coordinates of
U1, Vo, ..., v, and the unknowns ¢y, s, ..., ci.. There
are three possibilities:
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Possibilities

m A The equation(”) has no solution. Thus, x can
not be written as a combination of the vectors
U1,U9, ..., UL.

m B The equation (*) has only one solution, so z

can be written in exactly one way as a
combination of vy, vq, ..., vs.

m C The system of equations has infinitely many

solutions, so there are more than one way to
write x as a combination of vy, v, ..., vk.
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Case C

Let US IOOk at the IaSt Case a Iittle Closer. |'|: We Generating Sets and Bases

Generating Sets and Bases
. . ' . Intro
write x in two different ways: i
Intro(cont.)
Intro(cont.)

— (10U —|_ CoVU9 —|_ —|_ CrLUL In general
f— dl’Ul —|— d2f02 —|— _|_ dl{?vk Case C (cont.)

Definition
Definition

Lemma

Then, by subtracting, we get:

Examples
Example(cont.

)
)

O — (Cl — dl)vl —|— (CQ — dQ)’UQ —|_ —|_ (Ck — dk)vk Eizmgigg:b

Examples
Example(cont.

)
where some of the numbers ¢, — d; are non-zero. Eeamplatsont)
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Examples
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Case C (cont.)

Similarly, Since We Can Write: Generating Sets and Bases
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T = C1U] + CoUg + ... + CLUg Definition

Lemma
roof

then We aISO have Eg;c;:lggs
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L — (C1 -+ &1)?}1 R (CQ R &2)?}2 -+ ... + (Ck = ak)vk. Eiimgzgzom.)
o
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Thus, we can write x as a combination of the Examplo(cont

vectors vy, v, ..., v; In several different ways (in fact o
oco-many ways). We will now use this as a

motivation for the following definitions.




Definition

Definition. Let I/ be a vector space and vy, v, ..., v, € V.
m1iLletl}V C V be asubspace. We say that IV is spanned
by the vectors vy, vs, ..., v, if every vector in W can be
written as a linear combination of v, Vo, ..., U,. Thus, if
w € W, then there exist numbers ¢y, ¢, ..., ¢, € R such

that w = c1v1 + cov9 + ... 4+ C,U,,.

m 2 The set of vectors vy, vo, ..., v, Is linearly dependent if
there exist ¢, co, ..., ¢, not all equal to zero, such that
c1U1 + covo + ... + ¢, v, = 0.
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Definition

Definition. ®m 1 The set of vectors vy, Vs, ..., U,, IS
linearly independent if the set is not linearly dependent(if
and only if we can only write c;v + cov9 + ... + ¢, v,, = 0
with all ¢; = 0).

m 2 The set of vectors vy, vy, ..., V,, is a basis for W, if
V1, Vs, ..., Uy, is linearly independent and spans V.
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Lemma

Before we show some examples, let us make the
following observations:

Lemma. Let V' be a vector space with an inner product (., .).

Assume that v, vy, ..., U, iS an orthogonal subset of vectors
inV (thus (v;,v;) = 0 ifi % j). If

V,V;
V= CiV1 + U9 + ... + C,v,, thenc; = (v,0i)

lvill*?

1=1,...,n.
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proof

PI'OOf. Assume that VvV = Clvl —|— 62’02 —|— - —|— Cn/Un Take the Generating Sets and Bases
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inner product with v in both sides of the equation. The LHS is  iraeon
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(v,v1). The RHS is: o)
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c1(v1,v1) + co(V2, V1)  22Eem

Definition

..+ n(n, v1)  —

Corollary

— (Ul - Ul) Examples
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Example(cont.)
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(c1v1 + cov9 + ... + ¢ Uy, V1)

Examples
Example(cont.)

Thus, (v,v1) = ¢ ||v1]|, ore1 = o2+ Repeat this for Cari

V2, .oy Up. [l
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Corollary

Corollary. If the vectors v, V2, ..., v,, are orthogonal, then

they are linearly independent.
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Examples

Example. LetV = R?%. The vectors (1,2) and (—2, —4)
are linearly dependent because:

(—2)(1,2) + 1(—2, —4) = 0.

The vectors (1,2), (1, 1) are linearly independent. In fact,
(1,2), (1, 1) is a basis for R?.
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Example(cont.)

Indeed, let (z,y) € R Then,

(x,y) — 01(172)—'_62(171)
(Cl —|—CQ,261 —|—02).

Thus,

r = C1+ Co

Yy = 2¢1 + Co.

Subtracting we get: v —y = —c¢y,0rc; =y — .
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Example(cont.)

Plugging this into the first equation we get:
co=x—c=x—(y—1x) =2 —Y.

Thus, we can write any vector in R* as a
combination of those two. In particular, for (0,0) we
get Ci1 — Cop = 0.
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Example(cont.)

The vectors (1,2), (—2,1) are orthogonal and
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hence linearly independent, and in fact a basis. o)

Intro(cont.)
H Intro(cont.)
e n Ce 3 Intro(cont.)

In general

(CC, y) — Cl(l, 2) + CQ(—27 1) Possiiiles

Case C (cont.)

Taking the inner product we get: ¢; = ﬁjg = I o

- Corollary
a' n d C2 — 2$+y D Examples
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Examples

Example. Let V' = R>. One vector can only generate a line, -
Intro

fwo vectors can at most span a plane, so we need at least intro(cont)

(
Intro(cont.
(

)
three vectors to span R®. The vectors (1,2,1), (1,—1,1) irodoont)

In general

are orthogonal but not a basis. In fact, those two vectors span 2%

Case C (cont.)
- Definition
the plane: Definiion
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3 proof
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|/‘/ p— (:E7 y’ Z) E R . Z = 0 Examples
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(explain why).
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On the other hand, the vectors: Eiiﬂﬁiﬁi
(1,2,1),(1,—1,1)and (1,0, —1) are orthogonal, and
hence a basis.



Example(cont.)

We have, for example: Genrating Sets and Baces
Intro
Intro(cont.)
(4,3,1) = ¢1(1,2,1) + co(1,—1,1) + ¢3(1,0, —1) p
Intro(cont.)
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with Geose & cont)
446+1 Detition
C1 = Lem;na
Cl+4+1 Cotay
4—-3+1 xamplotoont)
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Examples
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In general, we have:
T+ 2y+ 2

(1,2,1)+

(aj? y7 Z) —




Examples

Let us now discuss some spaces of functions:

a) Let vg(z) = 1,v1(2) = z and vy(x) = z°. Then,
v, V1 and vy are linearly independent.

0 = covo(x)+ crvr(x) 4+ covo(x) for all x

2
= Cop+ C1T + Cx

Take = 0, then we get ¢; =0
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Example(cont.)

Differentiate both sides to get:
0=1c + 2cx

Take again x = 0 to find ¢; = 0. Differentiate one
more time to get that ¢, = 0. Notice that the span
of vy, v1, v IS IN the space of polynomials of degree
< 2. Hence, the functions 1, z, 2 form a basis for
this space. Notice that the functions

1 +x,1—2x, x° are also a basis.
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Examples

b) Are the functions vy(z) = =, v1(x) = ze® linearly

Generating Sets and Bases
independent/dependent on R? Answer: No. oy

Intro(cont.)

Intro(cont.)

Assume that 0 = coz + c1ze”. It does not help to
Case C (cont.)

put x = 0 now, but let us first differentiate both

Definition
Lemma

sides and get:

Corollary
Examples
Example(cont.

X xT )
O — CO _|_ (316 _|_ 01336 Example(cont.)
Example(cont.)
Examples
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Now, z = 0 gives:
0= Co + C1 (1) e

Differentiating again, we get:

0=cie® + ci1e®” + cize®. Now, x = 0 gives 0 = 2¢y,

or c; = 0. Hence, (1) gives ¢; = 0.
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c) The functions x, 1y, X[L,1) @re orthogonal and

Generating Sets and Bases
Intro

hence linearly mdependent. Let us show this rocont)
directly. Assume that o

) = ClX[O 1y + CQX[ 1)- Gase G (cont)

Definition
Definition
Lemma
proof

An equation like this means that every x we put

Examples

into the function on the RHS, the result is always 0.  gemeeon

)
Example(cont.)
Example(cont.)
Examples
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Let us take = = 1. Then: Carpeton
Xj0,)(3) = 1, butx1 1) (3) = 0. Hence,
O=cy;-1+4+¢y:0, or ¢; = 0. Taking = = 2 shows

that ¢, = 0.



Examples

d) The functions X[0,1)> X[o,1) @re not orthogonal, but

linearly independent.

0= c1Xjo,1) + C2Xpo,1)-
Take x so that X[o,%)(x) = 0 but xj01)(z) = 1. Thus,
any z € [0,1) \ [0,3) = [5,1) will do the job. So,

)
take = = % Then, we see that:

O=c -14+cy-0,0rcg =0.

Then take = = 1 to see that ¢, = 0.
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Gram-Schmidt Orthogonalization

The "best" basis we can have for a vector space is

Procedure

an orthogonal basis. That is because we can most e

Procedure(cont.)

easily find the coefficients that are needed to Erampesicont)
express a vector as a linear combination of the Eranples(cont)
basis vectors vy, ..., v,: oot
v, U1 v,V
— ( 7 2)?}1—|—...—|—( ’ n2) n-
o] [0n ]

But usually we are not given an orthogonal basis.
In this section we will show how to find an
orthogonal basis starting from an arbitrary basis.




Procedure

Let us start with two linear independent vectors v,

and v, (i.e. not on the same line through zero). Let  Fecsdieem

Procedure(cont.)

w; = v;. How can we find a vector u, which is S e,
perpendicular to u; and that the span of u; and us Examplescon)
is the same as the span of v; and v,? We try to Teorem

find a number a € R such that:
Uy = auy + vy, Uy L uyg
Take the inner product with «; to get:

0= (U27U1) — @(Ubul) =+ (02,101)

= aflul + (v, )




Procedure(cont.)

What if we have a third vector v3? Then, after Cram Sehidt Orthogonateaton
choosing uy, u, as above, we would look for u3 of Pcedscon,
the form: Caion)

U3z = AU + GoU + U3 Eiiﬂﬁ:ﬁggggi

Take the inner product with «; to find:

0= (Usa Ul) — aq HU1H2 + (U37 Ul)

or
(U3au1)
L= 2
ua |
or
_ (U3au2)
3 — 2




Procedure(cont.)

Thus: e
u;y — Uy
Vo, U
Ug = V2 — ( > ;) 1
Jua |
(U37 ul) (/037 u2)
3 — U3z — 5 U1 — 5 U2




Examples

Example. Letv; = (1,1),v2 = (2, —1). Then, we set S
u = (1,1) and ko
Us — (27 —1) — (UQ’U;) 1
|
2 —1
— (27 _1) o T(la 1)




Examples(cont.)

Example. Letv; = (2, —1),v9 = (0,1). Then, we set :
uy = (2,—1) and Foson

ro (ont:)
(’U u ) xa (cont.)
[0}
uy = (0,1) — ~2—2uy Camptsont
lua | e




Note

ram-Schmidt Orthogonalization
ram-Schmidt Orthogonalization

We could have also started with v, = (0,1), and
get first basis vector to be (0, 1) and second vector

to be: i —

2,—1)-(0,1 Crampesicon
(27 _1> — ( 7 ) ( ’ )(O’ 1) — (27 O) E;(:(Trr:r:sgcont.;

10, DI




Examples(cont.)

Example. Letv; = (0,1,2),v, = (1,1,2),v3 = (1,0, 1).
Then, we setu; = (0,1,2) and
(0,1,2)-(1,1,2)
2
1(0,1,2)]

(0,1,2)

u, = (1,1,2) —

_ (1,1,2)—2(0,1,2)
— (1.0,0)

(1,0,1) — %(0, 1,9) — (1,0,0)

S
W
|

1
= 2(0,-2,1
5(7 7)



Examples(cont.)

Example. Letvy = 1,v; = x, vy = 2. Then, vy, V1, Uy is
a basis for the space of polynomials of degree <. But they are

not orthogonal, so we start with ug = vy and
(v1,u0)

U] = V1 — Tuoll? Ug. So we need to find:
1
| 1
V1, Ug) = wom = |—as = —
o) = [ ade = [5ah = 5

1
fuol* = [ 1do = o]} =1
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Examples(cont.)

Hence, u; =z — ;. Then:

We also find that:

1

(v, ug) = /xzdmz
0

! 1 1

_ 20, _ —

(vg, u1) = /Oa:(a: 2)da: =

1
1 1
luf? = / (z— 2)de = —.
; 2 12
1 1

_ .2 _ 2 1
Hence, us =2° -3 —(z — 3) =2 — o+ 5.



Theorem

Theorem. (Gram-Schmidt Orthogonalization)Let V' be a Sram-Sehmidl Orhogonalzation
. . Procedure
vector space with inner product (., .). Letvs, ...,V be a o)
linearly independent set in V. Then, there exists an xamplesicont)
Note
orthogonal set uy, ..., uy such that (v;, u;) > 0 and crampeicon)
span{v;, ..., v;} = span{uy,...,u;} foralli =1, ..., k.

Proof. See the book, p.129 — 131. ]
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