Solutions to homework due Nov 19.
Recall first the following few fact:

a) Let V be a vector space and W a subspace. Suppose that W is spanned by
orthogoanl vectors uy, ..., ug. Then every vector in W can be written in a unique
way

u <u,u; >
u=y SWW 2,
j=1 ||uJ||

Furthermore the orthogoanl projection Py : V — W is given by the formula

Pv) =Y S0 2y,
i gl
where v is an arbitrary vector in V. The vector Py (v) is the vector in W closest
to v and the distance of v to W is the number ||v — Py (v)||.
b) In general we have not a set of orthogonal vector spanning W but only a linear in-
dependent spanning set uy, ..., u;. The Gram-Schmidt orthogonalization produces
form uy,...,u; an orthogonal spanning set v, ..., vy in the following way:
(1) Let Vi =1ug.
(2) Let Vo = U — <u2’1v1>V1,
(3) If we have alrady constructed the orthogonal vectors v;, 1 < j < k, then
we construct the vector v;; by

j
Vi+1 = Wjp1 — Z %Vz‘ .
i=1 ¢
1) Let V = R® and let W be the plane generated by the vectors u; = (2,1, 3) and
w, = (1,1,-1).
a) Apply the Gram-Schmidt orthogonalization to {u;,u2} to find an orthogonal
spanning set {vq,va} for W.
Solution: We have < u;,us >=2+1—3 = 0 so the vectors u; and us are already
orthogonal so we can simply set vi = u; and v; = u,.

b) Write the formula for the orthogonal projection Py : V — W.
Solution: The orthogonal projection is
< (may7z)7v1 > < (mayaz);VZ >

PW(.’L',y,Z): 2 vi + 3 vy .
vl [Iv2ll

We now do the necessary calculation:
(1) <(z,9,2),v1 >=<(2,9,2),(2,1,3) >= 2z +y + 3z;
2) Vil =22 +12 43> =4+ 1+9=14;
(3) < (.’L',y,Z),Vz >=< (33,1/,73), (]-a ]-a _1) >=x+Yy—2;
2
@) [1a,1,-1)" =3
From this we get:

2z +y + 3z
Py (z,y,2) = — 4

Furthermore we have for each of the coordinates (after simplifying)
1

r+y—=z
Loty—z

(27153) (1715_1)



2

z-coordinate:

2c+y+3z2 z+y—2z 6x+3y+9z+Tx+Ty—"7z2
+
7 3 21
13z + 10y + 2z
21

y-coordinate:

2r+y+32z  z+y—2z 6z+3y+92+ 14z + 14y — 142

14 3 42
20z + 17y — bz

42

z-coordinate:

2+y+32z r+y—z 4z — by + 41z
14 3 42 '
The orthogonal projection is therefore

132 + 10y + 22 20z + 17y — 5z 4z — 5y + 412
21 ’ 42 ’ 42

3

Py (z,y,2) = (

c) Let u=(2,3,5). Find the point w € W closest to u.
Solution: The point in W closest to u is the orthogonal projection Py (u). Use
use the above formula to get:

26+30+10 40+ 51 —25 8 — 15+ 205
PW(2’3’5):( 21 : 42 ’ 42 )

22 11
-(779)

(N((i)tice that u—Pyy (u) = (2’3’5)_(¥’ %7 %) = (14;227 21;117 35;33) = (%87 %7 %)
an
-8 10 2 1
<(FF 1) @1 > 1641046 =0
and
-8 10 2 1
— =, = 1,1,-1) >= -(—-8+10-2) =0
<(F33) an-n>=t-s+10-2
and hence u — Py (u) is in fact orthogonal to W.)

2) Apply the Gram-Schmidt orthogonalization to the set {1,z,1 + z%}.

a) We let v; = 1.
b) Then the polynomial v, is given by
<z, v1>

Vo=T————5—Vi.
(V1]

We calculate:
() [val* = fy 12 dz = 2]

1
0:1
(2) <z,vi >= folx de = .



Hence

1
Vo =2 — = .
2
c) We have
v _1+x2_<1+$2,v1 >V _<1+.’L’2,V2>
3 Ml T Il

We calculate in this case

1) <l+22vi>=[[1+22d=1+1=4;
0 373
2 1 2 _
5 V2 — =
(2) < 1+a%vy >= [[1+2%)(z—1/2) dz

1111—L
st+ti—§=

) Vel = fy (o= 3)” do= 3 (- ], =3 (- (-

Hence v3 is given by



