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1. The heat equation on R"

» Consider the Laplace operator

on R™,
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1. The heat equation on R"

» Consider the Laplace operator

on R™,

» The heat equation is the Cauchy problem

Au(x,t) = Owu(z,t)
tlirél+u(x,t) = f(x)

where we can take f € L?(R™), a distribution, a hyperfunction, or from
another class of analytic objects.
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» Formally we write
u(w,t) = €' f(z)
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» Formally we write

u(z,t) = €' f(x) = H. f(x)
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» Formally we write

u(z,t) = e f(z) = H: f(=)

where {e!® = H;};>¢ is the heat semigroup . It is a linear map
H, : L?*(R™) — L?(R"™), but also a smoothing operator as we will see.
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» Formally we write

u(z,t) = e f(z) = Hy f(2)

where {e!® = H;};>¢ is the heat semigroup . It is a linear map
H, : L?*(R™) — L?(R"™), but also a smoothing operator as we will see.

» To actually solve the equation, we proceed by applying the Fourier
transform

A

Fo F()=F, A (2m) " / f(x)e~ ™ da

using that
FAHN) == APF)

and get the simple differential equation for ¢t — a(\, t):
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» Formally we write

u(z,t) = e f(z) = Hy f(2)

where {e!® = H;};>¢ is the heat semigroup . It is a linear map
H, : L?*(R™) — L?(R"™), but also a smoothing operator as we will see.

» To actually solve the equation, we proceed by applying the Fourier
transform

A

Fo F()=F, A (2m) " / f(x)e~ ™ da

using that
FAHN) == APF)

and get the simple differential equation for ¢t — a(\, t):

(N, t) = —[APaNt),  a(x0) = F(N).
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» The solution to this differential equation is @(\, ) = f(A\)e P
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» The solution to this differential equation is a(\, t) = f(A\)e~t*" and we
get the Fourier Transform Formula for the solution:

H,f(z) = (2m)~"/? / fA)emPFteire g 0.1)
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» The solution to this differential equation is a()\, ¢) = f(A\)e~ " and we
get the Fourier Transform Formula for the solution:

H,f(z) = (2m)~"/? / fA)emPFteire g 0.1)

» The heat kernel h; Is the solution to the heat equation with f = §¢. Using
that the §-distribution has Fourier transform 6y(\) = (27)~"/2 we get

Hibo(z) = he(z) = (2m)7" / e~ M tgizX gy
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» The solution to this differential equation is a()\, ¢) = f(A\)e~ " and we
get the Fourier Transform Formula for the solution:

H,f(z) = (2m)~"/? / fA)emPFteire g 0.1)

» The heat kernel h; Is the solution to the heat equation with f = §¢. Using
that the §-distribution has Fourier transform 6y(\) = (27)~"/2 we get

Hibo(z) = he(z) = (2m)7" / e~ M tgizX gy

o (47Tt)_n/26_|$|2/4t
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» The solution to this differential equation is a()\, ¢) = f(A\)e~ " and we
get the Fourier Transform Formula for the solution:

H,f(z) = (2m)~"/? / fA)emPFteire g 0.1)

» The heat kernel h; Is the solution to the heat equation with f = §¢. Using
that the §-distribution has Fourier transform () = (27)~"/2 we get

Hibo(z) = he(z) = (2m)7" / e~ M tgizX gy

o (47Tt)_n/26_|$|2/4t

» Itis clear from this formula, that R” > = — h;(z) € Rt has a holomorphic
extension to C" given by

he(z) = (dmt) 2= /4 224 422,
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» Note
O(f*xhy) = fx(0thy) = f*(Ahy) = A(f * hy)
and
lim fxh;=f*xdg=f

t—0+
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» Note
O(f*xhy) = fx(0thy) = f*(Ahy) = A(f * hy)
and
lim fxh;=f*xdg=f

t—0+

and we get the heat kernel formula for the solution:

Hif (@) = £ @) = (4nt) 2 [ fg)e e @00y 02
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» Note
O (f xhy) = fx(0thy) = fx(Ahy) = A(f % hy)
and
lim fxh;=f*xdg=f

t—0+

and we get the heat kernel formula for the solution:

Hof(2) = f * ho(a) = (drt) "2 / Fly)e@v/60 gy

» We read of from (0.1) or (0.2) that the function = — H; f(x) has a
holomorphic extension to C":

Hif(z) = (mt)™? [ fle "ty

(0.2)
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» Note
O (f xhy) = fx(0thy) = fx(Ahy) = A(f % hy)
and
lim fxh;=f*xdg=f

t—0+

and we get the heat kernel formula for the solution:

Hof(2) = f * ho(a) = (drt) "2 / Fly)e@v/60 gy

» We read of from (0.1) or (0.2) that the function = — H; f(x) has a
holomorphic extension to C":

Hif(z) = (mt)™? [ fle "ty
(27_‘_)—71/2/f()\)e—)\2t€iz-)\d)\

(0.2)
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» Note
O (f xhy) = fx(0thy) = fx(Ahy) = A(f % hy)
and
lim fxh;=f*xdg=f

t—0+

and we get the heat kernel formula for the solution:

Hof(2) = f * ho(a) = (drt) "2 / Fly)e@v/60 gy

» We read of from (0.1) or (0.2) that the function = — H; f(x) has a
holomorphic extension to C":

Hif(z) = (mt)™? [ fle "ty
(27_‘_)—71/2/f()\)e—)\2teiz-)\d)\

where z - A =377 2.

(0.2)
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The map H; : L*(R™) — O(C") is the Segal-Bargmann transform.
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The map H; : L?(R") — O(C") is the Segal-Bargmann transform.
» Note, that we have really only used the following:
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The map H; : L?(R") — O(C") is the Segal-Bargmann transform.
» Note, that we have really only used the following:
1. We have a Fourier transform that such that

F(Ag)(N) = —[APF(9)(N)

to derive the Fourier transform form for the solution and to find an explicit
expression for the heat kernel.
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The map H; : L?(R") — O(C") is the Segal-Bargmann transform.
» Note, that we have really only used the following:
1. We have a Fourier transform that such that

F(Ag)(A) = —|APF(g)(N)

to derive the Fourier transform form for the solution and to find an explicit
expression for the heat kernel.

2. In using (0.1) that the exponential function X — e (2) = ¢*** grows much
slower than

A — f()\)e_p"gt
to show that the solution extends to a holomorphic function on C”.
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The map H; : L?(R") — O(C") is the Segal-Bargmann transform.
» Note, that we have really only used the following:
1. We have a Fourier transform that such that

F(Ag)(N) = —A*F(g)(N)

to derive the Fourier transform form for the solution and to find an explicit
expression for the heat kernel.

2. In using (0.1) that the exponential function X — e (2) = ¢*** grows much
slower than

A — f()\)e_p"gt
to show that the solution extends to a holomorphic function on C”.

3. Orin using (0.2) that heat kernel h; has a holomorphic extension to C"
and y — h;(z — y) grows much slower than

y > fly)e /40,
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2. The Fock space and the Segal-Bargmann Transform
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2. The Fock space and the Segal-Bargmann Transform

» We will now describe the image of the Segal-Bargmann transform. For
that we define a positive weight function by

SR (y) = we(x) = (2mt) ™2V /2 = by o(y)
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2. The Fock space and the Segal-Bargmann Transform

» We will now describe the image of the Segal-Bargmann transform. For
that we define a positive weight function by

wi (y) = wi(z) = (2mt) " 27V /2t = hejo(y)
and a measure on C™ by

dut(z + 1y) = wi(y) dady .
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2. The Fock space and the Segal-Bargmann Transform

» We will now describe the image of the Segal-Bargmann transform. For
that we define a positive weight function by

Wi (y) = wel@) = (2mt) 2V = hyja(y)
and a measure on C™ by
dp(z + iy) = wi(y) dady .
Set

H(C") = {F e O(C") | |F|]} ;:/ |[F(z + iy)|* duy < oo}

mn

- p. 8/54



Theorem 0.1 (Segal-Bargmann, 1956-1978/1961, ...). The following holds:
1. Ht(C”) IS a Hilbert space with continuous point evaluation, i.e., the maps

H;(C") > Fr—ev,(F)=F(z)eC, zeC"
are continuous. In particular, with L, F'(x) = F(z — y) and
Ky (2) = K(z,w) := Hy(Loht)(2) = (8t) 26~ G=07/5,

we have K, € H;(C") and F'(w) = (F, K,,) forall ' € H;(C"), i.e,,
K (z,w) is the reproducing kernel for H,;(C")

2. H; : L*(R™) — H,;(C") is an unitary isomorphism.

3. If f € S(R™), then f(x) = H.f(x + 1y)h(y) dy.

R’I’L
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Few words on the proof, but note that | will not prove the surjectivity or that
H, is an isometry.
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Few words on the proof, but note that | will not prove the surjectivity or that
H, is an isometry.

» For (2) we simply calculate the norm on the right hand side. Note that all
functions involved are positive, so that there is no problem using Fubini’s
Theorem:
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Few words on the proof, but note that | will not prove the surjectivity or that
H, is an isometry.

» For (2) we simply calculate the norm on the right hand side. Note that all
functions involved are positive, so that there is no problem using Fubini’s
Theorem:

Let ¢ = (2nt) /2 = ([ =¥ /2t dy)~1:

c/ \Htf(x—l—iy)Pda:e_yg/Zt dy = C//‘@(A)|26_2y'>\6_y2/2td>‘dy
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Few words on the proof, but note that | will not prove the surjectivity or that
H, is an isometry.

» For (2) we simply calculate the norm on the right hand side. Note that all
functions involved are positive, so that there is no problem using Fubini’s
Theorem:

Let ¢ = (2nt) /2 = ([ =¥ /2t dy)~1:
c/ |Hy f (z + iy)|* dx e~V /2t dy = c// @(A)F@_%'A@_ﬁ/%d)‘dy

= o [[1Fovpe e iy
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Few words on the proof, but note that | will not prove the surjectivity or that
H, is an isometry.

» For (2) we simply calculate the norm on the right hand side. Note that all
functions involved are positive, so that there is no problem using Fubini’s
Theorem:

Letc = (2mt) ™2 = ([e ¥ /2t dy)~?
c/ |Hy f (z + iy)|* dx e~V /2t dy = c// @(A)F@_%'A@_ﬁ/%d)‘dy

_ // ( )|2 —(2tA2+2y- >\+yt)d)\dy

= [1Fo ( / 6‘(“2“*/%) “
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Few words on the proof, but note that | will not prove the surjectivity or that
H, is an isometry.

» For (2) we simply calculate the norm on the right hand side. Note that all
functions involved are positive, so that there is no problem using Fubini’s
Theorem:

Let ¢ = (2nt) /2 = ([ e~ ¥ /2t dy)~!

c/ |Hy f (z + iy)|* dx e~V /2t dy = c// @(A)F@_%'A@_ﬁ/%d)‘dy

_ // ( )|2e —(2tA2 42y A+ t)d)\dy
= /\f ( /e_(y+2t>‘)2/2tdy) dX
= [1iPay
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Few words on the proof, but note that | will not prove the surjectivity or that
H, is an isometry.

» For (2) we simply calculate the norm on the right hand side. Note that all
functions involved are positive, so that there is no problem using Fubini’s
Theorem:

Let ¢ = (2nt) /2 = ([ e~ ¥ /2t dy)~!

c/ |Hy f (z + iy)|* dx e~V /2t dy = c// @(A)F@_%'A@_ﬁ/%d)‘dy

_ // ( )|2e —(2tA2 42y A+ t)d)\dy
= /\f ( /e_(y+2t>‘)2/2tdy) dX
= [1iPay

= Iz
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» The proof of the inversion formula is similar. Let ¢ = (4xt)~"/2:

[t imay [ ([ o) n)dy
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» The proof of the inversion formula is similar. Let ¢ = (4xt)~"/2:

[t ina S [ ([ o an) ne)dy

— c/e_tAzf(A)em'A (/ e YRy /4t dy) d\
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» The proof of the inversion formula is similar. Let ¢ = (4xt)~"/2:

[ s i) dy S / ( / e—”zfu)e“w“wv\w) o)l
e—tA2]?(>\)eix->\ (/ e—y°>\e—y2/4t dy) d\

/
— ¢ / F(A)e = ( / e dy) d)\

= C
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» The proof of the inversion formula is similar. Let ¢ = (4xt)~"/2:

[t inwa [ ([ e—”zfu)e“w“w*w) he(y) dy

/ e A (/ e YRy /4t dy) d\
_ / za:)\ (/ (2t>\+y)2 dy) A\

)Z:I:Ad)\
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» The proof of the inversion formula is similar. Let ¢ = (4xt)~"/2:

[ s i ay & / ( / e—”zfu)e“w“w*w) he(y) dy

e A (/ e YRy /4t dy) d\
za:)\ (/ (2t>\+y)2 dy) )\

A)e @ dA

|
§§\\
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» For the formula for the reproducing kernel we — again — assume that H;
IS an unitary isomorphism.
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» For the formula for the reproducing kernel we — again — assume that H;

IS an unitary isomorphism.

» Solet F € H,(C™) and f € L2(R”) such that F = H; f. Then

F(w)

/f ha(w — w

f7 Ly ht)L2
(Hef, He(Lght))n,
(F, Hy(Lght))n,

h: even

H; unitary
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» For the formula for the reproducing kernel we — again — assume that H;
IS an unitary isomorphism.

» Solet F € H,(C™) and f € L2(R”) such that F = H; f. Then
F(w)

— /f Yhe(x —w h: even

— f?L ht)L2
= (Hif, H(Lght))n, H, unitary
— (F7 Ht(L’lI)ht))Ht

» Thus

K(z,w) = HiAw)h)(z)

(A(w)hy) * he(2)
ht * ]’Lt(Z — ’U_))
= hoi(z —w) the semigroup property.
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3. Remarks and Comments

» Note first of all, that we can interpret C™ as the cotangent bundle 7*(R"™),
where the y-variable in z = x + iy Iis an element of T>R". Hence the
Segal-Bargmann transform is some kind of quantization.
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3. Remarks and Comments

» Note first of all, that we can interpret C™ as the cotangent bundle 7*(R"™),
where the y-variable in z = x + iy Iis an element of T>R". Hence the
Segal-Bargmann transform is some kind of quantization.

» Note also, that in the definition of the norm and in the inversion formula

we only weight the cotangent variable y € T (R™) and the weights are given
by the heat kernel.
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3. Remarks and Comments

» Note first of all, that we can interpret C™ as the cotangent bundle 7*(R"™),
where the y-variable in z = x + iy Iis an element of T>R". Hence the
Segal-Bargmann transform is some kind of quantization.

» Note also, that in the definition of the norm and in the inversion formula
we only weight the cotangent variable y € T (R™) and the weights are given
by the heat kernel.

» There are other versions of the Segal-Bargmann transform in the
literature. In particular, for the physics and infinite dimensional analysis, as
well as in the original works, the space L?(R"™) was replaced by the
weighted L?-space L?(R", dv"), where

dv"(x) = hy(x)dz

the heat kernel measure on R".
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3. Remarks and Comments

» Note first of all, that we can interpret C™ as the cotangent bundle 7*(R"™),
where the y-variable in z = x + iy Iis an element of T>R". Hence the
Segal-Bargmann transform is some kind of quantization.

» Note also, that in the definition of the norm and in the inversion formula
we only weight the cotangent variable y € T (R™) and the weights are given
by the heat kernel.

» There are other versions of the Segal-Bargmann transform in the
literature. In particular, for the physics and infinite dimensional analysis, as
well as in the original works, the space L?(R"™) was replaced by the
weighted L?-space L?(R", dv"), where

dv"(x) = hy(x)dz
the heat kernel measure on R™. On the image side the measure is then

doy'(z) = (27Tt)_”e_|z|2/2tda:dy
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» Denote the corresponding space of L-holomorphic functions by F;(C").
It is still holds, that the Segal-Bargmann transform

L*(R",dv) > f — f*hy € F,(C")

IS an unitary isomorphism. This normalization has several advantages.
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» Denote the corresponding space of L-holomorphic functions by F;(C").
It is still holds, that the Segal-Bargmann transform

L*(R",dv) > f — f*hy € F,(C")
IS an unitary isomorphism. This normalization has several advantages.

» Itis very easy to find the reproducing kernel for the space F;(C"). Itis

Ky (z,w) = (2nt) " "e* /2t
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» Denote the corresponding space of L-holomorphic functions by F;(C").
It is still holds, that the Segal-Bargmann transform

L*(R",dv) > f — f*hy € F,(C")
IS an unitary isomorphism. This normalization has several advantages.

» Itis very easy to find the reproducing kernel for the space F;(C"). Itis

Ky (z,w) = (2nt) " "e* /2t

» For the proof, one notice that the polynomials (,(z) = z“ are dense in
F(C™) and therefore one only has to prove z* = ({,, K) for all o, and this
reduces to a simple one-dimensional integral.
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» Denote the corresponding space of L-holomorphic functions by F;(C").
It is still holds, that the Segal-Bargmann transform

L*(R",dv) > f — f*hy € F,(C")
IS an unitary isomorphism. This normalization has several advantages.

» Itis very easy to find the reproducing kernel for the space F;(C"). Itis

Ky (z,w) = (2nt) " "e* /2t

» For the proof, one notice that the polynomials (,(z) = z“ are dense in
F(C™) and therefore one only has to prove z* = ({,, K) for all o, and this
reduces to a simple one-dimensional integral.

» Connection to the theory of orthogonal polynomials: There are constants
c, (easy to calculate) such that {c,(, }.cn, IS an orthogonal basis for
H:(C™, do;) and there are constants (again easy to calculate) such that

H} ((s) = doha, Where b, is the Hermite polynomial.
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» Furthermore, the measures on both sides are probability measures, and
n-fold product of the one-dimensional measures in the coordinates.
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» Furthermore, the measures on both sides are probability measures, and
n-fold product of the one-dimensional measures in the coordinates.

» We can take the limit as n — oo. Consider the projections
pr” : R® — R"~1. This gives us isometric maps maps

pr’ : L*(R™ ! dv" 1) — L*(R™, dv"), fr— fopr"
and we have a sequence of commutative diagrams

pry prZ}"’1

AU LZ(]Rn—l7 dyn—l) . LQ(Rn, an) — ... LQ(R007 dl/oo)

n n—+1

pr pr,

L — Ht(C”_l,daf_l) —— H(C™,do}) — -+ - Hi(C>®, dog®)

- p. 15/54



» Sometimes, in particular studying the Schrodinger representation of the
Heisenberg group, one uses the Segal-Bargmann transform

S; : L*(R™, dx) — F:(C"™).

One of the idea is, that F;(C") is a much simpler space than L?(R") to work
with. Also, the canonical commutation rules, the creation operator and the
annulation operator have simpler form in F;(C").
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» Sometimes, in particular studying the Schrodinger representation of the
Heisenberg group, one uses the Segal-Bargmann transform

S; : L*(R™, dx) — F:(C"™).

One of the idea is, that F;(C") is a much simpler space than L?(R") to work
with. Also, the canonical commutation rules, the creation operator and the
annulation operator have simpler form in F;(C").

In this case - as | will prove later - the Segal-Bargmann transform is given

by:
S:(f)(z) = (mt)™/* / Fly)e 7@ -2 5) gy
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» Sometimes, in particular studying the Schrodinger representation of the
Heisenberg group, one uses the Segal-Bargmann transform

S; : L*(R™, dx) — F:(C"™).

One of the idea is, that F;(C") is a much simpler space than L?(R") to work
with. Also, the canonical commutation rules, the creation operator and the
annulation operator have simpler form in F;(C").

In this case - as | will prove later - the Segal-Bargmann transform is given

by:
S:(f)(z) = (mt)™/* / Fly)e 7@ -2 5) gy

» The connection to the theory of special functions is, this case, a multiple
of the Hermite functions are mapped into a multiple of the polynomials ¢, .
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4. Generalizations and the Restriction Principle.
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4. Generalizations and the Restriction Principle.

» Before | prove the unitarity of the Segal-Bargmann transform S; let me
make some general remarks about the underlying idea and general
principle behind a transform like S;.
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4. Generalizations and the Restriction Principle.

» Before | prove the unitarity of the Segal-Bargmann transform S; let me
make some general remarks about the underlying idea and general
principle behind a transform like S;.

» Let Mc be a complex analytic manifold (i.e., M¢c = C") and M C Mc a
totally real analytic submanifold. Thus the restriction map

O(M@) 9Fl—>F|M E.A(M)

IS Injective.

|
|
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4. Generalizations and the Restriction Principle.

» Before | prove the unitarity of the Segal-Bargmann transform S; let me
make some general remarks about the underlying idea and general
principle behind a transform like S;.

» Let Mc be a complex analytic manifold (i.e., M¢c = C") and M C Mc a
totally real analytic submanifold. Thus the restriction map

O(M@) > F— F|M c .A(M)
IS Injective.
» Let F(Mc) be a Hilbert space of holomorphic function on M¢ such that

the point-evaluation maps F' — F(w) are continuous and hence given by
the inner product with an element K, € F(Mc):

VF € F(Mg) : F(w) = (F, K,)
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» The function K : M¢ x M¢ — C, K(z,w) = K,(z) is reproducing kernel
of F(Mc). It satisfies:

1. K is holomorphic in the first variable and anti-holomorphic in the second
variable.

2. K(z,w) = K(w, z) because

Ky(z) = (Ky,K,) = (K., Ky) = K,(w) = K(w, 2) .
3. |Kyl|]? = K(w,w) > 0.

|
I
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» The function K : M¢ x M¢ — C, K(z,w) = K,(z) is reproducing kernel

of F(Mc). It satisfies:

1. K is holomorphic in the first variable and anti-holomorphic in the second
variable.

2. K(z,w) = K(w, z) because

Ky(z) = (Ky,K,) = (K., Ky) = K,(w) = K(w, 2) .
3. |Kyl|]? = K(w,w) > 0.

» Furthermore, the linear hull of { K, }.cas IS dense in F(Mc) and hence:

the reproducing kernel determines F(Mc),
knowing K (z,w) is the same as knowing F(Mc).

- p. 18/54



» The function K : M¢ x M¢ — C, K(z,w) = K,(z) is reproducing kernel

of F(Mc). It satisfies:

1. K is holomorphic in the first variable and anti-nolomorphic in the second
variable.

2. K(z,w) = K(w, z) because

Ky(z) = (Ky,K,) = (K,,Ky) = K,(w) = K(w, 2) .
3. |Kyl|]? = K(w,w) > 0.

» Furthermore, the linear hull of { K, }.cas IS dense in F(Mc) and hence:

the reproducing kernel determines F(Mc),
knowing K (z,w) is the same as knowing F(Mc).

» Assume that F' is orthogonal to the linear span of { K, }.cas. Then
F(z)=(F,K,)=0forall x € M and hence F|y; = 0. As M is a totally real
submanifold, it follows that F' = 0.
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We now make the following assumption: There exists a measure ;. on M
and a holomorphic function D : M¢c — C, D|y > 0, D(z) # 0, such that
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We now make the following assumption: There exists a measure ;. on M
and a holomorphic function D : M¢ — C, D|y > 0, D(z) # 0, such that

1. For all F € F(Mc) we have
R(F) := (DF)|x € L*(M, ) .

2. R(F(Mg)) is dense in L?(M) (can be dropped, but then we have only a
partial isometry later).

3. R: F(M¢) — L?(M) is a closed operator.
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We now make the following assumption: There exists a measure ;. on M
and a holomorphic function D : M¢ — C, D|y > 0, D(z) # 0, such that

1. For all F € F(Mc) we have
R(F) := (DF)|x € L*(M, ) .

2. R(F(Mg)) is dense in L?(M) (can be dropped, but then we have only a
partial isometry later).

3. R: F(M¢) — L?(M) is a closed operator.
» Then R* : L?(M,du) — F(Mc) is densely defined and

R*=UVRR*
where U : L?(M,du) — F(Mc) is an unitary isomorphism by definition.
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We now make the following assumption: There exists a measure ;. on M
and a holomorphic function D : M¢ — C, D|y > 0, D(z) # 0, such that

1. For all F € F(Mc) we have
R(F) := (DF)|x € L*(M, ) .

2. R(F(Mg)) is dense in L?(M) (can be dropped, but then we have only a
partial isometry later).

3. R: F(M¢) — L?(M) is a closed operator.
» Then R* : L?(M,du) — F(Mc) is densely defined and
R* =UVRR*

where U : L?(M,du) — F(Mc) is an unitary isomorphism by definition.
» We call U the generalized Segal-Bargmann transform .
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» Note the following:

R*f(w) = (R*f, Ku)r = (f, RK.) /f ) dx

and hence
R () = | f0)D@D@K(v.z)duly).

Hence RR* is always an integral operator.
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» Note the following:

R*f(w) = (R*f, Ku)r = (f, RK.) /f ) dx

and hence
R () = | f0)D@D@K(v.z)duly).

Hence RR* is always an integral operator.
» Furthermore, by multiplying by U*, and then using that v RR* IS
self-adjoint, we get the following formula for RU and then U’

U*R* = RU = VRR*

or

Uf(z)= D(z)"' VRR*(f)(z).

holomorphic
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» Note the following:

R*f(w) = (R*f, Ku)r = (f, RK.) /f ) dx

and hence
R () = | f0)D@D@K(v.z)duly).

Hence RR* is always an integral operator.

» Furthermore, by multiplying by U*, and then using that v RR* IS
self-adjoint, we get the following formula for RU and then U’

U'R" = RU = VRR*

or

Uf(z)= D(z)"' VRR*(f)(z).

holomorphic

» Butwhatis v RR*?

- p. 20/54



» We apply thisnowto M =R" Cc C", F = F; and D(z) = h(z). Then:

27" (wt

)~ 3n/2f*ht( ).
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» We apply thisnowto M =R" Cc C", F = F; and D(z) = h(z). Then:

RE'f() = [ f@)hi(a)hi()K (x.y) dy
= 27"(mt)” 3”/2f>|<ht( ).
» As {H,};>o is a semi-group it follows that
VRE* () = 27/2(mt) 3"/ f s hy o ()
and hence

Uf(z) = hy(x) 1272(wt) 34 f « hyo(2)

= (mt)™"/ / fly)e =W 205 gy
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» We apply thisnowto M =R" Cc C", F = F; and D(z) = h(z). Then:

RR*f(z) = /f Vi) )
= 2 () 3”/2f>:<ht()

» As {H,};>o is a semi-group it follows that

VRR*f(x) = 272 (mt) =32 f % hy o ()
and hence

Uf(z) = hy(x) 1272(wt) 34 f « hyo(2)

= (mt)™"/ / fly)e =W 205 gy

» Thus U = 5; and \S; Is an unitary isomorphism.
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» Let me know recollect the problems/phylosophy for the general case:
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» Let me know recollect the problems/phylosophy for the general case:

» If M is a Riemannian manifold, then the elliptic differential operator A is
well defined and invariant under isometries of M. Let do be the volume form
on M. Then the heat equation is given as before:

Au(x,t) = Owu(z,t), lim w(z,t) = f(x) € L*(M,do) .

t—0T

and the solution is (by definition) given by

Hyf(x) = e f(x).
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» Let me know recollect the problems/phylosophy for the general case:

» If M is a Riemannian manifold, then the elliptic differential operator A is
well defined and invariant under isometries of M. Let do be the volume form
on M. Then the heat equation is given as before:

Au(x,t) = Owu(z,t), lim w(z,t) = f(x) € L*(M,do) .

t—0T

and the solution is (by definition) given by

Hif(z) = ' f(z).
» But more importantly, there exists a function h;(x, y), the heat kernel,
such that:
o Iu(z,y) = h(y,x) > 0;
o dus(y) = hi(x,y)do(y) is a probability measure on M;
o |Ifg: M — M isanisometry, then h;(gx, gy) = h(x,y).

. Htf(:v):/M f)hi(z,y) do(y);
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» But to generalize the previous results one need to find a “natural”
complexification M for M such that h;, and H; f extend to holomorphic
functions on M¢.
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» But to generalize the previous results one need to find a “natural”
complexification M for M such that h;, and H; f extend to holomorphic
functions on M¢.

» Then we have to find a Hilbert space H;(M¢) C O(Mc) such that the
transform

L3(M) > f — Hif € Hy(Mc)

becomes an unitary isomorphism. In particular, what is the “natural”
generalization of the measure p;?
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» But to generalize the previous results one need to find a “natural”
complexification M for M such that h;, and H; f extend to holomorphic
functions on M¢.

» Then we have to find a Hilbert space H;(M¢) C O(Mc) such that the
transform

L*(M) 3 f — Hif € Hy(Mc)
becomes an unitary isomorphism. In particular, what is the “natural”
generalization of the measure p;?

» There is one class of Riemannian manifolds where a natural
complexification exists. Those are the Riemannian symmetric spaces G/ K,
where G is a connected and semisimple Lie group.
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» But to generalize the previous results one need to find a “natural”
complexification M for M such that h;, and H; f extend to holomorphic
functions on M¢.

» Then we have to find a Hilbert space H;(M¢) C O(Mc) such that the
transform

L3(M) > f — Hif € Hy(Mc)

becomes an unitary isomorphism. In particular, what is the “natural”
generalization of the measure p;?

» There is one class of Riemannian manifolds where a natural
complexification exists. Those are the Riemannian symmetric spaces G/ K,
where G is a connected and semisimple Lie group.

e B. Hall in 1997 for compact connected Lie groups. Here
G=McCGec=DM:c:~T*G.
Here G¢ Is a complex Lie group with Lie algebra gc = g ®r C, l.e.,
G =S0(n) C SO(n,C) ~ SO(n) x exp{X € iM(n,R) | X* = X}.
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e M.B. Stenzel in 1999 for symmetric spaces M = G/K, where G is

compact. Here M¢ = G¢/Kc ~ T(G/K)*. Here G is a compact connected
Lie group, 7 : G — G Is a non-trivial involution and

K=G"={gecG|7(9) =g}
e, 8" = SO(n +1)/SO(n).

Note, that Hall's result is a special case as G ~ G x G /G with
7(a,0) = (b, a).
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e M.B. Stenzel in 1999 for symmetric spaces M = G/K, where G is

compact. Here M¢ = G¢/Kc ~ T(G/K)*. Here G is a compact connected
Lie group, 7 : G — G Is a non-trivial involution and

K=G"={gecG|7(9) =g}
e, 8" = SO(n +1)/SO(n).

Note, that Hall's result is a special case as G ~ G x G /G with
7(a,0) = (b, a).

e The restriction principle was formulated in general by G. Olafsson and B.
@rsted in 1996, but it had been applied earlier by G. Zhang and B. @rsted Iin
special cases.
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e M.B. Stenzel in 1999 for symmetric spaces M = G/K, where G is
compact. Here M¢ = G¢/Kc ~ T(G/K)*. Here G is a compact connected
Lie group, 7 : G — G Is a non-trivial involution and

K=G"={gecG|7(9) =g}
e, 8" = SO(n +1)/SO(n).

Note, that Hall's result is a special case as G ~ G x G /G with
7(a,0) = (b, a).

e The restriction principle was formulated in general by G. Olafsson and B.
@rsted in 1996, but it had been applied earlier by G. Zhang and B. @rsted Iin
special cases.

e B. Hall and J.J. Mitchell did the case M = G/K where G is complex or of
rank one in 2004.
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e B. Krétz, G. Olafsson, and R. Stanton: 2005 the general case G/ K where

G 1S non-compact and semisimple and K is a maximal compact subgroup,
.e., SL(n,R)/SO(n).
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e B. Krétz, G. Olafsson, and R. Stanton: 2005 the general case G/ K where
G 1S non-compact and semisimple and K is a maximal compact subgroup,

l.e., SL(n,R)/SO(n).
» A different formula for the K-invariant function on G/K and

generalization to arbitrary non-negative multiplicity functions by G. Olafsson
and H. Schlichtkrull (Copenhagen) in 2005, to appear in Adv. Math.
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e B. Krétz, G. Olafsson, and R. Stanton: 2005 the general case G/ K where
G 1S non-compact and semisimple and K is a maximal compact subgroup,
l.e., SL(n,R)/SO(n).

» A different formula for the K-invariant function on G/K and

generalization to arbitrary non-negative multiplicity functions by G. Olafsson
and H. Schlichtkrull (Copenhagen) in 2005, to appear in Adv. Math.

» One of the reasons, that it took so long to get from the compact case to
the non-compact case Is, that it was not so clear, what the right
complexification of G/K is. It is the Akhiezer-Gindikin domain also called
the complex crown which | will define in a moment. But first we will need
some basic structure theory for semisimple symmetric space of the
non-compact type.
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5. Structure Theory
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5. Structure Theory

» (G aconnected, non-compact semisimple Lie group with finite center

- p. 26/54



5. Structure Theory

» (G aconnected, non-compact semisimple Lie group with finite center

» K C G amaximal compact subgroup, and 6 : G — G the corresponding
Cartan involution:

K=G'={geG|0(9) =g}

|
I
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5. Structure Theory

» (G aconnected, non-compact semisimple Lie group with finite center

» K C G amaximal compact subgroup, and 6 : G — G the corresponding
Cartan involution:

K=G"={geG|0(g) =g}

» Denote the corresponding involution on the Lie algebra g by the same
letter 6 and let

b = {Xeg|o(X)=X}
p = {Xeg|o(X)=-X}
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5. Structure Theory

» (G aconnected, non-compact semisimple Lie group with finite center

» K C G amaximal compact subgroup, and 6 : G — G the corresponding
Cartan involution:

K=G"={geG|0(g) =g}

» Denote the corresponding involution on the Lie algebra g by the same
letter 6 and let

b = {Xeg|o(X)=X}
p = {Xeg|o(X)=-X}

» We have the Cartan decomposition

g=tDdp.
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» Our standard example is G = SL(n,R), K = SO(n) and 0(g) = (¢~ 1)~
The corresponding involution on the Lie algebra

sl(n,R) ={X € M,(R) | Tr(X) =0}
is 0(X) = —X?1. The decomposition g = £ @ p corresponds to the

decomposition of sl(n, R) into skew-symmetric (= £) and symmetric (= p)
matrices .
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» Our standard example is G = SL(n,R), K = SO(n) and 0(g) = (¢~ 1)~
The corresponding involution on the Lie algebra

si(n,R) = {X € M,(R) | Tr(X) = 0}

is 0(X) = —X?1. The decomposition g = £ @ p corresponds to the
decomposition of sl(n, R) into skew-symmetric (= £) and symmetric (= p)
matrices .

» Recall the linear map ad(X) : g — g, Y — [X, Y] and define an inner
product on g by

(X,Y) = —Tr(ad(X), ad((Y)))
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» Our standard example is G = SL(n,R), K = SO(n) and 0(g) = (¢~ 1)~
The corresponding involution on the Lie algebra

si(n,R) = {X € M,(R) | Tr(X) = 0}

is 0(X) = —X?1. The decomposition g = £ @ p corresponds to the
decomposition of sl(n, R) into skew-symmetric (= £) and symmetric (= p)
matrices .

» Recall the linear map ad(X) : g — g, Y — [X, Y] and define an inner
product on g by

(X,Y) = —Tr(ad(X), ad((Y)))

» Onsl(n,R) this is
(X,Y) =2nTr(XY?").
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» Our standard example is G = SL(n,R), K = SO(n) and 0(g) = (¢~ 1)~
The corresponding involution on the Lie algebra

si(n,R) = {X € M,(R) | Tr(X) = 0}

is 0(X) = —X?1. The decomposition g = £ @ p corresponds to the
decomposition of sl(n, R) into skew-symmetric (= £) and symmetric (= p)
matrices .

» Recall the linear map ad(X) : g — g, Y — [X, Y] and define an inner
product on g by

(X,Y) = —Tr(ad(X), ad((Y)))

» Onsl(n,R) this is
(X,Y) =2nTr(XY?").

» If X € pthenad(X)* = ad(X), i.e., ad(X) is symmetric.
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» Leta ~ R" (for some n) be a maximal abelian subspace of p, i.e., all
diagonal matrices with trace zero.

3
|
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» Leta ~ R" (for some n) be a maximal abelian subspace of p, i.e., all
diagonal matrices with trace zero.

» Then {ad(X) | X € a} is a commuting family of symmetric operators and

has therefore a joint basis for g of eigenvectors. Thus we set:

o

g
m

A
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» Leta ~ R" (for some n) be a maximal abelian subspace of p, i.e., all
diagonal matrices with trace zero.

» Then {ad(X) | X € a} is a commuting family of symmetric operators and
has therefore a joint basis for g of eigenvectors. Thus we set:

g = {Xeg|(VHea)[H X|=a(H)X}, aca \{0}

m p—

A
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» Leta ~ R" (for some n) be a maximal abelian subspace of p, i.e., all

diagonal matrices with trace zero.

» Then {ad(X) | X € a} is a commuting family of symmetric operators and
has therefore a joint basis for g of eigenvectors. Thus we set:

o

g
m

A

{Xeg|(VHea)H,X|=a(H)X}, a€a”\{0}
je(a) ={X €g|(VH €a)[H,X]| =0} Cj34(a) =mDa
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» Leta ~ R" (for some n) be a maximal abelian subspace of p, i.e., all

diagonal matrices with trace zero.

» Then {ad(X) | X € a} is a commuting family of symmetric operators and
has therefore a joint basis for g of eigenvectors. Thus we set:

o

g
m

A

{Xeg|(VHea)H,X|=a(H)X}, a€a”\{0}
je(a) ={X €g|(VH €0a)[H,X|=0} Cj34(a) =ma
{a€a™\ {0} |g* ={0}}.
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» Leta ~ R" (for some n) be a maximal abelian subspace of p, i.e., all
diagonal matrices with trace zero.

» Then {ad(X) | X € a} is a commuting family of symmetric operators and
has therefore a joint basis for g of eigenvectors. Thus we set:

g = {Xeg|(VHea)[H X|=a(H)X}, aca \{0}

m = je(a)={Xecg|(VH €a)[H, X|=0} Cjy(a)=mda

A = {aea”\{0}[g"={0}}.

» Let X € abe suchthat a(X) # 0 for all & € A. This is possible as set
{H €a|(dae A)a(H) =0} is a finite union of hyperplanes and hence
nowhere dense.
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» Leta ~ R" (for some n) be a maximal abelian subspace of p, i.e., all
diagonal matrices with trace zero.

» Then {ad(X) | X € a} is a commuting family of symmetric operators and
has therefore a joint basis for g of eigenvectors. Thus we set:

g = {Xeg|VHen)|[H,X]=a(H)X}, a€a”\{0}
m = z(a)={X€g|(VH €a)[H,X]=0} Cj4(a)=mPa
A = {aeca \{0}]g"={0}}.

» Let X € abe suchthat a(X) # 0 for all & € A. This is possible as set
{H €a|(dae A)a(H) =0} is a finite union of hyperplanes and hence
nowhere dense.

» Let AT :={a e A|a(X)>0}. Then—as aof = —a—we have

A=AU=AY) and (AT+AT)NACAT.
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» As [g*, g] C g*T it follows that

n:= @ g“

aEAT

IS a nilpotent Lie algebra such that

m®a,n Cn

- p. 29/54



» As [g*, g] C g*T it follows that

n:= @ g“

aEAT

IS a nilpotent Lie algebra such that
m®a,n Cn

and —with := 0(n) = Bac_ng* —

= « mada = ndmPadn
g P o e @ dmdad

aEA the zero eigenspace
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» As [g*, g] C g*T it follows that
v @ o
aEAT

IS a nilpotent Lie algebra such that
m@an Cn

and —with := 0(n) = Bac_ng* —

g = Po*® mea ="EMOadn
acA

the zero eigenspace

= (P (d+0)(g*)em)@aen

aEAT

\ - 7
aV
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» As [g*, g] C g*T it follows that
v @ o
aEAT

IS a nilpotent Lie algebra such that
m@an Cn

and —with := 0(n) = Bac_ng* —

= « mPa =nPdmPadn
g P o e @ dmdad

aEA the zero eigenspace

= (P (d+0)(g*)em)@aen

aEAT

\ - 7
aV

= tDadn the Iwasawa decomposition
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» On the group level this corresponds to

Theorem 0.2 (lwasawa Decomposition). The map

N xAx K > (n,a,k)— nak € G

IS an analytic isomorphism. We write

eN €A €K

r =n(x)a(x)k(x)

for the unique decomposition of x € G. In particular G/ K ~ N x A.
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» On the group level this corresponds to

Theorem 0.3 (lwasawa Decomposition). The map
N xAx K> (n,a,k)— nak € G

IS an analytic isomorphism. We write

eN €A €K

r =n(x)a(x)k(x)

for the unique decomposition of x € G. In particular G/ K ~ N x A.

» We assume that G C G, where Lie(G¢) = g ® C. Then we can
complexify all the groups under consideration and obtain N¢, Ac and K.
Then NcAc K¢ C G Is open and dense but not equal to G¢. Furthermore,
the decomposition

x = n(x)a(x)k(x) € NcAcKc

IS not unique in general.

|
|
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» For our standard example this corresponds to:

a = {diag(z;) | > x; =0}

= {zeR" |z +29+...+2, =0} R
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» For our standard example this corresponds to:

a = {diag(z;)| > z; =0}
= {zeR" |z +29+...+2, =0} R
A = {diag(a;) | (Vi)a; >0, a1 ---an =1}
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» For our standard example this corresponds to:

a = {diag(z;)| > z; =0}

= {zeR" |z +29+...+2, =0} R

A = {diag(a;) | (Vi)a; >0, a1 ---an =1}
A = setof a;; : diag(zg) —x; —xj;, 1#]
AT =
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» For our standard example this corresponds to:

a = {diag(z;)| > z; =0}

= {zeR" |z +29+...+2, =0} R

A = {diag(a;) | (Vi)a; >0, a1 ---an =1}
A = setof a;; : diag(zg) —x; —xj;, 1#]
A+ = {Ozij ‘ 1 < ]}
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» For our standard example this corresponds to:

a = {diag(z;)| > z; =0}

= {zeR" |z +29+...+2, =0} R

A = {diag(a;) | (Vi)a; >0, a1 ---an =1}
A = setof a;; : diag(zg) —x; —xj;, 1#]
A+ = {Ozij ‘ 1 < ]}

N = {(ZCZJ)‘Z>]ZCZJ:O,ZBZZ=1}
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» For our standard example this corresponds to:

a = {diag(z;)| > z; =0}

= {zeR" |z +29+...+2, =0} R

A = {diag(a;) | (Vi)a; >0, a1---a, =1}

A = setof a;; : diag(zg) —x; —xj;, 1#]
AT = Aay; i<}

N = {(zi)|i>7:2i5=0, 25 =1}

» The lwasawa decomposition follows directly from the Gram-Schmidt
orthogonalization.
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» For our standard example this corresponds to:

a = {diag(z;)| > z; =0}

= {zcR" |21 +29+...+2, =0} ~R"*

A = {diag(a;) | (Vi)a; >0, a1 ---a, =1}

A = setof a;; : diag(zg) —x; —xj;, 1#]
AT = Aay; i<}

N = {(zi)|i>7:2i5=0, 25 =1}

» The lwasawa decomposition follows directly from the Gram-Schmidt
orthogonalization.

» Note, for n = 2 this is

a b | ged 1 0 d —
— C2—|-d2 /02+d2 \ /62+d2 \ /62d+d2
/2 2 ¢

and this breaks down as ¢? + d? = 0.
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6. Spherical Functions and the Fourier Transform
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6. Spherical Functions and the Fourier Transform

» We will also need the Weyl group. It is the finite reflection group in O(a)

generated by the reflections r,, in the hyperplanes o = 0. It is denoted by
W. We have

W ~ Ng(a)/M M = Zk(a).
Permutation of the coordinates for our standard case.
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6. Spherical Functions and the Fourier Transform

» We will also need the Weyl group. It is the finite reflection group in O(a)
generated by the reflections r,, in the hyperplanes o = 0. It is denoted by
W. We have

W ~ Ng(a)/M M = Zk(a).

Permutation of the coordinates for our standard case.
» For a differential operator D : C.(G/K) — C.(G/K) and g € G, let

(9-D)(f) = D(foLg-1f)oLy.

Then D is G-invariant if g - D = D for all g € GG. Thus D is G-invariant if and
only if D commutes with translation

D(foLg)=[D(f)]oLy.

Denote by D(G/K) the commutative algebra of all invariant differential
operators on G/ K. On R” this is just the algebra of constant coefficient
differential operators D(R"™) = C[01, . . ., Oy].
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» For A € ag let
o () ::/ a(kz) TP dk .
K

The functions ¢, are the spherical functionson G/ K. We have

Orx=@p, = JweW : A=wpu.

- p. 33/54



» For A € ag let
o (x) = /[<a(kx)>‘+p dk .
The functions ¢, are the spherical functionson G/K. We have
Orx=@p, = JweW : A=wpu.

» The spherical functions are K-invariant eigenfunctions of D(G/K). In
particular for the Laplace operator A, € D(G/K):

Ag/rer = (A = [p[*)ea

where m, = dim g® and

p:% Z Ma .

aEAT
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» For A € ag let
o (x) = /Ka(kx)A“Lp dk .
The functions ¢, are the spherical functionson G/K. We have
Orx=@p, = JweW : A=wpu.

» The spherical functions are K-invariant eigenfunctions of D(G/K). In
particular for the Laplace operator A, € D(G/K):

AG/KSO/\ — (>\2 - \p|2)g0,\

where m,, = dim g and

p:% Z Ma .

aEAT

» In the harmonic analysis of K-invariant functions on GG/ K they play the
same role as the exponential functions ey (z) = e* on R™. We will discuss

that in more details later on.
|
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» Let
e B= M\K where M = Zx(A),

e af ={Xea*|(Vae AT)(\ «) > 0} itis a fundamental domain for the
W-action on a*.
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» Let
e B= M\K where M = Zg(A),

e af ={Xea*|(Vae AT)(\ «) > 0} itis a fundamental domain for the
W-action on a*.

e do(b,\) = dbﬁ where ¢(\) is the Harish-Chandra c-function.
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» Let
e B= M\K where M = Zg(A),

e af ={Xea*|(Vae AT)(\ «) > 0} itis a fundamental domain for the
W-action on a*.

o do(b,\) = dbri53= Where ¢()) is the Harish-Chandra c-function.

» For f € C.(G/K) define the Fourier transform f : B x ag, of f by

f(b,\) = f(z)a(bx)?~ " dx .

G/K
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> Let

e B= M\K where M = Zx(A),

e af ={Xea*|(Vae AT)(\ «) > 0} itis a fundamental domain for the
W-action on a*.

o do(b,\) = dbri53= Where ¢()) is the Harish-Chandra c-function.

» For f € C.(G/K) define the Fourier transform f : B x ag, of f by

f(b,\) = (z)a(bx)?~ dz .
G/K

Theorem 0.3 (Helgason). 1. The Fourier transform extends to an unitary
isomorphism F : L*(G/K) — L*(B x a*, do)+some W -invariance.

2. If f € C.(G/K) then f(x) = c/ F(b, Na(bx)** do.
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» For K-invariant functions, this reduces to the Harish-Chandra spherical
Fourier transform

FOv = [ fare-nt@)do.
and the spherical Fourier transform extends to an unitary isomorphism

dA X
c(M)]? e(M)]?

LX(G/K)¥ 3 f— f e L(o%, W~ L2 (o, W]
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» For K-invariant functions, this reduces to the Harish-Chandra spherical
Fourier transform

FOv = [ fare-nt@)do.
and the spherical Fourier transform extends to an unitary isomorphism

dA X
c(M)]? e(M)]?

LX(G/K)¥ 3 f— f e L(o%, W~ L2 (o, W]

with inversion formula

- p. 35/54



» Using the Fourier transform and part (3) of Helgason’s Theorem we get
the following form for the solution of the heat equation:

Hif(z) = / e~ N4 £(b N a(bx) P dor (b, \)

= fxhy(x).
Note the p?-shift!
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» Using the Fourier transform and part (3) of Helgason’s Theorem we get
the following form for the solution of the heat equation:

Hif(z) = / e~ N4 £(b N a(bx) P dor (b, \)

= fxhy(x).
Note the p?-shift!
» For the heat kernel we get the expression:

hi(x) = |W‘/ —(MP a2, @) - X

d\
_ —(IAI*+1pl*)t
— e wir () .
W2 /a (M)

|
|
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» Using the Fourier transform and part (3) of Helgason’s Theorem we get
the following form for the solution of the heat equation:

Hif(0) = [ €O 0.) ab) 0 dov, )

= fxhy(x).
Note the p?-shift!
» For the heat kernel we get the expression:

hi(x) = IW\/ —(MP a2, @) - X

d\
_ —(IAI*+1pl*)t
— e wir () .
W2 /a (M)

» So, how far does = — h;(z) extend? Or, how far does x — ¢, (z) extend,
and what is the growth of the extension?

|
|
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7. The Crown and the Heat Kernel
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7. The Crown and the Heat Kernel

» We define

Q = {Xea|VaeA)|a(X)| <n/2} W —invariant polytope
= Gexp(i2) -z, C Gc/Kc

[1]

where z, is the base point eK¢c C G¢/Kc. Then = is an open G-invariant
subset of G¢ /K¢, the Akhiezer-Gindikin domain or complex crown . It has
been studied by several group of people: Barchini, Burns + Halverscheid +
Hind, Huckleberry, Krotz + Stanton, Wolf and others.
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Q = {Xea|VaeA)|a(X)| <n/2} W —invariant polytope
= Gexp(i2) -z, C Gc/Kc

[1]

where z, is the base point eK¢c C G¢/Kc. Then = is an open G-invariant
subset of G¢ /K¢, the Akhiezer-Gindikin domain or complex crown . It has

been studied by several group of people: Barchini, Burns + Halverscheid +
Hind, Huckleberry, Krotz + Stanton, Wolf and others.

» Its importance in harmonic analysis on G/ K comes from the following.
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7. The Crown and the Heat Kernel

» We define

Q = {Xea|VMaeA)|a(X)| <7m/2} W — invariant polytope
= Gexp(i2) -z, C Gc/Kc

[1]

where z, is the base point eK¢c C G¢/Kc. Then = is an open G-invariant
subset of G¢ /K¢, the Akhiezer-Gindikin domain or complex crown . It has
been studied by several group of people: Barchini, Burns + Halverscheid +
Hind, Huckleberry, Krotz + Stanton, Wolf and others.

» Its importance in harmonic analysis on G/ K comes from the following.

Theorem 0.4 (Krotz+Stanton, ...). 1. We have = C N¢cAc - z, and the

lwasawa projection = 3 & +— a(&) € Ac is well defined and
holomorphic.

2. = is a maximal GG-invariant domain in G@/K@ such that all the joint

.___eigenfunctions for D(G /K) extends to holomorphic functions on Z. |
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» It follows that the spherical functions extends to =. With some extra work,
Involving the the growth of the spherical functions we have:
Theorem 0.5 (Krotz+Stanton). The heat kernel extends to a holomorphic

function on = given by the same formula

hi(§) = ﬁ / e~ AHAD o (&) do(N) .
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» It follows that the spherical functions extends to =. With some extra work,
Involving the the growth of the spherical functions we have:
Theorem 0.5 (Krotz+Stanton). The heat kernel extends to a holomorphic

function on = given by the same formula
o 2 2
hi(€) = = [ e M0 (€) da(N).

» As a consequence we have that each solution to the heat
equation f x h;, f € L*(G/K) extends to a holomorphic function

on =:

Hf(€) = /G Flgzo)ha(g™€) dg

As before, the problem is then to determine the image of
H,: L*(G/K) — O(=2).
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8. The Abel Transform and the Heat Kernel
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8. The Abel Transform and the Heat Kernel

» Recall that

G/K f(ZC) dx = /A/N f(na, . xo)a,_2p dnda = /A/N f(&n . ZCO)CL2p il

For a K-invariant f function on G/K, say of compact support, define the
Abel transform of f by

A(f)(a) = a” / f(an)dn = a_p/ f(na)dn (0.3)
JN J N
The RadorTTransform

using the notation (exp(X))* = e X). Then A(f) is a W-invariant function
on A.

|
|
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8. The Abel Transform and the Heat Kernel

» Recall that

G/K f(ZC) dx = /A/N f(na, . :CO)a,_QP dnda = /A/N f(&n . ZCO)CL2P il

For a K-invariant f function on G/K, say of compact support, define the
Abel transform of f by

A(f)(a) = a” / f(an)dn = a_p/ f(na)dn (0.3)
JN J N
The RadorTTransform

using the notation (exp(X))* = e X). Then A(f) is a W-invariant function
on A. and we have

A(Agyx f) = (Ba — [pI)ASf) - (0.4)

|
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8. The Abel Transform and the Heat Kernel

» Recall that

G/K f(ZC) dx = /A/N f(na, . :CO)a,_QP dnda = /A/N f(&n . ZCO)CL2P il

For a K-invariant f function on G/K, say of compact support, define the
Abel transform of f by

A(f)(a) = a” / f(an)dn = a_p/ f(na)dn (0.3)
JN J N
The RadorTTransform

using the notation (exp(X))* = e X). Then A(f) is a W-invariant function
on A. and we have

A(Agyx f) = (Ba — [pI)ASf) - (0.4)

|
|
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» We have the following Fourier slice theorem for K-invariant functions:

fO) = f(@)p—ir(z) dz

G/K

f(z)a(k™ 1)~ P d
G/K

— /A (a_p /N f(na-:r;o)dn) a~ " da

= Fa(A(f))(A)
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» We have the following Fourier slice theorem for K-invariant functions:

fO) = f(@)p—ir(z) dz

G/K

f(z)a(k™ 1)~ P d
G/K

— /A (a_p /N f(na-:r;o)dn) a~ " da

= Fa(A(f))(A)

» Or
Fg/K :FAOA.
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» We have the following Fourier slice theorem for K-invariant functions:

fO) = f(@)p—ir(z) dz

G/K

f(z)a(k™ 1)~ P d
G/K

— /A (a_p /N f(na-:r;o)dn) a~ " da

= Fa(A(f))(A)

» Or
Fg/K :FAOA.

» Equation (0.4) implies also that

2 2
ht(epr) — 6—|/0| t A—l ((47Tt)_n/26_|X| /4t) .
V v
the p—shift a shift operator ~~ -

the heat kernel on A
|
1
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» Define

wA(X)
Ya(exp X) = |W\ Z
weW

a holomorphic function on ag.
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» Define

1
Yy(exp X) = — Z eWAMX)
|W’ weW

a holomorphic function on ag.

» Then the equation F¢/x = Fa o Aimplies that A* (1)) = ¢,. The
Abel/Radon transform shifts the “flat” case to the "curved” case!
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» Define

1
¢A(epr) — ’ Z ewA(X)

144
weW
a holomorphic function on ag.

» Then the equation F¢/x = Fa o Aimplies that A* (1)) = ¢,. The
Abel/Radon transform shifts the “flat” case to the "curved” case!

» Define now the pseudo-differential operator D on A by:

1
—1
D=Fa o myp o rerx
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» Define

wA(X)
Ya(exp X) = |W] Z
weW

a holomorphic function on ag.

» Then the equation F¢/x = Fa o Aimplies that A* (1)) = ¢,. The
Abel/Radon transform shifts the “flat” case to the "curved” case!

» Define now the pseudo-differential operator D on A by:

1
1
DI e ek

or — for “good” — W-invariant functions:

then the multiplier

/ Fou ) iz via) i

7

Firt the FT on G/K

back using F, !
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9. The Faraut-Gutzmer Formula and the Orbital Integral
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9. The Faraut-Gutzmer Formula and the Orbital Integral

» For sufficiently decreasing functions h : = — C we define the G-orbital
integral O,, : 2iQ) — C by

Oh(Y):/Gh(gexp (%Y) . 2,)dg.
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9. The Faraut-Gutzmer Formula and the Orbital Integral

» For sufficiently decreasing functions h : = — C we define the G-orbital
integral O, : 2i) — C by

Oh(Y):/Gh(geXp (%Y) . 2,)dg.

» We define now G(
on = such that

[1]

) C O

[1]

) to be the space of holomorphic functions F

Flg/x € L*(G/K)
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9. The Faraut-Gutzmer Formula and the Orbital Integral

» For sufficiently decreasing functions h : = — C we define the G-orbital
integral O,, : 2iQ) — C by

Oh(Y):/Gh(geXp (%Y) . 2,)dg.

» We define now G(
on = such that

[1]

) C O

[1]

) to be the space of holomorphic functions F

Flg/x € L*(G/K)
and for all Y € a:

/lf(b, M2 ix(expiY) do(b,\) < oo.
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The following theorem is the replacement for what we used earlier:

/ |F(x +1iy)|* do = / F(Flrn)(M)[? eV d.

It has several applications in harmonic analysis on G/ K:
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The following theorem is the replacement for what we used earlier:

/ |F(x +1iy)|* do = / F(Flrn)(M)[? eV d.

It has several applications in harmonic analysis on G/ K:

Theorem 0.5 (Faraut). Let F' € G(=) and Y € (). Set
f= F‘G/K < L2(G/K) Then

/G F(gexpiY)[? dg — / (5, M) P (exp(2iY)) do (b, A)
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The following theorem is the replacement for what we used earlier:

/ |F(x +1iy)|* do = / F(Flrn)(M)[? eV d.

It has several applications in harmonic analysis on G/ K:

Theorem 0.5 (Faraut). Let F' € G(=) and Y € (). Set
f= F’G/K < L2(G/K) Then

/G F(gexpiY)[? dg — / (5, M) P (exp(2iY)) do (b, A)

» It follows that O, is defined for all /' € G(=) and defines a
holomorphic function on A exp(2:€2) given by (f = F|g/k):

Ops (exp Z) = / (5, N P (exp Z) do
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10. The Image of the Segal-Bargmann Transform
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10. The Image of the Segal-Bargmann Transform

» We have now set every thing up to state (and prove) what the image of
the Segal-Bargmann transform in this case is. Define a p-shifted density

function by

tp
e . o 2

wi(aexpY) := ‘—| ((Qﬂ-t) n/2,—-Y| /2t) .
takes care of the p—shift the density for a
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10. The Image of the Segal-Bargmann Transform

» We have now set every thing up to state (and prove) what the image of
the Segal-Bargmann transform in this case is. Define a p-shifted density

function by

tp
e . o 2

wi(aexpY) := ‘—| ((Qﬂ-t) n/2,—-Y| /2t) .
takes care of the p—shift the density for a

» Define a “norm” on G(=) by

IF|2 = /DO|F|2(eXpiY)wt(Y) dY

and set
Fi(E) ={F €G(E) | |[|[F| <oo}.
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Theorem 0.6 (KOS). The Segal-Bargmann transform is an unitary
Isomorphism

H,: L*(G/K) — F(2).
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Theorem 0.6 (KOS). The Segal-Bargmann transform is an unitary

Isomorphism

H,: L*(G/K) — F(2).

» What is needed in the proof is:

Far(Hef)(b, \)

Fex(f * hi)(b, A)
f(bv )‘)iLt(bv )‘)
e f(b, )
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Theorem 0.6 (KOS). The Segal-Bargmann transform is an unitary
Isomorphism

H,: L*(G/K) — F(2).
» What is needed in the proof is:
Faix(He f)(b,A) = Feyx(f * he)(b,A)
= 'O f(b,)
And hence, with ' = H, f:

/ DO pp2 (iY )y (V) dY

_ / £(b, N)[2e™ 40 (20Y )y (Y) dodY
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Then we only need that

/ DA (21w (Y)Y = A +e7)
a
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Then we only need that

/ WA (20w (Y)Y = et +07)
a

10. The K -invariant case
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Then we only need that

/ DA (21w (Y)Y = A +e7)
a

10. The K -invariant case

What we need first for the K-invariant case is the following simple theorem.
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Theorem 0.6 We have G = K AK and the restriction map
LYH(G/K)E 5 f s fla € LXA, W[ Y)W ~ L} (A, dy)

IS an unitary isomorphism.
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Theorem 0.6 We have G = K AK and the restriction map
LY(G/K)* 5 [ fla € L*(A, W] du)" ~ L*(AT, dp)
IS an unitary isomorphism.

» This reduces the analysis of K-invariant functions on G/K to analysis of
W -invariant functions on the Euclidean space A ~ «a.
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Theorem 0.6 We have G = K AK and the restriction map
LY(G/K)* 5 [ fla € L*(A, W] du)" ~ L*(AT, dp)
IS an unitary isomorphism.

» This reduces the analysis of K-invariant functions on G/K to analysis of
W -invariant functions on the Euclidean space A ~ «a.

» Next we consider the effect on the Heat equation. For that let H4, ..., H,
be a orthonormal basis of a and A™? = {a € A | (V&) a™ # 1}.
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Theorem 0.6 We have G = K AK and the restriction map
L*(G/K)® 5 fr fla€ L(A W] Hdp)" ~ L*(AT, dp)
IS an unitary isomorphism.

» This reduces the analysis of K-invariant functions on G/K to analysis of
W -invariant functions on the Euclidean space A ~ «a.

» Next we consider the effect on the Heat equation. For that let H4, ..., H,
be a orthonormal basis of a and A™9 = {a € A | (Vo) a® # 1}.

» Let (-,-) be a W-invariant inner product on a (and by duality on a*).
Chose h,, € a be such that (X, h,) = a(X), (o, 8) = (Ha, Hg), and - for
a#0-Hy, =-—2<h,.

(ov,)
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Theorem 0.6 We have G = K AK and the restriction map
L*(G/K)® 5 fr fla€ L(A W] Hdp)" ~ L*(AT, dp)
IS an unitary isomorphism.

» This reduces the analysis of K-invariant functions on G/K to analysis of
W -invariant functions on the Euclidean space A ~ «a.

» Next we consider the effect on the Heat equation. For that let H4, ..., H,
be a orthonormal basis of a and A™9 = {a € A | (Vo) a® # 1}.

» Let (-,-) be a W-invariant inner product on a (and by duality on a*).
Chose h,, € a be such that (X, h,) = a(X), (o, 8) = (Ha, Hg), and - for
a*0-H, = ﬁh(x.

» Define a W-invariant differential operator L on A9 by
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Theorem 0.7 (The radial part of the Laplacian) We have

(Af)|aes = L(f]ar)
forall f € C>*(G/K)E.
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Theorem 0.7 (The radial part of the Laplacian) We have

(Af)laes = L(f]awo)
forall f € C>°(G/K)¥.
» Hence the heat equation for K-invariant functions on G/ K corresponds
to the Cauchy problem on A™9 (or A™)
Lu(a,t) = 0Owla,t)

Y u(at) T% fla) € L2(AT,dp)
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Theorem 0.7 (The radial part of the Laplacian) We have

(Af)|ars = L(f|ares)
for all f € C*(G/K)E.

» Hence the heat equation for K-invariant functions on G/ K corresponds
to the Cauchy problem on A™9 (or A™)
0 Lu(a,t) = Owla,t)

.0t

u(a,t) == f(a) € L2(A,dp)

» The important observation now is, that every thing in (*) as well as the
Harish-Chandra c-function is independent of G/ K, it only depends on
» the space a ~ R",
» the set of roots A and
» multiplicity function m : o — m,,!
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Theorem 0.7 (The radial part of the Laplacian) We have

(Af)|ars = L(f|ares)
for all f € C*(G/K)E.

» Hence the heat equation for K-invariant functions on G/ K corresponds
to the Cauchy problem on A™9 (or A™)
0 Lu(a,t) = Owula,t)

0t

u(a,t) == f(a) € L2(A,dp)

» The important observation now is, that every thing in (*) as well as the
Harish-Chandra c-function is independent of G/ K, it only depends on
» the space a ~ R",
» the set of roots A and
» multiplicity function m : @ — m,,!

» So from nowonm: A — [0,00) is a Weyl group invariant function,
defined on a root system A in a finite dimensional Euclidean space a.
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Theorem 0.7 (The radial part of the Laplacian) We have

(Af)|ars = L(f|ares)
for all f € C*(G/K)E.

» Hence the heat equation for K-invariant functions on G/ K corresponds
to the Cauchy problem on A™9 (or A™)

0 Lu(a,t) = Owla,t)
u(a,t) =% fla) € LA(AT,dp)
» The important observation now is, that every thing in (*) as well as the
Harish-Chandra c-function is independent of G/ K, it only depends on
» the space a ~ R",
» the set of roots A and
» multiplicity function m : @ — m,,!

» So from nowonm: A — [0,00) is a Weyl group invariant function,

defined on a root system A in a finite dimensional Euclidean space a.

» The density function and the differential operator L is defined as before.

|
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» What is missing is a good Fourier analysis on a with respect to the
measure du.
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» What is missing is a good Fourier analysis on a with respect to the
measure du.

» This theory was developed by E. Opdam and G. Heckman in a series of
article, starting around 1988
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» What is missing is a good Fourier analysis on a with respect to the
measure du.

» This theory was developed by E. Opdam and G. Heckman in a series of
article, starting around 1988

» What they did was to define for each A € af a function - the generalized
hypergeometric functions - ¢, : A — C using the Harish-Chandra expansion

oa(a) = Y c(wA)¥ya(a)
weW

where ¥, is defined by an infinite sum involving exponentials and rational
functions I' ,(\) that depend on m,, in a rational way, and hence make sense
for all multiplicity functions!
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» What is missing is a good Fourier analysis on a with respect to the
measure du.

» This theory was developed by E. Opdam and G. Heckman in a series of
article, starting around 1988

» What they did was to define for each A € af a function - the generalized
hypergeometric functions - ¢, : A — C using the Harish-Chandra expansion

oa(a) = Y c(wA)¥ya(a)

weW

where ¥, is defined by an infinite sum involving exponentials and rational
functions I' ,(\) that depend on m,, in a rational way, and hence make sense
for all multiplicity functions!

» Note, that the properties of the spherical functions follows from the

defining integral formula. It was therefore a non-trivial task to prove the
following using only the expansion formula:
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» What is missing is a good Fourier analysis on a with respect to the
measure du.

» This theory was developed by E. Opdam and G. Heckman in a series of
article, starting around 1988

» What they did was to define for each A € af a function - the generalized
hypergeometric functions - ¢, : A — C using the Harish-Chandra expansion

oa(a) = Y c(wA)¥ya(a)

weW

where ¥, is defined by an infinite sum involving exponentials and rational
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» What is missing is a good Fourier analysis on a with respect to the
measure du.

» This theory was developed by E. Opdam and G. Heckman in a series of
article, starting around 1988

» What they did was to define for each A € af a function - the generalized
hypergeometric functions - ¢, : A — C using the Harish-Chandra expansion

oa(a) = Y c(wA)¥ya(a)

weW

where ¥, is defined by an infinite sum involving exponentials and rational
functions I' ,(\) that depend on m,, in a rational way, and hence make sense
for all multiplicity functions!

» Note, that the properties of the spherical functions follows from the

defining integral formula. It was therefore a non-trivial task to prove the
following using only the expansion formula:
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» ), extends to a holomorphic function on a tubular neighborhood of A in
Ac = ac/Z{miH, | « € A}. What was not stated was how big this
neighborhood is;

- p. 50/54



» ), extends to a holomorphic function on a tubular neighborhood of A in

Ac = ac/Z{miH, | « € A}. What was not stated was how big this
neighborhood is;

> v\ = ¢, If and only if there exists a w € W such that wA = p;

|
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Ac = ac/Z{miH, | « € A}. What was not stated was how big this
neighborhood is;

> v\ = ¢, If and only if there exists a w € W such that wA = p;

> Loy = ((AA) = (p,p))pxr Where 2p =3 A1 mac.

- p. 50/54



» ), extends to a holomorphic function on a tubular neighborhood of A in

Ac = ac/Z{miH, | « € A}. What was not stated was how big this
neighborhood is;

> v\ = ¢, If and only if there exists a w € W such that wA = p;
> Loy = ((AA) = (p,p))pxr Where 2p =3 A1 mac.
» Growth estimates for p)(aexpiX) for X € Q) where

Q={Xeca|VaeA)|a(X)| <7/2}.

|
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» ), extends to a holomorphic function on a tubular neighborhood of A in
Ac = ac/Z{miH, | « € A}. What was not stated was how big this
neighborhood is;

> v\ = ¢, If and only if there exists a w € W such that wA = p;

> Loy = ((AA) = (p,p))pxr Where 2p =3 A1 mac.
» Growth estimates for ¢, (aexpiX) for X € 2 where

Q={Xeca|VaeA)|a(X)| <7/2}.

» With those tools available, one defines the Hypergeometric Fourier
transform by

A) = F(V /f Qdp=W| [ F@)p_ia)dy.

A+t
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» Define c: aiz — C by the same formula as the Harish-Chandra c-function
(product and quotients of I'-functions) and set dv(\) = |c(i)\)| =1 dA.
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» Define c: aiz — C by the same formula as the Harish-Chandra c-function
(product and quotients of I'-functions) and set dv(\) = |c(i)\)| =1 dA.

Theorem 0.8 (Heckmann-Opdam) The Fourier transform extends to an
unitary isomorphism

L*(A,dp)" ~ L?(a*,dv)" .

Furthermore, if f € C>°(A)" then

F) =W [ FO)gan(@ vy

and
FLFA) = =2+ 1) F()N) -
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Let us put this together in a commutative diagram:

L2(A, dp)V —— L?(A, da)™ ™)

fl |

2( 4% %% 2( 4% T(W
L#(a*, dv) —W>L(a,d)\)()
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Let us put this together in a commutative diagram:

L2(A, dp)V —— L?(A, da)™ ™)

fl |

2( 4% w 2( 4% T(W
L*(a*, dv) —@>L(a,d>\)()

e F, is the usual Fourier transform on A: Fa(f)(\) = [, f(a)a™"* da
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Let us put this together in a commutative diagram:

L2(A, dp)V —— L?(A, da)™ ™)

fl |

2( y* w 2( a% T(W
L*(a*, dv) —@>L(a,d)\)()

e F, is the usual Fourier transform on A: Fa(f)(\) = [, f(a)a™"* da

e U is the linear map F + c(—i\)"1F()\)
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Let us put this together in a commutative diagram:

L2(A, dp)V —— L?(A, da)™ ™)

fl |

2( y* w 2( a% T(W
L*(a*, dv) —@>L(a,d)\)()

e F, is the usual Fourier transform on A: Fa(f)(\) = [, f(a)a™"* da

e U is the linear map F + c(—i\)"1F()\)
e 7 is the action 7(w)F(\) = c(iw™\) /c(i\) F(w™1)\)
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Let us put this together in a commutative diagram:

L2(A, dp)V —— L?(A, da)™ ™)

fl |

2( y* w 2( a% T(W
L*(a*, dv) —@>L(a,d)\)()

e F, is the usual Fourier transform on A: Fa(f)(\) = [, f(a)a™"* da

e U is the linear map F + c(—i\)"1F()\)

e 7 is the action 7(w)F(\) = c(iw™\) /c(i\) F(w™1)\)
e and the isometry A
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Let us put this together in a commutative diagram:

L2(A,dp)V —— L?(A, da)™ ™)

fl |

2( y* w 2( a% T(W
L*(a*, dv) —@>L(a,d)\)()

e F, is the usual Fourier transform on A: Fa(f)(\) = [, f(a)a™"* da

e U is the linear map F + c(—i\)"1F()\)

e 7 is the action 7(w)F(\) = c(iw™\) /c(i\) F(w™1)\)
e and the isometry A
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Let us put this together in a commutative diagram:

L2(A,dp)V —— L?(A, da)™ ™)

fl |

2 ( ok %4 2 (% T(W
L*(a*,dv) —@>L(a,d)\)()

e F, is the usual Fourier transform on A: Fa(f)(\) = [, f(a)a™"* da

e U is the linear map F + c(—i\)"1F()\)

e 7 is the action 7(w)F(\) = c(iw™t\)/c(i\) F(w™1\)
e and the isometry A is constructed so as to make the diagram commutative.
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Let us put this together in a commutative diagram:

L2(A,dp)V —— L?(A, da)™ ™)

fl |

2 ( ok %4 2 (% T(W
L*(a*,dv) —@>L(a,d)\)()

e F, is the usual Fourier transform on A: Fa(f)(\) = [, f(a)a™"* da

e U is the linear map F + c(—i\)"1F()\)

e 7 is the action 7(w)F(\) = c(iw™t\)/c(i\) F(w™1\)
e and the isometry A is constructed so as to make the diagram commutative.
» Then

A(Lf)(a) = (Aa —1pI*)A(f)(a)

reducing the our problem to a shifted heat equation on A ~ a:

(Aa — |pP)ula,t) = dpu(x, )
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Theorem 0.9 (O+S, 2005) 1) The solution of the heat equation is given by

u(a, t) = [W]~2 / et F N pin (@ dv(\)  f € LR(A)V .
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Theorem 0.9 (O+S, 2005) 1) The solution of the heat equation is given by
ulat) = WI72 [ e OPRDfogpn@d)  f e L)Y

Let H,; be the space of holomorphic function on F' : Aexp{) — C such that
A(F') extends to a 7(WW)-invariant holomorphic function on ac such that

|F||2 = e2tlel’ / IAF(X +iY)|? dpe (X + 1Y) < 00.
ac
Then H; is a Hilbert space and

H,: I?(AY — H,

IS an unitary isomorphism. Here p; is the heat measure on the Euclidean
space a.

- p. 53/54



Assume m,, = 2 for all , i.e., (a, A, m) corresponds to a Riemannian
symmetric space G /K with G complex.
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Assume m,, = 2 for all , i.e., (a, A, m) corresponds to a Riemannian
symmetric space G/K with G complex. Then, §(a)'/? =] ca+(a® —a™%)
has a holomorphic extension to Ac and A f(a) = §(a)'/%f(a).
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Assume m,, = 2 for all , i.e., (a, A, m) corresponds to a Riemannian
symmetric space G/K with G complex. Then, §(a)'/? =] ca+(a® —a™)
has a holomorphic extension to Ac and A f(a) = §(a)'/%f(a).

Theorem 0.10 (Hall+Mitchell) Assume that G is complex. Let
f e L?(G/K)®, and let u(x,t) = H; f(x) be the solution to the heat

equation. The map X — d(exp X)"?u(exp X, t), X € a, has a holomorphic
extension to ac such that

117 = / (5Y2u)(X + Y, 1) 2P dpiy (X + 1Y)
ac

|
|
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Assume m,, = 2 for all , i.e., (a, A, m) corresponds to a Riemannian
symmetric space G/K with G complex. Then, §(a)'/? =] ca+(a® —a™)
has a holomorphic extension to Ac and A f(a) = §(a)'/%f(a).

Theorem 0.10 (Hall+Mitchell) Assume that G is complex. Let

f e L?(G/K)®, and let u(x,t) = H; f(x) be the solution to the heat
equation. The map X — d(exp X)"?u(exp X, t), X € a, has a holomorphic
extension to ac such that

117 = / (5Y2u)(X + Y, 1) 2P dpiy (X + 1Y)
ac

Conversely, any meromorphic function «(2Z) which is invariant under W
and which satisfies

/ (52u) (X + iY) 2Pl quy (X + 1Y) < oo
ac

is the Segal-Bargmann tranform H, f for some f € L?(G/K)%.

|
|
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