Math 4032, Solution to homework, March 24
5.4-3 Let V be a normed linear space.
(a) If T e V', prove |T'(v)| < ||T|| ||v] for all v € V.
(b) If T'e V', prove T'= 0, if and only if ||T"]| = 0.

Solution: Recall definition 5.4.2 that
|T]| = inf{K | |T(v)| < K|v|]| Vv € V}.

For simplicity we call the set on the right hand side Ar.

(a) Let € > 0 be given. Then there exists a K such that [|T|| < K < ||T||+¢
and |T'(v)| < K||v|| for all v € V. Hence

T ()] < (I} + e)lvl

for all € > 0. Assume there exists a v € V such that [T'(v)| > ||T||||v]|. As
T'(0) = 0 this implies that v # 0 and hence ||v|| > 0. Take
[T ()| = [[T[[[lv]

O<e<
vl

Then
T+ llvll < [IT[[lo]] + T()| = [ Tl[lv] = T (v)]

which is impossible.

(b) Assume that 7" = 0. Then |T'(v)| < 0]|v|| for all v € V" and hence 0 € Ar.
It follows that
0<||T||=inf Ap <O0.

Thus ||T'|| = 0.
Assume now that ||T'|| = 0. Then, by part (a), it follows that

T @) <7 o]l = 0
for all v € V. Hence T'(v) =0 for all v € V or T'= 0.

5.4-5If y € lo, x € {1 and

Ty($) = Z YTk ,
k=1



prove [T = [lylloo-

Solution: It has already been shown on p. 133 that ||T|| < [|y||ec. Define

el e {1 by
1 if =k
TV 0 if k4
Then ||e’||; = 1 and T(e?) = y;. Thus by part (a):
T(eN] = ly;| < ITl[lle?]l = 1Tl

It follows that
sup |yl = [[ylleo < I -

5.5-2 If 0 < o < 1, prove that ), converges uniformly on [0, a].
Solution: If z € [0, a], then 0 <z < « and hence

0< M= sup |zF| =a".
z€[0,0]

We know that Y 77, af = 372 M) < oo because 0 < o < 1. Hence the
claim follows from Theorem 5.5.2, Weierstrass M-test.



