Math 7311, Analysis 1, Homework #5. Due Monday, Sept
24, at 11:30 in Class

1) Let (X,.A) be a measurable space and Y a non-empty set. If f :
X-—Y is a function define B={A CY | f~1(4) € A}. Show that B
is a o-algebra.

2) (Exercise 3.27, p. 52). For € > 0 construct & open dense subset
Ue € R™ such that A(U,) < e where X is the Lebesgue measure on R™.
(Think about Q" C R*.)

3} Let (X, .A) be a measurable space such that A # P(X). Construct
a function f: X — R which is not measurable but |f| is measurable.

4) (Compare to Bartle: The Elements of Integration and Lebesgue

Measure, p. 26.)
a) Let E-C R be open. Then A(F)} =0 if and only if £ = 0.
b) If K C R is compact, then A(K) < 0.
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Math 7311, Analysis 1, fall 2012
Homework due Monday, Oct 1, 11:30

In the following problems (X, A, i) will always denote a measure space. Thus
X is a non-empty set, A is a g-algebra of subsets of X and p: A — [0, 00]
is a measure.

1) (Exercise 4.5) Assume that p(X) > 0. Suppose that f: X — R is finite
p-almost every where (same as: there exists a null set N € A such that
f(z) € R for all z € N¢). Show that there exists a set Y € A such that

p(Y) >0 and fis bounded on Y.

2) Let f: X — R. Show that the following are equivalent:

1. f is measurable.
2. {z € X | f(z) > r} is measurable for all 7 € Q.

3. {z € X | f(x) < r} is measurable for all 7 € Q.

3) Denote by (X, A, i) the completion of (X, A, 11). Assumethat f: X - R
is A’ measurable. Show that there exists a A-measureable function g; X — R
such that g = f p-almost every where. (Hint: For each r € Q consider
A.={zx € X | f(x) > r}. Then A, € A". Then write A, = B, U Z, where
B, € Aand Z, C N, for some null set N, € A. Use that Q is countable to

construct g.)

4) (From the Comprehensive/Qualifying Exam August 2011.) Let f, be a
sequence of continuous functions on [0,1] that converges pointwise for all
x € [0,1]. Given € > 0 show there is a subset A C [0,1], MA) < ¢ () the
Lebesgue measure), and a positive number M such that

for all z € [0,1] \ A. (Hint: Let f be the pointwise limit of f,. Since f,
is continuous on [0, 1] there is a number M, such that |f(z)] < M, for all
z € [0, 1]. Use Egoroff’s Theorem.)
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Math 7311, Analysis 1, Homework #7.

Due Monday, Oct, 8, at 11:30 in Class
If X C R then the c-algebra will always be the restriction of the
Lebesgue o-algebra to X and the measure A is the Lebesgue measure.

(X, A, p) will stand for a general measur space.
If f&€S&(X)and A€ Athen

Lfd#:[}{flAd#-

1) (From previous exam) Let A C (0,1) be a null-set. Show that
A? = {z? | z € A} is a null-set. (Hint: For ¢ > 0 take an open set
O = {J(a;, b;) such that 4 C O and A(O\ 4) < ¢/2.}

2} (Almost from the book, problem 4.10) Assume that p(X) < oo.
Assume that the sequence {f,}% of measurable functions f,: X - R
converges almost everywhere to the measureable function f: X — R.
Show that f, — f in measure. |

3) (Similar to the book, Exercise 5.3, p. 71) If f € 8§,(X), f > 0, then
gy A — [0, 00| defined by

Al—)/Afdp

is a finite measure on A. (Hint: You have to show that if {£;}32,
is a disjoint sequence of measurable subsets of X, then ps(UFE;) =

> 1 (E5))

4) Let f,g : X — R be simple functions. Show that f Agand fVg
are simple functions and write them as a sum of indicator functions.
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