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ABSTRACT. For a 2-connected matroid M, Cunningham and Edmonds
gave a tree decomposition that displays all of its 2-separations. When M
is 3-connected, two 3-separations are equivalent if one can be obtained
from the other by passing through a sequence of 3-separations each of
which is obtained from its predecessor by moving a single element from
one side of the 3-separation to the other. Oxley, Semple, and Whittle
gave a tree decomposition that displays, up to this equivalence, all non-
trivial 3-separations of M. Now let M be 4-connected. In this paper, we
define two 4-separations of M to be 2-equivalent if one can be obtained
from the other by passing through a sequence of 4-separations each
obtained from its predecessor by moving at most two elements from one
side of the 4-separation to the other. The main result of the paper proves
that M has a tree decomposition that displays, up to 2-equivalence, all
non-trivial 4-separations of M.

1. INTRODUCTION

The matroid terminology used here will follow Oxley [3]. The purpose of
this paper is to generalize the main result of [4] by giving a tree decompo-
sition for the 4-separations in a 4-connected matroid. Let M be a matroid
with ground set E. The connectivity function A\p; of M is defined for all
subsets X of E by A\y(X) = r(X)+r(E—X)—r(M). For a positive integer
k, the set X is k-separating if Apr(X) < k—1. When equality holds here, we
say that the set X and the partition (X,FE — X) are ezactly k-separating.
If X is k-separating and min{|X|, |E — X|} > k, then (X, F — X) is a k-
separation of M having sides X and £ — X. For an integer n exceeding one,
M is n-connected if it has no k-separation for any k < n. A subset Z of E
is fully closed if cl(Z) = Z = cl*(Z). The full closure fcl(Y) of a set Y is the
intersection of all fully closed sets containing Y. It can be obtained from
Y by first taking the closure of Y, then taking the coclosure of the result
and repeating this process until no further elements can be added. The local
connectivity (Y, Z) of subsets Y and Z of E(M) isr(Y)+7r(Z)—r(YUZ).
For a positive integer n, we denote the set {1,2,...,n} by [n].
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Cunningham and Edmonds [2] (see also [3, Section 8.3]) considered the
structure of 2-separations in a 2-connected matroid M and showed that
there is a labelled tree that displays all 2-separations of M. When Oxley,
Semple, and Whittle [4] sought to describe the structure of 3-separations in
a 3-connected matroid, the way in which such 3-separations can interlock led
them to define the following equivalence relation. In a 3-connected matroid
M, two exactly 3-separating partitions (Xi,Y7) and (Xa,Y2) of E(M) are
equivalent if fcl(X;) = fcl(Xs) and fcl(Y7) = fcl(Ya). A 3-separation (X,Y)
is sequential if Y or X is sequential, that is, if fcl(X) = E(M) or fcl(Y) =

For all 3-connected matroids having at least nine elements, a tree de-
composition is given in [4] that guarantees to display, up to equivalence, all
non-sequential 3-separations of the matroid. Some of the vertices of this
tree decomposition are labelled by flower vertices, a flower being a struc-
ture that was introduced to deal with crossing 3-separations. This notion
was generalized by Aikin and Oxley [1]. For integers k and n exceeding
one, a partition (P, Ps,...,P,) of the ground set F of a matroid M is a
k-flower with petals Py, Ps, ..., P, if each P; is exactly k-separating and,
when n > 3, each P; U Py is exactly k-separating. It is not difficult to
show that M(P;, Piy1) = MN(P}, Pj+1) for all ¢ and j in [n]. It is convenient
to view (E) as a k-flower with a single petal. We call it a trivial k-flower.
When M is a 3-connected matroid, a 3-flower is what is defined in [4] as a
flower. Aikin and Oxley [1] generalized a result of [4] by showing that every
non-trivial k-flower (Py, Py, ..., P,) is either a k-anemone or a k-daisy. In
the first of these, U;cr P; is exactly k-separating for all non-empty proper
subsets I of [n]; in the second, U;crP; is exactly k-separating only if I is
a non-empty proper subset of [n] whose members are consecutive in the
cyclic order (1,2,...,n). In a 4-connected matroid, if a set X is exactly
4-separating, then min{|X|,|E — X|} > 3. Thus each petal of a 4-flower in
a 4-connected matroid must have at least three elements.

The connectivity function of a matroid M has a number of attractive
properties. In particular, since we can rewrite Ay (X) as r(X) + r*(X) —
|X|, we see that Aps = Apr+. Moreover, Ay (X) = Ay (E — X). We often
abbreviate Aps as A. This function is submodular, that is, A(X) + A(Y) >
AMXNY)+AXUY) for all X, Y C E(M). The next lemma is a consequence
of this. We make frequent use of it here and we write by uncrossing the sets
X and Y or just “by uncrossing” to mean “by an application of Lemma 1.1”.

Lemma 1.1. Let M be a 4-connected matroid, and let X and Y be 4-
separating subsets of E(M).

(i) If I X NY| >3, then X UY is 4-separating.

(ii) If |[E(M) — (X UY)| >3, then X NY is 4-separating.

A number of the results here can be obtained from corresponding results
in [4] by making the appropriate modifications to the proofs. When these
changes are routine, we have omitted the details assuming that the reader
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has access to [4]. We concentrate here on the differences that exist between
the tree descriptions of 3-separations and 4-separations. One of the primary
differences is that, in order to be able to give the desired tree description of
4-separations, we impose on 4-separations a new type of equivalence, which
we call 2-equivalence. The need for this new concept and its formal definition
are given in Section 2. Following that, Section 3 investigates the properties
of equivalence of 4-flowers, while Section 4 treats maximal 4-flowers. The
main result of the paper, Theorem 5.1, is proved in Section 5.

2. A NEw EQUIVALENCE OF 4-SEPARATIONS

In this section, we begin to describe the structure of 4-separations in
4-connected matroids. Our work in [1] provides a general description of
the behaviour of crossing separations in arbitrary matroids. We use these
results specialized to the case of 4-flowers and in the context of 4-connected
matroids. We begin by providing some examples to illustrate the complexity
that can arise when looking at 4-separations in 4-connected matroids. We
use these examples as motivation for developing a notion of equivalence for
4-separations in 4-connected matroids that is different from the notion of
equivalence for 3-separations, which was defined above.

Our primary goal is to be able to display the 4-separations of a 4-
connected matroid. We say that a 4-flower ® displays a 4-separating parti-
tion (X,Y) of E(M) if X is a union of petals of ®. The structure used to
display both 2-separations in [6] and 3-separations in [4] was a tree structure.
It is reasonable that we expect to display 4-separations in a tree structure
as well and that the 4-separations will be displayed by edges and 4-flower
vertices of the tree. The number of 4-separations and the complexity of their
interactions means that we will be content with imposing an equivalence re-
lation on those 4-separations and displaying at least one representative from
each equivalence class, as was done in [4].

Equivalence of 3-separations in 3-connected matroids is defined in terms
of the full closure operator. Writing e € ¢l (X) to indicate that e is in
the closure or the coclosure of X, we note that, for an exactly 3-separating
partition (X,Y") of a 3-connected matroid M with z in Y and |Y| > 3, the
partition (X U z,Y — 2) is exactly 3-separating if and only if z € c1®)(X).
Hence we can view equivalence of 3-separations in terms of moving one
element at a time from one side of a 3-separation to the other.

A key step in displaying 3-separations in a tree structure in [4] was to
first prove that all 3-separations in a 3-connected matroid conform with a
maximal flower. This will also be a key step in our tree decomposition of
4-connected matroids. We want to define what it means for a 4-separation
to conform with a 4-flower. Since the definition will rely on our notion of
equivalence, we must first decide how to define equivalence of 4-separations.
In the following examples, we see the difficulty that arises if we define equiv-
alence of 4-separations in the same way as equivalence of 3-separations, that
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is, in terms of one-element moves. For the time being, mimicking what
is done for 3-separations in 3-flowers, we will just say that a 4-separation
(X,Y) conforms with a 4-flower @ if there is a 4-separation (X', Y”) with
(fel(X"), fel(Y")) = (fel(X), fel(Y')) such that either (X', Y”) is displayed by
®, or one of X’ and Y’ is contained in a petal of ®.

The first example illustrates the need to impose some type of equivalence
on 4-separations otherwise, just as in the case of 3-separations, there is no
reasonable way to display a tightly interlocked collection of 4-separations.

Example 2.1. Beginning with the matroid U4 with ground set
{a1,a2,a3,a4}, freely add t points by, be,...,b on the line spanned by
{az,a3}. Then, for some m > 3, freely add m points on each of the planes
spanned by {a1,as,as} and {as,as,as}. Let the resulting matroid be M.
We label by P; and P; the planes spanned by {ai,a2,a3} and {asz,as, a4},
each containing m freely added points, respectively. Let A = P, — Ps,
C = P, — P;, and let B be the line spanned by {az,as} and containing the
points by, bo, ..., b;. Take Z1, 25, ..., Z; to be a collection of disjoint 3-point
lines where Z; = {x;,y;,b;}. We let N be the matroid obtained by attaching
each Z; to M via 2-sum. Then N has rank 4 + ¢ so the truncation T'(N)
of N has rank 3 + ¢. An illustration of the matroid T'(N) can be found in
Figure 1.

In the matroid N, every pair {x;,y;} is 2-separating, and these are the
only non-trivial 2-separating sets. Since every 3-separating set in NV with at
least 3 elements is 4-separating in T'(N), the matroid T'(N) is 4-connected.
Moreover, in T'(N), the planes P; and P, are exactly 4-separating sets.
Now, let I be a k-element subset of [t]. Then 7(A U U;c/{=i,ui}) =3 +k
and r(E(T(N)) = (AU U;e{zi, vi})) = 3+t —k for all k& < t. Therefore,
MAUUjerdziyi}) = B +k)+ B+t —k)— (34+1t) = 3. It follows that
A together with any collection of the pairs {x;,y;} is exactly 4-separating.
However, these 4-separations are not equivalent in the same sense as 3-
separations are equivalent. Indeed, if we consider a set such as AU z;, we
see that (AUz;) = 4 and r(E(T(N))—(AUxz;)) = 3+t. Hence \(AUx;) =4
so A U x; is not 4-separating. It follows that no x; or y; is in the closure or
the coclosure of A.

In Example 2.1, the only way to move a pair {z;,y;} from one side of
the separation to the other while maintaining a 4-separation, is to move
both elements simultaneously. This suggests the need for a new notion
of equivalence that incorporates 4-separations that differ by exactly two
elements. A natural way one might consider trying to display the large
number of 4-separations that can arise in a 4-connected matroid, such as
T(N), and that differ by exactly two elements is to relax the condition
that the petals of 4-flowers must be exactly 4-separating. In fact, if we
allow petals to contain exactly two elements, we would be able to display
all of the 4-separations that arise in the matroid T'(/N) from Example 2.1
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FIGURE 1. The 4-connected matroid T'(N).
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FIGURE 2. The 4-anemone ® of rank 7.

up to ordinary one-element move equivalence, by the 4-flower (P, U B, P, —
B,Z1,Zs,...,7;). As we will see in the next two examples, relaxing this
condition comes at the cost of possibly not being able to display some more
substantial 4-separations. Our next example consists of a 4-anemone that
is constructed from a spike-like 3-flower.

Example 2.2. Let M be a rank-5 free spike with tip v, and let Py, P», ..., Ps
be the legs of M such that |P;—v| = 2 for all i # 1. Then M is 3-connected.
Along the line P;, we glue two planes, P; and Pj, each a rank-3 uniform
matroid with at least four points, none on P;. The resulting matroid has

rank 7, and the partition (P; U Py, Py, P5, Py, Ps) is a spike-like 3-flower.
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Now, we add a point « freely in rank 7. On the line containing x and v, we
freely place a point y. Finally, delete v and call the resulting matroid M’. It
is easily verified that M’ is a 4-connected matroid of rank 7. Furthermore,
we assert that ® = (P{UP/,{z,y}, P2, P, Py, Ps), pictured in Figure 2, is a
4-anemone for M’ in which the local connectivity between any two distinct
petals is one.

We observe that P/ U{z,y} is 4-separating, but does not conform with ®.
In order to have P{ U {z,y} conform with ®, we would either need to move
{z,y} into the petal P{ U P/, which would prevent exactly 4-separating sets
such as {z,y} U P, from conforming; or we would need to make P| into a
separate petal. However, upon calculating A\(P] U {z,y} U P,), we see that
P{U{z,y} U P; is not 4-separating. Hence, making P; into a separate petal
would destroy the 4-flower structure of .

Because of Example 2.2, we see that, even if we were to allow 2-element
petals in 4-flowers, we would still not be able to have certain 4-separations
conform. In the next example, we construct a 4-daisy from a swirl-like 3-
flower. This example provides insight into how one can construct arbitrarily
large 4-flowers where, if we allow 2-element petals, an arbitrary number of
4-separations will not conform.

Example 2.3. We begin with a rank-8 jointed free swirl, S, having 8 seg-
ments labelled Ly, Lo, ..., Lg, where L; = {s;,a;,b;, s;+1} and i is read mod-
ulo 8. The joints of S are the points {s1,$2,...,ss}. Deleting all of the
joints labelled by an even subscript, we arrive at a rank-8 semi-jointed free
swirl with joints {s1, s3, s5, s7}. For each i in {1, 3,5, 7}, we attach along L;,
two planes, P}, and Pj,_,, each a rank-3 uniform matroid with at least

four points, nonQe on L;. Néxt we take four 3-point lines Z1, Z3, Z5, Z7 where
Z; = {zi,yi, 8;} and, via 2-sum, attach each line Z; at the point s;. We call
the resulting rank-20 matroid M.

Now, for i in {2,4, 6,8}, relabel L; by sz‘ and, for ¢ in {1,3,5,7}, label
the set {x;,y;} by Paizi. The resulting partition, (P; U P/, Py, P3, P, U
Py, Ps, Ps, PJUPY, Pg, Py, P{,UP], P11, Pi2), is a swirl-like 3-flower for M. If
we truncate M, we obtain the 4-connected rank-19 matroid 7'(M) for which
the swirl-like 3-flower is now a 4-daisy ® with the same labelled partition.
This is illustrated in Figure 3. The local connectivity between pairs of
consecutive petals in ® is one and, between pairs of non-consecutive petals,
it is zero.

Evidently, sets of the form P/ U P;1;, for i = 1 (mod 3), are exactly 4-
separating. Just as in Example 2.2, displaying such 4-separations or having
them conform with the 4-flower comes at the cost of not being able to have
other 4-separations conform, since sets of the form P/ U P41 U P19, for
i =1 (mod 3), are not 4-separating.
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Allowing 4-flowers to have 2-element petals clearly does not better our
chances of displaying all of the 4-separations in a 4-connected matroid up to
our original notion of equivalence. In fact, as the examples have shown, doing
so can actually keep other 4-separations from conforming with a 4-flower.
The same problem occurs if we allow single-element petals in 4-flowers. It is
easily seen that, in the last example, deleting a single element from any of
the petals P; for i = 2 (mod 3) does not change the fundamental structure
of the 4-flower in that there is still no feasible way to display all of the
4-separations. If, on the other hand, in Example 2.3, we were to regard
4-separations of the form P/ U P/ and P/ U P/ U P,y for i = 1 (mod 3),
as ‘equivalent’, then these 4-separations would conform with the 4-flower.
In light of our observations, the natural course is to use an equivalence
of 4-separations that incorporates moving two elements at a time across a
4-separation.

Let M be a 4-connected matroid and let X be a 4-separating subset of
E(M) having at least three elements. The full 2-span of X, denoted fso(X),
is the set X UX3UXoU---UX,,, where X1, Xo,..., X, are disjoint subsets
of B — X,

(i) each X; has cardinality one or two;
(i) MX UX;UXoU---UXj) <3, for all jin [m]; and
(iii) the sequence (X;)!; has maximal length with respect to properties

(i) and (ii).
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We note that the full 2-span operator is a generalization of the full closure
operator, since if |X;| = 1, then X; C cl(*)(X UXiUXoU---UX;_1). We
call (X;)™, a 4-sequence for fsy(X) if it satisfies (i), (ii), and (iii). The next
two lemmas show that the full 2-span operator, defined on 4-separating sets,
is a well-defined closure operator.

Lemma 2.4. The full 2-span operator is well-defined on 4-separating subsets
of E(M) having at least three elements.

Proof. Let X be a 4-separating subset of E(M) having at least three ele-
ments. Let (X;)™, and (Y;)%_; be 4-sequences for fsy(X). As the lengths
are maximal, k = m. For each j in [m], since X UJ", X; and X U|J/_, Y;
are both 4-separating and their intersection contains X, by uncrossing,
their union, X U (™, X;) U (J_, i), is 4-separating. Suppose that
X U (U™, Xi) U (U_, Ys) properly contains X U (™, X;) for some j and
choose the least such j. Let Y] =Y; — (X U (UL, Xi)). Then [Y]] € {1,2}
and (X1, Xo,..., X, Y]’) is a 4-sequence for fsy(X); a contradiction. Thus
X U (U, X;) contains | J;", Y; and, by symmetry, X U (|J",Y;) contains
Uit X;, so fso(X) is well-defined. O

By a similar argument, it is not difficult to establish the following result.

Lemma 2.5. In a 4-connected matroid M, the full 2-span operator is a
closure operator for 4-separating sets having at least three elements.

Let M be a 4-connected matroid. We say that two exactly 4-separating
partitions (X,Y) and (X', Y”) of E(M) are 2-equivalent if (fs3(X), fs2(Y)) =
(fsa(X'),fs2(Y")).  Thus if two exactly 4-separating partitions are 2-
equivalent, then one can be obtained from the other by moving a sequence
of 1- and 2-element sets across the partition in such a way that, at any
intermediate step, the result is a 4-separating partition. Two exactly 4-
separating sets Y and Z in M are 2-equivalent if fso(Y) = fso(Z). We say
that a 4-separating subset X of E(M) is sequential if fso(E — X) = E(M).
Notice that, in a 4-connected matroid, when a set X contains at most four
elements, it is automatically sequential. We call an exactly 4-separating
partition (X,Y) sequential if either X or Y is sequential. Since, in a 4-
connected matroid, any set having at most three elements is 4-separating,
we regard sequential 4-separations as being trivial and we make no attempt
to display them.

The next lemma, which generalizes [5, Lemma 2.7], follows easily from
Lemma 2.5.

Lemma 2.6. In a 4-connected matroid M, let X andY be 4-separating sets
such that |[E(M) — X| >3 and Y C X. If X is sequential, then so is Y.

The next lemma is used in the proof of the main result, Theorem 5.1.

Lemma 2.7. Let A and B be disjoint non-sequential, exactly 4-separating
sets in a 4-connected matroid M. If fs3(A) does not contain B, and fsa(A)
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is not 2-equivalent to E— B, then fso(A)— B is 4-separating and fsy(fse(A) —
B) = fsy(A).

Proof. First, we show that fss(A) — B is 4-separating. Consider the set
fss(A) U(E — B) = E — (B — fsa(A)). Suppose |B — fsg(A)| < 2 and let
B —fs3(A) =Y. Then, since fsa(A) is not 2-equivalent to £ — B, we know
that [(E—B)—fsa(A)| = |E—(fs2(A)UB)| > 3. Thus, by uncrossing the sets
fs2(A) and B, we see that their intersection is 4-separating. But fso(A)NB =
B-Y. If | B-Y]| < 2, then |B| < 4 and B is a sequential 4-separating
set, which is a contradiction. Therefore, |B — Y| > 3. Then, by uncrossing,
fs2(A) U B is 4-separating, which implies that B C fsy(A); a contradiction.
It follows that |B—fsa(A)| > 3. We know that fse(A)— B = fse(A)N(E—B),
and both fsy(A) and (E — B) are 4-separating. So, by uncrossing the sets
fso(A) and E — B, we see that fsy(A) — B, is 4-separating. Moreover, since
A C fs9(A)— B C fsg(A), we have fsy(A) C fso((fse(A) — B)) C fsa(fse(A)) =
fsy(A), and the lemma holds. O

Let M be a 4-connected matroid. A 2-element set {a,b} in M is called a
pod if there is a partition (X, {a,b},Y") of E(M) such that both X and Y are
4-separating but neither X Ua nor X Ub is 4-separating. Since any set in a 4-
connected matroid of size at most three is 4-separating, for such a partition
to occur, it must be that |X|,|Y| > 3 so X and Y are exactly 4-separating.
The partition (X,{a,b},Y) of E(M) is called a pod partition. Amongst
pods, we distinguish two different types. A pod {a,b} is called weak if there
is a non-sequential 4-separation (A, B) of M with a € A and b € B. Such
a 4-separation is said to divide the pod {a,b}. If a pod is not weak, then
it is called strong. Hence strong pods cannot be divided by non-sequential
4-separations. Let X be a 4-separating set in M. We say that {a,b} is a
pod with respect to X if X N{a,b} =0 and (X, {a,b}, E — (X U{a,b})) is
a pod partition. Evidently {a, b} is a pod with respect to X if and only if
it is a pod with respect to £ — (X U {a,b}). Let (X,Y) be a 4-separation
of M and suppose that {a,b} C Y. Then {a,b} is a pod with respect to the
4-separation (X,Y) if (X,{a,b},Y — {a,b}) is a pod partition. The next
two lemmas give some basic properties of pods in 4-connected matroids. We
omit the routine proof of the first.

Lemma 2.8. Let M be a 4-connected matroid and let X be a 4-separating
subset of E(M) with |X| > 3. If Z is a pod with respect to X, then r(X U
Z)—r(X)=r"(XUZ)—r*(X)=1and N(Z,X) =11"(Z,X) =1(Z,F —
(XuZz2)=m*(Z,E—-(XUZ))=1.

Lemma 2.9. Let M be a 4-connected matroid with |E(M)| > 11. If
(X,{a,b},Y) is a pod partition of E(M) with |X|,|Y| > 5, then {a,b} is a
strong pod.

Proof. Suppose there is a non-sequential 4-separation (A, B) with a € A and

b € B. Then, since (A, B) is non-sequential, |A|,|B| > 5. We represent this
situation in Figure 4.
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A B

FIGURE 4. The pod {a,b} split by the non-sequential 4-
separation (A, B).

2.9.1. Each of | X NA|, | X NB|, |Y NA|, and |Y N B| is at least two.

To prove (2.9.1), suppose that |Y N B| < 1. Then, since |Y|,|B| > 5,
we see that |[BN X| > 3 and |[ANY]| > 3. By uncrossing A and Y, we
have A(Y N A) = 3. Also, by uncrossing A and Y U {a,b}, we see that
M(YNA)Ua) = 3. Hence a € cl®(YNA), soa € cl®(Y) contradicting the
fact that (X, {a,b},Y) is a pod partition. The rest of (2.9.1) now follows by
Symmetry.

Now, if each of | X NA|, | X NB|, |Y NA| and |Y N B| is exactly two, then
|E(M)| = 10, a contradiction. So, we may assume without loss of generality
that [ X NA| > 3. If | BNY| > 3, uncrossing B and Y gives A(BNY) = 3.
Then, by uncrossing B and Y U {a, b}, we see that A(BNY)Ub) = 3. Thus
bed(BNY), sobecd®(Y) a contradiction. Hence we may further
assume that |[BNY| = 2. Then |[ANY| > 3, since |Y| > 5. So, by symmetry,
|IBNX|=2.

Let BN X = {x1,22}. Now, A is 4-separating, and so is B — {x1,z2}
since |B — {x1,z2}| = 3. Hence, by uncrossing, AU X is 4-separating. That
is, (AU{x1, 22}, B — {21, 22}) is an exactly 4-separating partition. Thus B
is sequential, a contradiction. Therefore, the lemma holds. O

The following is a straightforward consequence of the last lemma.

Corollary 2.10. Let M be a 4-connected matroid with |E(M)| > 11. If
{a,b} is a pod with respect to a non-sequential 4-separation of M, then
{a,b} is a strong pod.

Corollary 2.11. Let M be a 4-connected matroid with |E(M)| > 11. If,
for each i in {1,2}, the set Z; is a pod with respect to some non-sequential
4-separation of M, then Zy N Zy =0, or Z1 = Zs.

Proof. Suppose Z; and Zj are distinct. Then |Z; N Z3| < 1. Assume that
|Z1NZs| = 1. Since Z; is a pod with respect to a non-sequential 4-separation
of M, there is a pod partition (X, Z1,Y) of E(M) such that X and Y are
non-sequential 4-separating sets. Let Zy— 277 = {z}. Either z € X orz € Y.
Thus either (Y UZ1, X) or (X UZ;,Y) is a non-sequential 4-separation that
divides the pod Zs, contradicting Corollary 2.10. O
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3. EQUIVALENCE OF 4-FLOWERS

For the remainder of this paper, unless otherwise stated, we will assume
that we are working in a 4-connected matroid M. Moreover, whenever we
say that ® is a flower, it is to be understood that ® is a 4-flower for M. For
simplicity, we will also abbreviate 4-anemones and 4-daisies to anemones
and daisies, respectively. Let ® be a flower. Recall that ® displays a 4-
separation (X,Y) of M if X is a union of petals of ®. Now let ®; and P9
be flowers. Then ®; < ®5 if every non-sequential 4-separation displayed
by ®; is 2-equivalent to one displayed by ®5. We say that two flowers,
®; and Py, are 2-equivalent if &1 < P9 and P < ®;. Thus 2-equivalent
flowers display, up to 2-equivalence of 4-separations, exactly the same non-
sequential 4-separations. The order of a flower ® is the minimum number
of petals needed to display, up to 2-equivalence of 4-separations, the same
non-sequential 4-separations as ®. A flower has order 1 if it does not display
any non-sequential 4-separations. If a flower has order 2, then it displays
exactly one non-sequential 4-separation. Clearly, a flower of order n has at
least n petals.

In a 4-connected matroid M, let (P, Py, ..., P,) be a flower ®. We call ¢
irredundant if, for all 7 in [n], there is a non-sequential 4-separation (X,Y")
displayed by ® with P; C X and P;+; C Y. If a flower is not irredundant, it is
called redundant. Since we are interested in displaying only non-sequential
4-separations, it is inefficient to do so using flowers that are redundant.
Therefore, in what follows, we will commonly assume that the flowers we are
dealing with are irredundant, and we will always assume that their order is
at least two. The reader familiar with [4] may be surprised to see the notion
of irredundance used with 4-flowers since the same notion is not explicitly
used when treating 3-flowers in 3-connected matroids. At the end of this
section, we shall briefly discuss this difference.

We begin this section by defining an elementary move for 2-equivalence.
Let (P, Py, ..., P,) be a 4-flower ®. We say that &' is obtained from ® by
an elementary move if one of the following holds:

(0) @' is obtained by an arbitrary permutation of the petals of ® in the
case that ® is an anemone, or is obtained from ® by a cyclic shift
or a reversal of the order of the petals of ® in the case that ® is a
daisy.

(1) There exists Y C P, with |Y| € {1,2} and |P, — Y| > 3 such that
A(PLUY) =3, and

' = (P1UY,P2—Y,P3,...,Pn).

(2) There exists Y C P, with |Y| € {1,2} and |P, — Y| < 2 such that
A(PLUY) =3, and

P = (PLUPy, Ps,...,Pp).

(3) There exist Y7 and Y5 contained in P; with |Yi[,|Ya| € {1,2} and
|Y1UY2|, |P1—(YiUYé)| > 3 such that /\(PgUYl) =3 = A(PQUY&UYVQ),
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and
o' = (Pl — (Y1 UYQ),Yi UYs, Py, Ps, ... ,Pn)

We refer to these as Type-0, -1, -2, and -3 moves, respectively. The goal
of this section is to prove the following result.

Theorem 3.1. Two irredundant flowers of order at least three are 2-
equivalent if and only if one can be obtained from the other by a sequence of
elementary moves.

To prove this theorem, we will need some preliminaries. Let & =
(P, Py,...,P,) be a flower. An element e of M is loose in the flower ®
if e € fso(P;) — P; for some petal P; of ®. An element that is not loose is
tight. A set X in M is loose in the flower ® if all of the elements in X are
loose. A set that is not loose is tight. The petal P; is loose if it is a loose
set. A tight petal is one that is not loose. A flower of order at least three is
tight if all of its petals are tight. A flower of order two or one is tight if it
has two petals or one petal, respectively.

Lemma 3.2. Let ® = (P, P, ..., P,) be a flower and suppose that ®' is
obtained from ® by an elementary move. Then ® and ® are 2-equivalent
flowers and an element is loose in ® if and only if it is loose in @'.

Proof. Evidently n > 2. It is clear that the lemma holds if ® is obtained
from ¢ by a Type-0 move. Now consider performing a Type-1 move on
®. Let Y C P, with |Y] € {1,2}, |[Po— Y| > 3, and A(PLUY) = 3. Let
¢ = (PLUY,P,—Y,Ps,...,P,). We first show that ® is a flower. If n = 2,
this is immediate. If n = 3, since PL UY and P3 U P, are 4-separating
and their intersection is P;, by uncrossing, their union, PsU P, UY, is 4-
separating. Hence P, — Y is also 4-separating. It follows that @’ is a flower
when n = 3. Suppose n > 4. Consider consecutive pairs of petals of ®’.
The only unions of such pairs that are not unions of consecutive petals of
® are (P, —Y)U P3 and P, U (P, UY). By repeating a similar uncrossing
argument as in the case of n = 3, we see that (P UY)U P,, is 4-separating.
By uncrossing P, UY and Py,UPsU---UP, U Py, we see that (P, —Y)U Ps
is 4-separating. Similarly, uncrossing P,UY and PsUP,UPsU---UFP,UP;
shows that P, — Y is 4-separating. Therefore, ®’ is a flower. Moreover,
Y g fSQ(Pg - Y)

Next, we show that ® and @' are 2-equivalent. Let (R,G) be a non-
sequential 4-separation in M. Suppose that (R, G) is displayed by ®, where
P, C R. If P, C R, then (R, Q) is displayed by ®', hence we may assume
that P, C G. We know that A(P, UY') = 3 so, by uncrossing R and P, UY,
we see that A(RUY) = 3. Thus (RUY,G —Y) is a 4-separation that is
2-equivalent to (R, G) and is displayed by ®'. A symmetric argument shows
that if (R, G) is displayed by @', then it is 2-equivalent to a 4-separation
displayed by ®. Therefore, ® and ®' are 2-equivalent.

We now consider the loose elements. Since A(P; UY) = 3, we have
Y C fso(Pr). Thus fso(PLUY) = fso(Py). Similarly, Y C fsy(P2 —Y') so that
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fso(Py) = fso(P —Y'). It now follows easily that the loose elements in ® and
®’ are the same.

Consider a Type-2 move. Let Y C P, with |Y]| € {1,2}, [P — Y| < 2,
and A(PLUY) =3. Let & = (PLU Py, P3,...,P,). Tt easily follows in this
case that @' is a flower. We show that ® and @’ are 2-equivalent. Let (R, G)
be a non-sequential 4-separation of M. Since the underlying partition for ®
refines that of @', it is immediate that if (R, G) is displayed by @, then it
is displayed by ®. Assume that (R, Q) is displayed by ®, where P; C R. If
P, C R, then (R, G) is displayed by ®'. Assume that P, C G. Since P, UY
and P; U P, are 4-separating and |P» — Y| < 2, it follows that P C fso(Py).
Hence (R, G) is 2-equivalent to the 4-separation (R U Py, G — P»), which is
displayed by ®. It now follows that ® and ® are 2-equivalent.

Consider the loose elements of ® and ®'. Since ® and @’ are 2-equivalent
and ® has order at least 2, it must be that n > 3. Since P, C fso(FP)), it
follows that ® and ® have the same loose elements as long as all of the
elements of fso(P2) are loose in ®'. Clearly, elements of fsy(P,) that are
not in P; are loose in ®'. But, it is easily seen that P, C fsy(Ps), hence
fso(P2) NPy C fso(P3) N Py. Therefore, the elements of fsg(P,) are loose in
@' as required.

Finally, consider a Type-3 move. Let Y; and Y5 be contained in P; with
Y1), |Yz] € {1,2} and |Y; U Ya| > 3. Suppose that A\(P, UY7) = 3, A(P2 U
Y1 U Yg) = 3, and ‘Pl — (Yl @] Yg)’ > 3. Let & = (Pl - (Yl U YQ),Yl @]
Yo, Py, P3, ..., P,). By uncrossing £ — (P, UY; UY3) and P;, we see that the
intersection, P; —(Y1UY2), is 4-separating. Similarly, P,,U(P;—(Y1UY?2)) is 4-
separating. It follows that every union of consecutive petals is 4-separating.
Hence @’ is a flower. Observe that ® is obtained from ®' by a Type-2 move.
Thus ® and @’ are 2-equivalent and have the same loose elements. O

We will say that the flower ® is move-equivalent to the flower & if one
can be obtained from the other by a sequence of elementary moves. We omit
the elementary proof of the next result.

Lemma 3.3. Move-equivalence is an equivalence relation on the set of flow-
ers of order at least two.

We now work toward showing that every flower of order at least 3 is
move-equivalent to a tight flower.

Lemma 3.4. Let (P, P, ..., P,) be a tight flower ® of order at least 3. Let
(Yo), be a 4-sequence for fso(Py U Py U --- U P;) where j < n—2. Letd
be the largest member of [m + 1] such that, for all i in [d — 1], the setY; is
contained in one of Pjy1, Pjia, ..., P,.
(i) If d < m, then

(a) .7 =n-— 2;

(b) Yy meets both P,_1 and P,;

(¢) each of Pp_1 — (Y1UYoU---UYy) and P, — (Y1 UYoU---UYy)

has exactly two elements;
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(d) (P,UP,—1) — (Y1 UYoU---UYy) is a 4-circuit or a 4-cocircuit
of M; and
(e) ng(Pl UP,U---U P]) = E(M)
(ii) Wheni<d-—1,
(a) if Y; is contained in P,, then Y; C fso(Py) — Py; and
(b) if Y; is not contained in Py, then Y; C fso(Pj) — Pj.
(iii) For Y =Y, UYoU---UYy 1, the flower ® is 2-equivalent to

(PLU(Y'NP),Py,...,P_1,P;U(Y —P,),Piy1 —Y' ... Py —Y").

Proof. We begin by establishing (ii) and (iii). Assume that 1 < d — 1.
Suppose Y1 C P,,. Then PLUP,U---UP;UY; and Py U P, are 4-separating.
Their union avoids P,,_1, so their intersection, P; UY7, is 4-separating. Thus
Y: C fso(Py) if Y1 € P,. Now assume Y is not contained in P,. Then
P,NnYy =0and LUP,U---UP;UY; and PjUPjy1 U---U P, are
4-separating. Their union avoids F,, so their intersection, P; U Yy, is 4-
separating; that is, Y7 C fso(F;).

If i1 € P, then we replace (P,P,...,P,) by (P U Yy,Ps,
Ps,...,P,1,P,—Y7). If Y] C P, for j+1<t<n—1, then we replace P;
by P;UY7 and replace P; by P;—Y. In each case, as @ is tight, we get a new
tight flower (Py, Py, ..., P,) where fsy(P{UP;U- - \UP;) = fso(PLURU- - -UP;)
and (Y;)7Z, is a 4-sequence for fsy(Py UP,U---U P;). Provided 2 < d—1, we
can repeat this process using Y5 rather than Y7 in our new flower, and we will
get that Y3 is contained in one of P/, |, Pj,,,..., P,. Hence Y3 is contained
in one of Pji1, Pji2,..., P, Then, either P; UY3 or P/UY5 is 4-separating.
Continuing in this way, we obtain (ii) and (iii) without difficulty.

To prove (i), let " = (P/, P),..., P)) where
¢’ = (P U (Y’ NP,),Ps,... ,Pj_1,P; U (Y/ — P, Pjiq— Y/, N Y/)
Since Yy is not contained in any of Pj1, Pj4o,..., P,, we may assume Y; =
{a,b} where a € P; and b € P, with j+1 < s <t <n. Then P/UPJU---U
P/ UYy is 4-separating and so is P’ U Py’ U--- U Py. Their intersection is
PlUPJU---UPU{a}. If their union avoids at least 3 elements, we get that
PUPJU---UP/U{a} is 4-separating, contradicting the maximality of the
4-sequence. Thus we may assume that |(P/,; UP) ,U---UP)) —Yy| =2,
sot =s+1=mnand |P/| = 3. By symmetry, s = j+ 1 and |P/| = 3.
Hence j =n—2 and |P)_,| =3 = |P)|. Thus [(P/_; UP))— Yy =4 and
(P/_,UP/)—Yy is 4-separating, so it is either a circuit or a cocircuit. Since
P! | UP) is also 4-separating, we deduce that fso(PyUPU---UP;) = E(M).
Thus (i) holds. O

The following is a useful consequence of the last lemma.

Corollary 3.5. Let (P, Py, ..., P,) be a tight flower ® of order at least 3.
Then no union of at least three consecutive petals of ® is a sequential set.

The proofs of the next two lemmas are obtained by making straightfor-
ward modifications to the proofs of Lemmas 5.6 and 5.7 of [4].
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Lemma 3.6. Let (P, Ps,...,P,) be a flower ®. LetY C P; for some i > 1
with |Y] € {1,2} and suppose that A\(P, UY') = 3.
(i) If |, = Y| > 3, then (PLUY,Pa,...,P,_1, P, — Y, Pii1,...,P,) is
a flower ® that is move-equivalent to ® via a sequence of Type-1
moves. Moreover, fso(P]) = fso(P;) for every petal P of ®'.
(ii) If |P; — Y| < 2, then ® is move equivalent to

(PLUPy, P3,...,P,) when i = 2; and to
(Pl uY, P,...,P_1U (Pz — Y),PZ'+1,... ,Pn) when 1 > 3.

We call the moves described in the last lemma moves of Type-la and
Type-2a, respectively.

Lemma 3.7. Let (Py, Ps, ..., P,) be a flower ® of order at least three. Then
® is move-equivalent to a tight flower.

Lemma 3.8. Let (P, Py,...,P,) be a flower ® of order at least three, and
let T' be the set of tight elements of .

(i) If @' is a flower that is move-equivalent to ®, then there is a bijection
a between the tight petals of ® and those of ®' such that PNT =
a(P)NT for every tight petal P of ®.

(ii) If P is a petal of ®, then |PNT| & {1,2}.

(iii) If P is a tight petal of ®, then fso(P NT) = fso(P).

Proof. Suppose that @ is obtained from ® by a single Type-1, Type-2, or
Type-3 move. Since such a move does not involve tight elements, it follows
that (i) holds for a single Type-1, -2, or -3 move. Hence it holds for a
sequence of such moves. To prove (ii), it suffices to show that |P, N T| ¢
{1,2}. Assume the contrary. By a sequence of moves of Type-la and -2a,
we add elements to P transforming it into the form (Pl, P}, ..., Pl) where
P} = fso(Py), and Pi1 = P, —fso(Py) for all i > 1. If any Pi1 has at most two
elements, we absorb it into P! ; via a move of Type-2a. This results in a new
flower ®1. Moreover, for each petal PZ-1 of ®1, we have fSQ(P)Z-l) = fso(F;). Let
le be the first petal of ®; after Pl. By a sequence of moves of Type-la and
-2a, we add elements to le transforming it into the form (P2, Pj2, ..., Ph
where P? = P} and sz = fsy (le) — fso(P}), while P2 = P! — fsy (le) for all
1> 7. Again if any set PZ-2 has at most two elements, it is absorbed into the
previous petal. Let the resulting flower be ®5. By repeating this process
with successive petals, since |P, N T| € {1,2}, we eventually remove all but
at most two elements from P,. At that stage, the remaining elements of P,
are absorbed into the preceding petal contradicting the fact that P, has at
least two tight elements. We conclude that (ii) holds.

Consider (iii). It suffices to prove this when P = P,,. Clearly fso(P,NT) C
fso(P,). By (ii), since P is tight, |P, N T| > 3. Thus the flower ®,_;
obtained at the conclusion of the process in (ii) has P, NT as its last petal.
By reversing the moves used in (ii), we get a sequence of elementary moves
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that transforms ®,,_; into ®. If, for some i, a set Y of cardinality one
or two is added to P! in going from ®; to ®;_ 1, then Y was added via
move-equivalence. Thus P,, C fso(P, NT). So fsa(Py,) C fso(fse(P,NT)) =
fso(P, NT') and (iii) holds. O

Next we observe that performing a Type-la move on a tight irredundant
flower produces another tight irredundant flower. The proof, which follows
easily from Lemmas 3.6 and 3.2, is omitted.

Lemma 3.9. Let (P, Py, ..., P,) be a tight irredundant flower ®. Let Y C
P; for some i > 1 with |Y| € {1,2} and suppose that A\(P, UY) = 3. Then
(PLUY,Py,...,P,_1,P,—Y,Py1,...,P,) is a tight irredundant flower that
18 2-equivalent to P.

Extending this, we have the following.

Lemma 3.10. If ® = (P, P,,..., P,) is a tight irredundant flower, and P]
is a 4-separating set that contains and is 2-equivalent to Py, then (Py, Py —
Pl,...,P, — P|) is a tight irredundant flower that is 2-equivalent to ®.

Proof. Let (Y;)™™, be a 4-sequence for fsy(Py). Then, for all 7 in [m], the set
PLUYLUY2U---UY; is exactly 4-separating, as is P{. Their union avoids
at least three elements as @ is tight, so their intersection is 4-separating.
Hence (P, P, — P{,..., P, — P|) can be obtained from ® by a sequence of
moves of Type-la. The result follows from the previous lemma. O

Lemma 3.11. Let ® and ¥ be 2-equivalent tight flowers (Pi, Py, ..., Py,)
and (01,02,...,0y,) in a 4-connected matroid where n > m. Let T be the
set of tight elements of ® and suppose that, for all 2-element subsets {i,j}
of [n], there is a non-sequential 4-separation displayed by ® that has at least
two petals on each side and has P; and P; on opposite sides. Then, for all
such i and j, the sets B;NT and P; N'T are contained in different petals of
W, so n =m. Moreover, the set of tight elements of ¥ is T.

Proof. Let (X,Y) be a non-sequential 4-separation displayed by ® having
at least two petals on each side, where P; C X and P; C Y. By Lemma 3.4,
every 4-separation (X1,Y1) 2-equivalent to (X,Y) has ,NT and P, NT
contained in X; and Y;, respectively. It follows that P, N T and P; N1 are
contained in different petals of ¥. Thus, since n > m, the flower ¥ has
exactly n petals. Let o be a permutation of {1,2,...,n} such that ,NT =
Oy NT. Now suppose x € T, but x is not tight in W. Then z € O,
for some i and x € fs2(O,(;)) for some j # i. We have z € P, N T, since
PNT = Oa(i) NT. Say X = PLUP,U---UPs,and Y = Py 1 UPs0U---UP,.
Then fsp(X)—X C (fs2(P1)—P1)U(fsa(Ps)— Ps), and fsa(Og(jy) C fsa(Y). As
x € fs2(Y) =Y, we have z € (fso(Ps41) — Ps+1) U (fs2(Py,) — P,) so we deduce
that x is not tight in ®; a contradiction. Now we take the non-sequential
4-separation (X', Y”) displayed by ¥ that is 2-equivalent to (X,Y’). Then,
arguing as above, we get that an element that is tight in W is tight in ®. [
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Lemma 3.12. Let (P, P,...,P,) and (O1,03,...,0,) be 2-equivalent
tight flowers ® and ¥ in a 4-connected matroid where ® and ¥ have the
same set T of tight elements and P, NT = O; N'T for all i. Then ¥ can be
obtained from ® by a sequence of elementary moves.

Proof. This follows from the same argument as in the last paragraph of the
proof of Theorem 5.1 of [4] using Lemma 3.8 to get fso(P;) = fso(P,NT) =
fs2(0; NT) = fs9(0;) for all 1. O

We are now ready to prove the main result of this section. Most of the
effort in this proof goes into dealing with flowers with three, four, or five
petals, with the last of these cases being the most difficult.

Proof of Theorem 3.1. By Lemma 3.2, two irredundant flowers of order at
least 3 are 2-equivalent if one can be obtained from the other by a se-
quence of elementary moves. To prove the converse, let (P, Ps,..., P,) and
(O1,04,...,0,,) be irredundant 2-equivalent flowers ® and ¥ of order at
least 3. By Lemma 3.7, we may assume that ® and ¥ are both tight flowers.
We may also assume that n > m. Let T be the set of tight elements of ®.

First, suppose that n = 3. Then m = 3 as well, otherwise ® displays only
one non-sequential 4-separation and is redundant; a contradiction. Now @
must display at least two non-sequential 4-separations. Hence we may as-
sume that (P, P,UPs) and (P3, PsUP;) are non-sequential. The flower ® can
be transformed by elementary moves into (fse(Py), Po —fso(P1), Ps—fso(P1)).
Call this new flower (P, P, Pj). By Lemma 3.6, fso(P]) = fso(P;) and
fso(Py) = fso(Ps). Now consider (Py,fso(Py) — P{, Py — fso(P})). We show
next that we can transform (Pf, Py, P4) into the last flower by a sequence
of elementary moves. Let (Y;)%_, be a 4-sequence for fsy(P5). Then, by
uncrossing the 4-separating sets Py UY; UY, U --- UY; and Py U Pj for
all j in [k], we see that we can indeed do the desired transformation
via elementary moves. It follows that we may assume that, via elemen-
tary moves, we can transform ® into a flower (P, Py, Pj) which equals
(fSQ(Pl),fSQ(PQ) — ng(Pl),Pg — ng(Pl) — fSQ(Pg)). Now ¥ must display
4-separations 2-equivalent to (P, P, U P3) and (P2, P3 U P;). Suppose
(Py, P, U P3) is 2-equivalent to (O1 U2, O3). Then, without loss in general-
ity, (P2, P3U Pp) is 2-equivalent to either (O U O3, 03) or (O1,02UO3). In
the first case, fso(O2) = fso(P3UP) D fso(Pr) = fs2(01UO3), so Oy is loose;
a contradiction. In the second case, fs3(O3) = fso(Pe U P3) 2 fs3(01), so O
is again loose. Hence we may assume that (P, P> U P3) is 2-equivalent to
(O1,02U03), and (P, PsUP;) is 2-equivalent to (O, O3U0O1). As above, via
elementary moves, we can transform (O1, Oz, O3) into a flower (O, O3, OY)
which equals (f82(01), fs2(O2) — fs2(01), O3 — fs2(O1) — fs2(03)). Thus PJ’ =
fSQ(Pl) = ng(Ol) = /1,; P2” = ng(Pg) — fSQ(Pl) = ng(Og) — fSQ(Ol) = Og,
and Py = E(M)— (P{UPy) =E(M)— (O] U04) = O5. We conclude that
when ® has exactly three petals, ® can be transformed into ¥ by a sequence
of elementary moves.
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Now suppose that n = 4. First we show the following.

3.13.1. At most one of (Pl U P, P3U P4), (Pg U PP U P4), and (Pl @]
P, P, U Py) is a sequential 4-separation of M.

Assume that at least two of (P, U Po, P U Py), (P, U P3, Py U Py), and
(P U P3, P, U Py) are sequential 4-separations. If the third arises, then
the flower is an anemone, so we can reorder the petals so that we have
the first two being sequential. Then, without loss in generality, Ps U P,
and P; U P, are sequential. Hence so are P, P35, and P;. Thus the only
possible non-sequential 4-separations displayed by ® are (P, PsUP;UP;) and
(PLUPs, P,UPy). This implies that ® is a redundant flower; a contradiction.
We deduce that (3.13.1) holds.

We may now assume that (P UPs, PsUPy) is non-sequential. First we con-
sider the case when (P, U P3, Py U Py) is also non-sequential. Recall that T is
the set of tight elements of ®. Then, by Lemma 3.11, T is also the set of tight
elements of ¥. Moreover, ¥ has exactly four petals Oy (1), Og(2), O (3); Og(a)
where o is a permutation of {1,2,3,4}, and O,;3 N T = P, N T for all i.
Now (Oa(l) U 00(2),00(3) U 00(4)) and (00(2) U 00(3),00(4) U Oa(l)) are
4-separations displayed by W. If U is an anemone, we may reorder its
petals to get that ¥ = (Oy(1); O (2); On(3), Og(a))- Thus we may assume
U is a daisy. But the 4-separations we have mean that the following pairs
are consecutive in the cyclic order on {o(1),0(2),0(3),0(4)} imposed by
U: (0(1),0(2)), (0(3),0(4)), (0(2),0(3)), (0(4),0(1)). Again we get that
U = (O5(1), Og(2)s O (3); Oo(a))- When the last equation holds, we may as-
sume that o(¢7) = i for all ¢. In this case, the theorem follows by Lemma 3.12.

When n = 4, it remains to consider the case when (P, U Ps, P; U Py)
is sequential. This will require a more careful analysis. Without loss in
generality, P, U P3, P», and P; are sequential sets. We may assume that
neither (PyUPy, P,UPs) nor (PUPs, P,UPy) is a non-sequential 4-separation,
otherwise the theorem follows from the previous paragraph. Thus if ® is
an anemone, then (P U P3, P, U Py) is a sequential 4-separation, which
contradicts (3.13.1). Therefore ® is a daisy. Moreover, the only possible
non-sequential 4-separations in M are (P, U Po, P3U Py), (P1, P,U P3U Py),
and (Py, Py U P, U P3). If either of the last two is sequential, then we get
a contradiction to ® being irredundant. Thus we may assume that all of
the indicated 4-separations are non-sequential. Now choose s1, s4, S92, 3 in,
respectively, P; — fSQ(Pg U P U P4), Py — fSQ(Pl UupPU Pg), P, — fSQ(Pg) —
fso(Py) — fso(P1), and Py — fso(Py) — fso(P) — fse(Py). Using Lemma 3.4,
it follows that, for each distinct pair {s;,s;} of elements of {s1, sz, s3, 54},
there is a non-sequential 4-separation displayed by ¥ so that s; and s; are on
opposite sides. Hence ¥ has four petals Oy(1), Oy (2), Og(3); Os(4), Where o is
a permutation of {1,2,3,4}, and s; € O, for all i. Moreover, (P1, £ — P)
and (Py, E— Py) are 2-equivalent to (O (1), £—Oy1)) and (Og(4), E—Oya)),
respectively.

We show next that
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3.13.2. U = (O,(1), Op(2); Ou(3), Or(y)-

Because (P U P2, P3 U Py) is a non-sequential 4-separation, (o(1),0(2))
and (0(3),0(4)) are consecutive pairs in the cyclic order imposed by W. Thus
W is either (Og(1); Og(2), Oo(3)s Os(4)) O (Os(1): Oo(2), Oo(a): Oo(3))-

Since (P; U Py, P3U Py) is non-sequential, fso (P U Py) = fso(Py) Ufse(P).
Now, by elementary moves, we can transform ® into the form (P, Py, Ps, Py)
where fsy(P1) = P; and Py = fso(P; U Py) — P;. Next, consider U. We may
assume that (0(1),0(2)) = (1,2), and (¢(3),0(4)) € {(3,4), (4,3)}. We have
that (O1 U O2,03 U Oy) is 2-equivalent to (P; U Py, P3 U Py). Now consider
(O2U03,04U01). If this is non-sequential, then ® displays a non-sequential
4-separation (X,Y") with fso(X) = fso(O2 U O3) and fso(Y') = fs9(O4 U Oy).
We have s; € Oy ;) s0 {s2,5,-1(3)} C fs2(X) and {s1,5,-104} C fs2(Y).
Thus P,-1y UPL CY and P2 U P,-1(3) € X so either (PyU Py, P, U P3) or
(PsUP;, P,UPy) is a non-sequential 4-separation; a contradiction. Therefore,
(O3 U 03,04 U O1) must be sequential. A similar argument establishes
that (01,02 U O3 U Oy4) and (Ogs),01 U O2 U O,3)) are 2-equivalent to
(P, P,U P3U Py) and (Py, Py U P, U P3), respectively.

By elementary moves, we can transform ¥ into (O1, Oz, O3, O4) such that
01 = ng(Ol) and 02 = fSQ(OlLJOQ)—Ol. Thus 01 = fSQ(Ol) = ng(Pl) = Pl
and Oy = ng(Ol UOQ)—Ol = fSQ(Pl UPQ)—Pl = P,. Now (OgUOg, O4U01)
is sequential. Thus one of the sets Oy U O3 or O4 U O7 is sequential. In the
first case, Oz and Ojs are sequential, so O3 # O,(4). In the second case,
01 and O4 are sequential; a contradiction as O7 is not sequential. Thus
03 = 00(3), and (3.13.2) holds.

We may now assume that o(i) = ¢ for all i. We modify (P, Py, Ps, Py)
again making Py = fso(Py) — (P UP,). We can do this via elementary moves
by repeatedly uncrossing the 4-separating sets P4 U P3 and P, UY; U Yo U
-+ UY;, where (Y;)™, is a 4-sequence for fsy(Py). Similarly, we can modify
(01,042,03,04) by elementary moves so that O4 = fs2(O4) — (01 U O3).
Then, as fSQ(O4) = fSQ(P4), we have Py = Oy4. As P3 = E(M)—(P1UP2UP4),
we deduce O3 = P3. Hence ® can be transformed into ¥ by a sequence of
elementary moves. We conclude that the theorem holds when n = 4.

Next, consider the case when n = 5. First we prove the following.

3.13.3. Ifn =5, then either
(i) for somei in {1,2,3,4,5}, all of (P;UPi41, E— (P;UP;i11)), (Pt U

Pii2,E — (P41 U Piyg)), and (Piyo U Py3, E — (Pip2 U Piy3)) are
non-sequential; or

(ii) ® is an anemone and, for somei in {1,2,3,4,5}, all of (P{UP; 41, E—
(PUP11)), (Py1UP9, E— (Piy1UPy2)), and (Pip1UPiy3, E —
(P41 U Pi43)) are non-sequential; or

(iii) ® is an anemone and its petals can be reordered so that (i) or (ii)
hold.

Assume that (3.13.3) fails.
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3.13.4. ® displays a non-sequential 4-separation with two petals on one side
and three on the other.

Assume that the last assertion fails. Then we may assume that Py and P;
are sequential. Thus there is no non-sequential 4-separation displayed by ®
with Py and Ps5 on opposite sides. Hence ® is redundant. This contradiction
establishes that (3.13.4) holds.

Next we show the following.

3.13.5. For alli in {1,2,3,4,5}, at least one of (P;U P41, E— (P;UP;41))
and (P41 U Piyo, E — (Piy1 U Pi12)) is sequential.

To prove this, suppose that both (P, U Py, E — (P U P2)) and (P U
P3,E — (P> U P3)) are non-sequential. Then, as (3.13.3) fails, both (Ps U
Py,E — (P3UPy)) and (Ps U P, E — (Ps U Pp)) are sequential. It follows,
by Corollary 3.5, that P3 U Py, Ps U Py, P53, Py, Ps, and P; are sequential.
As ® is irredundant, it displays some non-sequential 4-separation with P
and P; on opposite sides. By the symmetry between P, and P;, we may
assume that one of (P U Py, E — (PLUPFy)) and (P2 U Py, E — (P, U Fy))
is a non-sequential 4-separation of M. Hence ® is an anemone. Moreover,
if (PU Py, E — (P2 U Py)) is a non-sequential 4-separation, then (ii) holds;
a contradiction. On the other hand, if (P U Py, E — (P, U Py)) is a non-
sequential 4-separation, then we can reorder the petals of ® so that (i) holds,
again obtaining a contradiction. Thus (3.13.5) holds.

By (3.13.4), we may assume that (P,UP,, E—(P,UP,)) is non-sequential.
Then, by (3.13.5), (P, U P3, E — (P, UPs)) and (Ps U P, E— (P5;UPy)) are
sequential. Hence, by Corollary 3.5, P», P53, P5, and P; are sequential. Thus,
if ® is a daisy, we get the contradiction that it does not display a non-
sequential 4-separation with P, and P, on opposite sides. Therefore @ is an
anemone.

As (P U P, E — (P U P,)) is non-sequential, by (3.13.5), (P, U P}, E —
(P; U Py)) is sequential for all 7 in {1,2} and all j in {3,4,5}. By (3.13.5)
again, at least two of (PsU Py, E— (P3UPy)), (PLUPs, E— (PyUP5)), and
(PsU Ps, E — (P3 U P5)) are sequential. By symmetry, we may assume the
first two are sequential. Then Py is sequential, so all of Py, Py, P3, Py, and
P5 are sequential. Hence there is no non-sequential 4-separation displayed
by ® with P3 and P5 on opposite sides. This contradiction completes the
proof of (3.13.3).

On combining (3.13.3) and Lemma 3.11, we deduce that if n = 5, then
m = 5, and ® and ¥ have the same set T of tight elements. Next we
establish the following.

3.13.6. There is a permutation o of {1,2,3,4,5} such that P,NT = O, ;)NT
for all i.

By symmetry, it suffices to show that T" does not contain two elements
that are in the same petal in ® but in different petals in ¥. Suppose that
x and y are elements of some P; N1, but z and y are in distinct petals,
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Os and Oy, of W. If all 4-separations (X,Y) displayed by ¥ with Oy C X
and O; C Y are sequential, then ¥ is redundant; a contradiction. Thus
there must be such a separation (X,Y’) that is non-sequential. If X and
Y can be chosen so that each contains at least two petals of W, then, as
x and y are tight, it follows from Lemma 3.4 that there is no 4-separation
2-equivalent to (X,Y’) having x and y on the same side. Now ® must display
some non-sequential 4-separation (X', Y”) 2-equivalent to (X,Y’). But z and
y cannot be on different sides of (X', Y”’) as they are in the same petal in
®. Thus we may assume that X = O, so Oy is non-sequential. Let O be
an adjacent petal to Oy that is different from O;. Then the 4-separation
(OsUOg, E—(OsUOy)) is non-sequential by Corollary 3.5; a contradiction.
It now follows that, for all j in [n] and any two elements z and y in P; N T,
both z and y must be contained in the same petal of U. Hence (3.13.6)
holds.

Clearly we may assume that o(1) = 1. We show next that we may assume
that P,NT = O; NT for all i in {1,2,3,4,5}. This follows immediately if ®
or ¥ is an anemone. Thus we assume that ® and ¥ are daisies. By (3.13.3),
we may assume that (P U Py, E— (PLUP,)),(PUPs, E— (P, U P3)), and
(PsUPy, E—(P3UPy)) are non-sequential. It follows that Oy(1) and Ogy(g) are
consecutive petals of ¥. Likewise, O, () and Ogy(3) occur consecutively, as do
Og(3) and O, (4). Hence Oy(1), Oy (2), Og(3); Oy (a) is a sequence of consecutive
petals of . Thus, we may assume that o(i) = 4 for all ¢ in {1,2,3,4,5}.
Then, by Lemma 3.12, the theorem holds when n = 5.

Finally, suppose n > 6. Then, by Corollary 3.5, (P, U P41 U Pio, E —
(P;UP;11UP;y9)) is a non-sequential 4-separation for all ¢ in [n]. Then, by
Lemma 3.11, ¥ has n petals, ® and ¥ have the same set T of tight elements,
and there is a permutation o of [n] such that P, NT = O, ;) NT for all i.

If ® or ¥ is an anemone, then we may assume that o(i) = i for all i,
and the theorem follows by Lemma 3.12. Hence we may assume that ® and
U are both daisies. Now, for all ¢ in [n], there is a set of three consecutive
petals of ¥ containing o (i), 0(i+1), and o(i+2). It is straightforward to see
that W can be written as (Oy(1), Oy(2); - - -, Op(n)), 50 We may take o(i) = i
for all 7 in [n], and the theorem again follows by Lemma 3.12. O

Next we briefly discuss the need to make the notion of irredundance ex-
plicit when dealing with 4-flowers in 4-connected matroids even though it
is not used with 3-flowers in 3-connected matroids. Following the terminol-
ogy of [4] for the moment, we note that it is straightforward to prove that
if @ is a tight flower of order at least three in a 3-connected matroid N,
then, for all distinct ¢ and j in [n], the 3-flower ® displays a non-sequential
3-separation in which P; and P; are on opposite sides. Hence, for 3-flowers
of order at least three, tightness implies irredundance. The next example
shows that, with the definitions of this paper, tightness of 4-flowers does not
imply irredundance.
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Example 3.14. Let (P, P», P3, Py) be a paddle in a 3-connected matroid N
where P; consists of 8 points freely placed in rank 4 and, for each 7 in {2, 3,4},
the set P; is a triad {x;,y;, z;}. In addition, it is not difficult to see that we
can arrange the lines {x2,y2}, {z4,y4}, {74, 24}, and {x3,23} so that each
of {xe,y2,x4,ys} and {x4, 24, x3, 23} is a circuit of N. Then (P, Py, P, Py)
is a tight 3-flower in N of order 4. Moreover, (Py, P,, P3, Py) is a tight 4-
flower ® in T'(IV). The only non-sequential 4-separations displayed by the
4-flower ® are (Py, P,U P3UPy) and (Py U Py, P, U P3), so @ is 2-equivalent
to (P, P> U P3, Py). Hence ® has order three. Moreover, it is redundant, in
spite of the fact that it is tight.

The next result is a straightforward consequence of the proof of Theorem
3.1 and the definition of tightness for flowers of order one or two.

Corollary 3.15. The order of a tight irredundant flower is equal to its
number of petals.

We shall use the next lemma in the proof of the main result of the paper.

Lemma 3.16. Let (P, P,,...,P,) be a tight irredundant flower ®. If 2 <
i <n—2and (X,Y) is a non-sequential 4-separation that is 2-equivalent to
(PAUP,U---UP;, P11 UPi1oU---UP,), then there is a tight irredundant
flower 2-equivalent to ® that displays (X,Y).

Proof. Since n > 4, it follows by Corollary 3.15 that ® has order at least
4, so |[E(M)| > 12. We may assume that fso(X) = fso(PLU P U--- U P;)
and fsy(Y) = fso(Pigq U Pigga U --- U P,). Then all of the tight elements
of ® contained in P, UP,U---F; and P,y U Pj;9oU--- U P, are contained
in X and Y, respectively. We argue by induction on | X — (PLUP,U---U
P)|+|Y = (Piy1 U Piga U--- U P,)| noting that if this sum is zero, then
the result is immediate. Thus we may assume that there is an element x in
X—(PlUPQU---UPZ'). Then x € ng(PlLJPQU'"UPZ')—(P1UP2U"'UPZ').
We know that (PLUP,U---UP;, Piyq1 U Piyo U--- U P,) is non-sequential
since it is 2-equivalent to the non-sequential 4-separation (X,Y’). Hence,
by Lemma 3.4, we may assume that z € fsa(F;) — Fi. Let (Y;)jL; be a
4-sequence for fso(P;). Then z is in Yy for some k in [m].

Let h be the smallest index for which Y, N X # §. Then, by Lemma
2.9, Y, C X. Let T be the set of tight elements of ® in P,UP,U---U P,
Then 7' C X and, by Lemma 3.8 (ii) and the fact that ® is tight, we have
|T'N P;| > 3. Hence | X N P;j| > 3. Also, since (X,Y) is non-sequential,
|E — (X UPF;)| > 3. Thus, by uncrossing, we see that X N P; is 4-separating.
Similarly, by uncrossing X and P;U(Y,UY3U- - -UY}), we see that (XNP;)UY},
is 4-separating. It follows that A\(P; UY},) = 3.

By performing a Type-1a move, we see that @ is 2-equivalent to the tight
irredundant flower ®' that is obtained by adjoining Y}, to P; and removing
it from its original petal. The result now follows by applying the induction
assumption to ®’. O
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4. MAXIMAL 4-FLOWERS

A flower @ is mazimal if ® is 2-equivalent to ®’ whenever ® < ®'. Let
(X,Y) be a 4-separation of M. We say that (X,Y") conforms with the flower
® if either (X,Y) is 2-equivalent to a 4-separation that is displayed by @,
or (X,Y) is 2-equivalent to a 4-separation (X',Y”’) with the property that
either X’ or Y’ is contained in a petal of ®.

The aim of this section is to prove the following result, which will be
crucial in proving the main result of the paper.

Theorem 4.1. Let M be a 4-connected matroid with at least 17 elements
and let ® be a tight irredundant mazimal flower for M. Then every non-
sequential 4-separation of M conforms with ®.

A flower @ is a refinement of a flower ®' if the ordered partition corre-
sponding to ® refines that of ®’, that is, ® can be obtained from ®" by
a sequence of moves each consisting of replacing a petal P by an ordered
partition of P. Clearly if ® is a refinement of ®', then ® < ®. A partition
(X,Y) of E(M) crosses a petal P of a flower ® if P meets both X and Y.

The proof of the next lemma is a straightforward modification of the proof
of [4, Lemma 8.2] and we omit the details.

Lemma 4.2. Let (P, Ps,...,P,) be a flower ® for M, and let (R,G) be a
4-separation such that

(i) neither R nor G is contained in a petal of ®; and
(ii) of (R, Q) crosses a petal P of ®, then |[RN P| >3 and |G N P| > 3.

Then there is a flower that refines ® and displays (R, G).

Proof of Theorem 4.1. Let ® = (P1, Pa,...,P,). Assume that the theorem
fails, and that (X,Y") is a non-sequential 4-separation that does not conform
with ®. Let (R,G) be a 4-separation 2-equivalent to ® that is chosen so
that it crosses the smallest possible number of petals. Since (R, G) is non-
sequential, it follows that |R|, |G| > 5.

4.3.1. If[RNP| <2, then |GN PB| < 2.

Suppose that there is an element ¢ in [n] such that [R N P;| < 2 and
|G N P;| > 3. Then, by uncrossing, G U P; is 4-separating. But G U P; =
GU(RNP;) and, since |RNP;| < 2, the 4-separation (R—(RNP;), GU(RNF;))
is 2-equivalent to (R,G). But (R — (RN FP;),GU (RN F;)) crosses fewer
petals than (R, G), contradicting the choice of (R,G). This contradiction
establishes (4.3.1).

4.3.2. There is no petal P; with |RN P;| < 2.

Assume that |[R N Pi| < 2. Then by (4.3.1), |G N P| < 2. Certainly
® has at least two petals. If ® has exactly two petals, then ® displays no
non-sequential 4-separation, so ® is 2-equivalent to the trivial flower and
not tight; a contradiction. We may now assume that ® has at least three
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petals. Next, we define a partition (P*, P~) of E(M)— Py into 4-separating
sets Pt and P~ such that

(4.1) MPtTUP)=3; |[P7|>5 and |[RNPT|>3 or |GNPT|>3.

Assume first that ® has exactly three petals. If |P| < 4, then ® displays
at most one non-sequential 4-separation, contradicting the fact that & is
irredundant. Thus |P],|Ps| > 5. In this case, set PT = P, and P~ =
P;. Then (4.1) clearly holds. Next, assume that ® has four petals. Since
|E(M)| > 17, one of the petals of ® has at least 5 elements. This means we
can assume that, amongst the petals of ® crossed by (R, G) and containing
at most two elements from each of R and G, the petal P; is chosen so that
|[P,NR| >3 or |[P,NG| > 3. In this case, set Pt = P, and P~ = P3U Py.
Again, (4.1) holds. If ® has at least five petals, set PT = P, U P3 and
P~ =P UPsU---UP,. Then (4.1) holds again. Hence it holds in general.

Next, we assert that we may assume, by possibly interchanging R and G,
that

(4.2) |IPtTNR|>3 and |[P"NG|>3.

By (4.1), either |[PT N R| > 3 or |[PT NG| > 3. If both of the last two
inequalities hold, then, since |P~| > 5, either [P NR| >3 or [P~ NG| > 3.
Hence (4.2) holds. Now, by symmetry, we may assume that |[PT N R| > 3
and [PT NG| < 2. Then, as |G| > 5, we have P~ NG #0. If [P~ NG| > 3,
then (4.2) holds. Thus we may assume that [P~ NG| < 2. Then |[P"NR| > 3
and, as P U P; is 4-separating, we can uncross P™ U P; and G to see that
(PTUP;)UG is 4-separating. Hence, so is the complement, P~NR. Then, by
uncrossing R and P, we see that their union, RU(P~NG), is 4-separating.
But the complement of this union is (P; U PT) N G, which contains at most
four elements. This implies that (R, G) is sequential; a contradiction. We
conclude that (4.2) holds.

As (PTUP;)UR avoids P~ NG, it follows by uncrossing that (PTUP;)NR
is 4-separating. Similarly, by uncrossing Pt and R, we get that PT™ N R is
4-separating. It follows that Py N R C fso(PTNR). Hence PLNR C fso(PT).
But PT is the union of at most n — 2 petals of ®. If PT is the union of at
most n—3 petals, then, by Lemma 3.4, P N R is a loose set of cardinality one
or two. We deduce that, since |P;| < 4, the petal P is loose; a contradiction.
If PT is the union of exactly n — 2 petals, then, by the definition of P,
we see that n = 3 and (Pt, P~) = (P», P3). By uncrossing the 4-separating
sets RN (Pt U Py) and Py U Py, we see that, as their union avoids P, their
intersection, (P; N R) U Py, is 4-separating. Thus, P, N R C fss(F2), so
Py C fso(P2); a contradiction. Therefore, (4.3.2) holds.

From (4.3.2), we see that (R,G) satisfies the hypothesis of Lemma 4.2.
Thus, by that lemma, there is a flower that refines ® and displays (R, G),
contradicting the fact that ® is maximal. O
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The requirement for M to have at least 17 elements in Theorem 4.1 is
indeed necessary. This is not surprising since in [4], when considering 3-
connected matroids, there is a similar requirement to have at least 9 elements
in order to have every non-sequential 3-separation conform with a tight
maximal 3-flower. The 8-element example in [4] that demonstrates the need
for this constraint is Rg, the rank-4 real cube. The cube of one greater rank
provides an example of a 16-element matroid for which Theorem 4.1 fails.

Let Hig be the 16-element binary affine hypercube of rank 5 pictured
in Figure 5. Note that the illustration is slightly deceiving since Hig ap-
pears to be in rank 4. We have also provided a binary matrix represen-
tation for Hig in Figure 6, where the column labels correspond to the la-
bels on the points in Figure 5. It is easily checked that the partition & =
({1,2,3,4},{5,6,7,8},{9,10,11,12},{13,14,15,16}) is an irredundant tight
maximal flower having four petals. On the other hand, the non-sequential
4-separation ({1,2,7,8,9,10,15,16},{3,4,5,6,11,12,13,14}) does not con-
form with .

F1GURE 5. The binary affine hypercube of rank 5.

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1111111111 1 1 1 1 1 1
oo0o0o06011111 1 1 1 0 0 0 O
o o0o0oo0o00001 1 1 1 1 1 1 1
1 00110011 O0 0 1 1 0 0 1
0o o01111000O0O 1 1 1 1 0 O

FIGURE 6. A matrix representing the binary affine hyper-
cube of rank 5.

5. THE MAIN RESULT

In this section, we prove the main result of the paper showing that there
is a labelled tree that displays, up to 2-equivalence, all non-sequential 4-
separations of a 4-connected matroid having at least seventeen elements.
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In [4], the type of tree that was used to display the non-sequential 3-
separations in a 3-connected matroid, up to equivalence, was a partial 3-tree.
We develop an analogous structure here that will be used to display the non-
sequential 4-separations in a 4-connected matroid up to 2-equivalence. The
definitions that follow are identical to those in [4], with the exception that
they are stated in terms of 2-equivalence.

Let m be a partition of a finite set E. Let T be a tree such that every
member of 7 labels a vertex of T'; some vertices may be unlabelled and
no vertex is multiply labelled. We say that T is a w-labelled tree; labelled
vertices are called bag vertices and members of 7 are called bags.

Let T” be a subtree of T'. The union of those bags that label vertices of T’
is the subset of E displayed by T'. Let e be an edge of T'. The partition of E
displayed by e is the partition displayed by the components of T'\e. Let v be
a vertex that is not a bag vertex. Then the partition of E displayed by v is
the partition displayed by the components of T'—v. The edges incident with
v are in natural one-to-one correspondence with the components of 7' — v,
and so with the members of the partition displayed by v. In what follows,
if a cyclic ordering (e, e, ..., e,) is imposed on the edges incident with v,
this cyclic ordering is taken to represent the corresponding cyclic ordering
on the members of the partition displayed by v.

Let M be a 4-connected matroid with ground set E. An almost partial
4-tree T for M is a m-labelled tree, where 7 is a partition of E such that the
following conditions hold:

(i) For each edge e of T, the partition (X,Y) of E displayed by e is
4-separating, and, if e is incident with two bag vertices, then (X,Y)
is a non-sequential 4-separation.

(ii) Every non-bag vertex v is labelled either A or D. Moreover, if v is
labelled D, then there is a cyclic order on the edges incident with v.

(iii) If a vertex v is labelled A, then the partition of E displayed by v is
a tight irredundant maximal anemone of order at least three.

(iv) If a vertex v is labelled D, then the partition of E displayed by v,
with the cyclic ordering induced by the cyclic ordering on the edges
incident with v, is a tight irredundant maximal daisy of order at
least three.

By conditions (iii) and (iv), a vertex v labelled A or D corresponds to a
flower for M. The 4-separations displayed by this flower are the 4-separa-
tions displayed by v. A vertex of an almost partial 4-tree is referred to as a
daisy vertex or an anemone vertex if it is labelled D or A, respectively. A
vertex labelled either D or A is a flower verter. A 4-separation is displayed
by an almost partial 4-tree T if it is displayed by some edge or some flower
vertex of T. We remark here that, as is the case with almost partial 3-trees
in [4], it is possible for a bag vertex to be labelled by the empty set although
this cannot occur if the bag vertex is a leaf.
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A 4-separation (R,G) of M conforms with an almost partial 4-tree T if
either (R, Q) is 2-equivalent to a 4-separation that is displayed by a flower
vertex or an edge of T, or (R, ) is 2-equivalent to a 4-separation (R',G’)
with the property that either R or G’ is contained in a bag of T'.

An almost partial 4-tree for M is a partial 4-tree if

(v) every non-sequential 4-separation of M conforms with 7'

We define a quasi order on the set of partial 4-trees for M just as the quasi
order was defined for partial 3-trees in [4]. If T7 and T5 are partial 4-trees
for M, then Ty < T5 if all of the non-sequential 4-separations displayed by
Ty are displayed by Tb. If 77 < T and 15 < 17, then T} is 2-equivalent to
Ty. A partial 4-tree is mazimal if it is maximal with respect to this quasi
order. Following [5], we call a maximal partial 4-tree for M a 4-tree for M.

The next theorem is the main result of the paper.

Theorem 5.1. Let M be a 4-connected matroid having at least 17 elements,
and let T be a 4-tree for M. Then every non-sequential 4-separation of M
18 2-equivalent to a 4-separation displayed by T

We can associate a w-labelled tree 7" with a flower & = (P, P, ..., P,).
If ® consists of a single petal, then T' consists of a single bag vertex labelled
by P;. If ® consists of two petals, then T consists of two adjacent bag
vertices labelled by P, and P,. When ® has at least three petals, we let
{v,v1,v9,...,v,} be the vertices of T', where v is adjacent to each v; and
each v; is labelled by the bag P;. The vertex v is then labelled by either an
A or a D depending on whether ® is an anemone or a daisy, respectively. If
® has exactly three petals, then we are free to label v by either A or D. This
association of a flower to a w-labelled tree gives us the following immediate
consequence of Theorem 4.1.

Corollary 5.2. Tight irredundant mazimal flowers for 4-connected matroids
on at least 17 elements are partial 4-trees.

We will use the following lemma in the proof of Theorem 5.1.

Lemma 5.3. If (X, E—X) is a non-sequential 4-separation of a 4-connected
matroid M, then there is a tight irredundant maximal flower that displays a
4-separation 2-equivalent to (X, E — X).

Proof. Tt is clear that (X, E—X) is a tight flower ®( that displays (X, E—X).
If ®( is not maximal, then there is a maximal flower ®; = ®q. Since P
must display some non-sequential 4-separation that is not 2-equivalent to
one displayed by ®¢, it must be that ®; has order at least three. Thus,
by Lemmas 3.7 and 3.2, the flower ®; is 2-equivalent to a tight maximal
flower ®5. The lemma holds if ®5 is irredundant. Thus assume that ®, is
redundant. Then there are petals P; and P; 1 of ®5 that are contained on the
same side of every non-sequential 4-separation displayed by ®-. In this case,
we concatenate the petals P; and P;y; into a single petal P/ = P; U P44
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letting the resulting flower be ®3. Clearly, ®3 < ®o. If (A4, B) is a non-
sequential 4-separation displayed by ®, then P/ is contained on one side,
say P/ C A. Thus (A, B) is displayed by ®3. Hence ®9 and ®3 are 2-
equivalent flowers. If ®3 is irredundant, the lemma follows. Thus we may
assume that ®3 is redundant and repeat the argument above replacing ®5
by ®3. Continuing in this way, we eventually obtain a tight irredundant
maximal flower ®; that is 2-equivalent to ®5. As ®; = Pq, there is a 4-

separation 2-equivalent to (X, E — X) that is displayed by ®;. O

To prove Theorem 5.1, we mimic the technique used to prove Theorem
9.1 in [4] by first proving the following lemma that generalizes Lemma 9.4
in [4]. The core of the proof of Theorem 5.1 is contained in the proof of this
lemma. As in the proof of Theorem 3.1, extra care is needed when dealing
with 4-petal flowers. Recall that two exactly 4-separating sets Y and Z are
2-equivalent if fso(Y) = fso(2).

Lemma 5.4. Let M be a 4-connected matroid with |E(M)| > 17 and let T' be
a partial 4-tree for M having at least one edge. If M has a non-sequential 4-
separation (W, E—W) that is not 2-equivalent to any 4-separation displayed
by T, then there is a partial 4-tree T' such that T' = T and T’ displays
some non-sequential 4-separation that is not 2-equivalent to any 4-separation
displayed by T.

Proof. Assume that the lemma fails. By the definition of a partial 4-tree,
(W, E—W) conforms with T" and so is 2-equivalent to a 4-separation (X, F—
X), where X is contained in a bag B of T. Since (W,E — W) is non-
sequential, so is (X, E — X). Let u be the vertex of T labelled by B. We
note that since E—B C E—X and (X, E—X) is non-sequential, fso(E—B) #
E(M). Hence B is non-sequential.

We proceed by breaking the argument into the following two cases:

(I) w is a leaf of T'; and
(IT) w is not a leaf of T'.

We first consider Case (I). In that case, we assert the following.
5.4.1. (B, E — B) is non-sequential.

In the event that u is adjacent to a bag vertex, (5.4.1) follows from the
definition of a partial 4-tree. Suppose that u is adjacent to a flower vertex
v. As noted above, fsy(E — B) # E(M), so we need only show that fsq(B) #
E(M). Let ¥ be the flower for M given by the partition displayed by w.
Then W is tight and B is a petal of U. Suppose that fso(B) = E(M). Then ¥
displays no non-sequential 4-separations so it has order one; a contradiction.
Thus fse(B) # E(M) and (5.4.1) holds.

5.4.2. There is a partial 4-tree 2-equivalent to T in which u is labelled by
fSQ(B).

Clearly, if fs(B) = B, then (5.4.2) holds. Suppose that fso(B) # B
and let (Y;)!", be a 4-sequence for fso(B). To prove (5.4.2), we begin by
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showing that Y; is contained in a bag for all ¢ in [m]. Suppose, to the
contrary, that there is a j in [m] such that Yj is not contained in a bag.
Then Y; = {a,b} and there are bags By and By such that a € B; and
b € By. Let uy and us be the vertices labelled by B; and Bs, respectively,
in T. Since (B, E — B) is non-sequential, min{|B|, |E — fss(B)|} > 5, and
BUMUYaU---UY;q),E - (BUY,UY>U---UYj_1))) is a non-
sequential 4-separation. Thus, by Lemma 2.9, there is no non-sequential
4-separation displayed by T having B; and By on opposite sides. Since
every edge of T incident with two bag vertices displays a non-sequential 4-
separation, we deduce that u; and us are adjacent to the same flower vertex
v. Let (01,02,...0,) be the flower ¥ displayed by v. We may assume
that By € O; and By C Oy, for some k in {2,3,...,n}. Since there is no
non-sequential 4-separation displayed by T having B; and Bs on opposite
sides, it follows that every 4-separation displayed by ¥ having O; and Oy on
opposite sides must be sequential. It is not difficult to see that this implies
that ¥ is a redundant flower; a contradiction. Therefore, Y; is contained in
a bag for all ¢ in [m)].

Now, let T” be the tree obtained from T by adjoining each Y; to the bag B
and removing it from its original bag in T'. We show that T” is a partial 4-tree
2-equivalent to T'. Let e be an edge of T” and let (A’, E— A’) be the partition
displayed by e in T”. Furthermore, let (A, E — A) be the non-sequential 4-
separation displayed by e in T'. Without loss in generality, we may assume
that B C A. By Lemma 2.9, and the fact that (B, E — B) is non-sequential,
each Y; is either contained in A — B or in ' — A. If all Y; are contained in
A — B, then (A, E — A") = (A, E — A). Thus we may assume that there is
some Y; contained in F'— A and that among all such sets, Y; has the smallest
index. Then A = AU(Y,UY2U- - -UY;_1). By uncrossing BU(Y;UY3U- - -UYj)
and A, we see that since their intersection contains B, their union, AUYj, is
4-separating. Hence (AUYj, E — (AUYj)) is a non-sequential 4-separation
2-equivalent to (A, E — A). By repeating this argument, continuing with
the next lowest indexed set from Yji1,Yj4o,...,Y), that is contained in
E — (AUYj), we eventually arrive at the set A" = AUfsy(B). It follows that
(A’ E — A’) is a non-sequential 4-separation 2-equivalent to (A, E — A).

It remains to see that the flower vertices of T display flowers that are
2-equivalent to the flowers displayed by the corresponding vertices in T.
Let v be a flower vertex in 77. Then v displays a flower ¥ in T where
U = (01,09,...,0,). Moreover, B is contained in a petal, say O;. By
adjoining the sets Y1,Ys,...,Y,, to the bag B and removing them from the
bags of T that contained them, we are performing a sequence of elementary
moves in W. At the conclusion of this process, we have transformed ¥ into
the flower (O1 U fso(B), Oy — fso(B),. .., 0, — fs3(B)), which, by Theorem
3.1, is 2-equivalent to ¥. As all non-sequential 4-separations of M conform
with 7', they also conform with 7”. Hence T” is a partial 4-tree 2-equivalent
to T that has fsy(B) as a bag labelling the vertex u, and (5.4.2) holds.
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It follows from (5.4.2) that we may assume fsp(B) = B. Now, X is a
4-separating set that is contained in, but is not 2-equivalent to B. Let Y be
a 4-separating set with X C Y C B such that Y is not 2-equivalent to B and
fso(Y) is maximal among all such sets. As X C Y and X is non-sequential,
so is Y. By Lemma 5.3, there is a tight irredundant maximal flower ® in M
that displays a 4-separation (Z, E — Z) that is 2-equivalent to (Y, E —Y).
Since fso(B) = B, we have Z C B. Moreover,

5.4.3. Z is non-sequential.
Next we show the following.

5.4.4. There is a tight irredundant maximal flower 2-equivalent to ® that
has a petal containing £ — B.

To establish (5.4.4), we note that, by Theorem 4.1, (E' — B, B) conforms
with ®. Thus either
(i) E — B is 2-equivalent to a 4-separating set @’ contained in a petal
Q of &; or
(ii) E — B is 2-equivalent to a union of petals of ®.

Suppose that (i) holds. Since E — B is non-sequential, so is )'. Hence,
as Q' C @, by Lemma 2.6, () is a non-sequential set. As Z is also non-
sequential, we may assume that £ — Z is not a single petal of ® otherwise
(5.4.4) holds. Since @ is tight, fso(Q) does not contain Z, and fsy(Q) #
fso(E — Z). Thus we may apply Lemma 2.7 to see that fso(Q) — Z is 2-
equivalent to Q. Also, E — B C fs3(Q) — Z, so by Corollary 3.10, there is a
flower 2-equivalent to ® that displays Z such that £ — B is contained in a
petal. Thus, when (i) holds, so does (5.4.4).

Now suppose that (i) holds. Let ® = (Q1,Q2,...,Qn). Then we may
assume that F— B is 2-equivalent to Q1 UQ2U- - -UQy for some k > 2. As Z is
displayed by ® but is not 2-equivalent to B, we have n —k > 2. By Lemmas
3.16 and 3.8 (i), there is a tight irredundant flower ® = (Q},Q5,..., Q%)
that is 2-equivalent to ®, where (Q1UQ5U---UQ}, Q) UQ ,U---UQ;,) =
(E — B, B). Evidently, n > 4. First we show that

5.4.5. n <5.
Assume that n > 6. If k = 2, let P/ = Q,_,UQ,UQ]. If k > 2

n—1
let P = Q),UQ]UQ4,. By Corollary 3.5, (P, E — P') is a non-sequential
4-separation. Also, by Lemma 3.4, neither fso(P’) nor fsy(E — P’) contains
either B or E—B. Thus every 4-separation that is 2-equivalent to (P', E—P’)
crosses both B and E — B. Therefore (P, E — P’) does not conform with

T, contradicting the fact that T is a partial 4-tree. Hence (5.4.5) holds.
5.4.6. n =4.

Assume that n = 5. Then k € {2,3}. By relabelling the petals if
necessary, we may assume that {B,E — B} = {Q} U Q5, Q5 U Q) U Q%}.
Suppose P’ € {Q} U Q5 U Q},Q5UQ5UQ}}. Then P is non-sequential.
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If E — P’ is non-sequential, then (P',E — P’) is a non-sequential 4-
separation that does not conform with 7T'; a contradiction. We deduce that
Q5 U Q5 and Q) U Q% are sequential, as are Q},Q5,Q5, and Q5. If @
is a daisy, then the only possible non-sequential 4-separations it displays
are (Q&)E - QQL)) (Qll U Ql27 E— (Qll U Ql2))7 (ng U Q&)E - (Qé U Qzl))v and
(QLUQ%, E—(Q)UQY)). Each of these has @} and Q% on the same side, so
@’ is redundant; a contradiction. Thus ® is an anemone. Then, by symme-
try with the above, each of Q4 UQ%, Q5UQ), Q5UQ%E, Q1 UQS, Q1 UQ), and
Q) U Q5 is sequential. Once again, we find that all possible non-sequential
4-separations displayed by @ have Q) and Q) on the same side, so @' is
redundant. This contradiction implies that (5.4.6) holds.

We may now assume that £ — B = Q] UQ} and B = Q5 U Q). Next we
show that we may also assume that

5.4.7. @ is a daisy, Q% is 2-equivalent to Z, and the only non-sequential
4-separations displayed by ® are (Q}UQ%, Q5UQ%), (Q5, Q1UQLUQY), and
(@3, Q1UQ3UQY).

If either (Q) U Q), Q5 U Q%) or (Q) U Q%, Q5 U Q)) is a non-sequential
4-separation, then it does not conform with 7'; a contradiction. Hence (Q} U
Q)), Q5UQ%) is sequential. Moreover, if ®’ is an anemone, then (Q]UQ%, Q5U
Q) is sequential. Now Z C B = Q4 U Q). By the choice of Z, we deduce
that Z is 2-equivalent to Q% or @), so we may assume the former. Then Q%
is non-sequential, so Q4 U Q4 is non-sequential. Hence each of Q] U Q), @},
and @) is sequential. By symmetry, if ®’ is an anemone, then Q4 U Q}, Q5,
and @) are sequential, and so @’ is redundant; a contradiction. We deduce
that (5.4.7) holds.

Now consider Q,UQ%5. We know that fsp(Q5UQ%) = E(M) and that each
of Q] and QY is tight. Let (Y;)™; be a 4-sequence for fso(Q5 U Q%) and let

j=1
Y, be the smallest indexed Y; that meets both @} and Q. By Lemma 3.4,
each of Y1,Ya,...,Y 1 is contained in @} or Q. One by one we move these

sets from @ or Q) into Q) or Qf%, respectively, maintaining a 2-equivalent
flower. Let (Qf,Q4,Q%4,Q)) be the flower obtained at the conclusion of
this process. By Lemma 3.4, |Q]| = |Q/| = 3. Moreover, by construction,
QUL =Q1UQ)=FE—Band Q4 UQ] =Q5UQ, = B. In addition, Z
is 2-equivalent to Q.

Let v be the vertex of T that is adjacent to the leaf vertex u that is
labelled by B. Next we show that

5.4.8. v does not label a bag vertex of T

Assume the contrary. Form 7’ from T by adding a new leaf vertex z
adjacent to u and labelled by @4, and relabel u by B — Q4. It is easily
verified that T” satisfies the first four properties of a partial 4-tree. Suppose
that it does not satisfy (v). Then there is a non-sequential 4-separation
(U,E — U) that does not conform with 77. We may assume, by possibly

replacing (U, E — U) with a 2-equivalent 4-separation, that U C B and both
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UNQ4 and UN (B —Qf) are non-empty. Suppose that |[U N Q4| < 2. Since

4 is non-sequential, |Q4| > 5, so |Q5 — (UNQ%)| > 3. But Q5 — (UNQY) =
E—(UU(E —Q%)). Thus, by uncrossing, U N (E — Q%) is 4-separating.
But [UN(E —Q4)| < 3, so U is sequential; a contradiction. We deduce that
|U N Q4| > 3. By uncrossing, as Q5 is not 2-equivalent to B, it follows that
UDB-Q4=0Q].

By Lemma 4.2, (Qf,Q4,Q% — U,Q4 NU,QY) is a flower. Moreover, this
flower is easily seen to be tight and irredundant. Since it displays (U, E —
U) but no 2-equivalent 4-separation is displayed by (QY,Q4,Q%5,Q%), we
contradict the fact that the latter flower is maximal. We deduce that there
is no non-sequential 4-separation that does not conform with 7”. Hence
T’ is a partial 4-tree displaying a non-sequential 4-separation that is not
2-equivalent to one displayed by T'; a contradiction. Hence (5.4.8) holds.

By (5.4.8), the vertex v of T' that is adjacent to u labels a flower vertex for
which the corresponding flower ¥ is tight, irredundant, and maximal, and
has B as a petal. The non-sequential 4-separation (@5, F — Q%) conforms
with W. Suppose there is a non-sequential 4-separation (R,G) that is 2-
equivalent to (@5, E— Q%) and has R or G contained in a petal P of U. Then
fso(P) contains fso(Q4) or fs2(Qf UQSUQY). If fso(P) 2 fso(QY U QL UQY),
then fsy(P) O B. Hence P = B. But fsy(B) = B; a contradiction. Thus
we may assume that fso(P) D fs2(Q5). As E— (BUQY) = QY, and the last
set has only three elements, it follows that W has exactly three petals and
is 2-equivalent to (Qf,Q%, B). This contradicts the maximality of .

We may now assume that (Q5, E — Q}) is 2-equivalent to a 4-separation
(R,G) that is displayed by ¥. By construction Q4 = fs3(Q%) — B. More-
over, RN B = 0. As fs3(R) = fs2(Q5) # E(M), it follows by Lemma 3.4
and uncrossing with £ — B that if (Y})]"; is a 4-sequence for fsy(R),
we can move each Y that is not contained in B into one of the petals
whose union is R always maintaining a 2-equivalent flower. At the conclu-
sion of this process, the resulting flower V' is (B, QY,Q51,Q%4,---, Q%)
say, where Q5 = Q5; U Q55 U -+ U Q5. As ¥ is maximal, k& > 2.
Let U" = (Q%,Q1,Q1, Q5 , ’2’72,...,62’2’7,6). We know that Q) U QY is 4-
separating. Moreover, so are Qy , UQ3UQ) and Q5 1UQ5,U---UQ5 , UQ3.
By uncrossing, so is the intersection of the last two sets, Q’2’7 LUQS4. Tt follows
that ¥” is a flower. Moreover, it is tight and irredundant. As ¥ displays
(Q4, E—QF), but ¥’ does not display a 2-equivalent 4-separation, the max-
imality of ¥’ is contradicted. We conclude that n # 4. This contradiction
to (5.4.6) completes the proof of (5.4.4).

By (5.4.4), we may assume that ® = (P, P,,...,P,) where E — B C P,
and Z is some union of consecutive petals from {Py, P, ..., P,_1}. Since Z
is not 2-equivalent to B, we must have that n > 3. To construct 7" from T,
first adjoin a new flower vertex v adjacent to u, labelling v either A or D,
depending on whether ® is an anemone or a daisy, respectively; then adjoin
bag vertices vy, vo, . .., v,—1 adjacent to v, labelling these by P, P ..., P,_1;
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finally, relabel the vertex u by B — (P U P, U---U P,_1). To verify that
T’ is a partial 4-tree, it suffices to consider the non-sequential 4-separations
(R,G) with R C B. The argument here is the same as that given in [4, p.
292] so we omit the details. Clearly, 77 = T. Moreover, (Z, E — Z) is a non-
sequential 4-separation displayed by 1" for which there is no 2-equivalent
4-separation displayed by T'. Thus the lemma holds in Case (I).

Consider Case (II). Let Z be a 4-separating set of M that is maximal
with the property that X € Z C B. Let T” be the tree obtained from T
by adjoining a new leaf vertex v adjacent to u such that v is a bag vertex
labelled by Z, and u is relabelled by B — Z. Once again, to show that 7" is
a partial 4-tree, we follow [4, p. 292].

Clearly, T < T" and (Z,F — Z) is a non-sequential 4-separation. Thus
either the lemma holds in this case, or Z is 2-equivalent to a 4-separating set
displayed by T'. As X is not 2-equivalent to such a 4-separating set, X and
Z are not 2-equivalent. We may assume that (X, E — X) is not 2-equivalent
to any 4-separation displayed by T”, otherwise the lemma holds. As X is
contained in the bag Z of T’, and this bag is a leaf, it follows from Case
(I) that there is a partial 4-tree T” %= T’ such that T"” displays some non-
sequential 4-separation that is not 2-equivalent to any 4-separation displayed
by T”, and hence is not 2-equivalent to any 4-separation displayed by 7. [

Proof of Theorem 5.1. If M has no non-sequential 4-separations, then the
tree T consisting of a single bag vertex labelled by E(M) satisfies the the-
orem. If M has a non-sequential 4-separation (R, ), then, by Lemma 5.3,
there is a tight irredundant maximal flower that displays a 4-separation 2-
equivalent to (R, G). Hence, by Corollary 5.2, there is a partial 4-tree that
displays a 4-separation 2-equivalent to (R, G). Let T' be a maximal partial
4-tree for M. Clearly, T has at least one edge. The theorem follows by
applying Lemma 5.4 to T (]
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