CONSTRUCTIVE CHARACTERIZATIONS OF
3-CONNECTED MATROIDS OF PATH WIDTH THREE

BRIAN BEAVERS AND JAMES OXLEY

ABSTRACT. A matroid M is sequential or has path width 3 if M is
3-connected and its ground set has a sequential ordering, that is, an
ordering (e1, ez, ..., en) such that ({e1,ea,...,ex}, {€rt1,€ht2,---1€n})
is a 3-separation for all k£ in {3,4,...,n — 3}. This paper proves that
every sequential matroid is easily constructible from a uniform matroid
of rank or corank two by a sequence of moves each of which consists
of a slight modification of segment-cosegment or cosegment-segment ex-
change. It is also proved that if N is an n-element sequential matroid,
then N is representable over all fields with at least n — 1 elements; and
there is an attractive family of self-dual sequential 3-connected matroids
such that N is a minor of some member of this family.

1. INTRODUCTION

The matroid terminology used here will follow Oxley [6] with the fol-
lowing exceptions. The simplification and cosimplification of a matroid
M will be denoted by si(M) and co(M), respectively. The full closure
fcl(X) of a set X in M is the minimal set Y containing X such that Y
is closed in both M and M*. We can obtain fcl(X) by beginning with X
and alternately taking the closure and the coclosure of the current set until
no new elements can be added. For a 2-connected matroid M, Cunning-
ham and Edmonds [3] gave a tree decomposition that displays all of its
2-separations. When M is 3-connected, in order to gain control of the 3-
separations so that they could be displayed in a corresponding tree, Oxley,
Semple, and Whittle [8] defined 3-separations (Y1, Y2) and (Z1, Z2) to be
equivalent if {fcl(Y7), fel(Ya)} = {fcl(Z;), fcl(Z2)}. Their tree decomposition
was only guaranteed to display one representative from each equivalence
class of non-sequential 3-separations, where a 3-separation (X1, X3) of M
is sequential if E(M) € {fcl(X1),fcl(X2)}. One class of 3-connected ma-
troids whose tree decompositions consist of a single vertex are sequential
matroids, that is, those 3-connected matroids for which the ground set has
an ordering (ej,es,...,e,) such that {ej,eq,...,e;} is 3-separating for all
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1 with 0 < ¢ < n. Such an ordering of the ground set is called sequential,
and sequential matroids are also said to have path width three. Hall, Oxley,
and Semple [5] considered the possible sequential orderings of a sequential
matroid N and identified the structures in N that permit these different
sequential orderings.

In this paper, we give a simple constructive description of all sequen-
tial matroids and we use this result to show that every n-element sequen-
tial matroid is representable over all fields with at least n — 1 elements.
In addition, we introduce an attractive family of self-dual sequential ma-
troids such that every sequential matroid is a minor of some member of
this family. One consequence of the main results of this paper is the fol-
lowing theorem. For each non-negative integer m, let I's),+1 be the graph
that is constructed as follows: take m + 1 copies of K3 on disjoint ver-
tex sets {uq, vy, w1}, {ug,vo,wa}, ..., and {umt1, Vmt1, Wmt1}; for all ¢ in
{1,2,...,m}, add the edges u;u;+1, v;vi+1, and w;w;+1; adjoin one additional
vertex vy and add the edges vyui, vov1, and vows.

Theorem 1.1. Let M be an n-element binary sequential matroid withn > 5.
Then M is isomorphic to a minor of M(Tay,_9).

2. OVERVIEW

In this section, after some preliminary definitions, we state the main re-
sults of the paper. The proofs of these results will occupy the rest of the
paper. We begin by describing a family of matroids introduced in [7] that
will be of particular importance in this paper. For each k£ > 3, take a basis
{y1,y2,...,yx} of PG(k — 1,R) and a line L that is freely placed relative
to this basis. By modularity, for each 4, the hyperplane of PG(k — 1,R)
that is spanned by {y1,v2,...,yx} — {yi} meets L. Let z; be the point
of intersection. We shall denote by Oy the restriction of PG(k — 1,R)
to {y1,v2,..., Yk, T1,%2,...,2}. The reader can easily check that O3 is
isomorphic to M(Ky). Alternatively, for all & > 3, we can define O to
be the matroid with ground set {yi,v2,...,yk, 1, 22,...,2;} whose cir-
cuits consist of all 3-element subsets of {x1,z2,...,xt}; all sets of the form
y1, 92, - ye —{vi})U{x;}, where i € {1,2, ..., k}; and all sets of the form
{1, v2, - ukt —{y;}) U{zg, 1}, where j, g, and h are distinct elements of
{1,2,...,k} [7, Lemma 2.2]. When we want to emphasize its ground set, we
shall sometimes write © as ©;(X,Y’) noting that ©4(X,Y)|X = Uyy. As
observed in [7, Lemma 2.1], the matroid ©y, is isomorphic to its dual under
the map that interchanges x; and y; for all i. Moreover, by [7, Lemma 2.4],
X is a modular flat and Y is a basis in ©. We remark that the sets X
and Y here were called A and B in [7]. We shall call the elements z; and y;
partners in ©. Evidently, for every permutation o of {1,2,...,k}, the map
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that takes x; and y; to x,(;) and Y, (;), respectively, is an automorphism of
Op.

Let M; and My be matroids such that M;|T = M|T, where T' = E(M;)N
E(M,). Assume that T is a modular flat of M;. The generalized parallel
connection Pr(My, Ma) of My and Ms across T is the matroid on E(M;)U
E(M>) whose flats are those subsets Z of E(M;) U E(Ms) such that Z N
E(M,) is a flat of My and Z N E(M3y) is a flat of M.

Two additional operations, based on generalized parallel connection, will
be important here. A segment in a matroid N is a subset Z of E(N) such
that N|Z = Uy, for some k > 3. A cosegment of N is a segment of N*. Now
let X be a coindependent segment {x1,z9,..., 2z} of a matroid M. Since
X is a modular line in O, the generalized parallel connection Px (O, M)
of ©, and M across X exists. Hence the matroid Px (O, M)\X is cer-
tainly defined. We denote this matroid by Ax (M) and call this operation
a segment-cosegment exchange on X. It is shown in [7, Lemma 2.5] that Y
is a cosegment in Ax(M). When k = 3, a segment-cosegment exchange on
X is a A — Y exchange on X.

To define the dual operation to segment-cosegment exchange, let M be a
matroid having a k-element independent cosegment X. Then M*|X = Uy,
and we define Vx (M) to be (Ax(M™*))*, that is, [Px (O, M*)\X]*. We call

this operation cosegment-segment exchange on X.

It is sometimes convenient, when performing a segment-cosegment ex-
change or a cosegment-segment exchange, to preserve the ground set of the
original matroid M. This is done by relabelling y; by z; in Ax(M) or
Vx (M), respectively.

The only sequential matroids with at most two elements are Uy o, Uo,1, U1 1,
and Uy 2. The next theorem shows how, from every sequential matroid M
with at least three elements, one can obtain a uniform matroid of rank or
corank two. This result enables us to determine precisely the fields over
which M is representable.

Theorem 2.1. Let M be a sequential matroid with |E(M)| > 3. Then a
uniform matroid N that has at least three elements and is of rank or corank
two can be obtained from M by using the following algorithm. Moreover, M
is representable over a field F if and only if |F| > |E(N)| — 1.

(i) Let N = M.
(ii) Take a sequential ordering (e1,ea,...,e,) of N that begins with a
mazimal rank-2 dependent flat X of N or N*. Let k = |X|.
(iii) If {e1,ea,e3} is a circuit, go to (iwv); if {e1,ea,e3} is a cocircuit, go

to (v).
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(iv) If X = E(N), then go to (vi); otherwise replace N by co(Ax(N))
and go to (ii).
(v) If X = E(N), then go to (vii); otherwise replace N by si(Vx(N))
and go to (ii).
(vi) Output N = Uy, and stop.
(vii) Output N = Up_a ) and stop.

Essentially by reversing the steps in the last theorem, we can obtain all
sequential matroids. A flat F' of a matroid M is proper if F' # E(M).

Theorem 2.2. The class M of sequential matroids with at least three el-
ements coincides with the class of matroids that can be constructed by the
following procedure.

(i) Let Mo = {U27m, Un—2m:m > 3}.

(ii) Choose N in Mg and take a sequential ordering (e1,ez,...,en) of
N that begins with a maximal rank-2 dependent flat F' of N or N*.
Take a subset X of F with | X| =k > 3.

(iii) If {e1,ea,e3} is a circuit, go to (w); if {e1,ea,e3} is a cocircuit, go
to (v).

(iv) For a subset X1 of X that is a proper flat of N*, add Px (O, N)\ X1
to Mo and go to (ii).

(v) For a subset X1 of X that is a proper flat of N, add (Px(©y, N*))*/ X1
to My and go to (ii).

Next we describe an attractive family of self-dual sequential matroids with
the property that every sequential matroid is a minor of some member of the
family. The matroids we construct here are based on the matroid ©,. To
begin, we take M’ = ©,,(B, A’) and M" = 6,,(B, A”) where A'nA” = (. By
[7, Lemma 2.4], B is a modular flat of M" and M". Hence (Pg(M', M"))* is
well-defined having ground set A’U BU A” and rank n + 2. We shall denote
this matroid by ©2. Note that ©2 is well-defined. To see this, observe that,
since both M’ and M" are isomorphic to ©,,, each element b of B has a
partner a’ in A’ and a partner a” in A”. Tt follows that once M’ has been
labelled, the labelling of M” is determined. We shall call @’ and a” the
partners of b in ©2. Observe that

(2.1) 02/A" = 0,(A',B).
To see this, note that ©2 /A" = (Pg(M', M"))*JA" = (Pg(M', M")\A")* =
(PB(M/,M”\A”))* — (MI)* — @n(A/,B>

The dual (K5 —e)* of the graph that is obtained by deleting an edge from
K35 is the triangular prism graph. Since ©3 = M (K}), the reader can easily
check that

(2.2) 022 M((Ks —e)*) = M*(K5 — e).
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We shall show in Lemma 5.1 that A’ and A” are modular lines of ©2.
We now inductively define the matroid ©2™*+! for all integers m and n with
m > 0 and n > 3. The ground set of this matroid is the disjoint union
of 2m + 2 sets B1, Ay, Ba, Ao, ..., Bma1, Am+1, each of which has exactly n
elements. Let My = ©,(A1, By). For all i in {1,2,...,m}, let M; be a copy
of @% with ground set A; U By U Ai+1 where MZ|A1 = U27n = MZ|A1+1
Define ©L = My, and, for all m > 1, let ©2"*1 = Py (M,,,02m"1). A
straightforward induction argument using partners establishes that ©27m+1
is well-defined. As we shall show in Lemmas 5.5 and 5.9, ©2™*1 is isomorphic
to its dual and @§m+1 = M(Tomt1)-

The matroid ©2"~Y is a universal sequential matroid in a sense that is
made precise by the next result.

Theorem 2.3. If M is an n-element matroid forn > 5, then M is sequential
if and only if M is isomorphic to a 3-connected minor of 279,

A sequential matroid with at least two elements can equivalently be de-
scribed as a 3-connected matroid M having a 2-element subset X such that
fcl(X) = E(M). In view of this, it is natural to consider those 2-connected
matroids M that have an element x such that fcl({z}) = E(M) or, equiva-
lently, that have an ordering (e1, e, ..., e,) of E(M) in which {ej, eq,...,e;}
is 2-separating for all ¢ with 0 < ¢ < n. The next result is an analogue of
Theorem 2.3 for such matroids. For m > 1, let ®,, be the graph that is
formed as follows. Begin with a path v1,b1,v2,bo,...,b5n_1, v, with edges
bi,ba,...,bm—1; add a new vertex vg and, for all 7 in {1,2,...,m}, add an
edge a; joining vy to v;; finally, add an edge b, parallel to a,,. Evidently,
®,, is a planar graph that is isomorphic to its dual.

Theorem 2.4. Let M be a 2-connected matroid with |E(M)| = n > 2.
Then M has an element x such that fcl({zx}) = E(M) if and only if M is a
2-connected minor of M(®p_1).

The rest of the paper is structured as follows. The next section contains
some definitions together with some basic connectivity results that will be
needed to prove the main theorems. That section also contains a proof of
Theorem 2.4. In Section 4, we prove Theorems 2.1 and 2.2 and describe
another family of sequential matroids of which every sequential matroid is
a minor. This family is used in the proof of Theorem 2.3, which is given in
Section 5.

3. PRELIMINARIES

This section contains some definitions and lemmas needed to prove the
theorems stated in the last section. We shall also prove Theorem 2.4 here.
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For a matroid M on a set E, the connectivity function Ay of M is defined,
for all subsets Z of E, by Ay (Z) =r(Z) +r(E—Z)—r(M). We shall often
abbreviate A\j; as A. The set Z or the partition (Z, E — Z) is k-separating if
AMZ) < k. The partition (Z, E— Z) is a k-separation if it is k-separating and
|Z|,|E — Z| > k; and M is n-connected if, for all j with 1 < j <n —1, there
are no (n — j)-separations in M. A k-separating set Z, or a k-separating
partition (Z, E—Z), or a k-separation (Z, E—Z) is exactif \(Z) = k—1 and
is minimal if min{|Z|, |E — Z|} = k. A k-separation (Z, E — Z) is vertical if
r(Z),r(E—Z) > k.

The connectivity function of a matroid M has a number of attractive
properties. For example, \y;(Z) = Ay (E — Z). Moreover, the connectivity
functions of M and its dual M* are equal. To see this, it suffices to note
the easily verified fact that

Au(2) =1r(2) +r(2) - 1Z].

Now suppose that M is a 3-connected matroid. Following [5], we use
the term 3-sequence for an ordered partition (E1, Ea, ..., Ey,) of E(M) into
non-empty sets such that if ¢« € {1,2,...,n — 1} and both ]U;:l E;| and

|Uj—i1 Ejl exceed one, then U;‘:1 E; is exactly 3-separating. If, for some

— —

min {1,2,...,n}, there is an ordering E,, of E,,, say E,, = (z1,22,..., %),
such that (E1, Ea, ..., Ep_1,{z1}, {z2}, ..., {zk}, Em+1, - . ., Ey) is a 3-sequ-
ence, then we also write this 3-sequence as (F1, Ea, ..., Epn_1,%1,%2, ..., Tk,

Epyi,...,E,) or (El,Eg,...,Em_l,En),Em+1,...,En). A 3-sequence of
the form (A, z1, 22, ..., Zm, B) such that |A|, |B|] > 2 will be called an (A, B)
3-sequence. This terminology agrees with [5]. Note, however, that in [4] a
‘3-sequence’ is what we have called here an ‘(A, B) 3-sequence’.

Evidently if M is a 3-connected matroid and E(M) = {ej,e2,..., €}, a

sequence (e, ea,...,€;) is a 3-sequence if and only it is a sequential or-

dering of E(M). When we refer to a sequential ordering of M of the
— = —

form (Ey, Es, ..., E,), we mean that there are orderings F1, Ea, ..., E, of

E1, Es, ..., E, such that (E{,E, .. ,Ei) is a sequential ordering of M. A
sequential matroid M is also said to have path width three because there is
a path P with vertex set F(M) such that the partition of E(M) induced by
each edge of P is a 3-separating partition of E(M).

The next result is elementary. Its proof appears, for example, in [4,
Lemma 4.1].

Lemma 3.1. Let (A, ey, e9,...,e,, B) be an (A, B) 3-sequence of a 3-conn-
ected matroid. Then, for each i, either

(i) e; € cl(AU{e1,...,ei—1}) Ncl({eit1,-..,ent UB), or
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(ii) e; € cI*(AUA{eq,...,ei—1}) Necl*({eit1,-..,en} UB),

but not both.

We call e; a guts or coguts element of (A, ey, eg,...,e,, B) depending on
whether (i) or (ii) of the last lemma holds or, equivalently, on whether e;
is in the closure or coclosure of AU {ej,eq,...,e;_1}. It was shown in [4,
Lemma 4.6] that this labelling is robust in that if e; is a guts element of
some (A, B) 3-sequence, then it is a guts element of all (A, B) 3-sequences.

The class of sequential matroids is well-behaved. For example, it is clear
that the dual of a sequential matroid is sequential. Moreover, we have the
following attractive property.

Lemma 3.2. Every 3-connected minor N of a sequential matroid M is

sequential. In particular, Zfﬁ is a sequential ordering of M, then the induced
ordering on E(N) is sequential.

The last lemma follows immediately from the next lemma, which, in turn,
is a consequence of the well-known and easily verified fact that the connec-
tivity function is monotone under taking minors.

Lemma 3.3. Let (e1,€e9,...,e,) be an ordering of the ground set of a ma-
troid M. If \yy({e1,e2,...,¢;}) <k for alli and N is a minor of M, then
Av({ei,e,...,e;} NE(N)) <k for all i.

Next we insert the proof of Theorem 2.4. The argument here uses prop-
erties of the operation of parallel connection. Later, in the proof of Theo-
rem 2.3, we shall use similar properties of the generalized parallel connec-
tion. In a matroid M, if e € E(M) and Z C E(M), we write e € cl®)(Z) to
indicate that e € cl(Z) or e € cl*(Z).

Proof of Theorem 2.4. Evidently fcl({a1}) = E(M(®p—1)) = fcl({bp_1})
and, by Lemma 3.3, it follows that every 2-connected minor N of M (®,_)
has an element whose full closure is E(N).

Now suppose that M has an element x such that fcl({z}) = E(M). We
shall argue by induction on n that

2.4.1. M is isomorphic to a minor of M (®,_1) in which x is mapped to a;
or bp_1.

If n =2, then M = U2 = M(®;) so (2.4.1) holds. Assume it holds for
n < k and let n = k > 3. Since fcl({z}) = E(M), there is an ordering
(e1,€2,...,6en) of E(M) such that z = e; and, for all i > 2, the element
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ei € cd®({er,ea,...,ei_1}). We shall show that (2.4.1) holds when ez €
cl({e1,e2}). If, instead, e3 € cl*({e1,e2}), then es € cly+({e1,e2}) so we
can apply the same argument to get that M* is isomorphic to a minor
of M(®,_1) in which e; is mapped to a; or b,_;. Because there is an
isomorphism between M*(®,,_1) and M (®P,_1) that interchanges a; and
bn—1, the required result will follow.

Since ey € cl®({e1}) and e3 € cl({e1,es}), the matroid M|{e1, e, e}
is isomorphic to Uy 3 or Uz 3. Each of the last two matroids is isomorphic
to a minor of M (®3) in which e; is mapped to aj or by, so the required
result holds for |E(M)| = 3. We may now assume that |E(M)| > 4. Then
one easily checks that A\y/e,({e1,e2}) = Ay ({e1,e2}) =1 =0, so M/e3 is
not 2-connected. Thus, by a result of Brylawski [2] (see also [6, 7.1.16 and
7.1.17]), M is the parallel connection, with basepoint es, of M|{e1,e2,e3}
and M\ej, ez, and each of the last two matroids is 2-connected. It fol-
lows, by Lemma 3.3, that the sequence (es3, ey, ..., ;) has the property that
{es,e4,...,e;} is 2-separating in M\ej,es for all ¢ in {3,4,...,n—1}. Thus,
by the induction assumption, M\e1, e2 is isomorphic to a minor of M (®,,_3)
in which es is mapped to either a; or b,_3.

After combining the two possibilities for M\ej, e2 with the two possibil-
ities for M|{e1,e2,e3}, we get a total of four cases. But, because each of
M\ei, ez and M|{ey,ea,e3} is graphic, it is straightforward to check that,
in each case, M is isomorphic to a minor of M (®,_;) in which e; is mapped
to a; or b,_1. The theorem follows by induction. O

The next result [4, Lemma 3.2] contains two more elementary properties
of sequential matroids.

Lemma 3.4. Let (e1,es,...,e,) be a sequential ordering of a 3-connected
matroid M, and let i < j.
(i) Ifej € Ad®({e,ea,...,e}), then
(€1,€2, ... ,€i, €5, €415+, €j-1,€j41,€n)

1s also a sequential ordering of M.

(ii) If r({e1,e2,...,ex}) = 2 and (21, 22,...,2k) is an arbitrary permu-
tation of {e1,ea,...,er}, then (21,22, ..., 2k, €pa1,---,€n) 1S also a
sequential ordering of M.

One of the most useful features of the connectivity function A of M is
that it is submodular, that is, for all J, K C E(M),

A(J) + ME) > MJ N K) + AJ UK).
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This means that if J and K are k-separating, and one of JN K or JU K
is not (k — 1)-separating, then the other must be k-separating. The next
lemma specializes this fact.

Lemma 3.5. Let M be a 3-connected matroid, and let J and K be 3-
separating subsets of E(M).

(i) If |[JN K| > 2, then J U K is 3-separating.
(i) If |[E(M) — (JUK)| > 2, then J N K is 3-separating.

Another consequence of the submodularity of A is the following very useful
result for 3-connected matroids, which has come to be known as Bixby’s
Lemma [1] (see also [6, Proposition 8.4.6]).

Lemma 3.6. Let M be a 3-connected matroid and e be an element of M.
Then either M\e or M/e has no non-minimal 2-separations. Moreover, in
the first case, co(M\e) is 3-connected, while, in the second case, si(M/e) is
3-connected.

Lemma 3.7. For all k > 3, the matroid Oy is sequential. Moreover, if X

— — =
and Y are arbitrary permutations of X and Y, respectively, then (X,Y) is
a sequential ordering of O.

Proof. It was noted in [8] that ©y is 3-connected. Now let Z be an initial

subsequence of ()—f,l_}) Then either Z C X or E(©;) — Z C Y. Hence
r(Z)=2or r*(E(Of) — Z) = 2, and we deduce that \(Z) = 2. O

The next result follows, for example, by [9].

Lemma 3.8. Let M, and My be 3-connected matroids and E(M;)NE (M) =
T. Assume that Mq|T = Ms|T and that T is a rank-2 modular flat of M.
Then Pr(Mi, Ma) is 3-connected.

Corollary 3.9. Let N be a 3-connected matroid having a rank-2 subset X
such that | X| =k > 3. Then Px(©, N) is 3-connected.

Lemma 3.10. Let (e1,e,...,e,) be a sequential ordering of a sequential
matroid M. Let A = {e1,e2} and B = {ep—1,en}. For3 <i <n-—2,if
e; is a guts element of the (A, B) 3-sequence (A, es,eq,...,en_2,B) but e; ¢
cl(A) Ucl(B), then si(M/e;) is not 3-connected, so co(M\e;) is sequential.

Proof. The partition ({e1,ea,...,€i—1},{€i+1,€it2,...,€n}) is a vertical 2-
separation of M /e;, sosi(M/e;) is not 3-connected. By Lemma 3.6, co(M \e;)
is 3-connected and the lemma follows by Lemma 3.2. U
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Lemma 3.11. Let My and My be sequential matroids. Let T = E(My) N
E(Ms) and assume that My|T = M>|T and that T is a rank-2 modular flat

of My. Let My and My have sequential orderings ([7{, 7_])) and (7—5, [7;) where

— = —
Ty =T =1Ty. Then Pr(My, Ms) is a sequential matroid having (U1, T, Us)
as a sequential ordering.

Proof. For each i, let E; = E(M;). Then E; = U;UT;. Let M = Pp(My, M>)
and abbreviate E(M) as E. By Lemma 3.8, M is 3-connected. If r(M;) = 2,
then T' = E1, so M = Ms and the result is immediate. Hence, we may
assume that r(My),r(Ma) > 3. Thus E(M;) — T and E(Ms) — T span T
in M7 and Mo, respectively. Now, since T' has rank 2 in My, the ordering

(?’1, @) of F5 is sequential in My.

e e e .
To complete the proof, we shall show that (Uy,T1,Uz) is a sequential

ordering of M. Let Z be an initial subsequence of ((7{, 7_’{, (72)) with | Z], |E —
Z| > 3. By symmetry, we may assume that Z C U; UT. Now U; and U,
span M; and Mo, respectively. Thus, if Z O Uy, then, as E — Z D Us, we
have

r(Z)+r(E—2Z)—r(M)=r(M)+r(Ms) —r(M)=2.
Now suppose Z C U;. Then, by submodularity,

r(Z)+r(E—-2Z)—r(M) = r(Z)+r(E1—Z)UEy) —r(M)

< r(2)+[r(E - 2)
+ r(E2) —r(cl(Eh — Z) N cl(Eg))] —r(M)
< r(Z)+r(EL—Z)+r(Ey)
=r(T) = [r(My) + r(Mz2) — 2]
= 1(Z)+r(E1—Z) —r(M)
< 2.

We conclude that if Z C Uy UT, then (Z,E — Z) is 3-separating and the
lemma follows. U

Lemma 3.12. Let M be a 3-connected matroid, (J, K) be a 3-separation of
M, and Z C cl(J) Ncl(K). If both |J — Z| and |K — Z| exceed two, then

(i) M\Z is connected;
(ii) co(M\Z) is 3-connected; and
(iii) every non-trivial series class of M\Z has exactly two elements, one
in J — Z and the other in K — Z.
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Proof. We have

B
I

r(J)+r(K)—r(M)
r(J—Z)+r(KUZ)—r(M)
2.

Thus equality holds throughout and so cl(J —Z) D J. Hence cl(J—Z2) D Z.
Likewise, cl(K — Z) 2 Z.

AVANIY]

We shall prove all three parts simultaneously. Suppose that, for some k
in {1,2}, the matroid M\Z has an exact k-separation (R,G). Since Z C
c(J—Z)Ncl(K —Z), both R and G meet both J —Z and K — Z, otherwise
(RUZ,G) or (R,GU Z) is an exact k-separation of M; a contradiction.

Since |J—Z| > 3, we may assume that [GN(J—Z)| > 2. Now A\ z(G) =
k —1 and Ay z(J — Z) = 2. Hence, by the submodularity of A, we get

Mnz(GN (T =2Z))+ 2 Apnz(GU(J - 2)) <2+ k—1.
Since (E—Z2)— (GU(J—Z))=RN (K — Z), we have
Mnz(GN (T =2)+ A z(RN (K = Z)) <2+ k-1
As Z Ccl(RU(K —Z))Nnc(GU (J — Z)), it follows that
AM(GN(J=2)+Au(RN(K—-2)) <2+k—1.

Since |GN (J —Z)| > 2, we have Ay (GN(J—Z)) > 2 and so Ay (RN (K —
Z)) <k—1.As RN (K — Z) is non-empty, it follows that & # 1. Hence
k=2and |[RN (K — Z)| = 1. Therefore M\Z is connected. Moreover, as
|K — Z| > 3, we have |GN (K — Z)| > 2. Thus we can interchange J and
K in the argument in this paragraph to get that [R N (J — Z)| = 1. Hence
|R| = 2. Therefore R is a cocircuit of M\Z and every non-trivial series class
of M\ Z has exactly one element in J — Z and exactly one element in K — Z.
Furthermore, M\Z has no 2-separation (R,G) in which both R and G are
dependent, so co(M\Z) is 3-connected (see, for example, [10, (5.1)]). O

Let n be an integer with n > 3. Let V,, be the rank-3 matroid with a
(2n)-point ground set R U S U f consisting of two distinct n-point lines,
R and S, with R = {t,r1,72,...,rn—1} and S = {t,s1,52,...,8,-1}, and
a point f placed so that {f,r;,s;} is a line for all ¢ in {1,2,...,n — 1}.
Evidently, V3 = M (K4). We call R and S the distinguished lines of V,,. The
points t and f are called the tip and the focus of V,,. When n > 4, the
distinguished lines, the tip, and the focus of V,, are uniquely determined.
When n = 3, we designate two 3-point lines of V,, as the distinguished lines
and this determines the tip and the focus.

In V,, both R and S are modular lines. We now describe an important
family II"" of matroids. For some m > 1, let My, Ma, ..., M,, be copies of
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Vn. Let R; and S; be the distinguished lines of M;, and ¢; and f; be its tip
and its focus. For each i in {1,2,...,m — 1}, let ¢; be a bijection from S;
to R;y1. Identify each element of S; with its image under ¢; and let N,, be
the matroid that is constructed as follows: Ny = My; No = Pgr, (M, N1);

.5 Ny = Pg, (M, Nyp—1). Evidently, N, depends on the bijections ;.
We denote by II'" the collection of all possible such matroids N,,.

Lemma 3.13. The matroid N,, is sequential.

Proof. We establish the lemma by proving the following by induction on m:
3.13.1. N,, is 3-connected having a sequential ordering of the form (Zy,, Sm).

_ —
If m = 1, then (R; —t1, f1,S51) is a sequential ordering of N,, where

e —

Ry — t1 and S are arbitrary orderings of Ry — ¢t; and 51, respectively. As-
sume the assertion is true for m = k and let m = k 4+ 1. Then Ny =
Pp,.(My41, Ng). By the induction assumption, IV}, is 3-connected having a
sequential ordering of the form (Zy, Sy ). Moreover, M} is 3-connected hav-
ing a sequential ordering of the form (Rgi1, fit+1, Sk+1 — tkr1). Since each
element of Sy, is identified with its image in Ry, under the bijection g1,
it follows by Lemma 3.11 that Ny, is 3-connected having a sequential or-
dering of the form (Zx, Sk, fu+1, Sk+1—tk+1). As |Sp41—tx+1| > 2, it follows
that Ni1 has a sequential ordering of the form (Zxy1, Sgy1). Thus (3.13.1)
holds and hence so does the lemma. [l

4. CONSTRUCTING ALL SEQUENTIAL MATROIDS

In this section, we prove Theorems 2.1 and 2.2. In addition, we establish
a crucial step in the proof of Theorem 2.3.

Proof of Theorem 2.1. We shall first establish that if we begin at step (ii)
of the algorithm with a sequential matroid IV having a sequential ordering
(e1,€e2,...,e,) and pass through the loop in the algorithm once to return to
(ii), then the resulting matroid N’ has the following properties:

(a) N’ is sequential;

(b) N’ is representable over a field F' if and only if N is representable
over F'; and

(c) either |E(N')| < |E(N)|, or N’ has a sequential ordering that begins
with a maximal rank-2 flat X’ of N” or (N’)* such that |X'| > |X|.

To establish this, we observe that N’ is either co(Ax (N)) or si(Vx(V)).
By duality, it suffices to treat the first case. Then r(X) = 2. Note that,
since X # E(N) and N is sequential, we have |[E(N)—X| > 3 and r(IN) > 3.
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Since 2 = Ay (X) = r(X) +r*(X) — | X|, it follows that X is coindependent
in N. Hence Ax(N) is well-defined. Now Ax(N) = Px(0k, N)\X. By [7,
Corollary 3.7], Ax(N) and N are representable over exactly the same fields.
Hence (b) holds.

Now recall that E(©f) = X UY. Let E(N) — X = Z. We know that
O and N are sequential having sequential orderings of the form (Y, X') and
(X, Z), respectively. Since r(X) = 2, Lemma 3.11 implies that Px (O, N)
is sequential. Now (Y U X,E(N) — X) is a 3-separation of Px (O, N).
Since X = cl(Y U X) Ncl(E(N) — X), it follows by Lemma 3.12 that
co(Px (O, N)\X) is 3-connected. Thus, by Lemma 3.2, the last matroid
is sequential, that is, co(Ax(N)) is sequential. Finally, we observe that
either |E(co(Ax(N))| < |E(N)|, or co(Ax(N)) = Ax(N). In the former
case, |E(N')| < |E(N)| and (c) holds. In the latter case, Ax(N) has a
sequential ordering of the form (Y, egi1,€xi2,...,6,). Now Y is a union
of triads in Ax(N) and egy; is a coloop of N\X. By [7, Lemma 2.8],
N\X = Ax(N)\Y. Hence Y U eg41 spans a rank-2 flat of (N')*, and again
(c) holds. We conclude that (a)-(c) hold.

Because of (c), the algorithm terminates in a finite number of steps yield-
ing the required uniform matroid N of rank or corank 2. Moreover, the
original matroid M is representable over exactly the same fields as IV and
so is F-representable if and only if |F| > |E(N)| — 1. O

The following is an immediate consequence of Theorem 2.1.

Corollary 4.1. If a sequential matroid M is representable over a field with
n elements, then M 1is representable over all fields with at least n elements.

Next we show how, by reversing the steps in Theorem 2.1, we can build
all sequential matroids from uniform matroids of rank or corank two.

Lemma 4.2. Let N be a sequential matroid. Let (e1,ea,...,e,) be a se-
quential ordering of E(N) in which {e1,ea,...,emn} is a rank-2 flat for some
m > 3. Let X = {ej,e9,...,ex} where3 <k <m. If X1 C X and X1 is a
proper flat of N*, then Px (O, N)\ X1 is sequential.

Proof. Let My = Px (O, N). Then M is certainly sequential. Let X; =
{e1,e2,...,es} and suppose that X7 is a proper flat of N*. We need to show
that M7\ X, is sequential. By Lemma 3.2, it suffices to show that M;\X;
is 3-connected. Evidently cly(X) = {e1,e2,...,em}. Suppose first that
r(N) = 2. Then Px (O, N)\X; is 3-connected unless |cly(X) — X;| < 2.
In the exceptional case, F(N) — X is independent in N so X; spans N*.
Hence X7 is not a proper flat of N*.
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We may now suppose that 7(N) > 3. By Lemma 3.12, co(M;\X1) is
3-connected. The lemma will follow if we can show that M;\X; has no non-
trivial series classes. Assume the contrary, letting S be such a series class.
Then, by Lemma 3.12 again, S has exactly one element in Y and exactly
one other element, say z, which is in E(N)— X;. Thus M; has a cocircuit of
the form S U X’ where X’ C X7. Since N is a restriction of M;, we deduce
that N has a cocircuit that contains z and some subset of X;. Hence X is
not a flat of N*; a contradiction. O

Note that, up to an obvious relabelling, the matroid Px (0, N)\X; in
the last result can alternatively be obtained from N by first adding a single
element in parallel to each element of X — X; to give the matroid N’ and
then finding Ax(N').

Lemma 4.3. Let N be a 3-connected matroid and X be a k-element seg-
ment in N for some k > 3. Assume that Xy is a subset of X such that
Px (O, N)\ X1 is 3-connected but is not isomorphic to Uy j+o. Then either

(i) X1 is a proper flat of N*; or
(i) X1 = X and Y U f is a cosegment of Px(©k, N)\X1 for some f in
E(N) - X.

Proof. Suppose that X; is not a proper flat of N*. Since Px (O, N)\ X1
is 3-connected, X; # E(N*). Then, for some subset Xy of X, there is an
element f of F(IN)— X such that XoU f is a cocircuit of N. Let H; be the
hyperplane E(N) — (X2 U f) of N.

Suppose first that f € cly(X). Then
AN(X2U f) =r(XoU f) + (r (X2 U f) = [Xo U f]) =2+ (-1) =1,

so we have a contradiction to the fact that IV is 3-connected unless |H;| < 1.
Consider the exceptional case. We must have r(N) = 2. Thus Px (0, N)\ X1
is 3-connected having rank k, so |[E(N) — Xi| > 2. But |[E(N) — X;| <
|H1|+1<2,s0 |E(N)— X1| =2. Thus Px(©, N)\X; has k + 2 elements
and rank k, so Px (O, N)\ X1 =2 Uy p+2; a contradiction.

We may now assume that f & cly(X). Then r(N) > 3. Since Xo U f is
a cocircuit of N, by orthogonality with the triangles contained in cly(X),
we deduce that |cly(X) — Xo| < 1. We have Xo C X; C X C cly(X).
Suppose that X = X,. Take {y1,y2} C Y. Then Y — {y1,y2} is a flat of
Oy of rank k£ — 2. Thus (Y — {y1,y2}) U Hy is a flat of Px(O, N). But
(Y —{y1,y2}) UH1) =r(H1) + |Y — {y1,y2}| since each 3-element subset
of Y is a triad of Px(©g, N). Thus (Y — {y1,y2}) U H; is a hyperplane of
Px (O, N). The complementary cocircuit is {y1, y2, f} U X2, so {y1,v2, f}
is a cocircuit of Px (0, N)\X; and (ii) holds.
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It remains to consider the case when Xy # X. Then X = cly(X) and
cly(X) — Xo = {g} for some element g. Thus O has a hyperplane Hs that
meets X in {g}. Moreover, Hy = (Y —¢')Ug for some ¢’ in Y. Thus H; U H>
is a hyperplane of Px (0, N) and (X — g) U ¢ U f is the complementary
cocircuit. Hence Px (O, N)\X; has {¢/, f} as a cocircuit. This contradicts
the fact that Px (O, N)\X; is 3-connected. O

We are now ready to prove our construction yields the class of sequential
matroids.

Proof of Theorem 2.2. 1t follows by Lemma 4.2 that every matroid produced
by the prescribed procedure is sequential. Now let M be an arbitrary se-
quential matroid. Then, by using the algorithm in Theorem 2.1, we obtain a
uniform matroid of rank or corank two. Up to duality, a typical step in this
algorithm consists of replacing N by si(Vx (N)) for some maximal cosegment
X of N. Now consider how we can recover N from si(Vx(N)). We know
by Lemma 3.12 and duality that each non-trivial parallel class of Vx(N)
contains exactly one element of Y. Now Vx(N) = (Px(0g, N*)\X)*.
Hence si(Vx(N)) = (Px(O, N*)\X)*\W where, for some Yy C Y with
|Yo| = |W]|, each element of Yy is parallel to a unique element of W, and
wny =§.

Recall that Of(X,Y) denotes the copy of O in which X is a segment
and Y is a cosegment. By [7, Corollary 2.12], when we maintain the same
ground set after each segment-cosegment and cosegment-segment exchange,
we have that N = Ax(Vx(N)). This means, in the notation we are using,
that

N = Py (04(Y; X), (Px (O4(X, Y), N)\X))\Y.
In (Px(©k(X,Y), N*)\X)*, each element of Y} is parallel to an element of
W. Thus N = Py(0r(Y, X), (Px(0r(X,Y), N \X)*\W)\Y; where Y7 =
Y — Yy, that is, N = Py (0(Y, X),si(Vx(N)))\Y1 where this isomorphism
relabels each member of Y by the parallel element from W. Now we may as-
sume that IV is not uniform of corank 2 otherwise NV is already in M. Since
N is 3-connected, by Lemma 4.3, either Y; is a proper flat of (si(Vx(V)))*,
or X is not a maximal cosegment of Py (O(Y, X),si(Vx(IN)))\Y, that is,
of N. This contradiction means that the steps described in the theorem es-
sentially correspond to reversing the steps in the algorithm in Theorem 2.1
and this completes the proof. O

The next result will be important in our proof of Theorem 2.3, which
appears in the next section. It provides an alternative to the latter result
by giving another family of sequential matroids of which every sequential
matroid is a minor. In the next theorem, we consider a field GF(q) over
which an n-element sequential matroid M is representable. By Theorem 2.1,
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we can find such a field simply by choosing ¢ > n — 1. But M may also be
representable over smaller fields and we want our result to cover these fields
too.

Theorem 4.4. Let M be an n-element sequential matroid and suppose that
M is representable over GF(q). For p € {n,q+ 1}, if n > 6, then M is
a minor of a member of HLL*5 unless M = Uy_2,,, tn which case, M is a
minor of a member ofHZ*‘l. Ifn € {3,4,5}, then M is a minor of a member
of H}L.

Proof. Let r(M) = r. As M is representable over GF(q), we may view M
as a restriction of PG(r — 1,q). We shall denote the closure of a set X in
PG(r —1,q) by (X).

Let (e1,ea,...,e,) be a sequential ordering of M. Let A = {ej,ea} and
B = {en—1,€,} and consider the (A, B) 3-sequence (A, e3,€4,...,6n-9,B) =
(A,)?,B). Break (A, es, eq,...,e,—2,B) up according to the presence of

coguts elements as (Gp,c1,G1,c,...,cs,Gs), where Gy = cl({e1,e2}) and
Gs = cl({ep—1,€en}), the elements ¢y, ca,...,cs are the coguts elements of

X, and, for all 7 in {1,2,...,s — 1}, the set of guts elements lying between
¢; and ¢;+1, which may be empty, is G;.

If s =0, then M = Uy, so ¢g >n—1and M is a minor of V;, and of
Vg+1. Hence M is a minor of a member of H}l. Now suppose that s > 1. We
shall show that M is a minor of a member of IT},.

First we show the following.

4.4.1. For each i in {1,2,...,s — 1}, the set G; is a subset of the line G
of PG(r — 1,q) that is the intersection of (Go Uci UGi U---Ug¢) and
(cit1 UGip1 U---UGq).

We have
r+2=r(GoUcgUGIU---UcUG;) +7(cit1 UGt U---UGy).
But G; Cclpy(GoUer UG U---Ug) Nelp(civr UGip1 U---UGs). Thus
(GoUer UG LU U¢;) N {cig1 UGigr U UGs)

is a rank-2 flat G, of PG(r — 1, ¢) containing G;. Hence (4.4.1) holds.

We shall let Gf, and G, be the lines of PG(r — 1,q) spanned by Gy and
G, respectively.

4.4.2. For eachi in{0,1,...,s—1}, there is a unique point t; of PG(r—1,q)
in (GoUctUG1U---UG) N(Giy1Ucipa U---UGs) and GiN Gy = {t}.
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We have T(GoUClUGlLJ"-UGiUCiJrl) :T(GOU61UG1U"'UG1)+1.
Thus
T(G0U61UG1U-"UCiUGi)—i-T(GH_lUCH_QU-"UGS) =r+1.

Hence (GoUcitUGLU---UG;) N{(Giy1UcipaU---UGs) is a point t;. Now

<G0U01UG1U"'UG7;> ) G; and <Gi+1UCi+2U--'UGS> D) G;—H‘ Hence

G;NGiy € {ti}. But (GoUci UGy U---UGjy1) has rank one more than

<G0U61UG1U"'UGZ‘>, SO
<G0U01UGlU--'UG1+1>ﬂ<Gi+1UCi+2U--'UGS>

has rank 2 and contains and so equals G +1- This intersection also contains

ti, so t; € Gi, . Similarly, t; € Gfj. Thus (4.4.2) holds.

Next observe that

4.4.3. G} meets Gi ; for some j > 2 if and only if t; = tip1 =+ =tiyj 1.

This follows because t; is the unique point of intersection of (Go U ¢1 U
G1U-"UGZ'> and <Gi+1UCi+2U-"UGs>.

We now define a sequence of sets of distinguished points beginning with
Dy = E(M) Uty. Assume that Dy, Di,...,D;_; have been defined. To
define D;, we introduce a function a;. We let «;(¢;) = t;_1; for each element
z of Di_1 N (G;_; —ti—1), let a;(x) be the element of G that also lies on
the line spanned by {z,¢;}. Define

D, = (Di,1 —C; — G;—l) Ut,_1 U {Oél(l‘) cxeD;_1N (G;—l — tifl)} Ut;

where, if i = s, we take t3 = ts_1.

The next two assertions are straightforward consequences of this defini-
tion.

4.4.5. DsﬂG; QDs,lﬁGg c... gDi+1ﬂG2:{ti}.

We show next that
4.4.6.

|DlﬂG;‘ < |E(M)—(Gi+1UGi+2U"'UGs)| —(S—i)+1 ZfZ <s
|E(M)| if i = s.
We argue by induction on 4. If i = 0, then D; NG} is (E(M) N Gf) U to,
which equals Go U tg, so the result follows. Assume that (4.4.6) holds for
1< j and let i = j.
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Suppose first that j < s. Then D; N G; is contained in the union of

{tj—1,t;} UG; and the set {a;(x) : 2z € Dj—1 N (G)_y —t;-1)}. Thus
ID;NGE| < 2+4|Gi|+|Djmi NG| —1
= |G| +|Dj-1 NG| + 1.

But, by the induction assumption,

Dy NG| < |B(M) = (G UGy U-- UG — (s — (j — 1)) + 1.
Hence

|DjﬂG;-| < |Gj|+|EM)—-(GjU---UGs)| —(s—j7)+1

< JE(M) = (GjtaU---UGs)| — (s —j) + 1,

where the last step follows since G, Gj11,...,G5 are disjoint.

Finally, observe that if j = s, then t; = t;_1, so we can decrease the
bound on |D; N G| by one to get [Ds NG| < |E(M)]. Hence (4.4.6) holds.

Now let l/?; = DoUD1U---UDy. Then ts_1 is certainly in l/)\s Moreover,
4.4.7. |E\S NG < p for alliin {0,1,...,s}.

This is immediate if y = ¢+ 1. If u = n, it follows from (4.4.6) because
DsNG, = (DyUD1U---UDs) NG, = D; NG, where the last equality holds
by (4.4.4) and (4.4.5).

Now suppose that |D N G.| = m. Take u — m points of G’ b\ and
ad301n these elements to D continuing to call the resulting set D We now
have ]Ds NG’| = p. For each element z of (D, NG.) —ts—1, there is a unique
point [s(z) of G’,_; on the line through z and ¢s. Some of these elements
are already in b\s Adjoin the other such points to b\s letting the resulting
set be 175: Evidently -

[Ds—1 NGy = p

We assert that
4.4.8. |D NG| =p.

By construction, it is clear that \175\1 ﬂG/S 1| > p. Assume this inequality
is strict. Then there is a point y of Ds 1 N G’,_, that does not lie on a line
through ¢s and some element of (Ds NG,) —ts—1. Then y € [(Dy U Dy U

- UDg)NG,_1] —ts—1 so, by (4.4.4) and (4.4.5), y € Ds_1 N (Gl —ts—1).
Thus the construction of Dy produces a point as(y) of G’ that lies on the
line through y and cs. Hence as(y) € (Ds N G) — ts—1 and we have a
contradiction that establishes (4.4.8).
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Now using Ds 1 NG.,_, in place of D\ N G, we can construct a new set

D _2 by adjoining points of G,_, to D 1. The same argument used above
guarantees that

p=|Ds—2N Gls—2| =|Ds—1N G/s—l‘ =|DsN G/s|
Repeating this process, we eventually obtain a set Z/)\g such that

|b\0ﬂG;\:uf0ralliin {0,1,...,s}.

Finally, we consider the matroid M that equals PG(r — 1,q)\l/)\0. Note
that M consists of s + 1 lines, Lo, L1,...,Ls, each containing exactly u
points, along with s additional points, c1,ca,...,cs. Moreover, for all ¢ in
{0,1,...,s}, we have L;_1NL; = {t,_1} and, for each point e of L;_1 —t;_1,
there is a unique point ¢’ of L; such that {e,¢;, e’} is a line of M.

Now clearly ]\/4\|(LS_1 UcsUL,) =2V, and L is a modular line of this
restriction. It follows by a result of Brylawski [2] (see also [6, Proposi-

tion 12.4.15]) that M is the generalized parallel connection across Lg_; of
M|(Ls—1UcsUL ) and M\[( ts—1)Ucs]. A routine induction argument

establishes that M is in Hs We conclude that M is a minor of a member
of II.
m

We have 1 < s <n—|GoUGs| <n—4. If s =n—4, then M = U,_3,, so
g >n—1and g > n. Thus if M 2 U,,_2,, we may assume that s <n — 5.
The theorem follows without difficulty. O

5. THE UNIVERSAL SEQUENTIAL MATROID

In this section, we shall prove an extension of Theorem 2.3. We begin with
a result needed in the definition of ©2™ 1. Recall that ©2 = (Pg(M’, M"))*
where M' = 0,,(B,A’) and M" = 0,(B, A”).

Lemma 5.1. The sets A" and A" are modular lines of ©2.

Proof. Clearly A’ is a rank-2 flat of ©2. By [2, Theorem 3.3] (see also [6,
Proposition 6.9.2(iii)]), A’ is modular provided that 7(A4’) + r(F) = r(©2)
for all flats F' of ©2 avoiding A’ such that F'U A’ spans ©2. Now, for all such
flats F, we must have r(02) > r(F) > r(02) —2. Since r(A’) = 2, it suffices
to show that 7(F) # r(©2) — 1. Assume the contrary. Then F(©2) — F is
a cocircuit of ©2, so E(02) — F is a circuit C of Pg(M’, M") containing
A’. But A’ is independent in Pg(M’, M"), so C properly contains A’. Now,
for all b in B, if @’ is the partner of b in A’, then (A" — ') Ub is a circuit
of Pg(M',M"). Hence b ¢ C so CN B = (). Since C 2 A’, we deduce
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that C N A" # (. As A” is a cosegment of Pg(M', M"), by orthogonality,
|CN A" >]A"| — 1. But, if a” € A", then (A” — a”) U A’ properly contains
the circuit (A" —a”) U (A" — d') of Pg(M', M"), where a’ and a” are the
partners of some element b of B. We conclude that the circuit C' does not
exist, so A’ is indeed a modular flat of ©2. O

We defined ©2™F! in Section 2. The latter has B; as an n-element coseg-
ment. We now define ©2™ to be ©2"+1\B;. Thus ©Y = U,,. Using the
notation in the definition of @21 this implies that ©2 = O3\ B; = M;.
But M is a copy of ©2 with ground set A; U By U Ay, so the notation is
consistent. In general, for all m > 2,

05" = Pa,, (M, 07" )\B1 = Pa,,, (M, 07" \B1) = Pa,, (M, 077 72).

The matroid ©2™*! has a number of attractive properties, many of which
are summarized in the next result.

Lemma 5.2. (i) (027 = (m + 1)n and |E(©2" )| = 2(m + 1)n;
(ii) 2"\ (Brya U Apa U+ U Appyr) = OFF L
(iii) ©2m*! has By, Ba, ..., Byy1 as cosegments and Ay, As, ..., Ay as
segments;

(iv) ©) /42 = (07)";

v) ©2"+ has By U By U---U By,11 as a basis;
(vi) A; is a modular flat of ©2™ 1 for all i in {1,2,...,m + 1};
(Vii) @%m+1\Bl/A1 = @%m—l.

Proof. Parts (i) and (ii) follow easily by induction and by the definition,
respectively. Part (iii) follows from the fact that My has B; as a cosegment
and A; as a segment, while, for all ¢ > 1, the matroid M; has A; and A;;
as segments and B;;1 as a cosegment.

For (iv), we have
0, /A2 = Pa,(Mi1,0y,)/ Az = Pa,(M1/A2,0y,).

But, by (2.1), M;/A; has A; as a segment and B; as a cosegment and is
isomorphic to ©,,. Thus

O;,/A2 = Pa,(00,0;) = (67)".

We prove (v) by induction. Clearly B is a basis of ©L. Assume that
BiUByU---U By, is a basis of @%m_l. Hence @%W‘H has a basis containing
B1UByU---UB,, and contained in B UByU- - -UBmUAmUBm+1 UAerl.
As |BiUByU- - -UB,11] = r(©2™+1) and cl(B1UBsU- - -UBy,) 2 Ay, while
cl(B1UBoU- - -UB,UA;,,UBy41) 2 A1, we deduce that BiUBoU- - -UByy, 41
is a basis of ©@2mF1,



CONSTRUCTING PATH-WIDTH-THREE MATROIDS 21

To prove (vi), we argue by induction on m. We know that A; is a
modular flat of M,. Assume that Ai, As,..., A, are modular flats of
©2m=1_ Then, by [2] (see [6, Proposition 12.4.14(ii)]), Pa,, (M, 0™ 1) =
Py, (©2m=1 M,,). Thus, by [2] (see [6, Proposition 12.4.14(iii)]), E(M,,)
and E(©2™1) are modular flats of ©2™+1. Thus, by [2] (see [6, Proposi-

tion 6.9.7]), since Ay, As, ..., A, are modular flats of ©2" 1 and A, ;1 is a
modular flat of M,,,, we deduce that A1, Ao, ..., Ay, and A,,41 are modular

flats of ©@2m+1,

To prove (vii), we argue by induction on m that ©2mF1\ B, /4, =~ @2m~1
with the cosegments and segments of the former being Bo, Bs, ..., B,,+1 and
Ag, As, ..., Apy1, respectively. The result holds for m = 1 by (2.1). Assume
it holds for m < k and let m = k > 2. Then

O N\Bi/A1 = Pa (M, 0] )\Bi1/A
= Pa,(My, 03 \Bi1/A)
Pa, (M, ©2%73) by the induction assumption;
@Qk—l
A

1

O

The following lemma provides a useful link between ©2™ and ©2™~1. In

the notation above, for k in {2m,2m + 1}, let Axq = {d},d},...,a),} and
Bitq = {0}, b, ...,b),}, where a} is a partner of b,.
Lemma 5.3. If k > 1, then ©%\{a},d},...,al, |} has a} and al, in series

with b, and by, respectively. Moreover,

ek-1 if k =2m
k ~ n ’
@n\{aév aé, s ’a%—l}/{alla aln} = {(@I:L—l)* ka‘ = 29m + 1.

Proof. By the definition of ©F the result follows easily by induction once
we have shown it for k in {1,2}, and it is not difficult to check for k = 1.
Now let k = 2. We have ©2 = (Pg,(0,,(B2, A1), 0,(B2, A2)))*. So
@721\{@%7 aév ce 7a4171} - (PBQ(@H(B27 Al)? @n(B27 AQ)/{CLI% CLg, R a%fl}))*'
But ©,,(Ba, As)/{d}, al, ... ,al,_;} is obtained from ©,|B; by adding a} and
al, in parallel to b/, and ], respectively. Thus

GH(B27 AQ)/{QI% aéa SRR a;z—l}\{allv a;z} = UQ,n'
Hence

©2\{ay, al,...,a,_1}/{d},al} = (On(Ba, A1))* = O,(A1, Ba)

and the lemma follows. O

The next result is an immediate consequence of Lemma 3.11.
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Lemma 5.4. The matroid @%m“ 18 sequential. Moreover, every ordering
of its ground set of the form (By, Ay, Ba, Aa, ..., Byt1, Am+1) 18 sequential.

We know that ©,, is isomorphic to its dual. We show next that the same
is true for @Zm+1

Lemma 5.5. The matroid ©2™+! is isomorphic to its dual.

Proof. We argue by induction on m. We know that the assertion is true for
m = 0. Assume it true for m < k and consider (©2*1)*. From Lemma 5.4,
this matroid is sequential having (Ag.1, Bkt1, Ak, - - ., A1, B1) as a sequential
ordering where Agi1, Ag,..., A1 are cosegments and Byy1, By, ..., By are
segments. Thus (©2¥+1)* /By has By U Ay and Ay U Bry U--- U A as
separators. Now

(O ) [(B2U AU+ U Ar) = (07571 /(A1 U Br))* = (351 /A1\B1)*
where the last step follows from the fact that By is a separator of ©2K+1 /4.
By Lemma 5.2(vii) and the induction assumption, (©2¥+1/A;\ By )* = @2F~1,
and (©2F+1/A1\B)* has Ay, As3,..., A1 and By, Bs,..., By as cose-
ments and segments, respectively. Thus, by Lemma 5.2(vi), Bz is a modular
flat of (OZF+1)*|(By U AU ---U Apyq). Also

(@ik+1)*‘(31 UAd; U BQ) = (@%k_‘_l/(/lz UBgU---U Ak—l—l))*
= (OFN\(B3UA3U - Agp1)/A)*
(0 /A2)*
~ @2

where the last step follows by Lemma 5.2(iv). Note that (03 /A3)* has By
and By as segments and Ay as a cosegment.

By [2] (see [6, Proposition 12.4.15], (©2F+1)* is the generalized parallel
connection across By of the restrictions of (©28+1)* to By U Ag U -+ U Ajyq
and By U Ay U By. Thus (021 = pp (021 ©2) where By is a segment
of both ©2¢~! and ©2. Hence (©2F+1)* = @2k+1, O

Using Lemmas 5.4 and 3.10, we get the following result.

Lemma 5.6. If the 3-connected matroid M is obtained from ©2™+1 by con-
tracting elements of B1 U Ba U --- U Bpyy1 and simplifying, then M is se-
quential.

The main result of this section is the following converse to the last lemma.

Theorem 5.7. Let M be an n-element sequential matroid and suppose that
M is representable over GF(q). For p € {n,q+ 1}, if n > 5, then M is
isomorphic to a minor of @i”_g, while if n € {3,4}, then M is isomorphic to
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a minor of 6;14- More specifically, a minor isomorphic to M can be obtained
from @i"_g or @}L by contracting elements of U;B; and simplifying, and
deleting elements of U; A; and cosimplifying.

The proof of this theorem will use the following result.

Lemma 5.8. Every matroid in 1)} is a minor of @Zm“ obtained by con-
tracting elements of By U Bo U --- U Bp,41 and simplifying.

Proof. The unique member of H}L is V, and this matroid is easily seen to be
obtained from @i by simplifying the matroid we get by contracting all but
two elements of By and all but one element of Bs. In particular, we may
assume that A is one of the distinguished n-point lines of V.

Now, as our induction assumption, we suppose that every matroid M
in IT" is isomorphic to a minor of @Zerl that is obtained by contracting
elements of By UBaU---UB,,+1 and simplifying. In addition, suppose that,
under this isomorphism, S,, is mapped to A,,11 where, in constructing M,
the last copy of V,, that is adjoined has R,, and S, as its distinguished lines.

Next we assume that M € II7*T'. Then M = Pg,,(V,,N) where
N € II] and the copy of V), has Ry, 11 and Sy, as its distinguished lines.
By construction, R,,+1 coincides with S,,. Moreover, by the induction as-
sumption, N is isomorphic to a minor of @zm“ under which S, is mapped
to Amy1. Hence we can relabel R, 11 as Ap,11. Let t and f be the tip
and the focus of the distinguished copy of V,,. Now take a copy of @z on
Apmt1UBpy1 UAp o letting f be an element of B,,41 and letting ¢,,11 and
tmo be the partners of f in A,,41 and A,,19, respectively. By contracting
Bp11 — f from this copy of @z, we obtain a copy of V), with an element
added in parallel to the tip. This parallel pair is {t;,+1,tm+2}. By deleting
tm+1, we ensure that A,, 2 labels one of the distinguished lines of this copy
of V,, and the lemma follows by induction. O

Proof of Theorem 5.7. If n € {3,4,5}, then clearly M is isomorphic to a
minor of 6;1;- Now suppose that n > 6. If M = U,_o,, then ¢ +1 > n,
so i > n. Thus M is isomorphic to a minor of @}L and hence to a minor
of @/2[“9. If M 2 U,—2,, then, by Theorem 4.4, M is isomorphic to a
minor of HZ’E’. But, by Lemma 5.8, every member of HZ’E’ is a minor of
@%"75)“, that is, of @Z"_g. We conclude that the second sentence of the
theorem holds. It remains to establish that the assertion in the last sentence
of the theorem is true. If n € {3,4}, then M is uniform of rank 1 or 2 and
the asserted result holds.
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Assume that n > 5. Then M = @Z”_g\X/Y. We shall show that if
e € A;NY, then we can remove e in a cosimplification step. This will suffice
to prove the required result because there is an isomorphism between @i”_g
and its dual that interchanges U *A; and UT_*B;. Let A; = {a}, a},. .. ,a),}
and e = a),. Then {aj,ay,...,a,_;} is a parallel class of @Z”_g/% so M
is isomorphic to a minor of ©2"9/a/ \{d},dj, ... ,@,_1}. One possibility
here is that ¢ = n — 4. Suppose ¢ < n — 4. Then the last matroid is the
parallel connection, with basepoint a}, of @Zi_l /a;\{ay, a3, ..., a, 4} and
(029 (A;UB;1U---U Ay _4)]/a)\{d, af, ... ,@,,_1}. In this case, because
M is 3-connected, it is isomorphic to a minor of one of the two matroids
involved in this parallel connection.

First let M be isomorphic to a minor of ©» ! fa,\{ay, a3, ..., al,_,} where
we allow i = n — 4. By Lemma 5.3, @i’_l\{a’z,ag, e a’”fl} has a} and aj,

/

u» we can do so as

in non-trivial series classes. Hence, when we remove a
part of a cosimplification.

Now suppose that M is isomorphic to a minor of

02 °|(AiUBiy1 U -+ U Ay _g)]/a; \{a, b, ... @, }.

Observe that [@i"fg\(Ai UBijt1 U UA,y)] & @i(n_4_i). Thus, by
Lemma 5.3,

[@in_gKAl U Bi+1 U---u An—4)]\{a/27 aé? e 7a:L—1}

has aj and aj, in non-trivial series classes and, after these elements are

. A . 2(n—i)—9 .
contracted, we obtain a matroid isomorphic to @H(n D=9, Again, when we
remove aL, we can do so as part of a cosimplification. O

Theorem 2.3 follows by combining Lemma 5.6 and Theorem 5.7. The
graph I'g;, 11 in the next lemma was defined in Section 1.

Lemma 5.9. @gm"'l = M(Tomt1)-

Proof. Evidently Ty & K4 so ©f = M(T';). By (2.2), ©3 2 M((K5 — €)*)
and the lemma follows without difficulty from this. O

In @%mH, the set B corresponds to vgu1, vgv1, vows; each A; corresponds
to {uv;, viw;, wiu;}; and, for all ¢ in {1,2,...,m}, the set B;;1 corresponds
to {wiuig1, viviy1, wiwiy1}

By combining Theorem 5.7 and Lemma 5.9, we immediately obtain the
next result, which implies Theorem 1.1.
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Corollary 5.10. Let M be an n-element binary sequential matroid. Then
M is graphic being a minor of @%”79 when n > 5; and a minor of O3 when
n € {3,4}.

Corollary 5.11. Let M be an n-element graphic sequential matroid with
n > 4. Then M = M(G) where G is a minor of I'yp_g.

We remark that we have made no attempt to find the minimum value
of m such that every n-element graphic sequential matroid is a minor of
Tom41. In this regard, observe that, from considering vertex degrees, one
can show that the wheel with 2k spokes is a minor of I's;_3 but is not a
minor of I'y_5.
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