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ABSTRACT. This paper proves a preliminary step towards a splitter theorem
for internally 4-connected binary matroids. In particular, we show that, pro-
vided M or M™* is not a cubic Md&bius or planar ladder or a certain coexten-
sion thereof, an internally 4-connected binary matroid M with an internally
4-connected proper minor NN either has a proper internally 4-connected minor
M’ with an N-minor such that |[E(M) — E(M’)] < 3 or has, up to duality,
a triangle T and an element e of T" such that M\e has an N-minor and has
the property that one side of every 3-separation is a fan with at most four
elements.

1. INTRODUCTION

When dealing with matroid connectivity, it is often useful in inductive arguments
to be able to remove a small set of elements from a matroid M to obtain a minor
M’ that maintains the connectivity of M. Results that guarantee the existence of
such removal sets are referred to as chain theorems. Tutte [16] proved that, when M
is 2-connected, if e € E(M), then M\e or M/e is 2-connected. More significantly,
when M is 3-connected, Tutte [16] proved the Wheels-and-Whirls Theorem which
shows that M has a proper 3-connected minor M’ such that |E(M) — E(M')]| =1
unless 7(M) > 3 and M is a wheel or a whirl. A 3-connected matroid is internally 4-
connected if, for every 3-separation (X,Y), either X or Y is a triangle or a triad. In
[2], we proved a chain theorem for binary internally 4-connected matroids showing
that such a matroid M has an internally 4-connected proper minor M’ with |E(M)—
E(M’)| < 3 unless M or its dual is the cycle matroid of a planar or Mébius quartic
ladder, or a 16-element graphic matroid that is a variant of such a planar ladder.

Seymour’s Splitter Theorem [15] extends the Wheels-and-Whirls Theorem for 3-
connected matroids by showing that if such a matroid M has a proper 3-connected
minor N, then M has a proper 3-connected minor M’ that has an N-minor and
satisfies |[E(M) — E(M’)| = 1 unless r(M) > 3 and M is a wheel or a whirl. The
current paper is the third in a series whose aim is to extend our chain theorem for
binary internally 4-connected matroids to a splitter theorem for such matroids. Our
overall goal is to obtain a theorem that says if M and N are internally 4-connected
binary matroids, and M has a proper N-minor, then M has a minor M’ such that
M’ is internally 4-connected with an N-minor, and M’ can be produced from M
by a bounded number of simple operations.
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Johnson and Thomas [8] showed that, even for graphs, a splitter theorem in the
internally 4-connected case must take account of some special examples. For n > 3,
let Gapyo be the biwheel with 2n + 2 vertices, that is, G consists of a 2n-cycle
V1,02, . ..,Vap, U1, the rim, and two additional hub vertices, u and w, both of which
are adjacent to every v;. Thus the dual of Ga,42 is a cubic planar ladder. Let M
be the cycle matroid of Gg,, 4o for some n > 3 and let N be the cycle matroid of
the graph that is obtained by proceeding around the rim of Ga,12 and alternately
deleting the edges from the rim vertex to u and to w. Both M and N are internally
4-connected but there is no internally 4-connected proper minor of M that has a
proper N-minor. We can modify M slightly and still see the same phenomenon.
Let GL_Q be obtained from G, 2 by adding a new edge a joining the hubs u and
w. Let Apy1 be the binary matroid that is obtained from M(Giﬁ) by deleting
the edge v,_1v, and adding the third element on the line spanned by wv, and
uv,_1. This new element is also on the line spanned by wv,, and wv,_;. For r > 3,
Mayhew, Royle, and Whittle [9] call A,. the rank-r triangular Mébius matroid and
note that A, \a is the dual of the cycle matroid of a cubic Mobius ladder.

In [3], we proved a splitter theorem when M is a 4-connected binary matroid and
N is an internally 4-connected proper minor of M. In particular, we showed that,
unless M is a certain 16-element non-graphic matroid, we can find an internally 4-
connected matroid M’ with |E(M)— E(M')| = 1 such that M’ has an N-minor. In
view of this result, we are now able to assume that M is an internally 4-connected
matroid having a triangle or a triad. But we know nothing about how this triangle
or triad relates to the N-minors of M. Our second step towards the desired splitter
theorem was to consider the case when M is internally 4-connected and all triangles
and triads of M are retained in N. In this case, we have proved [4, Theorem 1.2]
the following result.

Theorem 1.1. Let M and N be internally 4-connected binary matroids such that
|[E(N)| > 7, and N is isomorphic to a proper minor of M. Assume that if T is a
triangle of M and e € T, then M\e does not have an N-minor. Dually, assume
that if T* is a triad of M and f € T*, then M/ f does not have an N-minor. Then
M has an internally 4-connected minor M’ of M such that M’ has an N-minor
and 1 < |E(M) — E(M")| < 2.

In view of this theorem, we are now able to assume, by replacing M by its
dual if necessary, that M has a triangle T that contains an element e for which
M\e has an N-minor. When we were proving our chain theorem for a binary
internally 4-connected matroid M, we began by finding a triangle that either formed
part of a very special type of substructure of M, or that had an element whose
deletion satisfied a weaker form of connectivity than internal 4-connectivity (see
Theorem 3.1). The only 3-separations allowed in an internally 4-connected matroid
have a triangle or a triad on one side. A 3-connected matroid M is (4,4,5)-
connected if, for every 3-separation (X,Y) of M, one of X and Y is a triangle, a
triad, or a 4-element fan, that is, a 4-element set {x1, x2, 3, 4} that can be ordered
so that {z1,zo, x5} is a triangle and {xs, 23,24} is a triad.

The following is the main result of the paper.

Theorem 1.2. Let M be an internally 4-connected binary matroid with an inter-
nally 4-connected proper minor N such that |E(M)| > 15 and |E(N)| > 6. Then
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(i) M has a proper minor M’ such that |E(M) — E(M’)| < 3 and M’ is
internally 4-connected with an N-minor; or
(ii) for some (Mg, No) in {(M,N),(M*, N*)}, the matroid My has a triangle
T that contains an element e such that My\e is (4,4, S)-connected having
an N-minor; or
(iii) M or M* is isomorphic to M(G/},,), M(Gr11), A, or A\z for some
r > 5.

To complete the derivation of our desired splitter theorem, we begin by building
detailed structure around the triangle T in (ii). We have already completed the
next step in this process [5] and observe here that, while it has considerable addi-
tional difficulties posed by the need to retain an N-minor, this process has much
in common with the analysis used to prove the chain theorem [2].

The proof of Theorem 1.2 will be given in Section 6. Before that, we give some
basic definitions and preliminary results in Section 2 where we also state a weaker
form of our main theorem (Theorem 2.1) that will be be very helpful in deriving the
main theorem. We begin to work towards the proof of Theorem 2.1 in Section 3,
and we prove a major step towards the theorem in Section 4. We complete the
proof of Theorem 2.1 in Section 5 before finishing the proof of the main theorem.

2. PRELIMINARIES

The matroid terminology used here will follow Oxley [11]. We shall sometimes
write N < M to indicate that M has an N-minor, that is, a minor isomorphic
to the matroid N. We will denote by C2 the graph that is obtained from Kj3 by
adding a new edge in parallel to each existing edge. A quad in a matroid is a 4-
element set that is both a circuit and a cocircuit. The property that a circuit and a
cocircuit in a matroid cannot have exactly one common element will be referred to
as orthogonality. Tt is well known ([11, Theorem 9.1.2]) that, in a binary matroid,
a circuit and cocircuit must meet in an even number of elements.

Let M be a matroid with ground set E and rank function r. The connectivity
function Apr of M is defined on all subsets X of E by Ay (X) =r(X)+r(E—X)—
r(M). Equivalently, Ay (X) = r(X) + r*(X) — | X|. We will sometimes abbreviate
Aum as A. For a positive integer k, a subset X or a partition (X, E — X) of F is k-
separating if Apr(X) < k—1. A k-separating partition (X, E — X) is a k-separation
if | X|,|E— X| > k. If nis an integer exceeding one, a matroid is n-connected if it
has no k-separations for all k& < n. This definition has the attractive property that
a matroid is n-connected if and only if its dual is. Moreover, this matroid definition
of n-connectivity is relatively compatible with the graph notion of n-connectivity
when n is 2 or 3. For example, if G is a graph with at least four vertices and with no
isolated vertices, M(G) is a 3-connected matroid if and only if G is a 3-connected
simple graph. But the link between n-connectivity for matroids and graphs breaks
down for n > 4. In particular, a 4-connected matroid with at least six elements
cannot have a triangle. Hence, for r > 3, neither M (K,;) nor PG(r — 1,2) is
4-connected. This motivates the consideration of other types of 4-connectivity in
which certain 3-separations are allowed. Let n and k be integers with n > 3 and
k > 2. A matroid M is (n, k)-connected if M is (n — 1)-connected and, whenever
(X,Y) is an (n — 1)-separating partition of E(M), either | X| < k or |Y| < k. In
particular, a matroid is (4, 3)-connected if and only if it is internally 4-connected.
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A graph G without isolated vertices is internally 4-connected if M(G) is internally
4-connected.

A E-separating set X or a k-separation (X, F — X) is ezactif \yy(X) =k—1. A
k-separation (X, E— X) is minimal if | X| = k or |E— X| = k. Tt is well known (see,
for example, [11, Corollary 8.2.2]) that if M is k-connected having (X, E — X) as a
k-separation with |X| = k, then X is a circuit or a cocircuit of M. In a matroid M,
the local connectivity My (X,Y) between sets X and Y is r(X) +r(Y) —r(X UY).
In particular, My (X, E(M) — X) = Ay (X) = Ay (E(M) — X).

Let M be a matroid. A subset S of E(M) is a fanin M if |S| > 3 and there is an
ordering (s1, 82, ...,8,) of S such that {s1, s2,s3}, {2, 83,84}, -+, {Sn—2, Sn—1,5n}
alternate between triangles and triads. We call (s1, 82, ..., $n) a fan ordering of S.
We will be mainly concerned with 4-element and 5-element fans. For convenience,
we shall always view a fan ordering of a 4-element fan as beginning with a triangle
and we shall use the term 4-fan to refer to both the 4-element fan and such a fan
ordering of it. Moreover, we shall use the terms 5-fan and 5-cofan to refer to the
two different types of 5-element fan where the first contains two triangles and the
second two triads. The central element of a 5-cofan is the element that is in both
triads. This element will always be the third element in any fan ordering of the 5-
cofan. Fans are examples of sequential 3-separating sets in M. A subset X of E(M)
is sequential if it has a sequential ordering, that is, an ordering (z1, xa, ..., 2) such
that {x1,2z9,...,2;} is 3-separating for all ¢ in {1,2,...,k}. Tt is straightforward
to check that, when M is binary, a sequential set with 3,4, or 5 elements is a fan.
A 3-connected matroid M is (4, k,S)-connected if M is (4, k)-connected and, for
every 3-separation (X,Y’), at least one of X and Y is sequential.

At this point, we introduce yet another form of connectivity. To motivate this,
we return to the example in the introduction letting M be the cycle matroid of
the biwheel Ga,42 and N be the cycle matroid of the graph that is obtained by
proceeding around the rim of Ga,42 and alternately deleting the edges from the
rim vertex to v and to w. Each triangle of M has an element whose deletion has
an N-minor but every such deletion has a 5-fan. We call a 3-connected matroid
(4,5, S, 4+)-connected if, whenever it has (X,Y) as a 3-separation, one of X and Y is
a triangle or a triad, a 4-fan, or a 5-fan. As a very useful preliminary step towards
Theorem 1.2, we shall first prove the following result.

Theorem 2.1. Let M be an internally 4-connected binary matroid with an inter-
nally 4-connected proper minor N such that |E(M)| > 15 and |E(N)| > 6. Then
(i) M has a proper minor M’ such that |[E(M) — E(M")| < 3 and M’ is
internally 4-connected with an N-minor; or
(ii) for some (Mo, No) in {(M,N),(M*, N*)}, the matroid My has a triangle T
that contains an element e such that My\e is (4,5, S, +)-connected having
an N-minor.

Although we do not retain internal 4-connectivity in (ii), the example described
above means that we cannot expect to do better than get (4,5, S, +)-connectivity.
Let (X,Y) be a 3-separation of a 3-connected matroid M. We shall frequently be
interested in 3-separations that indicate that M is, for example, not internally 4-
connected. We call (X,Y) a (4, k)-violator if | X|,|Y| > k+ 1. In this case, we may
also refer to X as a (4, k)-violator. Similarly, (X,Y) is a (4, 4, S)-violator if, for each
Z in {X,Y}, either |Z| > 5, or Z is non-sequential. Evidently M is internally 4-
connected if and only if it has no (4, 3)-violators; and M is (4,4, S)-connected if and
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only if it has no (4,4, S)-violators. It is well known and easy to check that if (X,Y)
is a (4, 3)-violator in a 3-connected binary matroid, and |X| = 4, then X is either
a quad or a 4-fan. If a matroid M is (4, k)-connected or (4, k, S)-connected, then
M* is, respectively, (4, k)-connected or (4, k, S)-connected. However, (4,5, S, +)-
connectivity allows the presence of 5-fans but not 5-cofans, so a matroid M may
be (4,5, S, +)-connected even if M* is not. A (4,5,5,4)-violator is a 3-separation
(X,Y) of M such that either min{|X|,|Y|} > 6, or min{|X|,|Y|} < 5 and neither
X nor Y is a triangle, a triad, a 4-fan, or a 5-fan.

Johnson and Thomas’s [8] work towards finding a splitter theorem for internally
4-connected graphs revealed, using the example given in the introduction, that we
can be forced to remove arbitrarily many elements to recover internal 4-connectivity
while maintaining a copy of a specified minor. By controlling the presence of
biwheels and ladders, Johnson and Thomas [8] were able to prove a type of splitter
theorem for internally 4-connected graphs. In their result, each intermediate graph
is obtained from its predecessor by removing, via deletion or contraction, at most
two edges, and the cycle matroid of each such intermediate graph is (4, 4)-connected
satisfying some additional constraints.

Geelen and Zhou [6] proved an analogue of Johnson and Thomas’s theorem for
internally 4-connected binary matroids. Subsequently, Zhou [18] proved a stronger
theorem showing that, with the exception of various matroids related to biwheels
and ladders, when one begins with an internally 4-connected binary matroid M
having an internally 4-connected minor NNV, one can remove at most two elements
from M to get a matroid that has an N-minor and is (4,4)-connected. Both this
theorem and the graph result of Johnson and Thomas have the advantage that,
except in known special cases, each step involves removing only one or two ele-
ments. But the major disadvantage of each is that, in removing these elements,
one may lose internal 4-connectivity. We have already seen that we may be forced
to remove arbitrarily many elements to recover internal 4-connectivity while main-
taining a copy of a certain minor. Consider a modification of the example given
earlier. Begin with two non-adjacent edges ugvg and u,v, in a large complete
graph. Add disjoint paths ug,u1, ..., u, and vy, vy, ..., v, together with the edges
ULV, U2V2, . . ., Upy—1Un—1. Lhis produces an internally 4-connected graph H. Now
add the edges ugvi,u1vs,...,un—1v, to produce another internally 4-connected
graph G. Certainly H is a minor of GG, but there is no internally 4-connected graph
that lies properly between G and H in the minor order. To get a splitter theorem
for internally 4-connected matroids, Geelen (private communication) proposed that
one should allow, as a single move, the conversion of a quartic ladder into a cubic
ladder as occurs when one goes from G to H. We know of another related move
that will also be required to get the desired theorem.

The paper of Zhou cited above contains three results that will be very useful here.
The first is the following lemma [18, Lemma 2.13]. The second is the subsequent
lemma, and the third is stated as Lemma 4.1.

Lemma 2.2. Let N be an internally 4-connected minor of a 3-connected binary
matroid M with |E(N)| > 10. Let (X,Y) be a 3-separation of M such that X
contains a triangle T and X — T is either a triangle or a triad.

(i) If X — T is a triangle, then M\x has an N-minor for all x in X.
(ii) If X — T is a triad and My (T, X —T) = 2, then M\t has an N-minor for
allt inT.
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The case when |E(N)| > 7 in the next result is implicit in Zhou [18]. We include
the proof here for completeness.

Lemma 2.3. Let M be an internally 4-connected binary matroid having a proper
internally 4-connected minor N where |E(M)| > 15 and |E(N)| > 6. Then M has
a proper internally 4-connected minor N’ with an N-minor such that |E(N")| > 10.

Proof. The result is immediate if |E(N)| > 10 as we may take N’ = N. Now assume
that 7 < |E(N)| < 9. In that case, by [6, Lemma 2.1], N is isomorphic to one of
F; FF,M(Ks33), or M*(K33). By taking duals when necessary, we may assume
that N is isomorphic to F7 or M(K33). Zhou [17] proved that an internally 4-
connected binary matroid with a proper F7-minor has a minor isomorphic to one of
five internally 4-connected binary matroids each of which has ten or eleven elements.
Thus if N 2 F;, then we can find N’ with |E(N’)| in {10,11}. Geelen and Zhou [6]
proved that an internally 4-connected binary matroid with a proper M (K3 3)-minor
has a minor isomorphic to one of eight internally 4-connected binary matroids each
of which has at least ten and at most fourteen elements. Thus if N & M (K3 3),
then we can find N’ with |[E(N')| in {10,11,12,13,14}. Since |E(M)| > 15, the
lemma follows when 7 < |E(N)| < 9.

Finally, suppose that |[E(N)| = 6. Then N = M(K,). Now every 3-connected
binary matroid with at least six elements has an M (K,)-minor. Hence, to prove
the result in this case, we need only show that M has an internally 4-connected
minor M’ with |E(M')| in {10,11,12,13,14}. This follows by repeatedly applying
the main result of [2]. O

We close this section with one final lemma whose elementary proof is omitted.

Lemma 2.4. Let (X,Y) be a (4,3)-violator of a 3-connected binary matroid M
that has no 4-fans. Then neither X norY is sequential. Moreover, if some element

x of X is in the closure or coclosure of Y, then (X —xz,Y Ux) is a (4, 3)-violator
of M.

3. DEVELOPING STRUCTURE

In this section, we develop some more tools that will be needed in the proof of
the main theorem.

In [7], Geelen and Zhou introduced the following structure. Let M be an in-
ternally 4-connected matroid. A rotor with central triangle {a,b,c} is a 9-tuple
(a,b,c,d,e, Ty, Te, A, Z) such that the following hold:

(i) E(M) ={a,b,e,d, e} UT,UT.UAUZ and AUZ = E(M)— ({a,b,c,d,e}U
T,UT.);
(ii) a,b,c,d, and e are distinct, and Ty, T,, and {a,b,c} are disjoint triangles
with d in T, and e in T;
(i) T, U {b,e} and T, U {b,d} are 3-separating in M\a and M \c, respectively;
(iv) T, and T, are 2-separating in M\a, b and M\b, ¢, respectively; and
(v) Aand Z are disjoint and non-empty, and T,, UaU A is 3-separating in M\b.
We use the following result [2, Theorem 5.1].

Theorem 3.1. Let T be a triangle of an internally 4-connected binary matroid M
with |E(M)| > 13. Then either

(i) T is the central triangle of a rotor; or
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(ii) T contains an element e such that M\e is (4,4, S)-connected.

Let (X,Y) be an exact 3-separation of a simple binary matroid M. Since binary
matroids are uniquely representable over GF'(2), we can view E(M) as a restriction
of PG(r —1,2), where r = r(M). Let clp be the closure operator of PG(r — 1, 2).
Then

r(XUY)+r(cdp(X)Ncp(Y)=r(X)+rY)=r(M)+2=r(XUY)+2

Thus clp(X)Nclp(Y) is a line of PG(r—1,2), that is, a triangle with some element
set {a, b, c}. We call {a, b, c} the guts line of the 3-separation (X,Y"). Let M and M’
be matroids such that E(M)NE(M') = {a,b, c}. Suppose that {a,b, c} is a triangle
of both matroids and that M’ is isomorphic to M(Ky). Then Ay, 3 (M) denotes
the matroid obtained from M by performing a A-Y exchange on {a,b,c}, that is,
Afap,c} (M) is obtained by deleting {a,b, c} from Py o1 (M, M), the generalized
parallel connection of M’ and M across the triangle {a, b, ¢} [11, p.449].

Lemma 3.2. Let (X,Y) be an exact 3-separation of a simple, cosimple binary
matroid M of rank r and let N be an internally 4-connected minor of M with at least
seven elements. Then min{|E(N)NX|,|E(N)NY|} < 3. Suppose |[E(N)NX| <3
and {a,b,c} is the guts line of (X,Y). Then N is isomorphic to a minor of either
PG(r—1,2)|(YU{a,b,c}) or the matroid obtained from this matroid by performing
a A-Y exchange on the triangle {a,b,c}.

Proof. Suppose first that |X| = 3. Then X is a triangle or triad in M. In the first
case, X = {a,b,c} and M = PG(r —1,2)|(Y U{a,b,c}), as required. In the second
case, PG(r — 1,2)|(X U {a,b,c}) = M(K,). Suppose | X N E(N)| = 3. Then X is
a triad of N. Moreover, no element of {a,b,c} is in E(N), otherwise N contains
a 4-element fan; a contradiction. In this case, N is isomorphic to a minor of the
matroid obtained from PG(r —1,2)|(Y U {a,b, c¢}) by performing a A-Y exchange
on {a,b,c}. Hence we may assume that |X N E(N)| < 3. Then some element x
of X is not in E(N). Now N is a minor of M\z or M/z. In the former case, if
X —z ={y, z}, then {y, z} is a cocircuit of M\z, so, without loss of generality, y is
not in E(N) and N is a minor of M\z/y. Thus we may assume that N is a minor
of M/x. Then PG(r — 1,2)|(Y U {a,b, c}) has an N-minor, as required.

We may now assume that |X|,|Y| > 4. Then, by [11, Propositions 9.3.4
and 11.4.16], letting PG(r — 1,2)[(E(M) U {a,b,c}) = M’, we have that M’ is
Prap,ey(Mx, My ), the generalized parallel connection of Mx and My across the
triangle {a, b, ¢} where Mx = M'|[(XU{a,b,c}) and My = M'|(Y U{a,b, c}). Since
N is a minor of M, it is also a minor of M’. Now |X N E(N)| < 3. Each element
of X — E(N) is deleted or contracted from M’ to produce N. Let D be the set
of such elements that are deleted and C be the set of such elements that are con-
tracted. Then M'\D = P, oy (Mx\D, My). If clp, (C) meets {a, b, c}, then it is
not difficult to see that N is isomorphic to a minor of My. Thus we may assume
that claz, (C) avoids {a,b,c}. Then M'\D/C = P, 3 (Mx\D/C, My).

Now, |[E(N)NE(Mx\D/C)| <3, s0 |E(Mx\D/C)| < 6. No element of E(N)N
E(Mx\D/C) is in a 1- or 2-element cocircuit of M"\D/C. It follows that either
r(Mx\D/C) =2 or Mx\D/C = M(K4). In the first case, N is isomorphic to a
minor of My. In the second, N is isomorphic to a minor of the matroid that is
obtained from My by performing a A-Y exchange on {a, b, c}. ([l
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Let N be an internally 4-connected minor of a simple, cosimple binary matroid
M and (X,Y) be an exact 3-separation of M with |X N E(N)| < 3. Let {a,b,c}
be the guts line of (X,Y’). By the last result, NV is isomorphic to a minor of either
PG(r—1,2)|(YU{a,b,c}) or the matroid obtained from PG(r—1,2)|(YU{a, b, c}) by
performing a A-Y exchange on {a, b, c}. In these cases, we say that N is isomorphic
to a minor of the matroid obtained by replacing X by a triangle or a triad on the
guts line of (X,Y"). We also say that we can get an N-minor of the matroid obtained
by putting a triangle or a triad on the guts of (X,Y).

The next two lemmas establish properties of M when M has a 4-fan or a quad.
The first is [4, Lemma 2.2]; the second follows easily from [3, Lemma 2.2].

Lemma 3.3. Let (1,2,3,4) be a 4-element fan in a binary matroid M that has an
internally 4-connected minor N such that N has at least eight elements. Then M\1
or M/4 has an N-minor. Also, if (1,2,3,4,5) is a 5-fan in M, then either M\1,5
has an N-minor, or both M/2\1 and M/4\5 have N-minors. In particular, both
M\1 and M\5 have N-minors.

Lemma 3.4. Let QQ be a quad in a 3-connected binary matroid M that has an
internally 4-connected minor N such that N has at least eight elements. Then
either M\x has an N-minor for all x in Q, or M/x has an N-minor for all x in
Q. Moreover, if M\y has an N-minor for somey in Q, then M\y has an N-minor
for all y in Q; and if M/y has an N-minor for some y in Q, then M/y has an
N-minor for all y in Q.

FIGURE 1. A rotor structure, where {2,3,4,5} and {5,6,7,8} are cocircuits.

The next theorem proves a strengthening of the main result in the case that M
has a triangle T such that M\e has an N-minor for all e in T

Theorem 3.5. Let T be a triangle of an internally 4-connected binary matroid M
with |E(M)| > 13. Let N be an internally 4-connected minor of M. If, for all t in
T, the matroid M\t has an N-minor, then either
(i) M has an internally 4-connected proper minor M’ with |E(M)—E(M')| < 3
such that M' has an N-minor; or
(ii) for some element e of T, the matroid M\e is (4,4, S)-connected having an
N-minor.

Proof. Assume that the theorem fails. Then, by Theorem 3.1, T is the central
triangle of a rotor. By [7], this means that the rotor can be labelled as in Figure 1



A SPLITTER THEOREM FOR INTERNALLY 4-CONNECTED BINARY MATROIDS III 9

where T' = {4,5,6}, and both {2,3,4,5} and {5,6,7,8} are cocircuits of M. We
call 5 the central element of the rotor. Now, as M\4 has an N-minor and has
(1,2,3,5,7) as a fan, it follows from Lemma 3.3 that each of M\1 and M\7 have
N-minors. By symmetry, so do each of M\9 and M\3. As M\e has an N-minor
for all e in {3,5,7}, by using Theorem 3.1, we may assume that {3,5,7} is the
central triangle of a rotor. Then M has triangles X and Y where X = {21, 22,23}
and Y = {y1,y2,y3} such that XY, and {3,5,7} are disjoint. Moreover, by [3,
Lemma 2.10], for some labelling {a,b,c} of {3,5,7}, we have {z2,23,a,b} and
{b,¢,y1,y=2} as cocircuits, while {x3,b,y;} is a triangle.
The following is shown in [2, Lemma 6.4].

3.5.1. The only triangles of M containing 5 are {4,5,6} and {3,5,7}, while the
only 4-cocircuits of M contained in {1,2,...,9} are {2,3,4,5} and {5,6,7,8}.

‘We show next that
3.5.2. b=35.

Assume b # 5. Then we may assume that (a,b,c) = (5,3,7). Applying 3.5.1 to
the rotor with central triangle {5, 3, 7} and central element 3 gives that the only tri-
angles containing 3 are {5,3, 7} and {z3,3,y1}. But {1, 2,3} is a triangle, so (z3,y1)
is either (1,2) or (2,1). In the first case, {z2, 1,3, 5} is a cocircuit of M. By orthog-
onality with the triangle {4, 5,6}, we see that zo € {4,6}, so M has a 4-cocircuit
contained in {1,2,...,9} other than {2,3,4,5} or {5,6,7,8}; a contradiction. We
may now assume that (zs,y1) = (2,1). Then the cocircuit {1,3,7,y2} implies, by
orthogonality with the triangle {7,8,9}, that yo € {8,9}. Again we get a 4-cocircuit
contained in {1,2,...,9} other than {2,3,4,5} or {5,6,7,8}. Hence 3.5.2 holds.

Next we show the following.

3.5.3. M has triangles {2,4,11} and {6,8,10} such that [{1,2,...,11}| = 11.

By 3.5.1, we may assume that 3 = 4 and y; = 6. Then the cocircuit {zs, x3, a, b}
is {x2,4,a,5}. By orthogonality, this cocircuit contains 3 or 7. In the latter case,
by orthogonality again, it also contains 8 or 9, and we have a 4-cocircuit contained
in {1,2,...,9} other than {2,3,4,5} or {5,6,7,8}. We deduce that (z2,x3,a,b) is
(2,4,3,5) or (3,4,2,5). But a € {3,5,7}, so (9, x3,a,b) = (2,4,3,5). Thus ¢ =7,
so (b,c,y1,y2) = (5,7,6,8). Hence M has disjoint triangles {2,4,11} and {6, 8,10},
neither of which meets {3,5,7}. Thus [{1,2,...,11}| = 11 unless {10, 11} meets
{1,9}. As {2,4,11} and {1,2,3} are triangles, 11 # 1. By symmetry, it suffices to
show that 11 # 9. If 11 = 9, then {1,2,...,9} is spanned by {2,3,4,5}, and so
A({1,2,...,9}) < 2; a contradiction. We conclude that 3.5.3 holds.

3.5.4. Both M\1/2 and M\3,4/5 have N-minors.

Assume first that AM/4 has no N-minor. As M\5 has an N-minor having
(1,3,2,4,11) as a 5-fan, and M/4 has no N-minor, M\5/4 has no N-minor, so,
by Lemma 3.3, M\5\{1,11} has an N-minor. Now we may assume that M\1 is
not internally 4-connected otherwise (i) holds. Thus, by [2, Lemma 6.5], M has a
4-cocircuit C* meeting {1,2,...,9} in {1,2}. The triangle {2,4,11} implies that
11 € C*. Thus M\5\{1, 11} has a 2-cocircuit {2, z} where C* = {1,2,11, z}. Hence
M\{5,1,11}/2 has an N-minor and therefore so do each of M\1/2 and M/2; hence
M/2\3,4 does also. But M\3,4 has {2,5} as a cocircuit. Thus M\3,4/5 has an
N-minor. Hence 3.5.4 holds when M /4 has no N-minor.
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Now suppose that M/4 does have an N-minor. Clearly 2 and 5 are in dis-
tinct parallel classes of M/4. Hence M/4\2,5 has an N-minor. But M/4\2,5
has (3,6,7,8,9) as a 5-fan, so, by Lemma 3.3, M/4\2,5,3 has an N-minor. Thus
M\2,3 has an N-minor and, as {4,5} is a cocircuit in this matroid, M\2,3/5 has
an N-minor. Thus so do M/5 and M/5\3,4. As M\3,4/5 = M\3,4/2, we deduce
that M /2 has an N-minor and so does M/2\1. We conclude that 3.5.4 holds.

By [2, Theorem 6.1], one of M\1, M\9, M\1/2, M\9/8, or M\3,4/5 is internally
4-connected. By 3.5.4 and symmetry, each of these five matroids has an N-minor.
Thus the theorem holds. (]

The first part of the next lemma is in [13, Lemma 6.1], so we omit the proof. The
second part will be used repeatedly throughout the rest of the paper. In particular,
we shall need the two corollaries of the lemma that are proved following it.

Lemma 3.6. Let {e, f, g} be a triangle in an internally 4-connected binary matroid
M having at least eight elements. Then
(i) M\e is 3-connected; and
(ii) #f (X,Y) is a 2-separation of M\e, f with g in'Y, then |X| < 3; in partic-
ular, M\e, f is (3, 3)-connected.

Proof. Let (X,Y) be a 2-separation of M\e, f with g in Y and |X| > 4. Then
(X,Y U f) is a 3-separation of M\e. Hence (X,Y U{e, f}) is a 3-separation of M,
contradicting the fact that M is internally 4-connected. We conclude that | X| < 3
and (ii) holds. O

Corollary 3.7. Let {e, f,g} be a triangle in an internally 4-connected binary ma-
troid M having at least eight elements. Let X be a 2-separating set of M\e, f
such that |X| > 2 and g ¢ X. Then either X is a 2-cocircuit of M\e, f and
X U{e, f} is a cocircuit of M, or X is a triangle and, for some {x1,z2} C X, the
set {x1,x2} U{e, f} is a cocircuit of M.

Proof. By Lemma 3.6, | X| < 3. If | X| = 2, then, as M is simple, X is a 2-cocircuit
of M\e, f; and, as M is internally 4-connected, X U {e, f} is a cocircuit of M.
Now let [ X[ = 3. Then r(X)+rip . (X)=3 =1. If r(X) = 3, then rj . ;(X) =
1. But M\e is 3-connected and binary, so M\e, f has no series classes of size more
than two. Thus r(X) = 2, so Tie,r(X) = 2. Hence X is a triangle. Since M is
binary, X is not a triad. Thus X contains a 2-cocircuit, and the corollary holds. [

Corollary 3.8. Let {e, f,g} be a triangle in an internally 4-connected binary ma-
troid M having at least eight elements. Then si(co(M\e, f)) is 3-connected and no
parallel class of co(M\e, f) has more than two elements.

Proof. The fact that si(co(M\e, f)) is 3-connected is an immediate consequence of
the last corollary. Now assume that co(M\e, f) has a parallel class of size at least
three. Then M\e, f has triangles {1,2,3} and {1,4,5} such that {2,3} and {4,5}
are cocircuits. Then {2,3,e, f} and {4,5,e, f} are cocircuits of M. Hence so is
{2,3,4,5}. But {2,3,4,5} is also a circuit of M, so M has a quad, contradicting
the fact that M is internally 4-connected. (I

The next lemma will be used frequently.

Lemma 3.9. Let e be an element of an internally 4-connected matroid M.
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(i) If (U, V) is a (4,k)-violator of M\e for some k > 3 and C is a circuit of
M containing e, then C meets both U and V.
(ii) If (U, V) is a (4,4)-violator or a (4,4, S)-violator of M\e and Z is a circuit
or a cocircuit of M\e such that V U Z spans e, then |Z NU| > 2.
Proof. For (i), suppose C'—e C U. Then e € cl(U) and (UUe, V) is a (4, k)-violator
of M; a contradiction. Thus (i) holds. For (ii), observe first that U must meet Z
otherwise (U,V Ue) is a (4, 3)-violator of M; a contradiction. Now either U is a
quad, or |U| > 5. If U is a quad, then, by orthogonality, |Z NU| > 2 as desired.
Thus we may assume that |[U| > 5. Suppose that U contains a single element, say
z, of Z. Then z is in the closure or coclosure of V' in M\e. Hence (U —z,VUzUe)
is a (4, 3)-violator of M; a contradiction. We conclude that |Z NU| > 2. O

Next we prove a lemma that extracts some common features from two of the
longer proofs in the paper, those of Lemma 4.3 and Theorem 2.1

Lemma 3.10. Let {e, f, g} be a triangle of an internally 4-connected matroid M.
Let (X.,Y.) and (X,Yy) be 3-separations of M\e and M\ f, respectively, where f €
Xe and e € Xy. Suppose that min{|X.|, |Ye|, | Xs|,|Ys|} > 4. Then the following
hold:
(i) geYeNYy;
ii) either e € cl(Xy —e), or Xy is a 4-element fan of M\ f;
ii) either f € cl(X. — f), or X, is a 4-element fan of M\e;

) if X5 is not a 4-element fan of M\ f and X. is not a 4-element fan of M\e,
then

(a) eecl(Xy;—e) and f € cl(Xe — f);

(b) Am(XeNYy) + A (XyNYe) <4

(€) Anve,r(Xe N Xyp) + A (Ye NYy) < 4; and
(d) |YenYy| > 2 unless Ye is a 4-element fan of M\e and Yy is a 4-element

fan of M\ f.
Proof. Part (i) is an immediate consequence of Lemma 3.9(i). To prove (ii), assume
that e ¢ cl(X; —e). Then (X; —e,Y; Ue) is a 3-separation of M\f. But f €
cl(YyUe), so (Xy —e,YrUeU f) is a 3-separation of M. As M is internally
4-connected, it follows that |X; —e| = 3. Hence Xy is a 4-element sequential 3-
separating set so Xy is a 4-element fan. Thus (ii) holds. Hence, by symmetry, so
does (iii).
Part (iv)(a) is immediate from (ii) and (iii). Now
(1) 2= (Xy) = Aanpe(Xp =€)
Likewise, Aps\e,f(Ye) = 2. Thus
242 = Apve, (X =€)+ Aane, 1 (Ye) 2 Annye,p (X p—€)UYe) + A e, (X —€)NYe).
Hence
(2) 42)\M\qf(YfﬁXe)+>\M\e7f(XfﬁYe).
AsY; N X, avoids Xy — e, and e € cl(X; — e), we have
/\M\e,f(Yf n Xe) = )\M\f(Yf n Xe) = )\M(Yf ﬂXe)

where the last step follows as {e, g} € E(M\f) — (Yy N X.). Therefore, by (2) and
symmetry,

(3) 4> )\M(Yj N Xe) + )\M(Xf n Ye) = )‘IVI\f(Yf n Xe) + AM\e(Xf n Ye)

(
(i
X

1v
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Hence (iv)(b) holds.

To prove (iv)(d), suppose |Y. N Y| < 2. Then, by (i), Y. NY; = {g}. Thus
min{| X, NYy|, [XfNYe[} > 3. Hence, by (3), A s(YyNXe) =2 = Ape(XypNYe),
so Aanf(YrNXe) = A s (Yy). But Yy — (YyNXe) = {g}. Thus g € cl(YyNX,) or
g € cl" s (Yy N X,). The first possibility gives the contradiction that e € cl(X.)
since f € X.. Thus g € cl"ypn (Y N Xe) so g € cl"y((Xe NYy) U f). Hence
g € cl®p(Xe) so g € cl”ypne(Xe). Thus (X Ug,Ye — g) is a 3-separation of M\e,
so (X.UgUe,Y, —g) is a 3-separation of M. Hence |Y, —g| =3. Thus Y, —gis a
triangle or a triad of M and hence of M\e. As g € cl”pp (Y —g) and M is binary,
we deduce that Y, — g is a triangle of M\e, and Y, is a 4-element fan of M\e. By
symmetry, Yy is a 4-element fan of M\ f, and (iv)(d) holds.

Next, we note that, by (1),

2+2 = Apnes(Xe = f) + Ane, s (Xf —e)
> Ae s (Xe N Xp) + e, s (Xe = U (Xy —€))
= )\M\e,f(XeﬂXf)-f—)\M(XeUXf).
Thus (iv)(c) holds. O

In the next lemma, we will assume the following.

Hypothesis I. No triangle of M contains two elements e and f such that M\e
and M\ f each have an N-minor, and no triad of M contains two elements e’ and
f! such that M/e' and M/f'" each have an N-minor.

Recall that the matroid M(C3) is obtained from a triangle by adding a new
element in parallel to each existing element.

Lemma 3.11. Let M be a binary internally 4-connected matroid and N be an
internally 4-connected proper minor of M with at least eight elements. If Hypothesis
I holds, then either

(i) M has a triangle T such that M\e is (4,5, S, +)-connected with an N-minor
for some e € T; or

(ii) M* has a triangle T' such that M*\e is (4,5, S, +)-connected with an N*-
minor for some e € T'; or

(iil) M has an internally 4-connected minor M’ having an N-minor such that
B(M) — B(M)| < 3.

Proof. By Theorem 1.1 and duality, we may assume that M has a triangle {e, f, g}
such that M\e has an N-minor. We may also assume that M\e is not (4,5, 5, +)-
connected, so M\e has a (4,5, .5, +)-violator (X,Y). Then |X|,|Y| > 4, and neither
X nor Y is a 4-fan or a 5-fan, although either may be a 5-cofan. Since e is in
neither cl(X) nor cl(Y), we may assume that f € X and ¢ € Y. Let {a,b,c}
be the guts line of (X,Y’). Then M\e = Pyq o} (Mx, My)|E(M\e) where Mx =
PG(r — 1,2)|(X U {a,b,c}) and My = PG(r — 1,2)|(Y U {a,b,c}). Note that
f € E(Mx) —{a,b,c} and g € E(My) — {a,b,c}. As (E(N)NX,E(N)NY) is
not a (4, 3)-violator of N, we may also assume that |[E(N) N X| < 3. Thus, by
Lemma 3.2, My or Ay, 3.3 (My) has an N-minor. As M is internally 4-connected,
it is easily shown [15, (4.3)] that Mx is 3-connected.
We show first that

3.11.1. Mx is graphic.
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Suppose My is not graphic. Then, by Asano, Nishizeki, and Seymour [1], Mx
has a minor MY isomorphic to F7 or M*(K33) that uses {a,b,c}. Suppose f €
E(MY%). Then M%/f has an M(C3)-minor using the triangle {a,b,c}. Moreover,
M\ f has an M (Kj)-minor using the triangle {a, b, c}. Since My or Aqp o} (My)
has an N-minor, we deduce that M\e\f or M\e/f has an N-minor. Indeed, this
assertion holds in general since it also holds when f ¢ E(MY%). Thus the triangle
{e, f,g} of M contains distinct elements x and y such that M\z and M\y have
N-minors. This contradiction to Hypothesis I completes the proof of 3.11.1.

Next we show that

3.11.2. co(Mx\f) is 3-connected up to parallel classes of size 2. Moreover, {a, b, c}
is a triangle in co(Mx\f).

Let (U,V) be a 2-separation of Mx\f. We may assume that |U N {a,b,c}| > 2.
Then (U U {a,b,c},V —{a,b,c}) is a 2-separation of Mx\f. It follows easily that
(UUEMy))N E(M),V —{a,b,c}) is a 2-separation in M\e, f. Since g ¢ V —
{a,b, c}, Corollary 3.7 shows that either V' — {a, b, c} is a 2-cocircuit in M\e, f, or
V —{a,b,c} is a triangle that contains a 2-cocircuit. Using this, it is not difficult
to show that one side of every 2-separation of Mx\ f is either a 2-cocircuit, or a
triangle that contains a 2-cocircuit. This implies that co(Mx\ f) is 3-connected up
to parallel classes of size 2.

Suppose that {a,b,c} is not a triangle in co(Mx\f). Then it contains a 2-
cocircuit in Mx\f. Thus Mx has a triad that contains f and two elements of
{a,b,c}. By possibly relabelling, we may assume that {a,b, f} is a triad in Mx.
As My is connected, it has a cocircuit that contains {a,b}, and therefore avoids
c¢. Hence My has a hyperplane that meets {a,b,c} in {c}. The union of this
hyperplane with E(Mx)—{a,b, f} is a hyperplane of Py, .} (Mx, My ). Thus there
is a cocircuit of Ppqp 1 (Mx, My) contained in E(My)U f that contains {a,b, f}.
Assume that |[E(Mx) — {a,b,c}| > 5. Then (E(Mx) — {a,b,¢c, f}, E(My) U f) is
a 3-separation of Py, c}(Mx, My), and (X —{a,b,c, f},Y U(E(M)N{a,b,c, f}))
is a 3-separation in M\e. As Y contains g, it follows that (X — {a,b,c, f},Y U
(E(M) Nn{a,b,c,e, f})) is a (4,3)-violator of M. This contradiction shows that
|[E(Mx) — {a,b,c}| < 4. Hence |E(Mx)| < 7, so Mx is isomorphic to F7 or
M(K4). But Mx is graphic. Thus My is isomorphic to M (Ky), and X = E(Mx),
otherwise (X,Y) is not a (4,5, S, +)-violator in M\e. If Aggp 03 (My) has an N-
minor, then deleting any element of {a,b,c} from M produces a matroid with an
N-minor, contradicting Hypothesis I. Therefore N < My, so N < M/f. Hence
both M\e and M\g have N-minors. This contradiction shows that 3.11.2 holds.

Let G be a graph such that Mx = M(G). We show next that M has elements
x,y,w, and z such that if G is the graph shown in Figure 2(a), where the edges of
the outside face are labelled a, b, and ¢, then

3.11.3. Mx = M(Gy).

Let H denote the graph obtained from G\f by suppressing degree-2 vertices.
Thus M (H) = co(Mx\f). By 3.11.2, the parallel classes in H have at most two
edges. Moreover, H has at most two non-trivial parallel classes as G is simple.

As co(Mx\f) contains the triangle {a,b, c}, its rank is at least two. Suppose
first that r(co(Mx\f)) > 3. By 3.11.2, si(co(Mx\ f)) is 3-connected. Since the last
matroid has rank at least three, it also has corank at least three. From [10, Corollary
3.7], we see that si(co(Mx\f)), and hence co(Mx\f), has an M (K4)-minor using



14 CAROLYN CHUN, DILLON MAYHEW, AND JAMES OXLEY

(b) Gl (C) G2
f
(d) Gs (e) Ga !

FIGURE 2

the triangle {a, b, c}. By Hypothesis I, M\ f has no N-minor, so Agq .} (My) has
no N-minor. Thus N < My-.

Suppose that si(co(Mx\f)) has at least seven elements. As si(co(Mx\f)) is 3-
connected, [15, (4.1)] implies that si(co(Mx\ f)), and hence Mx\ f, has an M (C3)-
minor in which {a, b, c} is a triangle. Now it follows easily that M\e, f has a minor
isomorphic to My. Thus M\ f has an N-minor, which contradicts Hypothesis I.
Therefore si(co(Mx\f)) is a 3-connected binary matroid with rank at least three,
and at most six elements. Hence si(co(Mx\ f)) is isomorphic to M (K4). Thus the
graph H is obtained from K, by possibly adding parallel edges.

Assume that a, b, or ¢ is in a non-trivial parallel class in H. Then co(Mx\ f),
and hence Mx\ f, has an M (C%)-minor in which {a,b, ¢} is a triangle. This implies
that M\e, f has a minor isomorphic to My, and so has a minor isomorphic to N.
As this violates Hypothesis I, we deduce that none of a, b, and ¢ is in a non-trivial
parallel class in H. If H is simple, then G is one of the graphs G; or G, shown in
Figure 2 where, as with G, the edges in the outside face are labelled with a, b, and
c. As H has at most two non-trivial parallel classes, if H is non-simple, then G is
either G5 or G4, where the dashed edge in G4 may be either present or absent.

If G is G; or Gg, the set T™ of edges that are incident with the vertex v is a
triad of M\e that meets a triangle of M\e. As this triad does not contain f or
g, it follows, by orthogonality, that 7™ is a triad in M. Thus M has a 4-element
fan; a contradiction. Now suppose that H is isomorphic to GGz or G4. Then each
of Gs/h/f and G4/h/i/f has {a,b,c} as a triangle and has edges a/,¥’, and ¢
parallel to a,b, and ¢, respectively. Then M\e/f has a minor isomorphic to My,
so N X M/f. Thus N X M\e and N < M\g, contradicting Hypothesis 1. We
conclude that r(co(Mx\f)) 2 3.

We now know that r(co(Mx\f)) = 2. Then, as M(H) = co(Mx\f), it follows
by 3.11.2 that H is obtained from the triangle {a,b,c} by adding parallel edges,
and no vertex of H has degree two. It follows easily that G = Gy, that is, 3.11.3
holds.

Next we show the following.
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3.11.4. N = My, no element of {a,b,c} is in E(M), and oll of {f,w,y,e},
{f,z,z,e}, and {w,x,y, z} are cocircuits of M. Moreover, both M\e/y and M/y
are 3-connected.

Since Mx = M(Go), if N =X Agap,e3(My), then, as K4y < Go/f, we have
that N < M/f, so N < M\g; a contradiction. Thus N =< My. Suppose E(M)
meets {a,b,c}. Then Mx/f has a rank-2 minor that uses the triangle {a, b, c} and
contains a triangle all of whose elements are in E(M) — {e, f}. Thus N < M/f, so
M\g has an N-minor; a contradiction. It follows that E(M) avoids {a,b, c}. Since
{f,z,w} is not in a 4-element fan of M, we deduce that {f,w,y,e} and {f,z, z,e}
are cocircuits of M. Hence {w,z,y, 2z} is a cocircuit of M.

As (y,w, f,x, z) is a 5-cofan in M \e, the dual of Lemma 3.3 implies that M /y has
an N-minor. Now (y,w, f,z,z) is a maximal fan in M\e as E(M) N {a,b,c} = 0.
Hence M\e/y is 3-connected. Thus M/y is 3-connected, otherwise {e,y} is in a
triangle of M and we contradict Hypothesis I since N < M /y. Hence 3.11.4 holds.

We shall assume that M/y is not internally 4-connected, otherwise (iii) holds.
We now show that

3.11.5. M/y has a triad {i,j,k} such that {w,y,i,j} is a circuit in M.

Assume that 3.11.5 fails. Suppose that M/y has a 4-fan, (z1,22,23,24). Then
{y, 21,22, 23} is a circuit of M. By orthogonality with {e, f,w,y}, we see that
{x1,22,23} and {e, f,w} intersect in exactly one element. In fact, as e, f, and w
are all in triangles of M, none is contained in any triads of M. Therefore z; is in
{e, f,w}. Assume that x; € {e, f}. Then orthogonality between {y, 1, x2,z3} and
{w, z,y, 2z} requires that x5 or x5 is equal to = or z. As z is in a triangle of M, and
is therefore in no triad, it follows that z € {z3,23}. By symmetry, we may assume
that z = z5. Note that Mx /y, z is isomorphic to M (C%), and {a, b, c} is a triangle
in this minor. As N <X My, it follows that M\e/y, z, and hence M/y, z, has an
N-minor. As {z1,z3} is a circuit of M/y, z, we see that M/y, z\z3, and hence
M\x3, has an N-minor. But {z2,24} is a 2-cocircuit in M\z3. Hence {z2, z3, 24}
is a triad of M that contains two elements whose contractions have N-minors. This
contradiction to Hypothesis I shows that z1 = w. But now {3, 23,24} is a triad
of M/y, and {y,w, za,z3} is a circuit of M. This contradicts our assumption that
3.11.5 fails. Thus we may assume that M /y has no 4-fans.

Using Lemma 2.4, we deduce that M/y has a (4,3)-violator (U, V) such that
{f,w,z} CU. Ife € U, then y € cl};(U), because of the cocircuit {e, f,w,y}. This
implies (U Uy, V) is a (4, 3)-violator of M, so e is in V. Similarly, as {w, x,y, 2}
is a cocircuit in M, and w,x € U, it follows that z € V. If g is in U, then, by
using Lemma 2.4 again, we see that (U Ue,V — ¢) is a (4, 3)-violator of M /y, and
(UU{e,y},V —e) is a (4, 3)-violator of M. Thus g € V. Now (U — f,V U f) is a
(4, 3)-violator of M /y as {e, f, g} is a triangle and e, g € V. The cocircuit {e, f,z, 2z}
shows that x is in cly, (V' U f). Hence (U — {f,z}, VU{f,z}) is a (4, 3)-violator of
M/y. Now w is in clp (VU{ f,2}), so (U—{f,w,a}, VU{f, w,z}) is a (4, 3)-violator
in M/y, and the cocircuit {w, z,y, z} shows that (U — {f,w,z}, VU{f,w,z,y}) is
a (4,3)-violator in M. This contradiction completes the proof of 3.11.5.

3.11.6. {i,5,k} n{e, f,w,z,y,2z} = 0.

To prove this, note that, as each of e, f, w, and z is in a triangle, none can be
in the triad {i,7,k}. As {4, 7, k} remains a triad in M /y, we see that if 3.11.6 fails,
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then z € {4, j,k}. In this case, by orthogonality between {4, j, w,y} and {e, f,z, z},
we see that z = k. Then the 3-connected matroid M\e/y has {z, f, 2z} and {3, j, z}
as cocircuits and has {z, f,w} and {i, j,w} as circuits. Thus M\e/y has {x, f,i,5}
as a quad containing f. Lemma 3.4 now implies that M\ f or M/ f has an N-minor.
In each case, we get a contradiction to Hypothesis I. Thus 3.11.6 holds.

We show next that

3.11.7. M/k has an N-minor.

Since M \e is 3-connected, {4, j, k} is a triad in M\e. Hence (w, 1, j, k) is a 4-fan of
M\e/y. By applying Lemma 3.3 and 3.11.4, we see that N is a minor of M\e/y/k,
or of M\e/y\w. In the latter case, N < M\e\w. As {f,y} is a 2-cocircuit in
M\e\w, this implies N =< M/ f, and this leads to a contradiction to Hypothesis I.
Thus N < M\e/y/k < M/k, so 3.11.7 holds.

Since M*\k has an N*-minor, we complete the proof of Lemma 3.11 by showing
that M*\k is (4,5, 5, +)-connected. First note that, by Lemma 3.6, M/k is 3-
connected since k is in a triad of M. Assume that M*\k is not (4, 5, S, +)-connected.
Then M/k has a 3-separation (U, V') where |U|,|V| > 4 and neither U nor V is a
4-fan or a 5-cofan.

3.11.8. If (U, V) is a (4,5, 5, 4)-violator of M*\k, then neither U nor V contains
{i, 3}
This is immediate, otherwise (U Uk, V') or (U,V Uk) is a (4, 3)-violator in M.

3.11.9. If (U,V) is a (4,5, 5, +)-violator of M*\k such thati € U and j € V, then
neither U nor V' contains {w,y}.

To prove this, assume that {w,y} C P where {P,Q} = {U,V}. Let {p,q} =
{i,j}, where p € P and ¢ € Q. Because {p,q,w,y} is the circuit {7,j,w,y} of
M, it follows that (P U¢q,Q — q) is a 3-separation in M*\k. Now k € cl};(PUgq),
because {k, p, q} is a triad of M, so (PU{p,k}, Q —q) is a 3-separation in M*. Thus
|Q —q| < 3. Since (P,Q) is a (4,5, S, +)-violator in M*\k, this means that |Q| = 4,
so @ is a quad in M*\k. However, this is impossible, as ¢ is in the coclosure of P
in M*\k. Hence 3.11.9 holds.

3.11.10. There is a (4,5, 5, 4)-violator, (U,V), of M*\k such that {e, f,g} CU.

Let (U,V) be a (4,5, 5, +)-violator of M*\k, and assume that |[U N{e, f,g}| > 2.
If (UU{e, f,g},V—{e, f,g9}) is a (4,5,5,+)-violator of M*\k, there is nothing left
to prove. Therefore we assume that V' contains a single element, «, of {e, f, g},
and that (U U a,V — «) is not a (4,5, 5, +)-violator of M*\k. This means that
[V —a| <5,s0 |V| <6. If V contains a quad in M/k, then « is not in this quad,
by orthogonality with {e, f, g}, so, in this case, V' — « contains a quad of M/k, and
(UUq,V —a)isa (4,5,5,+)-violator of M*\k. Hence V does not contain a quad
of M/k, so |V]| > 4. Thus |V| € {5,6}.

Suppose |V| = 5. Then V is a 5-element fan of M/k. It must contain two
triangles in M /k, otherwise it is a 5-fan of M*\k, which contradicts the fact that
(U,V)is a (4,5, S, +)-violator. Let (v],v),...,v}) be a fan ordering of V in M/k,
where {v{,v5,v4} is a triangle. Since « is in a triangle of M, it is not in the
triad {vh,v%,v)}. Therefore, by replacing (vi,vh,...,vl) with (v§,v},...,v}) as
necessary, we may assume that o = vf.
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Next assume that |[V| = 6. Then V — « is a 5-element fan in M/k with two
triads, otherwise V — «v is a 5-cofan in M*\k, which is impossible as (UU«a, V — «)
is not a (4,5, S, +)-violator. Let (v1,vs,...,vs5) be a fan ordering of V — « in M/k,
where {v1,v9,v3} is a triad. Now it easy to see by orthogonality that {vy, va, v4,v5}
is independent in M/k and spans V — a. It must also span «, for otherwise (U U
a,V — a) is a 2-separation in M/k. Orthogonality shows that one of {vy,v2,a},
{va,v5,a}, or {vi,v9,v4,v5,a} is a circuit in M/k. In the second case, we can
reverse the fan (vi,ve,...,vs5), and assume that {v1,ve, @} is a circuit.

Let us assume that either |V| =5, or |V| = 6 and {v1,v2,a} is a circuit. Next
we shall eliminate these two cases. In the first case, (o, vh, v5, vy, v5) is a fan with
two triangles in M/k, and, in the second case, (o, v1,v2,v3,v4) is. In both cases,
M/k has a 5-fan (a, wy, we, w3, wy). Thus {«, w1, ws, k} and {we, w3, wy, k} are cir-
cuits of M and {wy,ws, w3} is a triad. Orthogonality with the triad {4, j, k}, and
the fact that V' contains only one element of {4, j}, means that wy € {i,j}. Thus
{w1,we, w3} is a triad of M that meets the circuit {4, j,w,y}. Since |V N{i,j} =1,
and w is in no triads of M, we deduce that y € {wy,w3}. Therefore {a, wy,ws, k}
or {wq, w3, wy, k} is a 4-element circuit, C, of M that contains k, y, and a single el-
ement from {4, j}. Thus, by orthogonality between C' and the cocircuit {e, f,w,y},
it follows by 3.11.6 and 3.11.9 that o € {e, f} and C is {k,y,a,i} or {k,y,«,j}.
Then C meets the cocircuit {w,z,y,z} in a single element. This contradiction
to orthogonality eliminates the two targeted cases. We deduce that |V| = 6,
and {v1,v9,v4,v5,} is a circuit in M/k. By taking the symmetric difference of
this circuit with {vg,vs,v4}, and using the fact that M/k is simple, we see that
{v1,vs3,v5,a} is a circuit in M/k.

By the dual of Lemma 3.3, either M/{k,v1,vs5} or M/k\ve/v1 has an N-minor.
Assume that N < M/{k,v1,v5}. As {a,v3}is a2-circuit in M/{k, vy, vs}, it follows
that N < M\vs. Now {v1,vq,v3} is a triad in M/k, and hence in M, so {vy, v} is
a 2-cocircuit in M\v3. Thus M /v, and M/ve have N-minors, and Hypothesis I is
contradicted. It follows that N < M/k\va/v1 < M\ve. But {v1,v3} is a 2-cocircuit
in M\vy, and we get exactly the same contradiction. Hence 3.11.10 holds.

Now we let (U, V) be a (4,5,5,+)-violator of M*\k, where {e, f,g} C U. By
3.11.8 and 3.11.9, we can let {u,v} = {i,j} and {u/,v'} = {w,y}, where u,v’ € U
and v,v" € V. Because {e, f,u’, v’} is a cocircuit in M /k, it follows that (UUv', V —
v') is 3-separating in M/k. Now {u,v,u’,v'} is a circuit in M/k, so (UU{v,v'},V —
{v,v'}) is 3-separating in M/k. As {k,u,v} is a triad, (U U {k,v,v'},V — {v,v'})
is 3-separating in M, so |V — {v,v'}| < 3. Thus |V| < 5 and V is sequential.

As (U,V)isa (4,5, S, +)-violator of M*\k, we see that V is a 5-fan in M /k. This
gives a contradiction to orthogonality between the cocircuit {e, f,u’, v’} and one of
the triangles of M/k contained in V. This completes the proof of Lemma 3.11. O

The next result is helpful in identifying N-minors of M.

Lemma 3.12. Let (X,Y) be a 3-separation of a 3-connected binary matroid M with
|X| =6 and |Y| > 6. Let N be an internally 4-connected minor of M having at least
seven elements. Suppose r(X) =3 and |X —cl(Y)|=3. Let T = X Ncl(Y). Then
M|X =2 M(K4) and has T as a triangle and M = Pr(M|X, M|cl(Y)). Moreover,
either

(i) for all x in X Ncl(Y), the matroid M\z has an N-minor; or
(ii) for ally in X — cl(Y'), both M\y and M/y have an N-minor.
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Proof. Since | X — cl(Y)| = 3, the set X — cl(Y) is a triad of M. As r(X) = 3, it
follows that X Ncl(Y) is the guts line of the 3-separation (X,Y’) of M. Thus X N
cl(Y) is a triangle of M and M|X = M(K,). Now N is internally 4-connected with
at least seven elements and so has no 4-element fans. Thus either M\T has an
N-minor or M|cl(Y) has an N-minor, and so (i) or (ii) holds. O

4. A BIG STEP

The goal of this section is to prove Lemma 4.3. When that result is combined
with the next two lemmas, it proves Theorem 2.1 when we replace (4,5, S, +)-
connectivity by (4, 5)-connectivity. We begin the section with a result of Zhou [18,
Lemma 2.15].

Lemma 4.1. Let N be an internally 4-connected proper minor of an internally 4-
connected binary matroid M with |E(N)| > 7. Suppose that M\e has an N-minor
and a 5-element 3-separating set A. If A is not a 5-fan or a 5-cofan, then either M
has a triangle T such that M\x has an N-minor for all x in T, or M has a triad
T* such that M/y has an N-minor for all y in T*.

The next lemma follows from Lemma 4.1, Theorem 3.5, and duality.

Lemma 4.2. Let N be an internally 4-connected proper minor of an internally
4-connected binary matroid M such that |E(N)| > 7 and |[E(M)| > 13. Suppose
e € E(M) and {M\e,M/e} contains a member that has an N-minor and a 5-
element 3-separating set A. Then either A is a 5-fan or a 5-cofan, or one of the
following holds.
(i) M has an internally 4-connected proper minor that has an N-minor and
has at least |E(M)| — 3 elements; or
(ii) for some a in a triangle of M, the matroid M\a is (4,4, S)-connected having
an N-minor; or
(iii) for some z in a triad of M, the matroid M/z is (4,4, 5)-connected having
an N-minor.

The following is the main result of this section.

Lemma 4.3. Let M be an internally 4-connected binary matroid with |E(M)| > 15
and let {e, f,g} be a triangle of M. Let N be an internally 4-connected matroid
with |E(N)| > 6. Suppose that both M\e and M\ f have N-minors and have (4,5)-
violators. Then
(i) M has an internally 4-connected proper minor M’ with |E(M)—FE(M')] < 3
such that M’ has an N-minor; or
(ii) M has a triangle T such that M\z has an N-minor for all z in T; or
(iil) M has a triad T* such that M/z has an N-minor for all z in T*.

Proof. In view of Lemma 2.3, we may assume that |E(N)| > 10. Let (X,,Y:)
and (Xy,Yy) be (4,5)-violators of M\e and M\ f, respectively, where f € X, and
e € X¢. Then min{|X.|, [Ye|, | X¢|,|Y¢|} > 6. By Lemma 3.10,

4.3.1. geY.NY; ande € (X5 —e) and f € cl(X. — f).
The following are immediate consequences of Lemma 3.10(iv)(b).

4.3.2.  (a) If | X.NYf| >4, then | X;NY,| < 1.
(b) If | X. N Y| € {2,3}, then | X; NY,| < 3.
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(c) If | XyNYe| >4, then | X, NYy| < 1.
(d) If | X;NY,| € {2,3}, then | X, N Y| < 3.

Since M is internally 4-connected and M\e, f is (3, 3)-connected, the following
is immediate from Lemma 3.10(iv)(c).

4.3.3. If | X, N Xy| >4, then |Y.NY;| < 3.
Next we show the following.
4.3.4. Either | X.| < |Ye| and | X¢| < |Yy|; or | Xe| > |Ye| and | Xf| > Yy

By symmetry, suppose that |Ye| < |X.| and |Xf| < |Y}|. As |[E(M)| > 15, we
deduce that |X.| > 8 and |Yy| > 8. Suppose | Xy NY,| > 4. Then, by 4.3.2(c),
| X NYy| < 1. Since |X.| > 8, it follows that |X. N X;| > 6. Thus, by 4.3.3,
|Ye NYy| < 3. Hence |Yy| < 4; a contradiction. We deduce that | Xy NY,| < 3.

Suppose | Xy NY,| € {2,3}. Then, by 4.3.2(d), |X. NYy| < 3. As |Yy| > 8,
it follows that [Yc N Y| > 5. Thus, by 4.3.3, | X. N X¢| < 3. Hence |[X.| < 7; a
contradiction. Finally, suppose that | X;NYe| < 1. Then, as |Y|, | X ;| > 6, we have
|YeNYs| > 5 and | Xy N X.| > 4. This contradicts 4.3.3, so 4.3.4 holds.

4.3.5. |Xc| < |Ye| and |Xy| < [yl

Assume that this fails. Then, by 4.3.4, |Y¢| < |Xc| and |Yf| < [Xf|. Moreover,
we may assume that equality does not hold for both of these, so, without loss of
generality, |Ye| < |X.|. Suppose |[X. N X;| < 3. As |X.[,|X/| > 6, it follows that
| X NY;|,| X NYe| > 2. Thus, by 4.3.2, | X;NY|,| X, NY}y| < 3. Hence |X.| < 7.
As |Ye| < | X, it follows that |[E(M)| < 14; a contradiction.

We may now assume that |X. N Xy| > 4. Then, by 4.3.3, [Y. NY}| < 3. As
|Ye| > 6, if [YoNYy| <2, then | X NY%|, [ XfNYe| > 4 and we contradict 4.3.2. Thus
|YeNYr| =3 and | X.NY|, | X NYe| > 3. Hence, by 4.3.2, | X.NY;| =3 = | X,NYe|.
By Lemma 3.10(iv)(c), if Aar(YeNYy) = 3, then App e s (XeNXy) < 1,50, a8 M\e, f
is (3, 3)-connected, | X.NX| < 3; a contradiction. Hence Ap;(YeNYy) = 2, so YeNYy
is a triangle or a triad of M. But g € Y. NY}, so, by orthogonality, Y. N Y7} is a
triangle.

As | X.NYy| = 3 = |XyNY,l, it follows by Lemma 3.10(iv)(b) that each of
X.NYyand Xy NY, is a triangle or a triad of M. If one of these is a triangle,
then, by Lemma 2.2, M\z has an N-minor for each element z in this triangle and
(ii) holds. Thus we may assume that X; NY. and X, NY; are triads of M.

Applying Lemma 2.2 to M\e taking Y. NY} to be T, we deduce that either (ii)
holds, or My (YeNYy, Y. N Xy) # 2. In the latter case, as r(Y.NYy) = 2, it follows
that (Y, N Xy) # r(Ye), so

(4) r(Ye) > 4.

Similarly, applying the dual of Lemma 2.2 to (M\e)* taking Xy NY, to be T, we
deduce that either (iii) holds, or M(ape)- (X NYe, Yo NY}) # 2. In the latter case,
as r(a\e)+ (X NYe) = 2, it follows that

(5) Fine(Ye) = 4.

We may now assume that (4) and (5) hold. As Y, is 3-separating in M\e, we
have that r(Ye) + 7y, (Ye) = [Ye| +2 =8, s0

(6) r(Ye) = rin(Ye) = 4.
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Let YoNY; ={1,2,3} and X;NY. = {4,5,6}. Now {4,5,6} is a triad of M and
{1,2,3} is a triangle. Clearly {4,5,6} is contained in a basis B of Y.. As |B| = 4,
we may assume that 3 € B. Let C be the fundamental circuit Cysy, (1, B). This
circuit does not contain the triad {4,5,6}. Moreover, |C| > 3, as M has no 4-
element fans. As |B| = 4, we deduce that |C| = 4. Hence |C N {1,2,3}| = 2, so
C A {1,2,3} is a triangle of M that meets the triad {4,5,6}; a contradiction to the
fact that M is internally 4-connected. We conclude that 4.3.5 holds.

Since |X| < |Ye| and | Xf| < |Y}|, we have that

‘XeﬁXf| + |XeﬂYf| +1< ‘XfﬁYe|+|YfﬁYe‘
and
XN Xe| +]XpNYe|+1<|XeNYy| 4 Yo N Yyl
Adding these two inequalities and simplifying, we get
(7) |Xe N Xl +1<[YeNYy
From this and 4.3.3, it follows that |X. N Xy| < 3. If | X, N X¢| < 1, then | X, N
Y¢|, | Xf NYe| > 4, which contradicts 4.3.2(a). Hence

(8) | XN Xyl €{2,3}.

As | X.|,|Xf| > 6, we have
(9) min{[ X, (Y], [ X, 0 Yal} 26— (14X, 1 X)) > 2.
Thus, by 4.3.2,
(10) max{|X. NYs|,|X;NY|} <3.
As |[E(M)| > 15, we have |Y. N Y}| > 4. Hence, by Lemma 3.10(iv)(c),
(11) Ae, f(Xe N Xy) = 1.

Next we show the following.
4.3.6. The lemma holds when | X, N X¢| = 2.

Assume that |X. N X¢| = 2. Then X, N Xy is a 2-element cocircuit {1,2} of
M\e, f so {1,2,e, f} is a cocircuit of M. By (10) and the first inequality in (9),
IX;NY.|=3=|X.NY}. Let X;NY, = {3,4,5} and X, NY}; = {6,7,8}. Then
each of {3,4,5} and {6, 7,8} is a triangle or a triad of M by Lemma 3.10(iv)(b).

Suppose {3,4,5} is a triad of M. Then {3,4,5} and {1,2, e} are triads of M\ f.
By applying the dual of Lemma 2.2 to M\ f, we deduce that (iii) holds. Thus
we may assume that both {3,4,5} and {6,7,8} are triangles. If rpp\;(Xy) = 3
or 7ype(Xe) = 3, then, by applying Lemma 2.2 to M\ f or M\e, we get that (ii)
holds. By duality, if 73, ;(Xf) = 3 or 73, .(Xe) = 3, then (iii) holds. Hence we
may assume, since 7yn\e(Xe) + 73 (Xe) = 8 and rap p(X¢) + 73 ,(Xy) = 8, that
TM\e(Xe) = T}k\/[\e(Xe) = TM\f(Xf) = T;/[\f(Xf) =4.

As |E(N)| > 10, we have that [X; N E(N)| < 3. Let L be the guts line of the 3-
separation (Xy,Yy) of M\ f. Let Mx be the matroid obtained by extending M| X
by the elements of L — X ;. Then Mx is a 3-connected matroid of rank 4. Moreover,
as M\ f has {1,2,e} as a cocircuit, so does Mx. Thus Mx\{1,2,e} is a plane P
that contains L and {3,4,5}. As M is binary, LN{3,4,5} is non-empty, so we may
assume that LN{3,4,5} = {3}. Let L’ be the guts line of the triad {1,2,e} of Mx.
Then, viewing M as a restriction of a binary projective geometry, we see that L’ lies
in the plane of the projective geometry that is spanned by P. As r(Xy) = 4, the
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lines L’ and {3,4,5} are distinct. Moreover, L # L’ otherwise {4, 5} is a 2-cocircuit
of Mx; a contradiction. Thus, letting ¢ be the point where L’ meets {3,4,5}, we
have that Mx has (¢,u,v,w) as a 4-fan where {u,v,w} = {1,2,e}. Moreover, we
may assume that ¢ is 3 or 5. Thus My is isomorphic to Sg or M (Wy). In the
first case, My is the rank-4 tipped cotipped binary spike with 3 as the tip and w
as the cotip. Hence {w, 4,5} is a cocircuit of Mx and so of M\f. As M has no
4-element fans, it follows that {f,w,4,5} is a cocircuit of M so, by orthogonality
with the circuit {e, f, g}, we deduce that w = e. Thus, when Mx = Sg, we have
that Mx /e = F7. Consider the second case, when Mx = M (Wj,). Then Mx has
{u,4,5} as a cocircuit, so M has {f,u,4,5} as a cocircuit and, by orthogonality,
u = e. In this case, si(Mx /e) is isomorphic to M (K4) and uses the line L.

Now N is isomorphic to a minor of the matroid that is obtained by replacing X ¢
by a triangle or a triad on the guts line L of (Xf,Y}). For both of the choices of
Mx, we see that M\ f/e has an N-minor when we need to replace Xy by a triangle
on L and when we need to replace it by a triad. We conclude that M /e\g has
an N-minor and, therefore, so does M\g. Thus the lemma holds and so we have
proved 4.3.6.

By 4.3.6 and (8), we may now assume that |X. N X;| = 3. By (11) and Corol-
lary 3.7, X.NXy is a triangle {0, 1, 2} containing a 2-element cocircuit, say {1,2}, of
M\e, f. Moreover, as | XyNYc| € {2,3} by (9) and (10), it follows that | X | € {6, 7}.
By symmetry, |X.| € {6,7}.

We show next that we may assume, by possibly interchanging e and f, that

4.3.7. |X;NE(N)| < 3.

Since |E(N)| > 10, this is immediate if | X;| = 6. Now suppose that |X;| =7,
but that 4.3.7 fails. Then |Y; N E(N)| < 3,50 |[E(N)| <10. Thus |[X;NE(N)|=7
and |E(N)| = 10. Now |X. N E(N)| > 4 otherwise we can interchange e and f to
get that 4.3.7 holds. Thus |Y. N E(N)| < 3. Hence | X, N E(N)| = 7. Therefore
E(N) D> X.UXy so |[E(N)| > 11. This contradiction completes the proof of 4.3.7.

Suppose 7(Xy) = 4. Let L be the guts line of the 3-separation (Xy,Yy) of M\ f.
Let Mx be the matroid obtained by extending M|X; by the elements of L — X.
As M\ f is 3-connected, so is Mx. Now {1,2,e} is a cocircuit of M\ f and so is a
cocircuit of Mx. As co(Mx \e) is not simple, Bixby’s Lemma implies that si(Mx /e)
is 3-connected. Since {e, 1,2} is a cocircuit of My, it follows by orthogonality that
e is not on the line L. The matroid Mx /e has rank 3 and both L and {0,1,2}
span lines of Mx /e. These lines either coincide or meet in a single point. In each
case, si(Mx/e) has M(K,) as a restriction. This means that, in M/e\f, we can
put a triangle or a triad, as desired, on L. Thus, by Lemma 3.2, M/e\ f, and so
M/e\g, has an N-minor. Therefore M\g has an N-minor. Hence the lemma holds
if r(X ;) = 4.

Next suppose that r(Xy) € {5,6} and | X[ = r(Xy)+1. Then ry, ,(Xy) =3, s0
(M\f)*| Xy is isomorphic to M (K4) or F; and has {1, 2, e} as a triangle. Moreover,
(M\f)*|Xs has a triangle, T7, that avoids e and contains 1. Thus T7 or T3 U f is
a cocircuit of M. In the first case, as 1 € T} and {0,1,2} is a triangle of M, we
obtain the contradiction that M has a 4-element fan. Thus 77 U f is a cocircuit of
M avoiding e. By orthogonality, g € T} so g € Xy; a contradiction.

Now assume that r(Xy) = 5 and [Xy| = 7. Then r3,, ,(Xy) =4 and [X;NYe| =
3. Let Xy NY. = {3,4,5}. Then {3,4,5} is a triangle or triad of M. Assume
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it is a triangle. Then, as M|X; has rank 5 and contains {0,1,2} and {3,4,5} as
disjoint triangles, it has e as a coloop; a contradiction to 4.3.1. Thus {3,4,5} is a
triad of M. Since r}*w\f(Xf) = 4, the set Xy contains at least three cocircuits of
M\ f. Two of these are {1,2,e} and {3,4,5}. Let C* be a third such cocircuit. If
C* € {0,1,2,e}, then A\pp\({0,1,2,3}) < 1; a contradiction. We deduce that C*
meets {3,4,5}. If |C* N {3,4,5}| = 2, then C* A {3,4,5} is a cocircuit meeting
{3,4,5} in just one element. Hence we may assume that C* N {3,4,5} = {3}. Thus
3 € C* C {3,0,1,2,e}. As {1,2,e} is a cocircuit of M\f, by replacing C* by
C* A{1,2, e} if necessary, we may assume that [C*N{1,2,e}| = 1. Since |C*| > 3,
it follows that |C*| = 3 and {0,3} C C*. By orthogonality with the circuit {0, 1,2},
we deduce that C* is {0,1,3} or {0,2,3}. As {e, f, g} is a triangle of M, it follows,
by orthogonality again, that C* is a cocircuit of M, so M has a 4-element fan; a
contradiction.

It remains to consider the case when r(Xy) = 3. Since {1,2, e} is a cocircuit of
M\f, it follows that | X ;| = 6 and X —{1,2, e} is a triangle T that equals the guts
line L of the 3-separation (Xy,Yy) of M\ f. Then, by Lemma 3.12, either M\ f/e
has an N-minor, so M\g has an N-minor and the lemma holds; or, for all z in T,
the matroid M\z has an N-minor and again the lemma holds. This completes the
proof of Lemma 4.3. O

5. PROOF OF THEOREM 2.1

The purpose of this section is to prove the last major step towards the proof of
the main result of the paper.

Proof of Theorem 2.1. By Lemma 2.3, we may assume that |E(N)| > 10. Suppose
that the theorem does not hold. By Lemma 3.11, Hypothesis I does not hold for
M and we may assume, up to duality, that M has a triangle {e, f, g} such that
N <X M\e and N < M\ f. Then M\e and M\ f have (4,5, .5, +)-violators (X, Y.)
and (Xy,Yy), respectively, such that e € Xy and f € X.. By Lemma 3.10(i),
g € Y. NY;. Without loss of generality, we may assume that

(12) min{|Xe|, [Ye|} < min{| X[, [Y¢[}.
We now show that this implies that
5.1.1. (X.,Y,) is not a (4,5)-violator.

Assume the contrary. Then, by Lemma 4.3 and Theorem 3.5, (X, Yy) is not a
(4, 5)-violator otherwise the theorem holds. Hence min{| X/, |Y}|} < 5. It follows
by (12) that min{|X,|,|Ye|} < 5; a contradiction.

Next we observe the following.

5.1.2. Fither X, orY, is a 5-cofan or a quad in M\e. Moreover, if Z € {Xp, Yy}
for some h in {e, f} and |Z]| < 5, then Z is a 5-cofan or a quad in M\h. In
particular, if Z is a 5-cofan (v,w,x,y,z) in M\h, then {v,w,z,y,z} N{e, f,g} =
{z} and {h,z,v,w} and {h,x,y,z} are cocircuits of M.

Since (X.,Y.) is not a (4, 5)-violator but is a (4,5, .5, +)-violator, Lemma 4.2
implies that X, or Y, is a 5-cofan or a quad in M\e. Using the same lemma, we
also see that if |Z] = 5 for some Z in {X.,Y,, X,Y;}, then Z is a 5-cofan. The
rest of 5.1.2 follows by using orthogonality and the fact that M has no 4-fans.

By Theorem 3.5,
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5.1.3. N is not a minor of M\g.
By Lemma 3.10,

5.1.4. e € clypn p(Xy —e) and f € clype(Xe — f).
Next we show that

5.1.5. 0 ¢ {X.N Xy, XeNYy, XpNYL}

Suppose X, N Xy = (. Then X, — f C Yy, so f € cl(Yy). Hence (Xf,Yy U f)
is a 3-separation of M; a contradiction. Thus X, N Xy # 0. Similar arguments
establish that X, NY; and Xy NY, are non-empty. Thus 5.1.5 holds.

By Lemma 3.10(iv)(c),

5.1.6. 4 > )\M(Ye N Yf) + AM\e,f(Xe N Xf).
Next we show the following.
5.1.7. If | X.| > |Y.|, then |Y. N Y;| < 3.

Assume that |Yo NYy| > 4. As |Y.| < 5, it follows, by 5.1.5, that [XyNY,| =1
and |Y;| = 5. Since min{|X,|, |Ye|} < min{|Xy|,|Ys|}, we deduce that |X¢| > 5.
Now Apr(YeNYy) > 3 otherwise M has a (4, 3)-violator. Thus by 5.1.6, App\e, ¢ (XN
X;) < 1. Hence, by Lemma 3.6, | X. N Xy| < 3, so | Xy =5 and |X. N X;| = 3.
Therefore, by 5.1.2, Xy is a 5-cofan of M\ f. Moreover, by Corollary 3.7, X, N Xy
is a triangle. But, by 5.1.4, e € cl(Xy — e). This contradicts the fact that Xy is a
5-cofan of M\ f. Thus 5.1.7 holds.

We break up the rest of the proof into the following four cases.

(D) | Xe| = [Ye| and [ X[ = [Yyl.

(1) [Xe| = [Ye| and [ X¢| < |Yyl.

(1) |X.| < |Y.| and [ X/| > [¥].

(V) [Xe| < |Ye and [Xy| < [YF.

The first of these cases is the most difficult.

Case I: | X.| > |Y.| and |X| > |Yy|.

In this case, we first observe that 5.1.7 immediately gives that

5.1.8. [V, NY;| < 3.

We now know, by Lemma 3.10(iv)(d), that |Y. NY}| is 2 or 3. Each of these
cases will require a very detailed analysis. We begin with the following case.

(M(A) YeNY; = {z,g}.
First we show that
5.1.9. Y. is a quad of M\e and Yy is a quad of M\f.

Suppose that Y, is not a quad of M\e. By 5.1.1, |Y,| = 5, so | X;NY.| = 3. Then,
by 5.1.2, Y, is a 5-cofan with g as its central element. Hence g is in the coclosure
of Xy NY. in M\e, so g is in the coclosure of Xy in M\ f. Thus (X;Ug,Y; —g)
is a 3-separation of M\ f, so (X;UgU f,Yy — g) is a 3-separation of M. Thus
Y} is a 4-element sequential 3-separating set in M\ f, so Y} is a 4-fan in M\ f; a
contradiction. We deduce that Y. is a quad in M\e, so Y, is a circuit of M, and
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Y. Ue is a cocircuit of M. Since {z,¢9} C Yy and {e, f, g} is a triangle, it follows
that
2=\ g(Xp) 2 A (Xp U{z,9}) 2 A (X U {z,9, f}).

Thus Yy — {z, ¢} is a 3-separating set in M. Hence |Y}| < 5 so, by 5.1.2, Y is a
quad or a 5-cofan in M\ f. Suppose Yy is a 5-cofan of M\ f. Then g is its central
element, so g is in two triads of M\ f that are contained in Y. By orthogonality
with the circuit Y, each of these triads contains z. Hence M\ f has a 2-cocircuit, so
M has a triad containing f and therefore has a 4-fan; a contradiction. We conclude
that Y} is a quad of M\ f, so 5.1.9 holds.

FIGURE 3

Now M has the structure shown in Figure 3, where Y. = {a,b,g,2} and Yy =
{c,d, g, z} while the 5-element cocircuits Y,Ue and Y;U f have been circled. Observe
that {a,b, ¢, d}, the symmetric difference of the circuits Y, and Y%, is itself a circuit
of M. We now show that

5.1.10. M has no triad meeting {a,b,c,d, e, f, g, z}.

As M is internally 4-connected, no triad contains e, f, or g. Suppose x is in a
triad T* for some z in {a,b,c,d, z}. Without loss of generality, we may assume
that © € {a,b, z}. By orthogonality with the circuit {a,b, g, 2z}, we know that two
elements of T* are in {a,b, g, z}. Thus T* C cl},({a,b,g,2}). As e is not in a triad
of M, we know that e ¢ 7. Thus 7" C cljp\.({a,b,g,2}). Hence {a,b,g,2} UT™
is a b-element 3-separating set of M\e that is not a fan, and the result follows by
Lemma 4.2. We conclude that 5.1.10 holds.

Next we show that

5.1.11. M/z is 3-connected having an N-minor.

We know that N is internally 4-connected, N < M\e, and ¢ is in a quad of
M\e. Thus, by Lemma 3.4, N < M\e,g or N < M\e/g. The first option contra-
dicts 5.1.3, so the second occurs. Since g is in a quad with z in M\e, it follows, by
Lemma 3.4, that N < M/z.

As M\e is 3-connected having {a,b,g,z} as a quad, as noted in [12, Lemma
2.9], it is routine to check that si(M\e/z) is 3-connected. It follows that M/z
is 3-connected unless z is in a triangle 7" of M. In the exceptional case, since
{a,b,e,g,z} and {c,d, f, g, z} are cocircuits of M, it follows by orthogonality that
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T meets each of {a, b, e, g} and {¢,d, f, g} in a single element. Suppose g ¢ T. Then
it is straightforward to check that A({a, b, ¢, d, e, f, g, 2}) < 2. This is a contradiction
since |[E(M)| > 15. We deduce that g € T. Let h be the element of T — {z, g}.
Then (X¢—h,YyUh) is a (4,5, 5, +)-violator for M\ f with |[Y;Uh| = 5. But YyUh
is not a 5-cofan, so 5.1.2 fails; a contradiction. We conclude that 5.1.11 holds.

We may assume that M/z is not internally 4-connected otherwise the theorem
holds. We show next that

5.1.12. M has a circuit {z,9,v1,v2} and a triad {vi,ve,vs} such that
{a,b,c,d,e, f,g,2} N {vi,v2,v3} = 0.

As M/z is not internally 4-connected, it has a (4, 3)-violator (U, V.) such that
|U. N {e, f,g9} > 2. We show next that we may assume that

5.1.13. {e, f,9} C U,.

Assume not. Then (U, U{e, f,g}, V. — {e, f,¢}) is not a (4, 3)-violator of M/z.
Thus V. —A{e, f, g} is a triad {v1,va,v3} of M/z and hence of M. Hence, by 5.1.10,
{a,b,e,d} CU,. Now {e,g,a,b,z} and {f,g,c¢,d,z} are cocircuits of M. Thus, as
|U. N {e, f,g} > 2, it follows that {e, f} C U, and g € V, otherwise (U, U z,V,) is
a (4,3)-violator of M; a contradiction. Then V, is a 4-fan (g, vy, vs,v3) in M/z, so
{z,9,v1,v2} is a circuit of M and 5.1.12 holds. We deduce that 5.1.13 holds.

If {a,b} or {c,d} is contained in U,, then (U, U z,V,) is a (4, 3)-violator of M;
a contradiction. Thus, without loss of generality, we may assume that {b,d} C V.
Suppose a € U,. Then b € clp;/.(U.), so (U, UbUz,V, —b) is a 3-separation of M.
Since d € V, — b, by 5.1.10, V, — b is not a triad of M. Thus (U, UbU z,V, —b)
is a (4, 3)-violator of M; a contradiction. We deduce that a € U,, so a € V. The
circuit {a,b,c,d} implies that ¢ € cl(V), so (U, —¢,V, Uc) is a (4, 3)-violator of
M/z unless U, — ¢ is a triad containing {e, f, g}; a contradiction. Thus we may
assume that {a,c} C V.

Now Ang/=(Vz) > Mgy (VaUg) > Ay (V.UgU{e, f}), where the second inequal-
ity holds since {e, f, g} is a circuit of M/z and {e, f,a,b, c,d} is a cocircuit of M/z.
Thus |U, —{e, f, g}| < 3 otherwise (U, —{e, f, g}, V.U{e, f,g}Uz) is a (4, 3)-violator
of M; a contradiction. Suppose |U, —{e, f,g}| = 3. Then, as U, — g is a 5-element
3-separating set in M/z, the theorem follows by Lemma 4.2 unless U, — g is a 5-fan
or a 5-cofan. In the exceptional case, by 5.1.10, (e, u1,us,us, f) is a 5-fan of M/z
where {e,uj,us} is a triangle of M/z that meets the cocircuit {a,b,c,d,e, f} of
M/z in a single element; a contradiction. Suppose next that |U, — {e, f,g}| = 2.
Then U, is a 5-element 3-separating set in M/z and we again apply Lemma 4.2
to obtain the desired result because U, is neither a 5-fan nor a 5-cofan otherwise
e, f, or g is in a triad of M; a contradiction to 5.1.10. We may now assume that
|U. —{e, f,g}| = 1. Then U, is a 4-fan in M/z containing the triangle {e, f, g} of
M. Thus M has a 4-fan; a contradiction. We deduce that 5.1.12 holds.

We now show that

5.1.14. (M/vs)* is (4,5, S, +)-connected with an N*-minor.

Now M/z has an N-minor, and M/z has (g, v1, v2,v3) as a 4-fan. By Lemma 3.3,
M\g or M/vs has an N-minor. The first possibility contradicts 5.1.3, so N < M /vs.
Next we show that M /vg is 3-connected. This is certainly true if M/z/vs is 3-
connected so assume it is not. Then we have a 5-fan (g, v;, v;, v3,v4) in M/z where
{i,5} = {1,2}. Thus {z,v;,vs,v4} is a circuit of M. By orthogonality with the
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cocircuits {a, b, g, z,e} and {c¢,d, g, z, f} of M, we deduce from 5.1.10 that vy = g;
a contradiction. Hence M /vs is indeed 3-connected.

Let (Uy,, Vo) be a (4,5, S, +)-violator of M*\vs. We may assume that v; € Uy,
and vy € V. Now vy & clyg/u, (Viy), otherwise Uy, — vy is a (4,3)-violator of M;
a contradiction. Likewise, vy ¢ clys/y, (Uns). As each of {z,g,v1,v2}, {a,b,v1,va},
and {c, d, v1,v2} is a circuit of M, we may assume that {a,c, g} C U,, and {b,d, z} C
Vs because of the symmetry between a and b, and between ¢ and d.

Suppose that {e, f} C V,,. Then we obtain the contradiction that (U,, — g —
vy, Vg UgU vy Uwg) is a (4, 3)-violator of M unless |U,, — g — v1]| < 3. But, in the
exceptional case, U,, is a sequential 3-separating set that is contained in clyz/q, (Vo)
and again we have a contradiction. We deduce that {e, f} Z V,,.

Since we have maintained symmetry between e and f, we may assume that
e € Uy,. Now (Up, U f, Vo, — f) is a (4,5, 5, +)-violator in M*\vs because V,,, — f is
not a 4-fan or a 5-fan of M*\v3, otherwise b, z, or d is in a triad of M; a contradiction
to 5.1.10. Therefore we may assume that f € U,,. Then, because M has {a,b, ¢, d}
as a circuit and {a, b, c,d, e, f} as a cocircuit, and U,,, contains {a, ¢, e, f}, it follows
that Apz/v, (Uvy U{b,d}) < 2. Observe that Uy, U {b,d} spans z in M/v3. Thus, by
5.1.12, Uy, U {b,d} spans vy in M /vs. It follows that (U,, U {b,d} Uvy Uvs, V,, —
{b,d} — v2) is 3-separating in M. Thus |V,,| < 6. Suppose |V,,| = 4. Then V,,
is a quad in M /vs, so {b,d, z,v2} and {b,d, z,v2,v3} are a cocircuit and a circuit,
respectively, of M. Thus, letting Z = {a,b,c,d,e, f, g, z,v1,v2,v3}, we have that
Mi(Z)=r(Z)+r*(Z)—|Z| < 6+T7—11 = 2. Hence |E(M)| < 14; a contradiction.
Next suppose |V,,| = 5. Then, by Lemma 4.2, V,,, is a 5-fan or a 5-cofan of M /vs,
so b, d, or z is in a triad of M; a contradiction to 5.1.10. We conclude that |V,,| = 6
and V,, — {b,d} is a 4-fan of M/vz with z in its triad; a contradiction to 5.1.10.
This completes the proof in case I(A).
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FIGURE 4

To complete the proof of case I, it remains to consider the following.

M(B) YenY; ={y,z,9}.

As |[E(M)| > 15 and |Xf| > |Yf|, we must have that |X;| > 7. By 5.1.1,
|Ye| € {4,5}, so [Ye N X;| < 2. Hence |X. N X;| > 4. Thus, by Lemma 3.6,
Arve,f(Xe M Xy) > 2. Hence, by 5.1.6, Ay (Yo NYy) < 2,50 Apy(Ye NYy) =2 and
{y, 2,9} is a triangle or a triad of M. As g is in a triangle of M, we know that
{y, 2,9} is not a triad, so it is a triangle. By 5.1.2, Y, is a 5-cofan (z1,¥, g, 2z, x2) in
M\e and {e, g,y,x1} and {e, g, z, z2} are cocircuits of M. We have App r(Xy) = 2.
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Thus Ay (XU 2) < 3,80 M p(XfUzUg) <3asge cl}kw\f({e,@,z}). Hence
AM\f(Xf U {y,Z,g}) < 27 as y € ClM\f({Z7g}) and (/S Cl};/l\f({eagaxl})' Thus
A (XfU{y, 2, f.9}) < 2,50 [YrNX.| <3. Moreover, by 5.1.2, as Y, N Yy is a
triangle, |Y¢| > 5, so |Yy N X.| € {2,3}.

‘We show next that

5.1.15. [Y; N X,| = 2.

Suppose |Y; N X.| = 3. Then Y; N X, is a triangle or a triad of M. If Yy N X, is
a triangle, then, by Lemma 2.2, M\ f has a triangle T such that M\ f\t, and hence
M\¢t, has an N-minor for each element ¢ in T'; and we can apply Theorem 3.5 to
obtain the desired result. We deduce that Yy N X, is a triad. By Lemma 2.2, the
result follows if 7(Yy) = 3. Thus we may assume that r(Yy) > 4. If r(Yy) = 5,
then r3, ((Yy) = 3, so (M\f)*|Yy = M(K,). Hence, in M\f, we know that Yy
is as depicted in Figure 4, where circled vertices correspond to cocircuits of M\ f.
By orthogonality, {z,y, as} is a triad of M, so M has a 4-fan; a contradiction. We
deduce that 7(Yy) = 4.

Now Yy N X, is a triad of M and it spans the guts line L’ of the 3-separation
YrNX,E(M)— (Yyn X)) of M. As r(Y;) = 4, we must have that L’ meets
{y,z,¢}. Since M is binary, we deduce that the triad Yy N X, is in a 4-fan with an
element of {y, z,g} N L’; a contradiction. Hence 5.1.15 holds.
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)
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FIGURE 5

We may now assume that we are dealing with the situation shown in Fig-
ure 5. By 5.1.2, we may also assume that (z1,¥, 9, z,x2) is a 5-cofan in M\e and
(w17 Y,9,%, wQ) is a 5-cofan in M\f Thus {6797 Y, xl}a {67 g9, %, $2}7 {fa 9,Y, wl}a and
{f, 9,2, wa} are cocircuits of M. Therefore M contains the two rank-5 structures
shown in Figure 6, where some elements are common to the two structures and
each circled set is a cocircuit of M. Observe that {y, z, 21,22}, {y, z, w1, w2}, and
their symmetric difference, {z1, 2, w1, wa}, are also cocircuits of M.

By Lemma 3.3, M\e/x; has an N-minor. Thus N =< M/z;. Likewise,
M/x9, M /w1, and M/ws has an N-minor. We will show next that

5.1.16. (M/x1)*,(M/z2)*, (M/w1)*, and (M/w2)* are (4,5, 5, +)-connected.

By symmetry, it suffices to prove that (M/x1)* is (4,5, S, +)-connected. First
we show that this matroid is 3-connected. Since M\e has (z1,y,9,2,72) as a
5-cofan, by Bixby’s Lemma, as co(M\e\z1) is not 3-connected, either {z1,y} is
contained in a triangle of M\e, or M\e/x; is 3-connected. Suppose first that
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FIGURE 6

{z1,y} is contained in a triangle with some element ¢. Then {x1,y, ¢} meets both
of the cocircuits {y,w1,g, f} and {y, w1, z,ws}, so t = w;. Then, letting Z =
{e, f,9,y,2,21, 22, w1, wa}, we have Ay (Z) =r(Z)+1*(Z) —|Z| <6+5—-9=2;
a contradiction. Hence {z1,y} is not in a triangle.

As we now know that M\e/z; is 3-connected, it follows that M /z; is 3-connected
unless {z1, e} is contained in a triangle 7" of M. In the exceptional case, by orthogo-
nality, T must meet each of {g,y, w1 } and {g, z,wa}, so T = {x1, e, g} contradicting
the fact that {e, f, g} is a triangle. We conclude that M/z; is 3-connected.

Suppose that (M/z1)* has a (4,5, S, +)-violator (U, V). We may assume that

(13) UN{y, 2,9} >2.

Thus {y, 2,9} C clarje, (U). Then (U U {y,z,9},V — {y,2,9}) is 3-separating in
(M/x1)*, and |V — {y,2,9}| > 4. If e or x5 is in U, then, as {e,g,y,x1} and
{y, z, 21,22} are cocircuits of M, it follows that (U U{y, z,g} Uz1,V —{y,z,g}) is
a (4, 3)-violator of M; a contradiction. Thus {e,z2} C V.

We show next that

5.1.17. {e,25,f} C V.

From above, we need only show that f € V. Suppose that f € U. Then
(UU{y, z,g}Ue, V—{y, 2,9, e}) is 3-separating in M/x;. Thus |V —{y, z,g,e}| < 3
otherwise we obtain the contradiction that (U U {y,z,g} UeUx1,V —{y,z,9,¢})
is a (4, 3)-violator of M. Hence V is a 5-fan (v1,v2,vs3,v4,€) of M/xy with vy in
{y, z,9} and z2 in {vy, vs,vs}. Since M is internally 4-connected, neither {vy, vo, v3}
nor {vs, vy, e} is a circuit of M. Hence both {vy,ve,v5,21} and {vs, vy, e, 21} are
circuits. By orthogonality between the last circuit and the cocircuit {y, z, 21, x2},
we deduce that x4 € {v3,v4}.

Suppose x3 = wv4. Then, by orthogonality, {vi,ve,v3} meets both {y,z}
and {g,y}. As {vs,v3} N{y,z,9} = 0, we deduce that vy = y. The co-
circuit {f,g,y,w1} and the circuits {y,vs,vs,x1} and {e,x2,v3, 21} imply that
wy € {vo,v3} and wy # w3, so w1 = va. Now Mper({y,2,9}) < 2 and
(21,9, 9,2, 22) and (w1, y, g, z, ws) are 5-cofans in M\e and M\ f, respectively. Thus
{@1, 2o, w1, wa} C cl*ppve, s ({Y: 2, 9}), 50 Anpve, ({9, 2, 9, 1, 22, w1, wa}) < 2. Hence
Ane{ys 2,9, 21, w2, w1, wa, f}) < 3, 50 Av({y, 2, 9, 21, T2, w1, we, f,e}) = 3. But
vy € cl*({wy,z2}) and vs € cl({y,w1,71}), so we obtain the contradiction that
vy, z, 9,1, x2, w1, wa, f,e,v3}) = 2 unless v3 € {y, 2, 9,21, T2, w1, wo, f,e}. In
the exceptional case, v = ws S0 {y,w;,ws,x1} is a circuit meeting the cocircuit
{z1, 22, w1, ws} in exactly three elements; a contradiction. We deduce that xo # vy.
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We may now assume that xo = v3. Then {vy,ve,x1, 22} and {x1,x2,v4,€} are
circuits of M. Recall that {y,g,z} N {v1,ve,vs3,v4,e} = {v1}. By orthogonality
between the circuit {vy,ve, 21,22} and the cocircuits {z1,y, g,e} and {x1,y, z, x2},
we deduce that v; € {y,g} but v; # y. Hence v; = g. The symmetric difference of
the circuits {g, va, x1, 2}, {21, 22, v4, €}, and {e, f, g} is {va, v4, f}, which must be a
triangle of M. As this triangle meets the triad {va, v, v4}, we have a contradiction.
Hence 5.1.17 holds.

As {x1, 22, w1, wa} is a cocircuit of M, it follows that {wq,ws} € V otherwise
(U,V Uzy) is a (4,3)-violator of M; a contradiction. Therefore wy or wq is in U.
Thus f € cl*pr/q, (UU{y, 2,9}) and e € clyy e, (UU{y, 2,9, f}), 50 (UU{y, 2, 9, f,e}U
21,V —{y, 2,9, f,e}) is 3-separating in M. Hence

(14) V] <6.

Now, in the 3-separation (U, V) of M*\z1, we know that V contains {e, f, x2}.
Thus the triangle {e, f, g}, the cocircuit {e, g, z2, 2}, and the triangle {y, g, z} of
M imply that (U —g—2z—y,VUgUzUy) is 3-separating in M*\z;. As M* has
{y,x1,2,22} as a circuit, (U — {g,2,y},V U{g,z,y} Uzp) is 3-separating in M.
Thus |U] < 6. But, by (14), |V| < 6, so |E(M)| < 13; a contradiction. We conclude
that (M/z1)* is (4,5, S, +)-connected, so 5.1.16 holds.

We will now show that x1, o, wq, or ws is in a triad of M, and conclude that
(ii) of the theorem holds, or that contracting one of these elements in M yields an
internally 4-connected matroid, in which case (i) holds. Assume neither of these
occurs. Suppose (J, K) is a (4, 3)-violator of M /x1. Then, without loss of generality,
|JN{y,z,g9} > 2. Then (JU{y, 2,9}, K — {y,z,9}) is a (4,3)-violator of M/xz
unless K — {y,z,g} is a triad of M. In the exceptional case, {wy,wq,z2} C J.
But {wy,wsq,x1,22} is a cocircuit of M, so (J Uz, K) is a (4, 3)-violator of M; a
contradiction. We conclude that we may assume that {y,z, g} is contained in J.
As no triad of M meets this triangle, it follows, by 5.1.16, that K is a 4-fan or a
5-cofan of M/xzy. Now {e,g,y, 21} and {y, z, 1,22} are cocircuits of M. Hence if
e or x9 is in J, then (J Uz, K) is a (4, 3)-violator of M; a contradiction. Thus
{e,xz2} C K. But, at most one element of K is not in a triad of M/xy, and we
have assumed that x5 is not in a triad of M. Thus e is in a triad of M. This
contradiction completes the proof of case I.

Case II: |X.| > |Y.| and |X| < |Y7].

Since |E(M\ f)| > 14, it follows that
(15) |Yy| > 8.

Suppose that | X ;NYe| > 2. Then A\p(XyNYe) > 2. Thus, by Lemma 3.10(iv)(b),
A (XeNYy) <250 | XeNYy| < 3. This is a contradiction as |Yy| > 8 yet, by
5.1.7, |Ye N Yy| < 3. We deduce that | Xy NY.| < 1. Hence |[X;NY,| =1 and
|Y.NYy| =3, s0 Y. is a quad of M\e. Thus Y. NY7} is neither a triangle nor a triad
in M, so Apr(YeNYy) > 3. Thus, by Lemma 3.10(iv)(c), Aape,r(Xe N Xy) = 1, s0,
by Lemma 3.6, |X. N X¢| < 3. Therefore | X¢| < 5 so, by 5.1.2, Xy is a quad or
a 5-cofan of M\ f. Thus the unique element of X; NY, is in a cocircuit of M\ f
that is contained in X¢. This cocircuit meets the circuit Y. in a single element; a
contradiction. We conclude that case II does not arise.

Case III: |X.| < |Y.| and |X¢| > [YF].

First we show that
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5.1.18. |X,| = 5.

Assume that 5.1.18 fails. Then, by 5.1.2, X, is a quad of M\e. Thus |Y.| > 10.
By 5.1.5, | X NYy| > 1. Since |Xf| > |Yy|, we deduce that |Y. N Xf| > 4. Thus
A (Ye N Xy) > 3, so, by Lemma 3.10(iv)(c), Am(Xe NYy) < 1. Hence, by 5.1.5,
| XeNYs| =1so0|X.NXf| =2 Suppose Y. NYs| > 4. Then Ay (Yo NYy) > 3, so,
by Lemma 3.10(iv)(c), App\e,f(Xe N Xy) < 1. Thus X, N X is a 2-cocircuit {a, b}
in M\e, f. Then {a,b, f} is a cocircuit of M\e properly contained in the quad X_;
a contradiction. We conclude that |Y, NY}| < 3, so |Yy| = 4. Thus Y} is a quad of
M\ f. Then Yy is a circuit of M that meets cocircuit X, U e in a single element; a
contradiction to orthogonality. We conclude that 5.1.18 holds.

By 5.1.18, |Yc| > 9. Moreover, by (12), |Yy| > |X.|. It follows that |Y;| > 5.
By 5.1.2, X, is a 5-cofan with f as its central element. For each triad T of M\e
contained in X, the set T* U e is a cocircuit of M. The symmetric difference of
the two such cocircuits, which is X, — f, is a cocircuit of M. Suppose X. N Y}
contains a single element, say z. Then, since X, N Xy = X, — {f, 2z}, we deduce
that z € cl”pp f(Xe N Xy), so (X; U2, Yy — z) is a 3-separation of M\ f. Hence
(XfUzU [, Yy —2)is a (4, 3)-violator of M; a contradiction. Thus | X, NYy| > 2.
It follows that |X. N X¢| <2 and Ay (Xe NYy) > 2. Thus, by Lemma 3.10(iv)(b),
Ai(X;NY,) <2 50 | XpNYe| <30 But [Xg| > [Yy], so |Xy| > ECADL > 7,
Hence | Xy NY.| > 4; a contradiction. We conclude that case III does not arise.
Case IV: |X| < |Y,| and | Xf| < |YF|.

Since |E(M\ f)| > 14, we deduce that
(16) Yy = 8.

By 5.1.2, since | X.| € {4,5}, either X, is a quad of M\e, or X, is 5-cofan of
M\e with f as its central element. By 5.1.5, X, N Xy # 0. Hence | X, NY}| <

3. As |Yy| > 8, it follows that |[Yo. NYy| > 5, so Ay(Ye NYy) > 3. Hence, by
Lemma 3.10(iv)(c),

(17) )\M\e,f(Xe N Xf) <1
‘We show next that
5.1.19. | X.NYs| >2 and | X;NYe| <3.

Suppose |X. NYy| < 1. Then, by 5.1.5, we may assume that X. NY} contains a
single element, say z. Suppose X, is a quad of M\e. Then |X. N Xs| = 2 so, by
(17) and Corollary 3.7, X, N Xy is a 2-cocircuit of M\e, f. Thus (X.NXy)U{e, f}
is a cocircuit of M that is properly contained in the cocircuit X, U e of M. Hence
X, is not a quad of M\e. Thus X, is a 5-cofan of M\e. It follows, by arguing as in
case III, that (X Uz, Yy — 2) is a 3-separation of M\ f,so (X;UzUf,Y;—2)isa
(4, 3)-violator of M; a contradiction. Thus |X. NY}| > 2. Hence Ay (X, NYy) > 2,
so, by Lemma 3.10(iv)(b), A (Xe NYy) < 2. Thus | Xy NYe| <3 and 5.1.19 holds.

Next we show that

5.1.20. |X, N X =1.

Suppose that |X. N X;| > 2. Then, as |X.| < 5, we deduce, by 5.1.19, that
|Xe N Xf| =2 and X, is a 5-cofan of M\e having f as its central element. Since,
by (17), Aarve,r(Xe N Xy) < 1, it follows that X. N Xy is a 2-cocircuit {a,b} of
M\e, f. Thus {a,b, f} is a cocircuit of M\e. Hence we may assume that X, =
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(a,b, f,y, z) where {y,z} = X NY}. Thus {a,b, f,e} and {y, 2, f, e} are cocircuits

of M. Therefore e € cl*ypnf(Yy). Thus, as |Xf| > |X.| = 5, we deduce that

(Xy—eYrUeUf)is a (4,3)-violator of M; a contradiction. Hence 5.1.20 holds.
Let X, N Xy = {a}. We show next that

5.1.21. X, is a quad of M\e.

Assume 5.1.21 is false. Then X, is a 5-cofan (z1,xo, f,z3,24) in M\e and
{z1, 29, f,e} and {x3, x4, f,e} are cocircuits of M. Thus the symmetric differ-
ence, {z1, 2, T3, 24}, of these two cocircuits is a cocircuit of M containing a. Hence
(X¢—a,YrUa) is a 3-separation of M\ f, and Xy is not a quad of M\ f, so | Xf| > 5.
The circuit {x2, f,z3} of M implies that (X; —a, Yy UaU f) is a (4, 3)-violator of
M; a contradiction. Hence 5.1.21 holds.

We now show that

5.1.22. X is a quad of M\f.

Assume that this is false. Then, by 5.1.19 and 5.1.20, |Xy| = 5, so X is
a b-cofan (x1,x2,e,x3,x4) in M\ f. Thus {x1,z2,¢, f}, {x3,24,¢, f}, and hence
{x1,z9, 23,24} are cocircuits of M. By 5.1.20, the last of these meets the circuit
X, of M in a single element. This contradiction to orthogonality establishes 5.1.22.

Xe Ye

FIGURE 7

We may now assume that X.NYy = {y, 2z} and Y.N Xy = {b, ¢}, as shown in Fig-
ure 7. Then X, U X = {a,b,c,e, f,y,z}. Note that {a,b,c,e, f} and {a,y, 2, e, f}
are cocircuits of M. Hence so is their symmetric difference, {b,c,y,z}. Next we
show that

5.1.23. M has no triangle other than {e, f, g} meeting {a,b,c,e, f,y, z}.

Suppose 5.1.23 does not hold. Then, without loss of generality, some element of
{a,b,c, f}isin atriangle T of M, where T # {e, f, g}. By orthogonality with the co-
circuit {a, b, ¢, e, f}, we know that T contains exactly two elements in {a,b,c, e, f}.
T C X.UXy, then \y(XeUXp) =r(XeUXyp) +r*(XeUXy) — | XeUXy| <
445 —7 = 2, contradicting the fact that M is internally 4-connected. Hence
|T N (X.UXy)| =2. By orthogonality with the cocircuit {b, ¢, y, z}, either T con-
tains {b, ¢}, or T contains two elements of {a, e, f}. AsT # {e, f, g}, we deduce that
T contains {b, c}, {a,e}, or {a, f}. Thus T is contained in clyp\o(Xe) or clap f(Xy),
so M\e or M\ f has a 5-element 3-separating set that is not a 5-fan or a 5-cofan.
By Lemma 4.2, we have a contradiction. Thus 5.1.23 holds.
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As M\e has an N-minor and a quad {a, f, z,y}, by Lemma 3.4, M\e, f or M\e/f
has an N-minor. If M/f has an N-minor, then M/ f\g has an N-minor, as {e, g} is
a circuit in M/ f; a contradiction to 5.1.3. Thus N < M\e, f, and so, as {a, f,2,y}
is a quad of M\e, it follows, by Lemma 3.4, that N < M\e,a. Hence N < M\a.

We show next that

5.1.24. M\a is 3-connected.

First we show that M\a has no 2-cocircuits. Assume M\a has a 2-cocircuit S.
Then SUa is a triad of M which, by orthogonality, must be contained in X, U X¢.
Since X, U Xy also contains two 5-element cocircuits, r*(X, U Xy) < 4 and hence
Av(Xe U Xy) < 2; a contradiction. Thus M\a has no 2-cocircuits. Hence every
2-separation of M\a is non-minimal. Let (X,Y) be such a 2-separation. Then we
may assume that | X N{e, f,g}| > 2, so (X U{e, f,g},Y —{e, f,g}) is a 2-separation
of M\a. As M\a has {e, f,b,c} and {e, f,y, 2z} as cocircuits, and M has {e, b, c,a}
and {f,y,z,a} as circuits, it is not difficult to see that {b,c,y,z} C Y. Thus
(XU{e, f,9}Ua,Y —{e, f,g}) is a 3-separation and hence is a (4, 3)-violator of M;
a contradiction. We conclude that 5.1.24 holds.

If M\a is internally 4-connected, then the theorem holds. Thus we may as-
sume that M\a has a (4,3)-violator (U,V) with |{e, f,g} N U| > 2. Then
(UUe, f, g}, V—{e, f,g}) is a (4, 3)-violator of M\a unless V is a 4-fan (z, v1, va, v3)
having {z,v1,v2} as a triangle and {vy,vq,vs3} as a triad and with = € {e, f,g}.
In the exceptional case, by 5.1.23, we deduce that x = ¢g. As M is internally 4-
connected, {vy,vs,v3,a} is a cocircuit of M. By orthogonality with the circuits
{a, f,y,z} and {a,b,c, e}, we get that two elements in {y, z,b, c} are in {v1, vy, v3};
a contradiction to 5.1.23 as {g, v1,v2} is a triangle other than {e, f, g}.

We may now assume that {e, f,g} C U. If U contains {b,c} or {y,z}, then
(UUa,V) is a (4, 3)-violator of M; a contradiction. Without loss of generality, we
may assume that {c,z} C V. If b€ U, then (UUcUa,V —c¢) is a (4, 3)-violator
of M unless V — ¢ is a triangle of M containing z; a contradiction to 5.1.23. Thus
b € V and, likewise, y € V. Therefore

5.1.25. {e, f,g} CU and {b,c,y,z} C V.

The symmetric difference {a,b,c,e} A {a,f,y,z} A {e, f,g}, which equals
{b,¢,y,z,9}, is a circuit of M, so

2= AM\a(V) 2 )‘M\a(VUg) 2 /\IVI\a(VUgU {e’f}) 2 )‘M(VUgU {evf} Ua)'

Thus 4 < |U] < 6.

Suppose that |U| = 6. Then |U — g| is a 5-element 3-separating set in M\a. By
Lemma 4.2, this 3-separating set is a 5-fan or a 5-cofan of M\a. If U — g is a 5-fan,
then e or f is in a triangle of M that is not {e, f,g}; a contradiction to 5.1.23.
Thus U — g is 5-cofan (e, uy, us,us, f) of M\a and {a, e, uy,us} is a cocircuit of M;
a contradiction to orthogonality with {e, f, g}. Thus |U| # 6.

Suppose next that |U| = 5. By Lemma 4.2, this 3-separating set is a 5-fan or a 5-
cofan of M\a. By 5.1.23, as before, we deduce that U is a 5-cofan (uq, us, us, g, us)
in M\a where {ug,us,us} = {e, f, g}. Moreover, {a, u1,us,us} and {ug, uq, us,a}
are cocircuits of M. By orthogonality with the circuits {a, f,y, 2z} and {a,e,b, c},
we deduce that {u1,us,us} meets {f,y,z} and {e,b,c}. But {ui,us,us} avoids
{y, z,b,c}, so {u1, ua, us} contains { f, e}. By symmetry, {us, us, us} contains { f, e};
a contradiction. Hence |U| # 5.
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We may now assume that |[U| = 4. Then U —g is a triad of M\« containing {e, f}
but avoiding ¢g. Hence M has a 4-cocircuit C* containing {e, f,a}. Thus M\e, f
has a 2-cocircuit, {a,z} say. Moreover, & € Y, N Y} otherwise Aps(X. U Xy) < 2;
a contradiction. Clearly (X, U z,Y, — x) is a 3-separation of M\e. Thus, by
Lemma 4.2, X, Uz is a 5-fan or a 5-cofan of M\e contradicting 5.1.21. This
completes the proof of the theorem. ([l

6. PROOF OF THE MAIN THEOREM

In this section, we prove the main result of the paper, Theorem 1.2. To do this,
we shall use two more lemmas.

Lemma 6.1. Let M and N be internally 4-connected binary matroids with
|[E(M)| > 15. Let {e, f,g} be a triangle of M such that M\e has an N-minor
and is (4,5,85,4)-connected. Let (1,2,3,4,5) be a 5-fan in M\e. If M\5 has a
quad, then 4 € {f, g} and either
(i) M has a proper minor M’ such that |E(M) — E(M")] < 3 and M’ is
internally 4-connected with an N-minor; or
(ii) M\1 is (4,4, 5)-connected having an N-minor.

Proof. Assume that the lemma fails. By Lemma 3.3, N < M\e\l, so N < M\1.
Thus M\1 is not (4,4, 5)-connected. As M is binary, {2,3,4} contains a single
element of f and g, say f. Let @ be a quad of M\5. Then QU5 is a cocircuit of M
as M has no quads. Hence, by orthogonality with the triangle {3,4,5}, we deduce
that @ contains 3 or 4. Indeed, since M is binary, () contains exactly one of 3 and
4.

Now M has {2, 3,4, e} as a cocircuit. This cocircuit meets the circuit Q in two or
four elements. But {3,4} € @, so |@QN{2,3,4,e}| = 2. Next we show the following.

6.1.1. If e ¢ Q, then Q = {2,3,q3,q4} for some q3,qs4 not in {1,2,3,4,5,e}.
Moreover, 4 = f.

Assume e ¢ Q. Then @ meets the cocircuit {2,3,4,e} in {2,4} or {2,3}. First
suppose that QN{2,3,4,e} = {2,4}. Then, as QU5 is a cocircuit of M and {1, 2,3}
is a circuit, it follows, by orthogonality, that 1 € . Thus @ is {1,2,4, z}. Hence
{1,2,3,4,5, 2} is 3-separating in M \e; a contradiction to the fact that this matroid
is (4,5,5,4)-connected. We deduce that Q@ N{2,3,4,e} = {2,3}.

Now let Q = {2,3,4q3,q4}. Then {1, ¢3,q4}, which is @ A {1, 2,3}, is a circuit of
M. Hence, as M\e is (4,5, 5, +)-connected, {qg3,q4} N{1,2,3,4,5,e} = 0. Suppose
f €{2,3}. Then g € {g3,q4}. Let Z = {1,2,3,4,5,¢,q43,94}. Then r(Z) < 4.
Moreover, 7*(Z) < |Z|—2 as Z contains the cocircuits {2, 3,4, e} and {2, 3, g3, q4,5}.
Hence A(Z) < 2; a contradiction as |[E(M)| > 15. Thus f =4, so 6.1.1 holds.

6.1.2. Ife & Q, then M\1 is (4,4)-connected.

Let (U, V) be a (4, 4)-violator for M\1. Then |U|,|V| > 5. The triangles {1, 2, 3}
and {1, g3, g4 } imply that we may assume that {2, ¢3} C U and {3, ¢4} C V. Observe
that both U U {2,3,4,e} and V U {2,3,4,e} span 1 in M. By Lemma 3.9(ii),
{2,3,4,e}NV]| >2and |{2,3,4,e} NU| > 2. Therefore {4,e} U and {4,e} Z V.

Suppose 4 € U and e € V. Then 5 ¢ U otherwise 1 € cl(U). Thus 5 € V. Then
4 €cl(V)and 2 € cl"pn (VU4). Hence (U—4-2,VU4U2U1) is a 3-separation of
M. Thus [U| =5 and U —4—2 is a triangle of M. It follows that {2,4} is contained
in a triangle of M. But this is a contradiction as M\e is (4, 5, S, +)-connected.
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We may now assume that e € U and 4 € V. Suppose 5 € V. Then (U — 2,V)
is a 3-separation of M\1,2. But g3 € U — 2 and {3,q4,5} C V. Hence, by 6.1.1,
g3 € cl"pp1,2(V), so (U =2 — q3,V Ugs) is 3-separating in M\1,2. But {1,2} C
cl(VUgqs). Thus (U—-2—¢q3,VUgzU{1,2}) is 3-separating in M, so |[U—2—q3| = 3.
As e is in the 3-separating set U — 2 — g3, this set is a triangle of M that meets
the cocircuit {2,3,4,e} in {e}; a contradiction. We conclude that 5 € U. Then
5¢€ cl(V), so (U—5,VUDH) is a 3-separation of M\1. Hence |U| = 5 otherwise
|U — 5| > 5 and we can replace (U, V) by (U — 5,V U5) to obtain a contradiction
as above. Now g4 € cl*pp\1,3(U), so (UUqq,V — 3 — qq) is 3-separating in M\1, 3.
But 1 € cl(UUgqq) and 3 € cl(UUqgqU1). Hence (UUqU1U3,V —3—qq) is
3-separating in M. Thus |V| = 5, so |[E(M)| = 11; a contradiction. Hence 6.1.2
holds.

We now strengthen 6.1.2 to show the following.

6.1.3. c € Q.

Assume e ¢ Q. Since M\1 is not (4,4, S)-connected, by 6.1.2, the assertion
holds unless M\1 has a quad @Q’. Consider the exceptional case. Then Q' U1 is a
cocircuit of M, so exactly one of g3 and ¢4 is in Q’ since {1, ¢3,q4} is a triangle of
M. Without loss of generality, we may assume that ¢3 € Q.

6.1.4. 3 Q" and2 e Q'

Clearly |Q'Nn{2,3}| = 1. Suppose that 3 € @Q’. Then 4 or 5is in @', so Q" U{4,5}
is a (4, 4)-violator of M\1; a contradiction to 6.1.2. We conclude that 6.1.4 holds.
Next we show that

6.1.5. 4 Q andec Q'

Since 2 € Q" and {2,3,4,¢e} is a cocircuit, exactly one of 3,4 and e is in Q’.
By 6.1.4, 3 ¢ Q'. Suppose 4 € Q'. Then Q' = {2, ¢3,4,v} for some element v, so
{2,¢3,4,v,1} is a cocircuit of M. As 3 ¢ Q' and {3,4,5} is a circuit, it follows that
5€ @ sov =5 Thus Q = {2,¢3,4,5}. Taking the symmetric difference with
{1,2,4,5}, we see that {gs, 1} contains a circuit of M; a contradiction. We deduce
that 4 € Q’. Therefore e € Q'. Thus 6.1.5 holds.

We may now assume that Q' = {2,¢3,e,w} for some element w that is not
in {1,2,3,4} and so is not in {1,2,3,4,5} by orthogonality between Q' U1 and
the triangle {3,4,5}. Let Z"” = {1,2,3,4,5,¢3,q4,¢,w}. Then r(Z") < 5 and
r*(Z") < |Z"|—3 as Z" contains the cocircuits {2, 3,4, e}, QU5, and Q' U1. Hence
A(Z") < 2; a contradiction, so 6.1.3 holds.

6.1.6. Q = {e,4,q3,q4} for some q3,q4 not in {1,2,3,4,5,e,g}. Moreover, f =4
and {g,qs3,qa} s a circuit of M.

As e € @, exactly one of 2,3, and 4 is in ). Suppose that Q N {2,3} # 0.
Then, by orthogonality, 1 € @, so {1,2,3,4,5} UQ is a T-element 3-separating set
in M; a contradiction. Thus Q N {2,3} =0, so 4 € Q. We now know that Q =
{e,4,qs,qs} for some elements g3, ¢4 not in {1,2,3,4,5}. Suppose f € {2,3}. Then,
as |{e, 4,q3,q4,5} N {e, f, g}| = 2, we may assume that ¢g3 = g. Thus Q A{e, f,g} =
{4, fyqa}. Then q4 € cl({1,2,3,4,5}), so {1,2,3,4,5,q4} is 3-separating in M\e;
a contradiction. We conclude that f ¢ {2,3}. Thus f = 4 and so g & {g¢3,q4}-
Moreover, Q A {e, f, g}, which is {g, g3, q4}, is a circuit of M. Hence 6.1.6 holds.
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Since N < M\e and (1,2, 3,4,5) is a maximal fan of M\e, it follows that M\e\5
is 3-connected. Moreover, N < M\e\5. Now M\e\5 has {4, ¢3,q4} as a triad and
has {g,qs,q4} as a triangle, so has (g,qs,q4,4) as a fan. Thus N < M\e\b\g or
N =< M\e\5/4. In the latter case, as 4 = f and {e, g} is a circuit of M/4, we
deduce that N < M\g. This also holds in the former case.

As the quad @ of M\5 is {4,e,q3,q4} and M\5\e has an N-minor, Lemma 3.4
implies that N < M\5\4. But f = 4. Hence N < M\ f. We now know that, for all
t in the triangle {e, f, g}, the matroid M\t has an N-minor. Then, by Theorem 3.5,
since we have assumed that (i) of the lemma does not hold, we deduce that

6.1.7. M\ f or M\g is (4,4, 5)-connected.

Recall that M\1 is not (4,4, 5)-connected and that 4 = f. Next we show the
following.

6.1.8. Let (U,V) be a (4,4, S)-violator of M\1 with 4 in U. Then g € U, and V
is a 5-fan (e, 2,81, s2,53) where {s1,592,83+ N{1,2,3,4,e,9} = 0. Moreover, M\g
is (4,4, 5)-connected.

We may assume that |U|,|V| > 5, or U or V is a quad of M\1. Neither U nor
V spans 1, so we may also assume that a € U and b € V where {a,b} = {2,3}.
Suppose e € U. Then (UUbUL, V —D) is a 3-separation of M. Therefore |V —b| < 3,
so |[V| = 4. Hence V is a quad of M\1. But V is sequential in M\1; a contradiction.
We conclude that e € V. Then (U UD,V — e — b) is 3-separating in M\1\e. Hence
(UUbU1,V —e —b) is 3-separating in M\e. Thus |V| < 7.

Suppose g € V. Then f € cl(V). But, by 6.1.6, f = 4, so 4 € cl(V) and
a € cl*pnq(VU4). Thus (U —-4—a,VU4UaU1) is 3-separating in M, so [U| < 5.
Hence |E(M)| < 13; a contradiction. We deduce that g € U.

Now e € cl(U) and b € cl*pp\1(UUe). Thus (UUeUbUL, V —e—b) is 3-separating in
M. Hence V is a 5-fan (e, b, s1, 82, s3) in M\1, and {s1, s2,s3}N{1,2,3,4,¢e,9} = 0.
Thus {1, b, 51, $2} is a cocircuit of M. Suppose that b = 3. Then the circuit {3, 4,5}
implies, by orthogonality, that 5 € {s1,s2}. But {e,3,5} is not a circuit of M, so
5 = s3. Taking the symmetric difference of the circuits {e, 3, s1}, {s1,5, s3}, and
{3,4,5}, we deduce that {e, s3,4} is a circuit. Thus s3 = g¢; a contradiction. We
conclude that b # 3, so (a,b) = (3,2).

Finally, suppose that M\g is not (4,4, S)-connected and recall, from 6.1.6, that
f = 4. Then, by 6.1.7, M\f is (4,4,5)-connected. As (U —4 — 3,V U3) is 3-
separating in M\1\4, we deduce that (U —4— 3,V U3U1) is 3-separating in M\4.
Hence |U| < 6, so |E(M)| < 12; a contradiction. Thus M\g is (4,4, S)-connected.
We conclude that 6.1.8 holds.

As M\g is not internally 4-connected, it has a 4-fan (¢1,to,ts,t4). Then
{ta,t3,t4,g} is a cocircuit of M. By orthogonality, {ts,t3,t4} contains exactly
one element of {e, f} and contains exactly one element of {gs, g4}, say g¢s.

Suppose f € {ta,t3,t4}. Then, by orthogonality, 3 or 5 is in {to,t3,¢4}. If 3 €
{ta,t3,ts4}, then {to,t3,t4} meets {1,2}; a contradiction as g3 € {t2,t3,t4}. Thus
5 € {ta,ts,ta}, so {f,5,qs3,g} is a cocircuit of M. Let Z = {1,2,3,4,5,¢,9,q3,q4}-
Then r(Z) < 5 and r*(Z) < |Z| — 3 as Z contains the cocircuits {2,3,4,e}
{f,5,q3,9}, and {e, 4, qs,q4,5}. Thus \(Z) < 2; a contradiction.

We may now assume that e € {t2,t3,¢4}. First suppose that e = t4. As g3 €
{t2,t3}, we may assume that t3 = ¢3. Orthogonality between the circuit {¢1,t2, g3}
and the cocircuit {e, 4, gs, q4,5} implies that 4,5, or g4 is in {t1,t2}. If g4 € {t1,t2},
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then {t1,t2,t3} = {q¢3,q4,9}; a contradiction. If 4 € {t1,t2}, then 2 or 3 is in

{t1,t2} by orthogonality with {2,3,4,e}. Thus {2,4} or {3,4} is in a triangle

of M other than {3,4,5}; a contradiction. We deduce that 5 € {t1,t2}. Let

7' ={1,2,3,4,5,€,9,q3,qa, t1,t2}. Then r(Z') < 5 and r*(Z') < |Z'| — 3 as Z’

contains the cocircuits {2, 3,4, e}, {t2,¢s,e,9}, and {e, 4, ¢3,q4,5}. Thus A\(Z') < 2;

a contradiction. We conclude that e # t4. Thus e € {t,t3}. Also g3 € {t3,%4}.
Next we show that

6.1.9. qs3 75 t3

Assume the contrary. Then e = to. Orthogonality between {¢;,e,q3} and
{2,3,4, e} implies that t; € {2,3,4}. By 6.1.1, 4 = f, so t; # 4. Hence t; € {2, 3}.
Then {tla ¢, ‘B} A {97 q3, 114} A {6, I/ g} = {tla e q4}' Thus {tlv 1 q4} is a circuit, so
g4 € cl({1,2,3,4,5}); a contradiction. We conclude that 6.1.9 holds.

We now know that ¢q3 = t4. By symmetry, we may assume that e = t5. Thus
(t1,e,t3,q3) is a 4-fan in M\g. From 6.1.8, M has {e, 2, s1} as a triangle and g # s;.
It follows by orthogonality that {2, s;} must meet {t3,qs,9}. If qg3 € {2,51}, then
{t1,e,t3,q3}U{2, 51} is a 5-element 3-separating set in M\g. This is a contradiction
as M\g is (4,4, 5)-connected. Therefore {e,2,s1} = {e,t1,t3}. Thus 2 is t3 or ¢;.

If 2 = t3, then orthogonality between the cocircuit {e,2,¢s,g} and the circuit
{1,2,3} implies that g3 € {1,3}, contradicting 6.1.6. Thus 2 = t;, so t3 = $1.
The cocircuit {e, s1, 3, g} meets the circuit {s1, 2, 83}, so {s2, s3} meets {e, g3, g}
But, by 6.1.8, {s2, s3} avoids {e, g}, so g3 € {s2,s3}. Then the 4-fan (¢1,e€, s1,q3)
in M\g can be extended to a 5-fan; a contradiction. Thus Lemma 6.1 holds. O

Although the matroid M we are dealing with need not be graphic, we follow
[2] in using a modified graph diagram to keep track of some of the circuits and
cocircuits in M (see Figure 8). By convention, the cycles in the graph correspond
to circuits of the matroid while a circled vertex indicates a known cocircuit of M.

Lemma 6.2. Let M and N be internally 4-connected matroids with |E(M)| > 15.
Let {e, f, g} be a triangle of M such that M\e has an N-minor and is (4,5,5,4)-
connected. Let (1,2,3,4,5) be a 5-fan in M\e. Then each of M\e,1 and M\e,5
has an N-minor. Moreover,
(i) M has a proper minor M’ such that |E(M) — E(M')] < 3 and M’ is
internally 4-connected with an N-minor; or
(if) M\1 or M\5 is (4,4, S)-connected having an N-minor; or
(iii) both M\1 and M\5 are (4,5,5,4)-connected and M contains one of the
configurations shown in Figure 8 where all the indicated elements are dis-
tinct unless f =3, |[E(M)| = 15, and v3 = ws.

Proof. Certainly both M\e, 1 and M\e, 5 have N-minors. Moreover, as (1,2, 3,4, 5)
is a maximal fan in M\e, by [14, Lemma 1.5], each of M\e,1 and M\e,5 is 3-
connected. Assume that neither (i) nor (ii) holds. Then, by Lemma 6.1 and sym-
metry, we may assume that neither M\1 nor M\5 has a quad. Let (Us, V5) be a
(4,4, 5)-violator of M\5. Then |Us|, |V5| > 5. Without loss of generality, we may
assume that 3 € Us and 4 € V5. By Lemma 3.9(ii), each of Us and V5 must contain
at least two elements of {2, 3,4, e}, so {2,e} € Us and {2,e} Z V5.
Next we show that

6.2.1. 2€ U; and e € V5.
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Ficure 8. Circled vertices correspond to known cocircuits.

Assume that this fails. Then 2 € V5 and e € Us. It follows that 1 € Us otherwise
Vs contains {1,2,4} and so spans 5, a contradiction. Now (Us U 2, V5 — 2) and
(Usu2U4, Vs — 2 —4) are 3-separations of M\5. Thus (Us U2U4U5, Vs —2—4)
is 3-separating in M. Hence |V5 — {2,4}] < 3, so |V5] < 5.

Now (Us — e,Vs) is 3-separating in M\5\e. Hence so is (Us — e — 3, V5 U 3).
Thus (Us — e — 3, V5 U3 UD5) is 3-separating in M\e. Therefore |Us — e — 3| < 5, so
|Us| < 7. But |V5| < 5. Thus |E(M)| < 13; a contradiction. Thus 6.2.1 holds.

We show next that
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6.2.2. |V5| <7 and |Us| > 7.

We know that (Us, Vs — e) is a 3-separation of M\5\e, so (Us U4,Vs —e—4) is
3-separating in M\5\e. Hence (Us U4 U5, V5 — e — 4) is 3-separating in M\e, so
|[Vs —e —4| <5and |V5| < 7. Thus |Us| > 7 and 6.2.2 holds.

Next we show the following.

6.2.3. If f =4, then g € V5.

Assume g € Us. We have \p5(Us) = 2, so Ayn\5(Us U4) < 3. But e €
clans(Us U4) Nl pn5(Us U 4) since {f,g} € Us U4 and {2,3,4} C Us U4. Thus
As(Us U4 Ue) < 2. Hence (Us U {4,¢,5}, Vs — {4,¢e}) is 3-separating in M, so
|Vs — {4,e}| <3. But |V5| > 5. Thus V5 — {4, e} is a triangle or a triad of M.

Now (Us, Vs—e) is a 3-separation of M\5\e and 4 € cl*yp\5.¢(Us). Thus Vs—{4, e}
is a triangle {v1,vo,v3} of M\5, e where {4,v1,v2} is a triad of M\5,e. As 4= f
and g € Us, it follows that {4,v1,v9,e} is a cocircuit of M\5. We know that
MN\5 has no quads and that Vs is a 5-element 3-separating set in this matroid that
contains the triangle {vy, v, v3}. Suppose r(V5) = 3. Then Vs is a 5-fan in M\5.
Thus {4, e} is contained in a triangle contained in Vs; a contradiction. We deduce
that r(V5) = 4. Thus Vs is a 5-cofan in M\5 in which the triangle is {v1,v2,v3}
and the other two elements are e and 4. Thus e is in a triad of M\5. But M\5,e
is 3-connected; a contradiction. We conclude that 6.2.3 holds.

6.2.4. If f € {2,3}, then g € Us.

Suppose g € V5. First assume that f = 3. Then (Us — 3, V5 U3) is a 3-separation
of M\5, so (Us —3,V5U3U5) is a 3-separation of M; a contradiction as |Us —3| > 4.
We may now assume that f = 2. Then (Us —2,V5U2) and (Us —2—3,V5U2U3)
are 3-separations of M\5. Hence (Us —2 — 3,V5U2U3UD5) is 3-separating in M.
Thus |Us — 2 — 3| < 3. This contradicts 6.2.2. Hence 6.2.4 holds.

6.2.5. If f € {2,3}, then V5 is a 5-fan (e,4,v1,va,v3) in M\5 and {4,v1,v2,5} is
a cocircuit of M. Moreover, {vi,v9,v3} N{1,2,3,4,5,¢,9} = 0.

First we note that, as f € {2,3}, by 6.2.4, g € Us. Thus each of (Us Ue, V5 —e)
and (Us UeU4,Vs — e —4) is 3-separating in M\5, so (Us Ue U4 U5, Vs —e—4)
is 3-separating in M. Hence V5 —e —4] < 3,50 [V5| = 5. As e € clyn\5(Us) and
4 € cl*ypn\5(Us Ue), it follows that Vi is a 5-fan (e, 4, v1,v2,v3) as asserted. As M
has no 4-fans, we deduce that {4, v1,v2,5} is a cocircuit of M.

Now {2,3,4,5,¢e,9} N{v1,ve,v3} = 0 as {2,3,9} C Us and |{e, 4, v1,v2,v3}| = 5.
Clearly 1 ¢ {v1,v2} by orthogonality between the cocircuit {4,v1,v2,5} and the
circuit {1,2,3}. Finally, vs # 1 otherwise r({1,2,3,4,5,e,v1,v2}) < 4 and then
A({1,2,3,4,5,e,v1,v2}) < 2; a contradiction. Thus 6.2.5 holds.

Now let (U1, V1) be a (4,4, S)-violator of M\1. As M\1 has no quads, |Ui|, |V1| >
5. Without loss of generality, we may assume that 3 € U; and 2 € V;. By 6.2.1,
6.2.3, 6.2.5, and symmetry, we get the following.

6.2.6. (i) 4 €Uy and e € Vi;
(ii) if f =2, then g € Vi; and
(iii) of f € {3,4}, then V1 is a 5-fan (e, 2, w1, wa, w3) in M\1 where {2, w1, w2, 1}
is a cocircuit of M and {wy,wz, w3} N{1,2,3,4,5,¢,g} = 0.

We now show the following.
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6.2.7. If f =4, then V5 is a 5-fan (e, 4, g, h,1) in M\5 and {4, g, h,5} is a cocircuit
of M where {h,i} N {1,2,3,4,5,e,9} = 0.

By 6.2.3, g € V5. If wy € Vj, then (Us —2,V5U2) and (Us —2 —3,V5U2U3)
are 3-separating in M\5, so (Us —2 — 3,V5 U2U3UD5) is is 3-separating in M;
a contradiction as |Us| > 7 by 6.2.2. We deduce that w; € Us. Then e € cl(Us)
and 4 € cl*pp5(Us Ue). Thus (UsUeU4UB5, Vs — e —4) is 3-separating in M.
Hence |V5| = 5 and Vj is a 5-fan (e, 4, g, h,4) in M\5. It follows that {4,g,h,5} is
a cocircuit of M. Clearly {h,i} N {2,3,4,5,e,9} = 0. Moreover, h # 1 otherwise
the circuit {1,2,3} and the cocircuit {4,¢g,h,5} meet in a single element. Finally,
i # 1 otherwise \({1,2,3,4,5,¢,9,h}) < 2; a contradiction. Thus 6.2.7 holds.

The case when f = 2 is symmetric to that when f = 4. We may now combine
the information above to obtain that both M\1 and M\5 are (4,5, S, +)-connected,
and that M contains one of the configurations shown in Figure 8. It is not difficult
to check that all of the elements shown are distinct unless |E(M)| = 15, f = 3, and
v3 = ws, otherwise M has a (4, 3)-violator. O

We are now ready to complete the proof of the main theorem. This will
use the following notion, which was motivated by Zhou’s [18] definition of a
double k-fan. For an integer £k > 3, we shall say that an internally 4-
connected binary matroid M has a good k-configuration if M has distinct elements
C1,C2y vy Chy A0y A1y - -+, Ak—1,D0,b1,...,br_1 such that

(i) for all ¢ in [k — 1], the set {c¢;,a;,b;,cit1} is a cocircuit and each of
{a;—1,¢i,a;} and {b;—1,¢;,b;} is a triangle of M; and
(ii) when %k is even, {ap_1,ck,ar} is a triangle for some element

ar not in {ay,bi,c1,a9,ba,¢2,... a5-1,bp—1,ck—1}; and, when &k
is odd, {bk—1,ck,br} is a triangle for some element by not in
{ai,b1,c1,a2,b2,¢2,. .., ag—1,bk—1,c,—1}; and

(iii) if 4 is odd, then M\b; is (4,5, S, +)-connected and has an N-minor, while
if j is even, then M\a; is (4,5, .5, +)-connected and has an N-minor.

Proof of Theorem 1.2. Assume that neither (i) nor (ii) holds. By Theorem 2.1,
taking the dual when necessary, we may assume that M has a triangle T that
contains an element e such that M\e is (4,5, S, +)-connected. Let T = {e, f, g}.
Since M\e is not (4,4, S)-connected, it has a 5-fan (1,2,3,4,5) where we may
assume that f € {2,3,4}. By Lemma 6.1, neither M\1 nor M\5 has a quad.
Thus neither M\1 nor M\5 is (4, 4)-connected. Hence, by Lemma 6.2, both M\1
and M\5 are (4,5, S5, 4)-connected having N-minors, and M contains one of the
configurations shown in Figure 8.

By symmetry, we may assume that f € {3,4}. Now, in M, we have distinct
elements ¢y, ¢, 3, ag, a1, ag, bo, b1, by, by where (ag, a1, a2) = (5,3,1), (b1, be,b3) =
(e, w1, ws), (c1,c2,c3) = (4,2,w2), and by = g when f = 4, while by = v; when
f = 3. We also know that each of M\ag, M\b1, and M\as is (4,5, .5, +)-connected
having an N-minor. We deduce that M has a good k-configuration when k£ = 3.
Let n be the largest value of k for which M has a good k-configuration. We shall
show that M is isomorphic to one of M (G}, ), M(Gpn41), An, or Ay\a.

By taking symmetric differences, we see that if M has a good k-configuration,
then {ao, bo, a;, b;} is a circuit of M for all ¢ in [k — 1]. The arguments for the cases
when n is odd and when n is even are essentially identical. We shall present only
the former. In that case, M\a,—1 is (4,5, S, +)-connected having an N-minor and
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having (bp—2,¢n—1,bn—1,¢n,bn) as a fan. Applying Lemma 6.2 taking (e, f,g) =
(an-1,Cn—1,0n—2), we get that M\b, is (4,5, S, +)-connected having an N-minor
and a 5-fan (an—1,Cn,an,Cnt1,an+1) for some elements a,cCni1,a,+1 where
{€n;an,cni1,bn} is a cocircuit of M. Moreover, M\a,+1 is (4,5,.5,4)-connected
having an N-minor. Now, by orthogonality between the circuit {a,_1, ¢,,a,} and
the cocircuits {c1, a1,b1, ¢}, {c2,a2,b2,¢3}, ..., {Cn-2,an-2,bn—2,cn_1}, we deduce
that a,, & {c1,b1,a1,¢2,b2,a9,...,¢n—1,bp_1,an_1}. Moreover, a, & {c,,b,}. In
addition, as {an—1,bn—1,an, b, } and {ag, by, a,—1,b,—1} are circuits, their symmet-
ric difference is either a 4-circuit or it is empty. Hence either {ag,bo} N{an,b,} =0
and {ag, bo, an, by} is a 4-circuit of M, or {a,,b,} = {ag,bo}.

Suppose first that {ag,bo} N {an,bn} = 0. The cocircuit {cn,an, cni1,bn}

implies, using orthogonality, that c¢,11 & {ao,bo,a1,b1,¢1,...,an,bn,¢n}. Now
N < M\an4+1 and, by Lemma 6.2, M\a,y1 is (4,5, 5, +)-connected. Moreover,
using orthogonality, it follows that a,y1 & {a1,b1,c1,a2,b2,¢o,...,an,bpn,cn}. We

conclude that if {ag,bo} N {an,b,} = 0, then M has a good (n + 1)-configuration;
a contradiction. It follows that {ag, by} = {an,bn}. In that case, either

(1) (ao,bo) = (anabn); or
(ii) (ag,b0) = (bn,an).

If (i) holds, the triangles {ag,c1,a1} and {ag,cp+t1,ant1} imply that either
{a1,an+t1,¢1,Cnt1} s a circuit, or {a1,c1} = {an+1, cnt1}. The former contradicts
orthogonality with the cocircuit {bo, ag,cn,cn+1}. Thus {a1,c1} = {ant1,¢n41}
and it is not difficult to check using orthogonality that (a1,¢1) = (ant1,Cnt1). In
case (i), a similar argument establishes that (b1,c1) = (@nt1, Cnt1)-

Now let Z = {a1,b1,¢1,a2,b2,¢2,...,an,bn,cn}. Thenr(Z) < n+1and r*(Z) <
|Z] —n. Thus A(Z) < 1. Hence either Z = E(M), or E(M) — Z contains a
single element, say z. In the latter case, let Z' = E(M) — {an,bn,2}. Then
r(Z') <n+1and r*(Z') < |Z'| —n —1. It follows that equality holds in each
of the last two inequalities and A(Z’) = 2. Thus {a,,bn, 2z} is a triangle of M. Tt
is now straightforward to check that, in case (i), M is isomorphic to M(G,',,) or
M(G,+1) depending on whether z does or does not exist; and, in case (ii), M is
isomorphic to A,, or A,\a depending on whether z does or does not exist. ([
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