TOWARDS A SPLITTER THEOREM FOR INTERNALLY
4-CONNECTED BINARY MATROIDS IX: THE THEOREM
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ABSTRACT. Let M be a binary matroid that is internally 4-connected, that is,
M is 3-connected, and one side of every 3-separation is a triangle or a triad.
Let N be an internally 4-connected proper minor of M. In this paper, we
show that M has a proper internally 4-connected minor with an N-minor that
can be obtained from M either by removing at most three elements, or by
removing some set of elements in an easily described way from one of a small
collection of special substructures of M.

1. INTRODUCTION

Seymour’s Splitter Theorem [15] shows that a 3-connected matroid M with a
3-connected proper minor N has a 3-connected proper minor M’ with an N-minor
such that |E(M)|—|E(M’)| < 2. Moreover, such an M’ can be found with |E(M)|—
|[E(M’)| = 1 unless r(M) > 3 and M is a wheel or a whirl. This theorem has
played an important role in inductive and constructive arguments for 3-connected
matroids. In this paper, we prove a corresponding result for internally 4-connected
binary matroids. Specifically, we show that if M and N are such matroids and M
has a proper N-minor, then M has a proper minor M’ such that M’ is internally 4-
connected with an N-minor, and M’ can be obtained from M by a small number of
simple operations. In a paper entitled “A splitter theorem for internally 4-connected
binary matroids,” Geelen and Zhou [9] proved a partial such result, observing that:
“It is a shortcoming of [this theorem] that the intermediate matroids are only
4-connected up to separators of size 5; it would be preferable if this could be
strengthened to internally 4-connected. There are, however, numerous obstacles
to obtaining such a theorem, even for graphs”. This paper settles this problem of
Geelen and Zhou by explicitly revealing all of these obstacles.

Any unexplained matroid terminology used here will follow [14]. A graph is
internally 4-connected exactly when its cycle matroid is internally 4-connected and
it has no isolated vertices. In an internally 4-connected matroid, the only allowed
3-separations have a triangle or a triad on one side. A 3-connected matroid M
is (4,4, 5)-connected if, for every 3-separation (X,Y) of M, one of X and Y is
a triangle, a triad, or a 4-element fan, where the last structure is a 4-element set
{x1, z2, x5, x4} that can be ordered so that {x1,z2, 23} is a triangle and {2, x3, 24}
is a triad.
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To provide a context for our main theorem, we briefly describe our progress
towards obtaining the desired splitter theorem. Johnson and Thomas [10] showed
that, even for graphs, a splitter theorem in the internally 4-connected case must
take account of some special examples. For n > 3, let G,,42 be the biwheel with
n + 2 vertices, that is, G, 42 consists of an n-cycle vy, ve, ..., v,,v1, the rim, and
two additional vertices, u and w, the hubs, both of which are adjacent to every v;.
Thus the dual of G2 is a cubic planar ladder. Let M be the cycle matroid of
G2 for some n > 3 and let N be the cycle matroid of the graph that is obtained
by proceeding around the rim of Gy, 12 and alternately deleting the edges from the
rim vertex to w and to w. Both M and N are internally 4-connected but there is
no internally 4-connected proper minor of M that has a proper N-minor. We can
modify M slightly and still see the same phenomenon. Let G _» be obtained from
G412 by adding a new edge z, the axle, joining the hubs v and w. Let A, 1 be
the binary matroid that is obtained from M (GZ 42) by deleting the element v, v,
and adding the third element on the line spanned by wv, and wwv,_;. This new
element is also on the line spanned by uv,, and wv,_1. For r > 3, Mayhew, Royle,
and Whittle [13] call A, the rank-r triangular Mébius matroid and note that A, \z
is the dual of the cycle matroid of a cubic Mobius ladder. The following is the main
result of [3, Theorem 1.2].

Theorem 1.1. Let M be an internally 4-connected binary matroid with an inter-
nally 4-connected proper minor N such that |E(M)| > 15 and |E(N)| > 6. Then
(i) M has a proper minor M’ such that |E(M) — E(M")] < 3 and M’ is
internally 4-connected with an N-minor; or
(ii) for some (My, No) in {(M,N),(M*, N*)}, the matroid My has a triangle
T that contains an element e such that Mo\e is (4,4, 5)-connected with an
Ny-minor; or
(ii) M or M* is isomorphic to M(G} ), M(Gy41), Ay, or A\z for some
r > 5.

FIGURE 1. All the elements shown are distinct. There are at least
three dashed elements, and all dashed elements are deleted.

That theorem prompted us to consider those matroids for which the second
outcome in the theorem holds. In order to state the next result, we need to define
some special structures. Let M be an internally 4-connected binary matroid and N
be an internally 4-connected proper minor of M. Suppose M has disjoint triangles
T, and T5 and a 4-cocircuit D* contained in their union. We call this structure
a bowtie and denote it by (11,72, D*). If D* has an element d such that M\d
has an N-minor and M\d is (4,4, S)-connected, then (T1,T%, D*) is a good bowtie.
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Motivated by outcome (ii) of the last theorem, we determined more about the
structure of M when it has a triangle containing an element e such that M\e is
(4,4, S)-connected with an N-minor. One possibility here is that M has a good
bowtie. Indeed, as the next result shows, if that outcome or its dual does not arise,
we get a small number of easily described alternatives. We shall need two more
definitions. A terrahawk is the graph that is obtained from a cube by adding a
new vertex and adding edges from the new vertex to each of the four vertices that
bound some fixed face of the cube. Although the matroid M that we are dealing
with need not be graphic, we follow the convention begun in [2] of using a modified
graph diagram to keep track of some of the circuits and cocircuits in M. Figure 1
shows such a modified graph diagram. Each of the cycles in such a graph diagram
corresponds to a circuit of M while a circled vertex indicates a known cocircuit of
M. We call the structure in Figure 1 an open rotor chain noting that all of the
elements in the figure are distinct and, for some n > 3, there are n dashed edges.
That figure may suggest that n must be even but we impose no such restriction.
We refer to deleting the dashed elements from Figure 1 as trimming an open rotor
chain.

N /\
\f 4
N e
N e
e AN
7 N
e N
7 N\
I

FIGURE 2. An augmented 4-wheel. All displayed elements are distinct.

An augmented 4-wheel is represented by the modified graph diagram in Figure 2,
where the four dashed edges form the central cocircuit. We say that an augmented
4-wheel labelled in this way is good if M\e is (4,4, S)-connected with an N-minor,
while M\ f also has an N-minor. The following theorem is [5, Corollary 1.4].

Theorem 1.2. Let M and N be internally 4-connected binary matroids such that
|[E(M)| > 16 and |E(N)| > 6. Suppose that M has a triangle T containing an
element e for which M\e is (4,4, S)-connected with an N-minor. Then one of the
following holds.

(i) M has an internally 4-connected minor M’ that has an N-minor such that
either 1 < |E(M) — E(M')| < 3; or |[E(M) — E(M'")| = 4 and, for some
(M, M) in {(M,M"), (M*,(M’)*}, the matroid My is obtained from M;
by deleting the central cocircuit of a good augmented 4-wheel; or

(ii) M or M* has a good bowtie; or

(iil) M is the cycle matroid of a terrahawk; or

(iv) for some (My, No) in {(M,N),(M*,N*)}, the matroid My contains an
open rotor chain that can be trimmed to obtain an internally 4-connected
matroid with an Ng-minor.
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This theorem led wus to consider a good bowtie ({z1,z2,x3},
{z4, 5,26}, {x2,23,24,25}) in an internally 4-connected binary matroid M
where M\z3 is (4,4, S)-connected with an N-minor. In M\z3, we see that
{5, 24,22} is a triad and {xe, x5, 24} is a triangle, so {xg, x5, 24,22} is a 4-element
fan. It follows, by [4, Lemma 2.5], that either

(i) M\z3,x6 has an N-minor; or
(ii) M\z3,x¢ does not have an N-minor, but M\zg/x2 is (4,4, S)-connected
with an N-minor.

In [7], we considered the case when (i) holds, but M\zg is not (4, 4, S)-connected.
In [8], we dealt with the case when (ii) holds. In this paper, we complete the work
to obtain the splitter theorem by considering the case when M\z3,z¢ has an N-
minor and M\zg is (4,4, S)-connected. Before stating the main results of [7] and
[8], we define some structures that require special attention.

ao o M@ C1 a2

i bo ~ A W 7 by, i

FIGURE 3. A string of bowties. All elements are distinct except
that ag may be the same as ¢,.

In a matroid M, a string of bowties is a sequence {ag,bo,co},
{b(), Cop,0Q1, bl}, {(Ll, bl7 Cl}, {bl, C1,02, bg}, ey {an, bn, Cn} Wlth n 2 1 SUCh that
(i) {as, b, ¢} is a triangle for all 4 in {0,1,...,n};
(i) {bj,¢j,aj+1,bj41} is a cocircuit for all j in {0,1,...,n —1}; and
(iii) the elements ayg, bo, co,a1,b1,¢1,...,an, by, and ¢, are distinct except that
ap and ¢, may be equal.

The reader should note that this differs slightly from the definition we gave in [2]
in that here we allow a¢ and ¢, to be equal instead of requiring all of the elements to
be distinct. Figure 3 illustrates a string of bowties, but this diagram may obscure
the potential complexity of such a string. Evidently M\cq has {c1,b1,a1,bp} as
a 4-fan. Indeed, M\co,c1,...,¢; has a 4-fan for all 4 in {0,1,...,n — 1}. We say
that M\cg,c1,...,cn has been obtained from M by trimming a string of bowties.
This operation plays a prominent role in our main theorem, and is the underlying
operation in trimming an open rotor chain.

A string of bowties can attach to the rest of the matroid in a variety of ways. In
most of these cases, the operation of trimming the string will produce an internally
4-connected minor of M with an N-minor. But, when the bowtie string is embedded
in a modified quartic ladder in certain ways, we need to adjust the trimming process.

Consider the three configurations shown in Figures 4 and 5 where the elements
in each configuration are distinct except that do may equal wg. We refer to each of
these configurations as an enhanced quartic ladder. Indeed, in each configuration,
we can see a portion of a quartic ladder, which can be thought of as two interlocking
bowtie strings, one pointing up and one pointing down. In each case, we focus on
M\cq, c1,¢o,v0, 01, ...,V saying that this matroid has been obtained from M by
an enhanced-ladder move. We will show that the structure in Figure 4(b) does not
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FIGURE 4. In both (a) and (b), the elements shown are distinct,
except that do may be wy. Furthermore, in (a), k > 0; and, in (b),
k>1and {wg_o,up_1,Vk—1, Uk, Vg } 1S a cocircuit.

FIGURE 5. In this configuration, & > 2 and the elements are all
distinct except that do may be wy.

arise in an internally 4-connected graphic matroid. Suppose M is graphic and M
contains one of the structures in Figure 4(a) or Figure 5. Then dy and wy must
be distinct, and we say that M\cs, ¢1, o, vo, V1, - - -, Uk has been obtained from M
by a graphic enhanced-ladder move. In Figure 6, the configuration in Figure 5
has been redrawn omitting the triangles {cg, b1,b2} and {vg_o,tx—1,%;} as well as
the cocircuits {ca, ba, cg, ug, to} and {Sk_2, ur—2, Vg2, tx, vk }. The ladder structure
is evident there and the enhanced-ladder move corresponds to deleting all of the
dashed edges.

Suppose that {ag,bo, co}, {bo, co,a1,b1},{a1,b1,c1},...,{an,bn,cn} is a bowtie
string for some n > 2. Assume, in addition, that {b,,c,,ao,bo} is a cocircuit.
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FIGURE 6. The configuration in Figure 5 redrawn omitting two
triangles and two 5-cocircuits.

FIGURE 7. A bowtie ring. All elements are distinct. The ring
contains at least three triangles.

do Y dy . dn—1
\ \ \
\ \C1 \ \
aQ \ C a \, Ap—1 N\ Cp— \
0 Co a1 . n—1 Cn—1 Cn
\ . \ \
M \
bo by b N by,
(a)
@ P o h dn—1
« e
\ \ \ \
\ \C1 \ \
\ C a \ Ap—1 N\ Cp— \
Co a1 . n—1 Cn—1 Cn
\ . \ \
\ M \
bo by ~ b by

(b)

FIGURE 8. In (a) and (b), n > 2 and the elements shown are
distinct, with the exception that d,, may be the same as 7 in (b).
Either {d,_2,an—1,¢n-1,dn_1} or {dn_2,an_1,Cn_1,an,cn} is a
cocircuit in (a) and (b). Either {bg, co,a1,b1} or {8, ao, o, a1,b1}
is also a cocircuit in (b).

Then the string of bowties has wrapped around on itself as in Figure 7 and we call
the resulting structure a ring of bowties. Observe that, when such a ring occurs in
an internally 4-connected binary matroid, ay # ¢, otherwise the matroid contains
a 4-fan. We call each of the structures in Figure 8 a ladder structure, and we
refer to removing the dashed elements in Figure 7 and Figure 8 as trimming a ring
of bowties and trimming a ladder structure, respectively. A bowtie ring is minimal
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exactly when no proper subset of its set of triangles is the set of triangles of a bowtie
ring. We showed in [7, Lemma 5.1] that if M is a binary internally 4-connected
matroid having at least ten elements and trimming a bowtie ring in M produces
an internally 4-connected matroid, then that bowtie ring is minimal.

It is straightforward to check that, in Figure 8(a) and (b), when
{dn-2,an-1,Cn—1,an,cpn} or {B,aog, co,a1,b1} is a cocircuit, the underlying matroid
is not graphic. A graphic ladder structure is one of the structures in Figure 8 such
that, in both (a) and (b), the set {d,,—2, an—1,¢n—1,dn—1} is a cocircuit and, in (b),
{bo, co,a1,b1} is also a cocircuit. Removing the dashed elements from a graphic lad-
der structure will be referred to as trimming a graphic ladder structure. In the case
that trimming a string of bowties in M yields an internally 4-connected matroid
with an N-minor, we are able to ensure that the string of bowties belongs to one of
the more highly structured objects we have described here. The following theorem
is the main result of [7, Theorem 1.3]. Note that, although this theorem allows
some moves that are not bounded in size, each such move is highly structured.

Theorem 1.3. Let M and N be internally 4-connected binary matroids
such that |E(M)| > 13 and |E(N)] > T. Assume that M has a
bowtie ({0, vo, 20}, {1,v1, 21}, {¥o, 20, 21,y1}), where M\zy is (4,4, S)-connected,
M\zp, z1 has an N-minor, and M\z is not (4,4, S)-connected. Then one of the
following holds.
(i) M has a proper minor M' such that |E(M)| — |E(M’')| < 3, and M’ is
internally 4-connected with an N-minor; or
(ii) M contains an open rotor chain, a ladder structure, or a ring of bowties,
and this structure can be trimmed to obtain an internally 4-connected ma-
troid with an N-minor; or
(iii) M contains an enhanced quartic ladder from which an internally 4-
connected minor of M with an N-minor can be obtained by an enhanced-
ladder mowve.

N o/ O

b

FIGURE 9. All of the elements are distinct except that a may be
f or (a,b,c) may be (d,e, f).

When M contains the structure in Figure 9, where the elements are all distinct
except that ¢ may be f, or (a,b,c) may be (d,e, f), we say that M contains an
open quartic ladder. Deleting the dashed elements and contracting the arrow edge
is called a mized ladder move. The following result is [8, Corollary 1.5].

Theorem 1.4. Let M and N be internally 4-connected binary matroids such that
|[E(M)| > 16 and |[E(N)| > 7. If M has a bowtie ({1,2,3},{4,5,6},{2,3,4,5}),
where M\4 is (4,4,S)-connected with an N-minor, then either M\1,4 has
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an N-minor and M\1 is (4,4,5)-connected, or, for some (My,Ng) in
{(M,N),(M*,N*)}, there is an internally 4-connected minor M’ of My such that
one of the following holds.
(i) [E(M)|—|E(M")| <3, or |[E(M)| — |E(M')] =4 and M’ is obtained from
My by deleting the central cocircuit of an augmented 4-wheel; or
(ii) M’ is obtained from My by trimming an open rotor chain, a ladder struc-
ture, or a ring of bowties; or
(iii) My contains an open quartic ladder and M’ is obtained from My by a mized
ladder move; or
(iv) My contains an enhanced quartic ladder and M’ is obtained from My by an
enhanced-ladder move.

Before stating our main theorem, we need to introduce one additional move
along with some special families of matroids. Suppose M contains the struc-
ture in Figure 8(a) where n = 2 and {do,a1,c1,d1} is a cocircuit. Then we
say that M\ci,ca/di,bs has been obtained from M by a ladder-compression
move. For n > 3, the Mobius cubic ladder consists of an even Hamilton-

ian cycle {ujug,uous, ..., usp_1Uon, uspu1} and a matching {wuiy, : 1 <
i < n}. The Mébius quartic ladder consists of an odd Hamiltonian cycle
{v1v2, V2v3, . . ., Vap_2Van_1, Vap—101 } along with the set of edges {v;v;4n—1, ViVin :

1 < i < n}. In particular, when n = 3, the Mdbius cubic ladder and the Mdbius
quartic ladder coincide with K33 and Ks, respectively. It is straightforward to
check that, for all n > 3, the cycle matroids of the Mdobius cubic ladder and the
Mobius quartic ladder are internally 4-connected. An illustration of the quartic
Mobius ladder is shown in Figure 28 where n > 2 and the vertices v1,vs, and vs
are identified with vy, vs, and ve, respectively, so that (c,,d,) = (ao, bo).

For each positive integer n > 3, let M,, be the binary matroid that is obtained
from a wheel of rank n by adding a single element ~ such that if B is the basis of
M(W,,) consisting of the set of spokes of the wheel, then the fundamental circuit
C(~,B) is BU~. Observe that M3 = Fr; and My = M*(K33). Assume that
the spokes of M (W,,), in cyclic order, are x1,2a, ..., 2, and that {z;,y;,z;41} is a
triangle of M (W,,) for all i in {1, 2,...,n} where we interpret all subscripts modulo
n. Then, for all ¢ in {1,2,...,n}, the set {y;—1,x;,y;} is a triad of M(W,,) and
{v,¥i—1,2i,yi} is a cocircuit of M,. It is straightforward to check that M, is
internally 4-connected. Kingan and Lemos [12] denote M,, by Fs,+1. When n is
odd, which is the case of most interest here, M is isomorphic to what Mayhew,
Royle, and Whittle [13] call the rank-(n + 1) triadic Mébius matroid, Yp4q.

Each of the preliminary results stated above includes a lower bound on the size
of the matroid M. In our main theorem, which we state next, no such bound is
present. This is because small matroids were dealt with in [6], where most of the
work was done using a computer. We denote the graph of a cube by @s.

Theorem 1.5. Let M and N be internally 4-connected binary matroids such that
N is a proper minor of M having at least siz elements. Then, for some (Mg, Ny) in
{(M,N),(M*,N*)}, the matroid My has an internally 4-connected proper minor
M’ that has an Ng-minor such that
(i) [E(M)| - [E(M")| < 3; or
(ii) |E(M)| = |E(M")| =4, and M’ is obtained from My by deleting the central
cocircuit of a good augmented 4-wheel or by a ladder-compression move; or
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(iii) M’ is obtained from My by removing at least four elements by
(a) trimming an open rotor chain, a ladder structure, or a ring of bowties,
or
(b) a mized ladder move, or
(¢) an enhanced-ladder move;
or
(iv) My is the cycle matroid of the quartic Mdbius ladder of rank r for some
r >4, and Ny is the cycle matroid of the cubic Mobius ladder of rank r—1;
or
(v) My is the triadic Mobius matroid of rank 2r for some r > 3, and Ny is the
triangular Mdébius matroid of rank r; or
(vi) (Mo, No) € {(M(Ks), M(Ky)), (M(Qs), M(K2)), (Y5, Fr)}.

By giving up successively more of the specificity offered by the last result, we
immediately obtain the following two results.

Corollary 1.6. Let M and N be internally 4-connected binary matroids such that
N is a proper minor of M. Then, for some (Mg, No) in {(M,N),(M*, N*)}, the
matroid My has an internally 4-connected proper minor M’ that has an Ny-minor
such that
(i) |E(M)| — [E(M)] < 4; or
(ii) M’ is obtained from My by removing at least five elements by
(a) trimming an open rotor chain, a ladder structure, or a ring of bowties,
or
(b) a mized ladder move, or

(¢) an enhanced-ladder move; or
(ii) (Mo, No) is (M(Qs), M(K4)).

Corollary 1.7. Let M and N be internally 4-connected binary matroids such that
N is a proper minor of M. Then, for some (My, No) in {(M,N),(M*, N*)}, the
matroid My has an internally 4-connected proper minor M’ that has an Ny-minor
such that
(i) |E(M)| — [E(M')] < 6; or
(il) M’ is obtained from My by removing at least seven elements by
(a) trimming an open rotor chain, a ladder structure, or a ring of bowties,
or
(b) a mized ladder move, or
(c) an enhanced-ladder move.

We conclude this section with two further consequences of Theorem 1.5.

Corollary 1.8. Let M and N be internally 4-connected binary matroids such that
N is a proper minor of M having at least siz elements. If neither M nor M*
contains a bowtie, then M has an internally 4-connected proper minor M’ that has

an N-minor such that |[E(M)| — |[E(M")| < 3.

Corollary 1.9. Let M and N be internally 4-connected binary matroids such
that N is a proper minor of M having at least six elements. If neither M mnor
M* has a string of bowties containing three triangles, then, for some (Mg, Np) in
{(M,N),(M*,N*)}, the matroid My has an internally 4-connected proper minor
M’ that has an Ny-minor such that one of the following holds.
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(i) [E(M)| —[E(M")| < 3; or
(ii) |[E(M)| - |E(M')| =4, and
(a) M’ is obtained from My by deleting the central cocircuit of an aug-

mented 4-wheel or by a ladder-compression move; or
(b) (Mo, No) is (M(Ks), M(Ky)).

2. THE THEOREM FOR GRAPHS

In this section, we specialize the main theorem to graphs. To do that, we need
to identify not only what the various moves look like for graphs but also what the
duals of these moves look like in graphs.

We have used modified graph diagrams to describe various structures in matroids.
We shall show in Section 8 that when such a structure arises in a graphic matroid,
the graph diagram is an accurate representation of what occurs in the graph except
that some vertices may be identified. Specifically, each of the cycles in the diagram
represents a cycle in the graph. Moreover, each of the circled vertices corresponds
to a vertex bond in the graph and no circled vertex equals any other vertex in
the graph. While we do not insist that all of the uncircled vertices are distinct,
the requirement that the graph G be internally 4-connected imposes constraints.
In particular, most of the diagrams have at most four uncircled vertices. If two
of these are equal, then there are at most three vertices to which the rest of G is
attached, so G can have at most one vertex that is not part of the structure in the
diagram. The only diagrams with more than four uncircled vertices are Figure 7,
a bowtie ring which we shall discuss in more detail below, and Figure 9 in the case
when (a,b,c¢) # (d,e, f).

In (ii) and (iii) of Theorem 1.5, we allow various operations to be performed on
either the matroid M or its dual. To specialize the splitter theorem to graphs, we
now consider when M = M (G) and we describe the effect on G of performing the
following operations on M™*:

(a) deleting the central cocircuit of an augmented 4-wheel;

)
(c) trimming an open rotor chain;
(d) trimming a ladder structure;
) a mixed ladder move;
) an enhanced-ladder move; and
)

We have listed trimming a ring of bowties last in this list because it is this
operation that allows for the most variation. We shall continue to use modified
graph diagrams to describe the dual operations noting that these diagrams depict
subgraphs of the graph G while also capturing the degrees of certain vertices in
G. When G contains the structure in Figure 10 where all the vertices shown are
distinct and {1,2, 3,4} is a bond, the graph G/5,6,7,8 is obtained from G by the
dual of deleting the central cocircuit of an augmented 4-wheel.

Next suppose that G contains the structure in Figure 11 where all the edges
shown are distinct. Then G/c1,e3\dy, by is obtained from G by the dual of a
ladder-compression move. Evidently this operation corresponds to compressing a
segment of an alternating biwheel.

The dual operation of trimming an open rotor chain is shown in Figure 12. This
operation consists of contracting all of the edges in the figure that are marked with
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FIGURE 10. The dual of deleting the central cocircuit of an aug-
mented 4-wheel: contract 5,6,7, and 8.

FIGURE 11. The dual of a ladder-compression move: contract c¢;
and co and delete d; and bs.

an arrow. The number of such edges is at least three and may be even or odd. All
of the edges in the figure are distinct. We see that this operation turns a cubic
ladder segment into a quartic ladder segment.

() () (o). ... > °
\ 3 3 3 N -
D A 5 AN . A 5

o\ o T \J e

FIGURE 12. The dual of trimming an open-rotor chain: contract
all of the edges marked with arrows.

The dual of trimming a ladder structure has several variants depending on
whether the edges «, 3, and ~ are present in the ladder structure in Figure 8 and
whether the ambiguous cocircuits in that figure have four or five elements. These
variants are shown in Figure 13 where the dotted edges, which correspond to «, 3,
and -, are either all present or all absent. In each of (a)—(c), the move consists
of contracting all of the edges marked with an arrow, the number of such edges
being at least three. All the edges in each part are distinct. We observe here
that, although the operation of trimming a ladder structure has a restricted form
in graphic matroids, the dual operation is less constrained.
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FI1GURE 13. The dual of trimming a ladder structure: contract all
of the edges marked with arrows.

The dual of a mixed ladder move is shown in Figure 14. All of the edges are
distinct except that a may equal f, or {a,b, c} may equal {d,e, f} in such a way
that {b,c} # {d,e}. The move contracts all of the edges marked with an arrow and
deletes the dashed edge.

There are three variants of an enhanced-ladder move, which arise from the struc-
tures shown in Figures 4 and 5. As noted earlier, the structure shown in Figure 4(b)
does not arise in a graphic matroid. However, the duals of all three variants of
enhanced-ladder moves do arise in graphic matroids. The three possible structures
are shown in Figure 15. In each, all of the edges are distinct and the move contracts
all of the edges marked with arrows, the number of such edges being at least three,
at least four, and at least six in (a), (b), and (c), respectively.

Let M be an internally 4-connected graphic matroid, say M = M(G).
When a bowtie ring {ag, bo,co}, {bo, co,a1,b1},{a1,b1,c1},. .., {an,bn,c,} arises
in M, there are vertices vp,v1,...,v, of G such that {b;,¢;,a;11,bi4+1} is the
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FIGURE 14. The dual of a mixed ladder move: contract all of the
edges marked with arrows and delete the dashed edge.

set of edges of G meeting v;. Hence {bg,by,...,b,} is a cycle of G. By
contrast, a bowtie ring in a more general matroid, even a cographic one,
need not have {bg,b1,...,b,} as a circuit. If, in M(G), the bowtie ring
{ag,bo, o}, {bo, co,a1,b1},{a1,b1,c1},...,{an, by, c,} is trimmed to produce an in-
ternally 4-connected matroid, then the cycle {bg, b1, ...,b,} in G must have at least
four edges otherwise we get a 4-fan in the trimmed matroid. In G, let w; be the
vertex that meets a; and ¢;. The definition of a ring of bowties does not require

wp, W1, . . ., Wy, to be distinct. Indeed, subject to some constraints to ensure that
G stays internally 4-connected, they need not be. As an example [7], let n = 99
and take a copy of Ko with vertex set {ug, u1,...,ug}. Suppose that, for all j in

{0,1,...,99}, the vertex w; is identified with u; where j =¢ mod 10. Let G be the
resulting 110-vertex graph. Then M (G) is easily shown to be internally 4-connected.
For N = M(G)\cg,c1,-..,Co9, we see that N is internally 4-connected but there is
no internally 4-connected proper minor of M that has a proper N-minor.

The last example illustrates the considerable variance that can occur in
bowtie rings even in graphic matroids.  Unsurprisingly, bowtie rings can
manifest themselves in a variety of ways in cographic matroids. The
dual of a bowtie ring in a graph G consists of a sequence of 4-cycles,
{bo,co,a1,b1},{b1,c1,a2,b2},...,{bn,Cn,a0,bo} along with n + 1 distinct degree-
3 vertices ug,uq,...,u, where each u; meets a;,b;, and ¢;. We observe that this
means that each of the distinguished 4-cycles meets exactly two of the vertices in
{ug, u1,...,un} and that these two degree-3 vertices are non-adjacent in G. Two
possible variants of the dual of a bowtie-ring move are shown in Figure 16. In each
of these, all of the edges are distinct but vertices with the same labels are to be
identified. To illustrate the potential complexity of this move, a third variant is
shown in Figure 17. In each of these figures, while all of the circled vertices must
be distinct from all other vertices, some of the uncircled vertices may equal other
uncircled vertices.

The following is our main result for graphs.

Theorem 2.1. Let G and H be internally 4-connected graphs such that G has a
proper H-minor and |E(H)| > 6. Then G has a proper minor G' such that G’ is
internally 4-connected with an H-minor and one of the following holds:
(i) |E(G)| = |E(G)] <3; or
(ii) |E(G) — E(G")| = 4 and G’ is obtained from G by deleting the central
cocircuit of an augmented 4-wheel, by a ladder-compression move, or by the
dual of one of these mowves; or
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FIGURE 15. The dual of an enhanced-ladder move: contract all of
the edges marked with arrows.
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FIGURE 16. Two examples of the dual of trimming a bowtie ring:
in each part, contract all the edges marked with arrows.

(iii) G’ is obtained from G by removing at least four edges by
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FIGURE 17. Another example of the dual of trimming a bowtie
ring: contract all the edges marked with arrows.

(a) trimming an open rotor chain, a graphic ladder structure, or a ring
of bowties, or by the dual of trimming an open rotor chain, a ladder
structure, or a ring of bowties; or

(b) a mized ladder move or the dual of such a move; or

(¢) a graphic enhanced-ladder move or the dual of an enhanced-ladder
move;

or

(iv) G is a quartic Mébius ladder and H is a cubic Mobius ladder with |V (G)|—1
vertices; or
(v) Gis K5, Qs, or Kao2, and H is Ky.

3. PRELIMINARIES

In this section, we give some basic definitions mainly relating to matroid con-
nectivity. Let M and N be matroids. We shall sometimes write N < M to indicate
that M has an N-minor, that is, a minor isomorphic to N. Now let E be the
ground set of M and r be its rank function. The connectivity function Ap; of M
is defined on all subsets X of E by Ay (X) = r(X) +r(F — X) — r(M). Equiva-
lently, Aps(X) = r(X) + r*(X) — | X|. We will sometimes abbreviate Aps as A. For
a positive integer k, a subset X or a partition (X, E — X) of F is k-separating if
A (X) < k—1. A k-separating partition (X, E — X) of E is a k-separation if
|X|,|E — X| > k. If n is an integer exceeding one, a matroid is n-connected if it
has no k-separations for all k¥ < n. This definition [16] has the attractive property
that a matroid is m-connected if and only if its dual is. Moreover, this matroid
definition of n-connectivity is relatively compatible with the graph notion of n-
connectivity when n is 2 or 3. For example, when G is a graph with at least four
vertices and with no isolated vertices, M (G) is a 3-connected matroid if and only if
G is a 3-connected simple graph. But the link between n-connectivity for matroids
and graphs breaks down for n > 4. In particular, a 4-connected matroid with at
least six elements cannot have a triangle. Hence, for r > 3, neither M (K,11) nor
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PG(r — 1,2) is 4-connected. This motivates the consideration of other types of
4-connectivity that allow certain 3-separations.

A matroid is internally 4-connected if it is 3-connected and, whenever (X,Y) is
a 3-separation, either | X| = 3 or |Y| = 3. Equivalently, a 3-connected matroid M
is internally 4-connected if and only if, for every 3-separation (X,Y") of M, either
X or Y is a triangle or a triad of M. A graph G is internally 4-connected if M(Q)
is internally 4-connected and G has no isolated vertices.

Let M be a matroid. A subset S of E(M) is a fanin M if |S| > 3 and there is an
ordering (s1, 82, ...,8,) of S such that {s1,s2,s3}, {2, 83,84}, -+, {Sn—2, Sn—1,5n}
alternate between triangles and triads. We call (s1, $2,...,5,) a fan ordering of
S. For convenience, we will often refer to the fan ordering as the fan. We will
be mainly concerned with 4-element and 5-element fans. By convention, we shall
always view a fan ordering of a 4-element fan as beginning with a triangle and we
shall use the term 4-fan to refer to both the 4-element fan and such a fan ordering of
it. Moreover, we shall use the terms 5-fan and 5-cofan to refer to the two different
types of b-element fan where the first contains two triangles and the second two
triads. Let (s1,82,...,8,) be a fan ordering of a fan S. When M is 3-connected
with at least five elements and n > 4, every fan ordering of S has its first and last
elements in {s1, s, }. We call these elements the ends of the fan while the elements
of S — {s1,s,} are called the internal elements of the fan. When (s1, s2, 83, 54)
is a 4-fan, our convention is that {s1, s2, s3} is a triangle, and we call s; the guts
element of the fan and s4 the coguts element of the fan since s; € cl({s2, s3,4})
and s4 € cl*({s1, s2,53}).

In a matroid M, a set U is fully closed if it is closed in both M and M*. The full
closure fcl(Z) of a set Z in M is the intersection of all fully closed sets containing Z.
Let (X,Y") be a partition of E(M). If (X,Y) is k-separating in M for some positive
integer k, and y is an element of ¥ that is also in cl(X) or cI*(X), then it is well
known and easily checked that (X Uy, Y — y) is k-separating, and we say that we
have moved y into X. More generally, (fcl(X),Y —fcl(X)) is k-separating in M. Let
n be an integer exceeding one. If M is n-connected, an n-separation (U, V') of M is
sequential if fcl(U) or fcl(V) is E(M). In particular, when fcl(U) = E(M), there is

an ordering (v1,va, ..., vy) of the elements of V' such that U U {vs, Vm—1,...,0; }
is n-separating for all 7 in {1,2,...,m}. When this occurs, the set V is called
sequential. Moreover, if n < m, then {vi,ve,...,v,} is a circuit or a cocircuit of

M. A 3-connected matroid is sequentially 4-connected if all of its 3-separations are
sequential. It is straightforward to check that, when M is binary, a sequential set
with 3,4, or 5 elements is a fan. Let (X,Y") be a 3-separation of a 3-connected binary
matroid M. We shall frequently be interested in 3-separations that indicate that M
is, for example, not internally 4-connected. We call (X,Y) or X a (4, 3)-violator if
Y] > | X| > 4. Similarly, (X,Y) is a (4,4, S)-violatorif, for each Z in {X, Y}, either
|Z| > 5, or Z is non-sequential. We also say that (X,Y) is a (4,5, 5, +)-violator if,
for each Z € {X,Y}, either |Z| > 6, or Z is non-sequential, or Z is a 5-cofan. A
binary matroid that has no (4,4, S)-violator is (4,4, S)-connected, as we defined in
the introduction, and it is (4,5, S, +)-connected if it has no (4,5, S, +)-violator.
Next we note another special structure from [17], which has arisen frequently
in our work towards the desired splitter theorem. In an internally 4-connected bi-
nary matroid M, we call ({1,2,3},{4,5,6},{7,8,9},{2,3,4,5},{5,6,7,8},{3,5,7})
a quasi rotor with central triangle {4,5,6} and central element 5 if {1, 2, 3}, {4, 5,6},
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and {7,8,9} are disjoint triangles in M such that {2, 3,4,5} and {5,6,7,8} are co-
circuits and {3,5,7} is a triangle.

FIGURE 18. A quasi rotor, where {2,3,4,5} and {5,6, 7,8} are cocircuits.

For all non-negative integers ¢, it will be convenient to adopt the convention
of using T; and D,y to denote, respectively, a triangle {a;, b;, ¢;} and a cocircuit
{bi,ci,a;r1,bi41}. Let M have (Ty,T1,Ts, Do, D1,{co,b1,a2}) as a quasi rotor.
Now T, may also be the central triangle of a quasi rotor. In fact, we may have
a structure like one of the two depicted in Figure 19. If Ty, Do, Ty, D1, ..., T, is
a string of bowties in M, for some n > 2, and M has the additional structure
that {c;,bi+1,a;42} is a triangle for all ¢ in {0,1,...,n — 2}, then we say that
((ao,bo, o), (a1,b1,¢1)y ..., (an,bn,cpn)) is a rotor chain. Clearly, deleting ag from
a rotor chain gives an open rotor chain. Observe that every three consecutive
triangles within a rotor chain have the structure of a quasi rotor; that is, for all ¢
in {0, 1,...,n— 2}, the sequence (T}, Tyv1, Tivo, Di, Divq, {Ci, bit1, ai+2}) is a quasi
rotor. Zhou [17] considered a similar structure that he called a double fan of length
n — 1; it consists of all of the elements in the rotor chain except for ag, bg, b,,, and
Cn-

If a rotor chain ((ag,bo,co), (a1,b1,¢1),...,(an,bp,cn)) cannot be extended
to a rotor chain of the form ((ao,bo,co), (a1,b1,¢1),- -+, (@nt1,bn41,Cn+1)), then
we call it a right-mazimal rotor chain. In the introduction, we defined
a string of bowties. We say that such a string Ty, Do,T1,Dq,...,1, is a
right-mazimal bowtie string in M if M has no triangle {u,v,w} such that
To, Do, T1, D1, ..., Th,{x,cn,u, v}, {u,v,w} is a bowtie string for some z in
{an,bn}.

When M and N are internally 4-connected and M has Ty, Dy, Ty, D1, ..., T, as
a string of bowties, where M\c¢q is (4,4, .5)-connected with an N-minor, we call
this string of bowties a good bowtie string with n triangles, or simply a good bowtie
string. Furthermore, if n > 2 and {z, ¢,,, ag, by } is a cocircuit for some z in {a,, b, },
then call this ring of bowties a good bowtie ring with n triangles, or simply a good
bowtie Ting.

4. LADDERS AND MOBIUS MATROIDS

In this section, we examine possible 3-connected minors of various special ma-
troids that arise in our theorems. We begin with the cycle matroid of a quartic
Mobius ladder.

Lemma 4.1. Let M be the cycle matroid of a quartic Mobius ladder and let M’ be
an internally 4-connected proper minor of M having at least siz elements. Then
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(a) (b)

FI1cURrE 19. Right-maximal rotor chain configurations. In the case
that n is even, the rotor chain is depicted on the left. If n is odd,
then the rotor chain has the form on the right.

(i) the matroid that is obtained from M by a ladder-compression move has an
M’ -minor; or
(il) M’ is the cycle matroid of a cubic Mdbius ladder and r(M') = r(M) — 1.

Proof. Let M be the cycle matroid of the quartic Mobius ladder that is obtained
from the graph in Figure 28, where n > 2, by identifying the vertices vy, va,
and vs with vy, vs, and vg, respectively, so that (¢,,d,) = (ag,bp). In addition,
{dn—2,an-1,¢n-1,dn—1} is a cocircuit of M. Assume that (i) does not hold. Now
|E(M)| > 10. Suppose |[E(M)| = 10. Then M = M(K5). It is straightforward to
check that the only internally 4-connected proper minor of M (Kj5) with at least six
elements is M (K4). Since the last matroid is the cycle matroid of a cubic M6bius
ladder of rank 3, it follows that (ii) holds. We may now assume that |E(M)| > 14.
Since (i) does not hold, |E(M’)| > 7. Moreover, for all ¢ in {0,1,...,n}, neither
M/d;,bi+1 nor M/d;,b; has an M'-minor. We show next that

4.1.1. M\¢; or M\a; has an M'-minor for some i in {0,1,...,n}.

Assume that this fails. Since every element of M is in a triangle, M\xz has an
M’-minor for some element x. By symmetry, we may assume that x = d;. As
M\dy has (az, by, co,ds,a3) as a 5-fan, [7, Lemma 4.1] implies that M\dy, a2 or
M\di\as has an M'-minor; a contradiction. We conclude that 4.1.1 holds.

Now, by 4.1.1 and symmetry, we may assume that M\cy has an

M’-minor. Let t be maximal such that M\cg,c1,...,¢¢ has an M'-
minor. Assume first that ¢ # n. Then, as M\cg,¢1,...,¢ has
(Ct+1, bt+1, At41, bt) as a 4—fan, M’ j J\f\CO7 Clyeony Ct/bt. The last ma-

troid has (a¢t1,as,ds,di—1) as a 4-fan.  Since M’ A M/b;,di—1, we de-
duce that M’ =< M\co,c1,...,¢/b\azr1.  But M\co,c1,...,c\app1/by =
M\co,c1,. .. ei\asr1/biy1 = M\cg,c1,...,ct\ctt1/ber1, SO we have a contradic-
tion.

We now know that ¢ = n. Thus M’ < M\co,c1,...,¢,. The last matroid
has {b,,dp} as a disjoint union of cocircuits. Let L = M\cp,c1,...,¢n/by. Then
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M’ < L and r(L) = r(M) — 1. Moreover, L is the cycle matroid of a cubic Mdbius
ladder.

To complete the proof, we now suppose that M’ is a proper minor of L. Then,
for some rung element s of L or some non-rung element u of L, one of L\s, L/s,
L\u, or L/u has an M'-minor. We show next that

4.1.2. L/u has an M’'-minor.

This follows using [7, Lemma 4.1] since L/s has a 5-cofan whose ends are non-
rung elements while each of L\s and L\u has a 2-element cocircuit that contains a
non-rung element.

With M’ being a minor of L/u, the symmetry of L implies that the non-rung
element w is in a 4-circuit of L with another non-rung element w such that w is in
a 2-cocircuit in M\cg,c1, ..., cp. It follows that M has an M’-minor that can be
obtained by a ladder-compression move; a contradiction. ([

For n > 1, let As,4+1 be the matrix over GF(2) shown in Figure 20. Recall from
the introduction that Ms, 11 is the binary matroid for which As, 1 is a reduced
standard representative matrix.

Y Y2 Ys Y4 ... Yon Y2n+1 Y
T [1 0 0 0 0 1 1]
To 1 1 0 0 0 0 1
X3 0 1 1 0 0 0 1
Ty 0 0 1 1 0 0 1
Ton o 0 0 ... 1
Toan+1 L 0 0 0 0 e 1 1 1 ]

FI1GURE 20. Agpy1.

As noted earlier, M3 = F,. Moreover, Ms is isomorphic to a single-element
deletion of the matroid Tio that was introduced by Kingan [11] and that has a
transitive automorphism group. In general, M3, ., = Yo, 2, the rank-(2n + 2)
triadic Mobius matroid. It is straightforward to check that, for alléin {1,2,...,2n+
1}, the matroid Ms, 41 contains the configuration in Figure 21 where all subscripts
are interpreted modulo 2n+1. Moreover, Ma,, 11/ is the cycle matroid of a quartic
Mobius ladder of rank 2n. Hence Ma, 11/ is internally 4-connected. It is not
difficult to check that, for all n > 2, the matroid Ma,11\x1,23,...,Tont1/y1 is
isomorphic to the dual of the rank-(n + 1) triangular Mobius matroid, A, 1.

o Yom4l4d Yo2+i Ya+i

T2n41+414 T4 L44q

Yoanti

=/ =/ -

FI1GURE 21. A configuration within My, 1.
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Lemma 4.2. Let M’ be an internally 4-connected proper minor of Map11 having
at least eight elements. Then one of the following holds.
(i) M’ is a minor of Mayn11/7, that is, M’ is a minor of the cycle matroid of
a quartic Mobius ladder; or
(ii) the matroid that is obtained from Map,11 by a ladder-compression move has
an M'-minor; or
(iii) M’ is the dual of Apy1.

Proof. Assume that the lemma fails. We show first that
4.2.1. y€ E(M").

As (i) does not hold, M" A Moy, 1/v. Suppose that M’ < Ms,1\y. Then
M’ is an internally 4-connected minor of M (Way41). Thus M’ = M(K,). But
|[E(M’)| > 8. This contradiction implies that 4.2.1 holds.

4.2.2. M’ £ Moy11/x; for all i in {1,2,...,2n+ 1}.

By symmetry, it suffices to show that M’ A My, 1/x1. Assume the contrary. As
Mspq1/71 has {Tong1,Y2ns1} and {y1, x2} as circuits, M' < Ma,y1/21\Y2n+1,Y1-
But M2n+1\y2n+1, yl/xl = M2n+1\y2n+17 yl/’y, SO M’ j M2n+1/’}/; a contradiction.
Thus 4.2.2 holds.

4.2.3. M’ £ Mapi1\y; for alli in {1,2,...,2n+ 1}.

To see this, suppose that M’ < Mo, 11\y1. As Ma,1+1\y1 has (y3, 24, T3, Y2, T2) as
a b-fan, it follows by [7, Lemma 4.1] and 4.2.2 that M’ < Ms,+1\y1,y3. But, using
Figure 21, we see that Ms,11\y1,y3 has x5 in a 2-cocircuit, so M’ <X My, 11/22, a
contradiction to 4.2.2. We conclude, using symmetry, that 4.2.3 holds.

Since M’ is a proper minor of Ms, 1, we must have that, for some i, either
M’ j M2n+1/yia or M’ j M2n+1\xi~ But, in the former case, M’ j M2n+1/yi\xi.
It follows that we may assume that M’ < My, ,1\z1, say. The last matroid has
(23,2, Y2, Yan+1) as a 4-fan. Thus M’ 2 Moy 1\21, 23, or M’ <X Mop1\z1/Y2n+1-
In the latter case, since Moy, 11\%1/y2n+1 has (Yon, Tan, Tant1, T2, y1) as a 5-cofan,
by [7, Lemma 4.1], M’ < Map11\@1/Y2n+1,y1 or M’ = Mop1\@1/Yon+1, Yon- It
follows by symmetry that M’ < Mo, 11/Y2n+1,y1\Z1, T2, so M’ is isomorphic to a
minor of My, that can be obtained by a ladder-compression move; a contradic-
tion.

We deduce that M’ =< Ms,11\z1,23. Let ¢t be the maximal member of
{1,2,...,n} such that M" < Ma,11\21,x3,...,22:+1. We show next that

4.2.4. t =n.

Assume t < m. Then, as Mo, 11\21,Z3,..., 2211 has (Tor43, Y2t12, Tory2, Yot
as a 4-fan, it follows by the choice of ¢ that M’ < My,11\x1, 3, ..., Torr1 /Yo
The last matroid has (xoi42,Tar, Yort1,Y2¢—1) as a 4-fan. Thus either M’ =<
Moy \T1, 23, . .., Topg1 /Yot Y2r—1, O M’ < Moy p1\T1,23,. .., Topg1/Yot \Tot 42
The latter must hold since the former implies that M’ is isomorphic to a minor
of My, 41 that is obtained by a ladder-compression move; a contradiction. But

Mopt1\x1,23, ..., Torg1/Y2t \Torye = Mopi1\T1, 23, ..., o1\ Tort2/Y2r2
Moy 1 \T1, 23, ..., Top1 /Y242 \T2t43,
so the choice of t is contradicted and 4.2.4 holds.

1%
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We now know that M’ < Ms,1\z1,23,...,Z2n,+1. The last matroid has
{Y2n,y1} as a union of cocircuits. Thus M’ < Mo, 11\x1, T3, ..., Tont1/y1 = Apta.
Suppose M’ is isomorphic to a proper minor of Ma, +1\21,Z3,...,Z2,+1/y1. Then
this M’-minor must be obtained from the last matroid by deleting some member
of {xa2,24,...,22,} or by contracting some member of {ya2,¥ys,...,Y2nt1}. It is
straightforward to check, by exploiting the structure in Figure 21 in a familiar way,
that M' < May,11/y1, y2; a contradiction. We conclude that the lemma holds. O

5. BOWTIES

In this section, we prove some results for bowties. We also prepare for the
subsequent sections by defining some terminology concerning what we consider to
be winning moves with respect to the splitter theorem. The following simple result
from [7, Lemma 4.2] will be useful when dealing with bowtie structures.

Lemma 5.1. Let M be an internally 4-connected matroid having at least ten el-
ements. If ({1,2,3},{4,5,6},{2,3,4,5}) is a bowtie in M, then {2,3,4,5} is the
unique 4-cocircuit of M that meets both {1,2,3} and {4,5,6}.

When we contract b; in the good bowtie string Ty, Do, T, D1, 15, we will apply
the following result from [8, Lemma 3.9].

Lemma 5.2. Let M be an internally 4-connected binary matroid having
To, Do, T1, D1, T as a string of bowties and suppose that M\c; is (4,4, S)-connected.
Then
(i) M\c1/by is internally 4-connected; or
(il) M\c1/b1 is (4,5,5,4)-connected and M has a triangle {1,2,3} such that
{2,3,a1,¢1} is a cocircuit; or
(iil) M\ey1/by is (4,5,5,4)-connected and M has elements dy and dy such that
{do,d1} avoids ToUT 1 UTs, and {dy,a1,c1,d1} is a cocircuit, and {do, a1, s}
or {dy,c1,t} is a triangle for some s in {by,co} ort in {az,ba}.

The following lemma is from [2, Lemma 8.3].

Lemma 5.3. Let M be an internally 4-connected binary matroid with at least
thirteen elements. Let M have {a,b,c}, {1,2,3}, {4,5,6}, and {7,8,9} as tri-
angles and {1,2,a,b}, {4,5,b,c}, and {7,8,a,c} as cocircuits. Assume that
a,b,c,1,2,3,4,5,6,7,8, and 9 are distinct except that, possibly, 3 =19, or 3 =6, or
6 =9. Then either

(i) {a,b,c} is the central triangle of a quasi rotor; or

(ii) M/a,b,c is internally 4-connected.

We now prove a lemma regarding the structure that arises in the last lemma.

Lemma 5.4. Let M be an internally 4-connected binary matroid with at least
thirteen elements. Let M have {a,b,c}, {1,2,3}, {4,5,6}, and {7,8,9} as triangles
and {1,2,a,b}, {4,5,b,c}, and {7,8,a,c} as cocircuits. Let N be an internally
4-connected matroid that is a minor of M/a,b,c. Then M has an internally 4-
connected proper minor M’ that has an N-minor such that |E(M) — E(M')| < 3.

Proof. Lemma 5.1 implies that a,b,¢,1,2,3,4,5,6,7,8, and 9 are distinct except
that, possibly, 3 =9, or 3 =6, or 6 = 9. The lemma is immediate if M/a,b,c is
internally 4-connected. Thus, from the last lemma, we may assume that {a, b, c} is
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the central triangle of a quasi rotor. As N is a minor of each of M/a, M/b, and
M /¢, and one of a, b, and ¢ is in two triangles of the quasi rotor, the theorem follows
by [7, Lemma 4.5]. O

The next lemma is helpful when dealing with strings of bowties.

Lemma 5.5. Let M be a binary matroid with an internally 4-connected minor N
with |E(N)| > 6. Let Ty, Do, T1, D1, ..., T, be a string of bowties in M with n > 2,
and suppose that M\co,c1 has an N-minor. Then
(i) M\co,c1,...,¢n has an N-minor; or M\cg,ci,...,ce/by has an N-minor
for some € in {1,2,...,n}, and M\co/by has an N-minor; and
(ii) for all j in {1,2,...,n},
M\Co,Cl,...,Cn/bn = M\co,cl,...,cj,haj,ajﬂ,...,an/bj
= M\co,cl,...,cj_l,aj,aj+1,...,an/bj_l
= M\ao,al, .. ,an/bo;
and
(i) of M\co,c1,...,cn has an N-minor and has a 2-cocircuit containing a mem-

ber x of {a;,b;} for some i in {1,2,...,n}, then, for the element y of
{a;,b;} — x and for all k in {0,1,...,4i— 1},

N = M\co, €1,y Chy @kt 15 Q425 - - - Qim1, Y, Cit 15 Cig 25+ -+ 5 Cn /.
Proof. From [7, Lemma 5.2], we know that (ii) holds. To see that (i) holds, take
¢ as large as possible such that M\cp,c1,...,c, has an N-minor. If ¢ < n, then
(co41,be+1,ae41,be) is a 4-fan in M\cg,cq1,...,¢co, SO we can contract by in this

matroid keeping an N-minor since we have no N-minor when we delete cy+1. By
(ii), M\co, €1, ... ce/be =2 M\ag, a1, az, ..., ae/bg. Thus M /by, and hence M\cg/bo,
has an N-minor.

Finally, we show that (iii) holds. Clearly M\cyg,c1,...,c, /2 has an N-minor, so

M\co, €1y ..y €Ci—1,Y, Cit1,Cit2, - -, Cn/x has an N-minor. By (ii), the last matroid
is isomorphic to M\co, €1, ..., Chky Qkt1, k12, -« - i1, Yy Cit1, Cit2y - - -, Cn/bg Tor all
kin {0,1,...,4 — 1}. Thus (iii) holds. |

When M contains a good bowtie, we know from Theorem 1.4 that Theorem 1.5
holds provided M satisfies certain requirements. Because of this, in our work to-
wards the proof of Theorem 1.5, we shall frequently impose the following:

Hypothesis VIIL. [If, for (M1, Ny) in {(M,N),(M*,N*)}, the matroid My has a
bowtie ({ag,bo,co},{a1,b1,c1}, {bo, co,a1,b1}), where Mi\co is (4,4, 5)-connected
with an Ni-minor, then Mi\co,c1 has an Ni-minor, and Mi\c1 is (4,4,5)-
connected.

The following lemma is an easy adaptation of [8, Lemma 3.5] in light of the
preceding hypothesis. Indeed, if Hypothesis VIII holds, then so does Hypothesis
VII of [§].

Lemma 5.6. Let ({1,2,3},{4,5,6},{2,3,4,5}) be a bowtie in an internally 4-
connected binary matroid M with |E(M)| > 13. Let N be an internally 4-connected
minor of M having at least seven elements. Suppose that M\4 is (4,4, S)-connected
with an N-minor and that Hypothesis VIII holds. Then N = M\1,4 and M\1 is
(4,4, S)-connected with an N-minor. In addition,

(i) M\1 is internally 4-connected; or
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(i) M has a triangle {7,8,9} such that ({1,2,3},{7,8,9},{7,8,1,s}) is a
bowtie for some s in {2,3}, and [{1,2,...,9}| =9; or

(iii) every (4,3)-violator of M\1 is a 4-fan of the form (4,t,7,8), for some t in
{2,3} where {1,2,3,4,5,6,7,8}| =8; or

(iv) M\6 is internally 4-connected with an N-minor.

Beginning with the next lemma and for the rest of the paper, we shall start

abbreviating how we refer to the following five outcomes in the main theorem:

(i) M has a proper minor M’ such that |E(M)| — |E(M')] < 3 and M’ is
internally 4-connected with an N-minor;

(ii) M contains an open rotor chain, a ladder structure, or a ring of bowties
that can be trimmed to obtain an internally 4-connected matroid with an
N-minor;

(iii) M contains an open quartic ladder where the deletion of all of the dashed
elements followed by the contraction of the arrow element is internally 4-
connected with an N-minor;

(iv) M contains an enhanced quartic ladder from which an internally 4-
connected minor of M with an N-minor can be obtained by an enhanced-
ladder move;

(v) a ladder-compression move in M yields an internally 4-connected minor
with an N-minor.

When (i) or (iv) holds, we say, respectively, that M has a quick win or an enhanced-
ladder win. When trimming an open rotor chain, a ladder structure, or a ring of
bowties in M produces an internally 4-connected matroid with an N-minor, we say,
respectively, that M has an open-rotor-chain win, a ladder win, or a bowtie-ring
win. When (iii) or (v) holds, we say, respectively, that M has a mized-ladder win
or a ladder-compression win.

6. WHEN A GOOD BOWTIE IS A RIGHT-MAXIMAL BOWTIE CHAIN

Suppose that M has a bowtie ({1,2,3},{4,5,6},{2,3,4,5}) where M\4 is
(4,4, S)-connected with an N-minor. If Hypothesis VIII holds, then, in Lemma 5.6,
we showed that we either get a quick win, or one of two possible configurations
arises. Specifically, either M contains a good bowtie string with three triangles, or
M contains the configuration shown in Figure 22, where we may have switched the
labels on 2 and 3. In each of these, M\1 is (4,4, S)-connected.

FIGURE 22. All the elements shown are distinct.

In this section, we give more details about the structure surrounding the con-
figuration in Figure 22. We will show that if M contains this configuration, then
either M contains a good bowtie string with three triangles, or, by removing at
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most three elements from M, we can find an internally 4-connected proper minor
of M that has an N-minor. More precisely, we will prove the following result.

Theorem 6.1. Let M and N be internally 4-connected binary matroids where
|[E(M)| > 15 and |[E(N)| > 7. Suppose that Hypothesis VIII holds. If M contains
the configuration in Figure 22 where M\4 is (4,4, S)-connected having an N -minor
and [{1,2,...,8} =8, then either M has a quick win, or M contains a good bowtie
string with three triangles.

The proof of this theorem will use several lemmas.

Lemma 6.2. Let M be an internally 4-connected binary matroid with at least
thirteen elements. If M contains the configuration in Figure 22 where both M\4
and M\1 are (4,4, S)-connected, then M\6 is (4,4, S)-connected and {4,5,6} is the
only triangle in M containing 5.

Proof. Assume that M\6 is not (4,4, S)-connected. Then, by [7, Lemma 4.3],
M has a quasi rotor ({1,2,3},{4,5,6},{z,v, 2},{2,3,4,5},{v,6,z,y}, {u,v,x}) for
some v in {2,3} and v in {4,5}. Since M\4 is (4, 4, S)-connected, v = 4. By orthog-
onality between {2,4,7} and the cocircuit {4,6,z,y}, we deduce that 7 € {z,y}.
Then orthogonality between {1,2,7,8} and {x,y, 2z} implies that 8 € {x,y, z}. Thus
A({1,2,...,6,z,y,2}) < 2; a contradiction. Therefore M\6 is (4, 4, S)-connected.
Suppose M has a triangle T other than {4,5,6} containing 5. By orthogonality,
T contains 2 or 3. Hence T'U {1,2,3} is a 5-fan in M\4; a contradiction. O

FIGURE 23. M has {4,6,7,y} or {1,2,4,6,y} as a cocircuit.

Lemma 6.3. Let M and N be internally 4-connected binary matroids where
|[E(M)| > 15 and |E(N)| > 7. If M contains the configuration in Figure 22, where
M\4 and M\1 are (4,4, S)-connected and M\1,4 has an N-minor, then M\1,4 is
(4,4, 5)-connected. Furthermore,

(i) M\1,4 is internally 4-connected; or

(ii) M contains the structure in Figure 23, where y and z are elements not in

{1,2,...,8}, and {4,6,7,y} or {1,2,4,6,y} is a cocircuit of M; or
(iii) M contains a good bowtie string with three triangles.

Proof. We apply [7, Lemma 6.1] and conclude that M\1,4 is sequentially 4-
connected having no triangle containing 2. Moreover,
(a) M\1,4 is internally 4-connected; or
(b) {7,8} is in a triangle of M; or
(c) {3,5} is in a triangle of M; or
(d) M\1,4 is (4,4,5)-connected and M contains the structure shown in Fig-
ure 23, where y and z are not in {1,2,...,8}, and {4,6,7,y} or {1,2,4,6,y}
is a cocircuit; or
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(e) M\1,41is (4,4, 5)-connected having 3 as the coguts element of every 4-fan.

If (a) holds, then the lemma holds, so we assume not. As M\1 is (4,4,5)-
connected, (b) does not hold. Now Lemma 6.2 implies that {4,5,6} is the only
triangle of M containing 5, so (¢) does not hold. If (d) holds, then (ii) of the lemma
holds.

We conclude that (e) holds. Hence we may assume that M\1,4 has a 4-fan of the
form (v1,v2,vs,3). Then M contains a cocircuit C* such that {vy,v3,3} G C* C
{va,v3,3,1,4}. If 4 € C*, then orthogonality implies that {vs, v3} meets {2, 7} and
{5,6}. As noted at the outset, 2 is in no triangles of M\1,4, so 7 € {v1,va,v3}.
But {vy,v2,v3} A {2,5,6,7} is a triangle of M\1,4 containing 2; a contradiction.
Thus C* = {v9,v3,3,1}, and M contains a good bowtie string with three triangles,
so (iii) of the lemma holds. O

FIGURE 24. Here {1,2,4,6,y} is a cocircuit.

In the ladder structures that arise, we occasionally need to consider a 5-cocircuit
of the form shown in Figure 24. In the next lemma, we develop properties of this
structure.

Lemma 6.4. Suppose that M is an internally 4-connected binary matroid with at
least thirteen elements, and that M contains the structure in Figure 24. If both M\4
and M\1 are (4,4, S)-connected, then the elements in Figure 24 are all distinct,
{4,6} is not contained in a 4-cocircuit of M, and M\6 or M\6/5 is internally
4-connected.

Proof. First note that the elements in Figure 24 are all distinct otherwise
A({1,2,...,8,y,2}) = 2; a contradiction. We show next that

6.4.1. {4,6} is not in a 4-cocircuit of M.

Assume {4,6} is in a 4-cocircuit C* of M. Then the triangles {4,2,7} and
{6,y, z} imply that C* C {6,4,2,7,y, 2z}, so A({1,2,...,7,y,2}) < 2; a contradic-
tion. Hence 6.4.1 holds.

Now assume that neither M\6 nor M\6/5 is internally 4-connected. Lemma 6.2
implies that

6.4.2. {4,5,6} is the only triangle of M containing 5.

We now apply [8, Lemma 3.4] noting that either M\6 is (4,4, S)-connected
and one of (i)—(iv) of that lemma hold; or M\6 is not (4,4, S)-connected and M
has ({1,2,3},{4,5,6},{7,8,9},{2,3,4,5},{y,6,7,8},{x,y, 7}) as a quasi rotor for
some z in {2,3} and y in {4,5}. Neither the latter nor (iii) of [8, Lemma 3.4]
holds because 6.4.1 and 6.4.2 hold and M\4 is (4,4, S)-connected. We deduce
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that M\6 is (4,4, 5)-connected. It is immediate that neither (i) nor (iv) of [8,
Lemma 3.4] holds. Thus (ii) of that lemma holds, so M has a 4-cocircuit {5, 6, u, v}
and a triangle {u,v,w} such that [{1,2,3,4,5,6,u,v,w}| = 9. Then M has
{1,2,3},{2,3,4,5},{4,5,6},{5,6,u, v}, {u,v,w} as a string of bowties, and M\6
is (4,4, S)-connected. As M has no 4-cocircuit containing {4,6}, it follows by
Lemma 5.2 that M\6/5 is internally 4-connected; a contradiction. O

F1GURE 25. All of the elements shown in this figure are distinct.

Next we examine more closely what happens when M contains the structure in
Figure 24.

Lemma 6.5. Let M and N be internally 4-connected binary matroids where
|[E(M)| > 15 and |[E(N)| > 7. Suppose M contains the structure in Figure 24
where all of the elements are distinct, and {4,5,6} is the only triangle of M con-
taining 5. Suppose that each of M\4, M\1, and M\1,4 is (4,4, S)-connected with
an N-minor and that every 4-fan in M\1 has 4 as its guts element. Then every
triangle that meets {1,2,...,8,y} is shown in Figure 24 and either
(i) M has a quick win; or
(ii) M contains the structure in Figure 25, where all of the elements shown are
distinct. Moreover, M\1,4/2 has no N-minor but M\1,4,z,j does have
an N-minor, and M\z is (4,4, 5)-connected.

Proof. First we show that
6.5.1. every triangle that meets {1,2,...,8,y} is shown in Figure 24.

Suppose M has a triangle T' that is not shown in Figure 24 such that T meets
{1,2,...,8,y}. By assumption, 5 ¢ T. Moreover, by orthogonality, if T meets
{y,6}, then T'is {y,7,1},{y, 4,3}, or {6,7,1}. In each of these cases, {1,2,...,7,y}
has rank at most five and so is 3-separating; a contradiction. Thus T avoids {5, 6, y},
soT C {1,2,3,4,7,8}. Hence 8 € T and {1,2,3,4,7,8} is 3-separating; a contra-
diction. Thus 6.5.1 holds.

Assume that (i) does not hold. We show next that

6.5.2. M\1,4/2 has no N-minor but M\1,4,z does have an N-minor.

Suppose that M\1,4/2 has an N-minor. Then, since M\1,4/2 = M\3,4/2 =
M\3,4/5 = M\3,6/5, we see that M\6/5 has an N-minor. Thus, by Lemma 6.4,
we have a quick win; a contradiction. We deduce that M\1,4/2 has no N-minor.
But M\1,4 has an N-minor and has (z,y,6,2) as a 4-fan. Hence 6.5.2 holds.

6.5.3. M\z is sequentially 4-connected.
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To see this, suppose that M\ z has a non-sequential 3-separation (U, V). By [5,
Lemma 3.3], we may assume that {1,2,...,7} C U. Hence we may also assume
that y € U. Then (UUz, V) is a non-sequential 3-separation of M; a contradiction.
Thus 6.5.3 holds.

Next we show the following.

6.5.4. If (4,k,€,m) is a 4-fan in M\z, then either m = y; or {5,6} = {k, (}.

Clearly M has {j, k, ¢} as a circuit and {k, ¢, m, z} as a cocircuit. By orthogonal-
ity, {6,y} meets {k,¢,m} in a single element. If m = y, then 6.5.4 holds. Suppose
that m = 6. By orthogonality, {4,5} meets {k, ¢}. Since {4,5,6} is the only trian-
gle that contains 5, without loss of generality, 4 = ¢. Thus {4, 6} is contained in a
4-cocircuit, a contradiction to Lemma 6.4.

By symmetry between k and ¢, it remains to consider when ¢ € {6,y}. By
6.5.1, y avoids {j,k,¢}. Thus 6 = ¢, and 6.5.1 also implies that {j,k} = {4,5}.
Lemma 6.4 implies that 4 = j, so 5 = k, and 6.5.4 holds.

We now show that

6.5.5. y is the coguts element of some 4-fan of M\z.

By 6.5.3, since M\z is not internally 4-connected, it has a 4-fan. Suppose 6.5.5
fails. Then 6.5.4 implies that {5,6,z,2} is a cocircuit of M for some element z.
Then, by orthogonality, either x = 8, or = avoids the elements in Figure 24. In the
first case, A({1,2,3,4,5,6,7,8,y,2}) < 2; a contradiction. In the second case, we
observe that M is not the cycle matroid of a quartic Mébius ladder since M has
an odd circuit but every vertex degree, and hence every bond, in a quartic Mobius
ladder is even. Thus we can apply [8, Lemma 4.1] to get that M\1,4, z is (4,4, .5)-
connected and every 4-fan of this matroid is a 4-fan of M\z or M\1. Since, by
hypothesis, 4 is the guts element of every 4-fan of M\1, and we have assumed that
M has no quick win, we deduce that M\1,4, z has a 4-fan F' that is a 4-fan of M\z.
Then 6.5.4 implies that either 6.5.5 holds, or 5 and 6 are the interior elements of
F'. Hence 4 is in F’; a contradiction. Thus 6.5.5 holds.

By 6.5.5, M contains the structure in Figure 25. The elements in this figure
are distinct since {j, k, ¢} certainly avoids z and, by 6.5.1, {j,k,¢} also avoids
{1,2,...,8,y}. Since M\1,4, z has (4, k,£,y) as a 4-fan, M\1,4, z,j or M\1,4,z/y
has an N-minor. As M\1,4,z/y =2 M\1,4,6/y = M\1,4,6/2, and M\1,4/2 has
no N-minor, we deduce that M\1,4, z,j has an N-minor.

To complete the proof that (ii) holds, it remains only to show that M\z is
(4,4, S)-connected. Suppose that M\z has a 5-fan («, 8,7, d,¢). By 6.5.4, since g
and & cannot both equal y, it follows that {5,6} is {8,~} or {~,d}. Thus 5 or 6
is in two triangles of M\z; a contradiction to 6.5.1. Now suppose that M\z has
a 5-cofan (¢, o, B8,7,d). Then 6.5.4 implies, after possibly reversing the order of
the fan elements, that ¢ = y and {5,6} = {8,7}, so @« = 4. Thus {4,y,%,5} or
{4,y, 2,6} is a cocircuit in M; a contradiction to orthogonality with {2,4,7}. We
conclude that M\z is (4,4, S)-connected. Thus (ii) holds. O

When combined with earlier results, the next result establishes that when M
contains the structure in Figure 24, either M contains a good bowtie string with
three triangles, or M has an internally 4-connected minor M’ that has an N-minor
such that 1 < |[E(M) — E(M')| < 2.
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Lemma 6.6. Let M and N be internally 4-connected binary matroids with
|[E(M)| > 15 and |E(N)| > 7. Suppose that Hypothesis VIII holds, that M con-
tains the configuration in Figure 25, where all of the elements are distinct, that
N =< M\1,4,z,4, and that each of M\1, M\4, M\1,4, and M\z is (4,4,5)-
connected. Suppose also that every 4-fan in M\1 has 4 as its guts element and
that every triangle that meets {1,2,...,8,y} is displayed in Figure 25. Then either

(i) M has an internally 4-connected minor M’ that has an N-minor such that
1<|E(M)—EM’)| <2; or
(ii) M contains a good bowtie string with three triangles.

FIGURE 26. This structure arises in the proof of Lemma 6.6.

Proof. Assume that the lemma fails. Then M\j is not internally 4-connected. We
apply Lemma 5.6 to the good bowtie ({j, k, ¢}, {6,v, 2}, {y, 2, k, £}). Neither (i) nor
(iv) from that lemma holds. Moreover, (ii) does not hold otherwise M has a good
bowtie string with three triangles. Thus (iii) from Lemma 5.6 holds, that is, M\j
is (4,4, S)-connected and every (4, 3)-violator of it is a 4-fan of the form (z, v, w, z)
for some v in {k,¢}. Without loss of generality, we may assume that v = ¢ and
that M contains the structure in Figure 26. By orthogonality with the cocircuits
displayed in Figure 25, we deduce that w is not among the elements in that figure.
Using orthogonality again, this time with the circuits displayed in Figure 25, we
see that all of the elements in Figure 26 are distinct except that  may equal 8.
Now we apply Lemma 6.3 to the right-hand end of the structure in Figure 26
and get that M\z,j is (4,4, S)-connected. Moreover, since, by assumption, M\z, j
is not internally 4-connected, M has {6,w, z} in a 4-cocircuit or has {6, z,¢,;} in
a 5-cocircuit.  Thus, by orthogonality with the circuits in Figure 26, {5,6,w, z}
or {5,6,z2,¢,7} is a cocircuit of M. The former implies that (ii) holds; a contradic-
tion. Hence {5,6,z2,¢,j} is a cocircuit. The symmetric difference of the cocircuits
{1,2,4,6,y},{5,6,2,4,5},{y, 2, ¢, k}, and {2,3,4,5} is {1,3,4, k}, which must be
a cocircuit of M. Since N < M\1,4,z,7, it follows that N < M\1,4,z,5/3.
But M\1,4/3 = M\2,4/3 = M\2,4/5 = M\2,6/5. Hence N < M/5\6. Then
Lemma 6.4 implies that (i) holds; a contradiction. O

We now consider the case when M contains the structure in Figure 23 where
{4,6,7,y} is a cocircuit and M\1,4 is (4,4, S)-connected having an N-minor. Then
M\1,4 has (z,y,6,7) as a 4-fan. Thus M\1,4\z or M\1,4/7 has an N-minor. The
next two lemmas treat these two cases.

Lemma 6.7. Let M and N be internally 4-connected binary matroids with
|[E(M)| > 15 and |E(N)| > 7 and suppose that Hypothesis VIII holds. Let M
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contain the configuration in Figure 23 where {4,6,7,y} is a cocircuit. Suppose that
each of M\4 and M\1,4 is (4,4, S)-connected, and that {4,5,6} is the only triangle
that contains 5. Suppose also that M has no quick win. If N < M\1,4, z, then M
contains a good bowtie string with three triangles.

Proof. By Hypothesis VIII, M\1 is (4,4, S)-connected. We show first that

6.7.1. if M has {«, 5,7} as a triangle and {z,5,7,0} as a cocircuit, for some
§ € {6,y}, then the lemma holds.

By Lemma 5.1, {8,v} avoids {2,4,7}. Hence [{2,4,7,6,y,z2,8,7} = 8, and
orthogonality implies that « avoids {2,4,7,6,y, z, 8,7} unless & = 2. Consider
the exceptional case. Then {a, 8,7} = {2,3,1} and \({1,2,3,4,5,6,7,y,2}) < 2;
a contradiction. We deduce that o ¢ {2,4,7,6,y,z2,3,7}. Since M\4 is (4,4,5)-
connected with an N-minor, it follows that {2, 4,7}, {6,y, 2}, and {«, 8,~} are three
triangles in a good bowtie string in M, so 6.7.1 holds.

We now apply Lemma 5.6 to the bowtie ({6,y,z},{2,4,7},{4,6,7,y}). Since
M\z has an N-minor but M has no quick win, M\z is not internally 4-connected.
Clearly M\2 is not internally 4-connected. Using 6.7.1, it follows that we may
assume that (iii) of Lemma 5.6 holds. Thus

6.7.2. every (4,3)-violator of M\z is a 4-fan of the form (4,v,w,x) where v €

{6,y}.

If v = y, then orthogonality between {4, v, w} and {2, 3,4, 5} implies that w = 3.
Hence A({1,2,...,7,y}) < 2; a contradiction. Thus v = 6, and it follows that
w = 5, so {5,6,z,2} is a cocircuit of M. By orthogonality with the circuits in
Figure 23, we know that x avoids the elements in that figure unless x = 8.

We may assume that M is not the cycle matroid of a quartic Mobius ladder
otherwise the lemma holds. Thus [8, Lemma 4.1] implies that M\1,4, z is (4,4, 5)-
connected and every (4,3)-violator of this matroid is a 4-fan in either M\z or
M\1. Since M has no quick win, M\1,4,z has a 4-fan F. By 6.7.2, F cannot
be a 4-fan of M\z otherwise it has 4 as its guts element. Thus F is a 4-fan,
(o, B,7,96), of M\1. Then M has {a, (3,7} as a triangle and has {8,v,0,1} as a
cocircuit. By orthogonality, {2,3} meets {8,v,d}. By Lemma 5.1, {8,v,d} avoids
{4,5,6}. Suppose {2,3} meets {$,~v}. Then, by orthogonality, {«, 3,7} contains
two elements of {2,3,4,5}. But {«, 3,7} avoids {4,5}, so {a, 8,~} contains {2, 3}
and hence is {1,2,3}; a contradiction since {c, 3,7} avoids 1. We deduce that
{2,3} avoids {3, ~}. Hence § € {2,3}.

Now observe that

6.7.3. {«, 3,7} avoids {7,y}.

Suppose {a, 8,7} meets {7,y}. Then, by orthogonality, {a, 5,7} is a subset of
{1,2,3,4,5,6,7,8,y}. Since {a, 8,7} avoids {1,4, z}, it is a triangle not shown in
Figure 23, so A\({1,2,3,4,5,6,7,8,y}) < 2; a contradiction. Thus 6.7.3 holds.

If § = 2, then orthogonality implies that {4, 7} meets {3,~}; a contradiction. We
deduce that § = 3. Then M has {6,5,4},{5,4,2,3},{2,3,1},{3,1,7, 8}, {7, B, a}
as a good bowtie string of three triangles unless {«, 8,7} meets {4,5,6}. In the
exceptional case, as {a, 8,7} avoids {4, 5}, we must have that 6 € {«, 3,7}. Then,
by orthogonality, {y, 7} meets {«, 5,7}; a contradiction to 6.7.3. O
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When M contains the structure in Figure 23 where {4,6,7,y} is a cocircuit, we
have completed our analysis of the case when M\1,4, z has an N-minor; we now
turn our attention to the case when M\1,4/7 has an N-minor.

Lemma 6.8. Let M and N be internally 4-connected binary matroids with
|[E(M)| > 15 and |E(N)| > 7 and suppose that Hypothesis VIII holds. Let M
contain the configuration in Figure 23 where {4,6,7,y} is a cocircuit. Suppose that
each of M\4 and M\1,4 is (4,4, S)-connected, that M\4 has an N-minor, and that
{4,5,6} is the only triangle of M containing 5. Then either M has a quick win, or
M contains a good bowtie string with three triangles.

Proof. Assume that the lemma fails. By Hypothesis VIII, M\1 is (4,4, S)-
connected and M\1,4 has an N-minor. If M\1,4,z has an N-minor, then
Lemma 6.7 implies that the lemma holds, so we assume not.

We show next that

6.8.1. M\2,6 has an N-minor.

As M\1,4 has an N-minor and has (z,y,6,7) as a 4-fan, it follows that
M\1,4/7 has an N-minor. As the last matroid has (6,5,2,3) as a 4-fan, ei-
ther M\1,4/7\6 or M\1,4/7/3 has an N-minor. The former implies, since
M\1,4/7\6 = M\1,4/y\6 = M\1,4/y\z, that M\1,4,z has an N-minor; a con-
tradiction. Thus M\1,4/7,3 has an N-minor. Since M\1,4/7,3 = M\2,4/7,3 =
M\2,4/7,5 =2 M\2,6/7,5, we deduce that 6.8.1 holds.

By Lemma 6.2, M\6 is (4,4, S)-connected. Thus, by applying Hypothesis VIII
to the bowtie ({z,v,6},{4,7,2},{y,6,4,7}), we deduce that

6.8.2. M\2 is (4,4, S)-connected.

All the elements in Figure 23 are distinct otherwise A({1,2,...,8,y,2}) < 2. We
may now apply [7, Lemma 6.1] and deduce that

i) M\2,6 is internally 4-connected; or
(ii) {7,y} is in a triangle of M; or
(iii) {3,5} is in a triangle of M; or
(iv) M has a triangle containing 1 and avoiding {2, 3}; or
(v) M\2,6 is (4,4, S)-connected, and 5 is the coguts element of all of its 4-fans.

By assumption, neither (i) nor (iii) holds. If {7,y} is in a triangle, then
orthogonality implies that the third element of this triangle is in {1,2,8}, so
A{1,2,...,8,y}) < 2; a contradiction. Thus (ii) does not hold. Suppose 1 is
in a triangle T avoiding {2,3}. Then orthogonality implies that 7 or 8 is in T.
In the first case, orthogonality implies that the third element of T is in {4,6,y},
so A({1,2,3,4,5,6,7,y}) < 2; a contradiction. Thus 8 € T and, by orthogonality,
the third element of T avoids {4,6,7,y}. Thus M has a bowtie string containing
T, {2,4,7}, and {6,y, 2}, and, as M\1 is (4,4, 5)-connected having an N-minor,
this bowtie string is good; a contradiction. We deduce that (iv) does not hold. It
follows that (v) holds, so M\2,6 has a 4-fan of the form («, 8,7, 5). Thus M has a
cocircuit C* such that {8,v,5} G C* € {8,7,5,2,6}.

Suppose that C* = {8,v,5,6}. Then Lemma 5.1 implies that {3,~} avoids
{1,2,3}. Thus, by orthogonality, o does not meet {2,3,4}. As (iv) does not
hold, o # 1. Hence M has {1,2,3},{2,3,4,5},{4,5,6},{5,6,8,7},{a, 8,7} as a
bowtie string, and 6.8.2 implies that it is a good bowtie string; a contradiction.
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We deduce that C* is {8,7,5,2} or {8,7,5,2,6}. If the former holds, then
Lemma 5.1 implies that {8,v} = {3,4}, and orthogonality between {«, 3,7} and
{4,6,7,y} implies that « = y, so A({1,2,...,7,y}) < 2; a contradiction. It remains
to consider when M has {,v,5,2,6} as a cocircuit. By orthogonality with {1, 2, 3}
and {2,4,7}, it follows that {8,~v} meets {1,3} and {4,7}, so A({1,2,...,7}) < 2;
a contradiction. |

We are now ready to prove the main result of this section.

Proof of Theorem 6.1. Assume that the theorem fails. Lemma 5.6 implies that
MN\1is (4,4, S)-connected and that every 4-fan of it has the form (4, 8,~, §), where
B e {2,3}.

Now Lemma 6.2 implies that {4,5, 6} is the only triangle containing 5, and M\6
is (4,4, S)-connected. By Hypothesis VIII, M\1,4 has an N-minor. Furthermore,
by Lemma 6.3, M\1,4 is (4,4, S)-connected, and M contains the structure in Fig-
ure 23 where {4,6,7,y} or {1,2,4,6,y} is a cocircuit.

By Lemma 6.8, M does not have {4,6,7,y} as a cocircuit. Therefore M has
{1,2,4,6,y} as a cocircuit. Then M contains the structure in Figure 24. By
Lemma 6.4, all the elements in this figure are distinct. By Lemma 6.5, every triangle
that meets {1,2,...,8,y} is displayed in Figure 24, and M contains the structure
in Figure 25 where all of the elements shown there are also distinct. Furthermore,
MN\1,4, z,j has an N-minor, and M\z is (4,4, S)-connected. By Lemma 6.6, we
deduce that M has a good bowtie string with three triangles; a contradiction. [

7. GOOD BOWTIE STRINGS CONTAINING THREE TRIANGLES

One outcome of the preceding section is that M contains a good bowtie string
with three triangles. In this section, we analyze this case.

ok T b Y b
FicURE 27. This structure is analyzed in the proof of Lemma 7.1.

Lemma 7.1. Let M and N be internally 4-connected binary matroids such that
|[E(M)| > 15 and |E(N)| > 7. Suppose that Hypothesis VIII holds and that M
contains the structure in Figure 27 and that N < M\co,¢1/do,b1. Then
(i) M has a quick win; or
(ii) M has a ladder-compression win; or
(iil) M\co,c1/do, b1 is (4,4,S)-connected and every 4-fan in this matroid is of
the form (di,v,w,x), where {v,w,z} is a triad of M and {dy,dy,v,w} is
a circuit of M.

Proof. We note that all of the elements in Figure 27 are distinct, as otherwise this
set of elements is 3-separating; a contradiction. Assume that the lemma does not
hold. We show first that
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7.1.1. M\a1,co and M\ag/bg,dy have N-minors.

This follows from the fact that N =< M\cop,c1/do,b1 by observing that
M\cg, c1/do, by = M\co, a1/do, by = M\co,a1/do, by = M\co,ao/do, bo.
We show next that

7.1.2. M\co and M\c1 are (4,4, S)-connected.

By Hypothesis  VIII, this holds provided M\cy is (4,4,95)-
connected.  Assume it is not.  Applying [7, Lemma 4.3] to the bowtie
({ag,c1,d1},{a1,do,co}, {c1,d1,a1,do}), we see that M has a quasi rotor
({ag,c1,d1},{a1,do,c0},{7,8,9}, {c1,d1,a1,do},{y, co, 7,8}, {x,y,7}) for some x
in {c1,d;} and some y in {a1,dp}. As N < M/dy, it follows by [7, Lemma 4.5]
that y = a1. Now M\aq,co has an N-minor and has {7,8} as a cocircuit. Thus
N =< M\a1,co/7. Therefore, by [7, Lemma 4.5] again, M has a quick win; a
contradiction. We conclude that 7.1.2 holds.

Next we show that

7.1.3. {ag,co} is contained in a 4-cocircuit of M.

Suppose not. By 7.1.1, M /by and M /by\ap have N-minors. Then M\ao is not
internally 4-connected, otherwise M has a quick win; a contradiction.
As the next step towards proving 7.1.3, we now show that

7.1.4. M\ag is (4,4, 5)-connected.

Suppose not. Then [7, Lemma 4.3] implies that M has a quasi rotor of the
form (T4,70,{7,8,9}, Do, {y, a0, 7,8}, {z,y,7}) for some z in {a1,b;} and some y
in {bo,co}. If © = by, then orthogonality implies that 7 € {az2,b2}, so the set of
elements in Figure 27 is 3-separating; a contradiction. Thus x = a;. If y = by, then
7=d, 80 M(ToUT1 U{dp,d1}) < 2; a contradiction. Hence y = ¢y and 7.1.3 holds;
a contradiction. We conclude that 7.1.4 holds.

Continuing with the proof of 7.1.3, we note that [7, Lemma 4.3] implies, since
{ao, co} is not in a 4-cocircuit, that either M has a triangle {1, 2,3} and a cocircuit
{2,3,a0,bo} where {1,2,3} avoids Ty U Ty; or M has a cocircuit {ag, bo, 7,8} and
a triangle {bg,7,x} for some x € {a1,b1}. If the latter holds, then orthogonality
using the two possibilities for x gives that 7 € {dgy,c1,d1} or 7 € {¢1,a2,ba}. In each
case, we see that the set of elements in Figure 27 is 3-separating; a contradiction.
Thus the former holds. Clearly, M has Ty, Dy, Ty, {ao, bo, 2,3}, {1,2,3} as a bowtie
string. Since, by 7.1.4, M\ao is (4,4, S)-connected but {ag,co} is not in a 4-
cocircuit, [8, Lemma 3.8] implies that M\ag/by is internally 4-connected, so (i)
holds; a contradiction. We conclude that 7.1.3 holds.

Let C* be a 4-cocircuit of M containing {ag,co}. We will show that M has
a ladder containing the structure in Figure 27. By orthogonality between C* and
{co,do, a1}, we deduce, using Lemma 5.1, that dyg € C*. Now orthogonality between
C* and the triangles in Figure 27 implies that the fourth element of C* is a new
element, ~, that is not shown in the figure. By reflecting the structure in Figure 27
about a vertical line and adding v, we obtain a structure that has the form of
Figure 8(a) where the ambiguous extra cocircuit in this structure is a 4-cocircuit
rather than a 5-cocircuit.

We deduce that if M\cg, ¢1/dg, by is internally 4-connected, then M has a ladder-
compression win; a contradiction. Thus
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7.1.5. M\cg,c1/dg, by is not internally 4-connected.
We show next that
7.1.6. M\co,c1/do, b1 is 3-connected.

Assume not. By 7.1.2 and Lemma 6.3, M\cg, ¢1 is (4,4, S)-connected. As this
matroid has (cg,be,as,b1) as a 4-fan, we deduce that M\co, c1/b1 is 3-connected.
The last matroid has (as,d1,a1,dp) as a 4-fan. Since M\c,c1/do, b1 is not
3-connected, it follows by Bixby’s Lemma [1] (or see [14, Lemma 8.7.3]) that
M\cg,c1/b1 has a triangle T containing dy. Suppose T is a triangle of M. Then,
as T # {do,a1,co}, orthogonality implies that dy € T so T = {do,d,e}, say.
Then orthogonality between T and {~, ag, co,do} implies that e € {~, ag, ¢}, and
AMTo UTy UT) < 2; a contradiction. It follows that T is not a circuit of M, so
T Ub; is a circuit of M\cp, ¢1. Then orthogonality in M\cg, c; with the cocircuits
{bo,a1,b1},{do,a1,d1}, and {by,as,bs} implies that T'U by contains a; and meets
{az2,b2}. Since {ai,b1,dy,as} is a circuit, we deduce that T'U by = {dy, a1, b1,b2}.
Hence A(Th U T U {dp,d1}) < 2; a contradiction. Thus 7.1.6 holds.

7.1.7. M\cy,c1/do,by is sequentially 4-connected.

To show this, suppose that M\cg,c1/do, b1 has a non-sequential 3-separation
(U,V). By [5, Lemma 3.3], we may assume that {ag,bo,a1,d1,a2,b2,c2} C U.
Then (U U{dy, b1, co,c1},V) is a non-sequential 3-separation of M; a contradiction.
Thus 7.1.7 holds.

By 7.1.6, M\co, ¢1/do, by is not internally 4-connected. Let (1,2, 3,4) be a 4-fan
in it. Then M/dy, by has a cocircuit D* such that {2,3,4} C D* C {2,3,4,¢o,c1}.
Suppose |D*| = 4. Then we get a contradiction to orthogonality between D*
and the circuit {cg, 1} in M/dy,bi. Suppose next that D* = {2,3,4, cg,c1}. Then
orthogonality with the circuits Ty, {co, a1}, and {¢1,d1, a2} in M/dg, by implies that
{2,3,4} meets {ag,bo},{a1}, and {di,as2}, so the eleven-element set in Figure 27
is 3-separating in M; a contradiction. We conclude that D* = {2,3,4}. Now
M has a circuit C' such that {1,2,3} S C C {1,2,3,do,b1}. Suppose by € C.
Then orthogonality implies that C' meets {bg, a1} and {as, b2}, so the triad {2, 3,4}
meets one of these sets; a contradiction. It follows that C' = {1,2,3,do}. Then
orthogonality implies that C' meets {a1,d1}. If a1 € C, then orthogonality with
Dy implies that by € C, so the triad {2, 3,4} meets {a1,bp}; a contradiction. We
deduce that dy € C, so d; = 1. Thus (iii) holds; a contradiction. O

In our next lemma, we consider M\c;—1,¢¢/d¢—1,bg, for £ € {1,2,...,n}, in the
structures in Figure 8 when {d,,_2, an—1,¢n—1,an, ¢y} is a cocircuit.

Lemma 7.2. Let M and N be internally 4-connected binary matroids where M
contains structure (a) or (b) in Figure 8 where n > 2 and {d,—2,an—1,Cn-1,0n,Cn}
is a cocircuit, and all of the elements are distinct except that d,, may be the same as
v in (b). If M\ce—1,ce/de—1,b¢ has an N-minor for some € in {1,2,...,n}, then
M\ay,—1/b,—1 has an N-minor.

Proof. If ¢ = n, then M\cp-1,¢n/dn-1,bn, = M\Ch-1,an/dn—1,bp =
M\Cn—lyan/dn—labn—l = M\Cn—lyan—l/dn—hbn—l- Hence M\an_l/bn_l, has an
N-minor.
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Now suppose that £ < n — 1. We have that
MN\co—1,¢o/dp—1,be = M\ag,ce/de—1,be
>~ M\ag, ce/de, by
>~ M\ce, apy1/de, be
= M\cg,apy1/de, besr
= M\cy, coy1/de, beyr

= M\Cn72a Cnfl/dnf% bnfl
= M\anfly cnfl/dnf% bnfl-
Thus M\a,_1/b,—1 has an N-minor. O

vl do )
agp Co a1 C1
UQ' bo 1;% b1
FIGURE 28. M has {dn-2,an-1,¢n—1,dn-1} or

{dn-2,an-1,¢Cn—1,an, cy} as a cocircuit.

Lemma 7.3. Let M and N be internally 4-connected binary matroids such that
|[E(M)| > 15 and |E(N)| > 7. Suppose that M contains the structure in
Figure 28, where n > 1 and, when n > 2, either {d,—2,an—1,¢n-1,dn—1} or
{dn-2,an-1,Cn—1, Qn,Cp} is a cocircuit. Suppose also that N = M\co,c1 and M\c;
is (4,4, S)-connected for alli in {0,1,...,n}. Then

(i) M\co,c1,...,cn has an N-minor; or

(ii) M has a quick win; or

(iii) M has a ladder-compression win.

Proof. Since M\c,, is (4,4, S)-connected, we know that {d,,_1,d,} is not contained
in a triangle. Therefore, by [7, Lemma 6.4], either all the elements in Figure 28
are distinct, or (ag,bp) is (¢pn,dyn) or (dn—1,dy) but all the other elements in the
figure are distinct. Suppose that the lemma fails. Then n > 2 and, for some ¢ in
{1,2,...,n—1}, the matroid M\co, c1,. . ., ¢¢ has an N-minor but M\co, ¢1, ..., Co11
does not. We show next that

7.3.1. (¢,n) = (1,2) and N < M\co,c1/b1,dy. Moreover, M has {dy,a1,c1,d1}
as a cocircuit and has a triad {2,3,4} such that {do,d1,2,3} is a circuit and
{2,d1,a2,c2} is a cocircuit.

As M\co,c1,...,¢¢ has (cpr1,bpr1,a041,b0) as a 4-fan, we deduce that
M\cp,c1,...,c¢/bp has an N-minor. Either the last matroid has (agy1, as, de, de—1)
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as a 4-fan, or £ = n—1 and M has {d,—2,an—_1, Cn_1, an, ¢y} as a cocircuit. Suppose
the latter occurs. Then Lemma 6.4 implies, since n > 2, that M\a,,—1/b,—1 is inter-
nally 4-connected. As M\co,c1,...,¢n—1/bn-1 = M\cg,c1,...,Cn—2/bn_1\an—1, it
follows that N < M\a,_1/b,—1, so (ii) holds; a contradiction. We deduce that
M\co,c1,...,ce/bg has (agy1,ap,dg,do—1) as a 4-fan and that if £ =n — 1, then M
has {d,,—2,an—1,Cn—1,dn—1} as a cocircuit.

If M\co,c1,...,ce/be\ar+1 has an N-minor, then, as M\co,c1,...,co/be\ass1 =
M\co,c1,. .. ¢ce,a041/ber1 = M\co,c1,...,¢o,¢o01/boy1,  we see that
M\cg,¢1,...,¢041 has an N-minor; a contradiction. We deduce that
M\co,c1,...,¢¢/bg/d¢—1 has an N-minor. Since n > 2, we can apply

Lemma 7.1 to our structure, deducing that M has a triad {2,3,4} such
that {d¢,d¢—1,2,3} is a circuit. By orthogonality between {dy,ds—1,2,3} and the
cocircuit {dg, ags1,ce+1,des1}, it follows, since neither 2 nor 3 is in a triangle
of M, that dy11 € {2,3} and £+ 1 = n. By symmetry, we may assume that
dey1 = 2. Moreover, if £ > 1, then orthogonality between {dy,d¢_1,2,3} and
{d¢—2,a¢-1,¢c—1,d¢—1} implies that 3 is in a triangle of M; a contradiction. We
conclude that £ = 1 and it follows that 7.3.1 holds where we note that the cocircuit
{27d15 az, 62} is {d27d17a2762}-
Next we observe the following.

7.3.2. All the elements in Figure 28 are distinct.

If this fails, then, as noted above, (ag,bg) is (cn,dy) or (dn—1,dy). But n = 2,
so MTo UTy UTs U{dp,d1}) < 2; a contradiction. Hence 7.3.2 holds.
We now show that

7.3.8. {ao, co} is contained in a 4-cocircuit, C*, of M.

Suppose not. Since M\co,c1/b1,dp has an N-minor and M\co,c1/b1,dy =
M\co,a1/b1,dy = M\co,a1/bo,dy = M\ag,a1/bo,dy, we deduce that M\ay and
M\ ¢y /by have N-minors. It now follows, by [7, Lemma 4.3], that M has {ag, by, 7, 8}
as a cocircuit and has {bg, 7,2} or {7,8,9} as a triangle where z € {a1,b} in
the former case, and {7,8,9} avoids Top U T} in the latter case. If {by,7,z} is
a triangle, then M\cy has a 5-fan; a contradiction. Thus {7,8,9} is a triangle,
so {7,8,9},{7,8,a0,b0},To, Do, T1 is a string of bowties and M\cy is (4,4,5)-
connected. Therefore, as {ag,cp} is not in a 4-cocircuit, Lemma 5.2 implies that
M\co/bg is internally 4-connected. As the last matroid has an N-minor, we obtain
the contradiction that (ii) holds thereby completing the proof of 7.3.3.

By orthogonality between C* and {cg,dp, a1}, it follows by Lemma 5.1 that
dy € C*. Moreover, orthogonality between C* and the circuits {3, do,d1,2} and
{c1,d1, a2} implies that C* meets {2,3}. If {ao,co,do, 2} is a cocircuit, then its
symmetric difference with {2,d;, as,c2} is {ao, co,do, d1, az, ca}, which must be a
cocircuit. Hence A(Tpo U Ty UT U {dp,d1}) < 2; a contradiction. We deduce that
{ao, co,dp, 3} is a cocircuit, and M contains the structure in Figure 29. Further-
more, all of the elements in that figure are distinct since the triad {2,3,4} cannot
meet any triangles. Let S be this set of 14 elements. Observe that A(S —4) < 2,
so |[E(M)| < 16.

We show next that S—4 does not span M. Assume the contrary. Since 7(S—4) <
7, and S — 4 contains five cocircuits, none of which is a symmetric difference of
some of the others, we deduce that r(S — 4) = 7 otherwise A\(S —4) < 1. Thus
{2,3, a0, co,a1,az2,ca} is a basis, B, of M. Then orthogonality with the cocircuits
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FI1GURE 29. All elements shown are distinct.

in Figure 29 implies that the fundamental circuit C'(4, B) is {4,3,a0} or {4,2,c2},
so 4 is in a triangle of M; a contradiction. We conclude that S — 4 does not
span M. Thus |E(M)| = 16, and {4,5,6} is a triad of M, where E(M) — S =
{5,6}. Therefore {2,3, ag,co,a1,as,co,4} is a basis, B’, of M. After possibly
switching the labels on 5 and 6, we see that C(5,B’) and C(6, B’) are {5,4,3,a0}
and {6, 4,2, co}, respectively. Now E(M)— B’ is a cobasis, {5, 6, by, do, b1, ¢1,d1,b2}.
By orthogonality with the circuits in Figure 29 and with {5,4, 3, a0} and {6, 4,2, 2},
we see that the fundamental cocircuit C3;(ao, E(M) — B') is {ao, by, 5}. Thus M
has a triad meeting a triangle; a contradiction. ([

Next we consider the case when M contains the structure in Figure 8(b) where
the two ambiguous cocircuits are both 5-cocircuits. We relabel this ladder structure
as shown in Figure 30.

Ficure 30. Both {dk,%ak,l,ck,l,ak,ck} and {’Ul,vg,a,ao,bo}
are cocircuits.

Lemma 7.4. Let M be an internally 4-connected binary matroid such that
|[E(M)| > 15. Suppose that M contains the structure in Figure 30, where
k > 1 and the elements are all distinct except that z may equal dy. Let S =
{v1,,¢,¢1,...,c}. Suppose that M\e is (4,4,S5)-connected for every e in S.
Suppose {v1,v3,bk,ck} is not a cocircuit. Then M\S is sequentially 4-connected,
and every 4-fan of M\S is either a 4-fan of M\cy, that has by as its coguts element
or is a 4-fan of M\v; that has vs as its coguts element.

Proof. First observe that

7.4.1. neither {dk_1,d} nor {bg,b1} is contained in a triangle.
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The first of these follows since M\ ¢y, is (4,4, S)-connected; the second follows by
orthogonality.

Next observe that M is not the cycle matroid of a quartic Mobius ladder, since
all of the cocircuits of the latter have even cardinality. Then, by 7.4.1 and [7,
Lemmas 6.1 and 6.5], M\co, c1,...,ck is (4,4, S)-connected. The last matroid has
« as the guts element of a 4-fan, so M\co, c1, .. ., ck, « is 3-connected.

We show next that

7.4.2. M\S is 3-connected.

Suppose not. Since M\ (S — v1) is 3-connected having {v, v, v3} as a triangle
such that M\ (S — v1)\v; is not 3-connected for all ¢ in {1,2,3}, Tutte’s Triangle
Lemma [16] (see also [14, Lemma 8.7.7]) implies that M\(S — v1) has a triad,
{v1, f, g}, with f in {vs,v3}. Then M has a cocircuit C* such that {v1, f,g} &
C* C {v1, f,9} US. Suppose f = wvy. Then, since {vs,3,a0,y} is a circuit of
M\ (S —v1), orthogonality implies that g € {y, ag, 3}. Then orthogonality with the
triangles in Figure 30 implies that {cg,c1,...,cr} avoids C*, so C* = {vy, f, g, a};
a contradiction to Lemma 5.1. Thus f = v3. Every element in S — v; — ¢ is in
two triangles of M that avoid all the other elements in this set as well as {v1,vs}.
Thus orthogonality implies that C* avoids S —v; — ¢k, so C* = {v1,v3,9, cx}. Now
orthogonality between C* and the triangles {cx—1,dr—1,ax} and T} implies that
g = by, a contradiction to a hypothesis of the lemma. We conclude that 7.4.2
holds.

7.4.3. M\S is sequentially 4-connected.

To see this, suppose that M\S has a non-sequential 3-separation, (U, V). With-
out loss of generality, the triad {8,ve,v3} C U. If {ag,do} meets U, then we
may assume that {ag,do} C U, and then (U U {v1,a},V) is a non-sequential 3-

separation of M\co,c1,...,cx; a contradiction. Thus {ag,dp} C V, and we can
move f into V, and then (U — ) Uwvy, (VUB)U«) is a non-sequential 3-separation
of M\co,c1,-..,ck; a contradiction. Hence 7.4.3 holds.

Now suppose that M\S has a 4-fan F = (1,22, 23,24) such that F is not a
4-fan of M\ ¢y having by as its coguts element, and F' is not a 4-fan of M\v; having
vz as its coguts element. Then M has a cocircuit C* such that {xo, 3,24} g C* C
{xa, 23,24} US. Next we show that

7.4.4. C* meets both {v1,a} and {cx_1,c}.

By the rotational symmetry of Figure 30, it suffices to prove that C* meets
{v1, a}. Assume C* avoids this set.

Suppose first that & = 1. Then F' is a 4-fan of M\c¢p,c;. Thus, by 7.4.1 and
[7, Lemma 6.1], as M\cy and M\c; are both (4,4, S)-connected, it follows that
M\cg, 1 is (4,4, S)-connected and every 4-fan of it has « as its guts element or by
as its coguts element. Since F is a 4-fan of M\vy, «, ¢g, ¢1, we deduce that z1 # «, so
x4 = by. By assumption, (1, z2,x3,b1) is not a 4-fan of M\¢;. Thus {x2, z3,b1,c0}
is a cocircuit of M\c;. By orthogonality, {z2, x5} meets both {dy, a1} and {ag, bo}.
Now {z3,23} avoids ag, otherwise orthogonality implies that {xo, 23} also meets
{a, B}, so {x1, 29,23} = {e, B,a0}; a contradiction. Thus by € {x2,x3}. Moreover,
do & {x2,x3} otherwise {dy,d1} C {z1,22,73}, a contradiction to 7.4.1. Hence
{z2,23} = {a1,b0}. Then M\cy has a 5-fan and so is not (4,4, S)-connected; a
contradiction. We conclude that 7.4.4 holds when k& = 1.
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Now suppose that k > 2. Then F is a 4-fan of M\cg, c1,...,c,. By [7, Lemma
6.5], since F' is not a 4-fan of M\¢; having by, as its coguts element, it follows that
x4 = dp, that ag € {xe,z3}, and that F is a 4-fan of M\c¢y. Then {xs, z35,24} =
{do,ag, B}, so x1 = a; a contradiction since F' is a fan in M\S. We conclude that
7.4.4 holds when k£ > 2 and so it holds in general.

We now show that

7.4.5. {21,229, 23} avoids {ag—1,bp—1,dk—1,ar} and {y,B,va,a0}.

By symmetry, it suffices to prove that {zi,zs,x3} avoids the first of these
sets. Assume the contrary. As {x1,x2,25} is a triangle of M\a,co,cq,...,ck,
[7, Lemma 6.3] implies that {z1,xs,z3} meets {va,y, B, ao,bo,do,- .., ak, bk, dx}
in {va}, {dk—1,dx}, or {vo,dk_1,dr}. By 7.4.1, the last two possibilities are
excluded. By orthogonality, {z1,z9, 23} must contain vs as well as vy. Thus
{x1,29,23} = {v1,v2,v3}; a contradiction since v; & {x1,x2,23}. We conclude
that 7.4.5 holds.

We now apply 7.4.4. If ¢,_1; € C*, then orthogonality implies that {xs, x3, x4}
meets {ag—1,bk—1} and {dr_1,ar}. Then {x1,x2, 23} meets at least one of these
sets; a contradiction to 7.4.5. Thus c¢x—1 ¢ C* and, by symmetry, « ¢ C*. We
deduce, by 7.4.4, that {xs, x5, 24,01, ¢} C C* C {zg,x3,24} US.

By orthogonality, both {ve,vs} and {ag,br} meet {x9,z3,24}. Thus, by sym-
metry, we may assume that {z1,x2, 3} meets {ay,br}. Since ¢, & {21, 2z, 3}, it
follows by orthogonality that {x1, x2, x3} contains bi_1; a contradiction to 7.4.5. O

« agp Cco ai C1 a2

e bo N by T, T br—1
FIGURE 31. M has either {dg_2,ak-1,¢x—1,dg—1} oOr
{dk—2,0K-1,Cr—1,ak, Ck} as a cocircuit.

We are now in a position to address the case when M has a good bowtie string
with three triangles. Although the proof of the next lemma is long, it is broken
into a number of pieces.

Lemma 7.5. Let M and N be internally 4-connected binary matroids such that
|[E(M)| > 15 and |E(N)| > 7. Suppose Hypothesis VIII holds. If M has
To, Do, T1, D1, To as a string of bowties, and M\cy is (4,4, S)-connected with an
N -minor, then
(i) M has a quick win; or

) M has a ladder win; or
(iii) M has a good bowtie ring; or

)

)

v) M is the cycle matroid of a quartic Mébius ladder, r(N) = r(M) — 1, and
N is the cycle matroid of a cubic Mobius ladder; or
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(vi) M is the dual of a triadic Mobius matroid of rank 2r for some r > 4 and
N is the dual of a triangular Mébius matroid of rank r.

Proof. Suppose the lemma does not hold. Then, by Lemma 4.1, M is not the
cycle matroid of a quartic Mobius ladder otherwise (iv) or (v) holds. Take a right-
maximal bowtie string Ty, Do, T, D1,...,T in M. This is a good bowtie string.
We assume that it is a maximum-length good bowtie string in M. By repeated
application of Hypothesis VIII, we deduce that

7.5.1. M\c;, cit1 has an N-minor for alli in {0,1,...,k—1} and M\c; is (4,4, 5)-
connected for all j in {0,1,...k}.

Next we show that

7.5.2. M has a mazimum-length good bowtie string Ty, Dy, T1, D, ..., T}, such that
M has no bowtie (T}, Ty, D},) where Dj. contains the element of T, — Dj,_.

Assume that this assertion fails. Then M has a bowtie of the form
(T, Ti+1, {, Ckyar+1,br4+1}) for some z in {ag,br}. By possibly interchanging
the labels on aj; and b;, we may assume that x = by.

Suppose ag # c¢. As our string of bowties is right-maximal, by [7, Lemma 5.4],
Ti+1 = Ty, for some £ with 0 < ¢ < k—2. Now ay & {ag+1,br+1}, otherwise M has
a good bowtie ring with triangles Ty, Tp41, - .., Tk; a contradiction. Thus {be,c,} =
{ak+1,bk+1}, and the symmetric difference of {by, ck, be, ce} and {by, co, apy1,be41}
is {bg, ¢k, apt1,be+1}, which must be a cocircuit. It follows that M has a good
bowtie ring with triangles Ty41,Tp+2,. .., k; a contradiction.

We now know that ag = c¢i. Orthogonality implies that {bg,co} meets
{ak+1,br+1} and hence that Tj11 contains two elements in Dy. As M\¢p has no
5-fans, neither {bg, a1} nor {bg, b1} is contained in a triangle, so {cg, a1} or {co, b1}
is contained in Tx41. The latter implies, by orthogonality with Dy, that T} meets
{az, b2}, so the cocircuit {by, cx, a1, br+1}+ meets Ty, Ty, or Ty in a single element;
a contradiction. We conclude that {cp,a;} C Tp41. Label the third element of
Tiq1 by do.

Using orthogonality, it is straightforward to check that dg ¢ To U1y U --- U T}.
By orthogonality between Ty and {by,ck,ar+1,br+1}, we deduce, since Ty, =
{co,a1,dp}, that ¢y € {agy1,bp+1}- Hence we may assume that ¢y = api1.
Using orthogonality again, we deduce that a; = cgy1, so dg = brpy1 and
(ak+1, 041, Cer1) = (co,do, a1).

Now Ty, D1,T5, Do, ..., Ty is a maximum-length good bowtie string, and Hy-
pothesis VIIT implies that M\cg, cx+1 has an N-minor and M\ck11 is (4,4,5)-
connected. By assumption, M has a bowtie (Tki1,Tk+2,{2’, Cht1,ak+2,b612})
for some 2’ in {agi1,bkt1}. Moreover, the argument above implies that Ty
contains {c1,as2} and some element dy that is not in 73 UTo U -+ U Tp4q1. In
addition, orthogonality implies that di & Tp. As in the last paragraph, we
may assume that (ax42,bk+2,ck+2) = (c1,d1,a2). By orthogonality between
{2/, cgs1, ap12,bk2} and {ag,bo,co} recalling that ¢y = agi1, we deduce that
&' = brpy1. Thus M has {bg,ag,co,do} and {dp,a1,c1,d1} as cocircuits where
we recall that dy = bg41. Hence (agy2,bgt2,cki2) = (¢1,d1,a2). Furthermore, the
elements in To UTy U---UTy U{do,d;} are distinct.

By applying the argument above to the maximum-length good bowtie string
T5, D9, T3, D3, ..., Tki2, we deduce that M has a triangle of the form {co,as,d2}
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and a cocircuit of the form {d;,as,ca,d2}. Repeating this process, we eventually
find that M has a triangle Toi+1 where (agk+1,b2k+1, Cort+1) = (Ck, di, ag+1). In-
deed, M has distinct elements dy, d1, ..., d; where dg,dy,...,dr_1 are not in Ty U
TiU---UTy, and M has all of the triangles shown in Figure 28 where kK = n. More-
over, M has {b, ag, co,do} and {dp, a1, c1,d1},{d1,a2,¢a,da},. .., {dk—1,ar,cr,dr}
as cocircuits. Since (agk+1,bok+1,C2k+1) = (Ck, dg, ag+1) and (cx, axr1) = (ao, co),
we deduce that d = by, so (ag,bo) = (ck, dg)-

By [7, Lemma 6.4] and Section 4, M is the cycle matroid of a quartic Mobius
ladder, or M is the dual of a triadic M&bius matroid of even rank. In the first case,
it follows by Lemma 4.1 that (iv) or (v) holds; a contradiction. In the second case,
using the notation of Section 4, M = My, 1. Since neither (v) nor (vi) holds, we
may assume that N is a minor of Ma,1/v. Since the last matroid is internally
4-connected, (i) holds; a contradiction. We conclude that 7.5.2 holds.

We now relabel so that Ty, Do, Ty, D1, ..., T} is the maximum-length good bowtie
string whose existence is guaranteed by 7.5.2. By 7.5.1, M\cx—1 and M\¢; are
(4,4, 5)-connected having an N-minor. Applying Theorem 5.6 to the bowtie
(Tk, Tx—1, Di—1) gives that every (4, 3)-violator of M\¢j is a 4-fan of the form
(Ck_l,t,dk_l,dk), where t € {ak.,bk} and |Tk_1 uil,uU {dk—hdkH = 8. After
possibly switching the labels on a; and by, we may assume that t = a;. Thus
{ck—1,dp—1,a} is a triangle and {dp_1,ax,ck,dr} is a cocircuit. Take m min-
imal such that, for all ¢ in {m,m + 1,...,k}, there is an element d; for which
{Ci7 di, ai+1} is a triangle and {di, Ai415Cit1, di+1} or {di, Ai415 Cit1y 42, Ci+2} is a
cocircuit, where we only allow the 5-cocircuit in the case that ¢ = n — 2.

Since the lemma fails, Lemma 7.3 implies that

7.5.3. M\Cm,Cm+1,---,Ck has an N-minor but is not internally 4-connected.

In order to apply [7, Lemma 6.1 or Lemma 6.5] to our structure, we have to
show that

7.5.4. the elements in T, U T U. .. Ty U{dm,dmi1,...,di} are all distinct.

This is certainly true if m = k — 1, so assume that m < k — 2. Then the
elements in Ty—1 U Ty U {dg—2,dr—1,di} are all distinct, otherwise dy_o = dj and
AMTk—1 UTp U{dr-1,dr}) < 2; a contradiction. We know that {di_1,dx} is not
contained in a triangle, since M\¢; contains no 5-fans. Now, 7.5.2 implies that M
is not the cycle matroid of a quartic Mobius ladder and is not the dual of a triadic
Mobius matroid. Then [7, Lemma 6.4] implies that 7.5.4 holds.

By Hypothesis VIIT and 7.5.1, both M\cx—1 and M\ci are (4,4, 5)-connected.
Hence

7.5.5. neither {dx—1,dx} nor {bix—_1,br} is contained in a triangle of M.

Suppose m = k — 1 and apply [7, Lemma 6.1] noting that (iv) or (v) of
that lemma must occur. In the first case, M has a triangle {a, 8, ar—1} where
{B,ax—1,dk—1,cx—1} or {B,ar_1,Ck—1,ak,cx} is a cocircuit of M. As M\ck_o is
(4,4, S)-connected, it follows that & = cx_o and so the minimality of m is contra-
dicted. In the second case, by is the coguts element of every 4-fan of M\cy_1, ck.
As M has no quick win, there is a 4-fan (1,2,3,b) in M\cg—1,ck. Thus M has a
cocircuit C* such that {2,3,0x} & C* C {2,3,bg,cx—1,cx}. Also [7, Lemma 6.1]
gives that a, ¢ {1,2,3}. Hence, by orthogonality, ¢, € C*. If ¢x_1 € C*, then
we contradict the choice of the bowtie string. Thus c,_1 € C*. By orthogonality,
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di—1 € {2,3}, so M has a triangle containing {dx_1,dy}; a contradiction to 7.5.5.
We conclude that m < k — 1.

We can now apply [7, Lemma 6.5] to get that M\cy, ¢mi1,--.,ck is (4,4,5)-
connected, and has a 4-fan F = (a,f3,7,d) where either F is a 4-fan in M\cp,
with 6 = d,, and a,,, in {8,7}; or F is a 4-fan of M\c; and 6 = b;. If
(Tk, {c, By7}, {bk, ck, B,7}) is a bowtie, then we have a contradiction to 7.5.2, so
we assume not. Thus, without loss of generality, M has {«a, f8,am,} as a triangle
and {f, am, Cm,dm} as a cocircuit.

Suppose m > 0. Then c¢,,—1 # « by the minimality of m, and ¢,,—1 #
B by Lemma 5.1. Orthogonality between {a,f,a,,} and the cocircuit
{bm-1,Cm—1,@m,bm } implies that b,,—1 € {a,f}. Then {a, B, am,bm,cm} is a
5-fan in M\¢,,—1; a contradiction to 7.5.1. Thus m = 0.

Suppose {«, 8} meets the elements in Figure 28. Then [7, Lemma 6.3] implies
that {«, 8,a0} = {ao, dr—1,dr}; a contradiction to 7.5.5. Thus

7.5.6. M contains the structure in Figure 31, and all of the elements in
{a767a07b07CQ7d0,a1,b1,Cl,d1,...7ak,bk,0k,dk} are distinct.

We show next that
7.5.7. M\«,cp,c1,...,cr has an N-minor.

Suppose not. Since m = 0, it follows by 7.5.3 that M\co,c1,...,cr has an N-
minor. Moreover, as M\co, c1,...,c, has (a, 8, a0,dp) as a 4-fan, we deduce that
M\cg,c1,...,cx/dp has an N-minor. The last matroid has (ag, by, a1, b1) as a 4-fan.
Since M\co,c1,...,cr/do\ag = M\co,c1,...,c/B\ao = M\co,c1,...,cx/B\e, we
know that M\co, c1, . . ., ¢k /do\ap has no N-minor. Thus M\cg, c1, ..., cx/do /b1 has
an N-minor. Lemma 7.1 implies that {do,d1, 2,3} is a circuit of M for some triad
{2,3,4} of M. As M has {8, ag,co,dp} as a cocircuit, it follows by orthogonality
that {2,3} meets {f, ag, co}; a contradiction. Thus 7.5.7 holds.

Next we show the following.

7.5.8. Let T be a triangle of M that contains ¢; for somei in{0,1,...,k—1}. Then
T is T; or {ci,d;,a;41}. Moreover, if M has a 4-cocircuit D such that |DNT| =2
and D — T avoids Ty UTy U --- U T, U{do,dy,...,dr}, then DNT = {ag,bo}.

Assume the first assertion fails. By orthogonality, T" has two common ele-
ments with {b;,¢;,a;41,b;41} and has two common elements with whichever of
{di=1,a;,¢,d;} and {d;_1,a;,¢;,ai41,¢i41} is a cocircuit, where d_; = 8. Thus
bi+1 € T. Moreover, either d;_q or ¢;11 is in T. But ¢;41 ¢ T otherwise T = T;14
yet ¢; € T. Hence T = {¢;,b;41,d;—1} and N(T; UT;4q U{d;—1,d;}) < 2; a contra-
diction. We deduce that the first assertion holds.

Now let D be a 4-cocircuit satisfying the hypothesis. Suppose ¢; € D. Then,
by orthogonality, D meets both {a;,b;} and {d;,a;+1}. Hence D — T meets
{a;, bi,d;, a;y1}; a contradiction. We deduce that ¢; ¢ D. Thus DNT is {a;,b;} or
{d;,a;+1}. In the latter case, we get a contradiction to orthogonality between D
and T;41. Thus DNT = {a;,b;}. Hence i = 0 otherwise we get the contradiction
that D meets the circuit {c;—1,d;—1,b;,¢;} in a single element. We conclude that
7.5.8 holds.

We now show that

7.5.9. M has no bowtie ({ag, o, B}, {v1,v2,v3}, {c, B,v2,v3}).
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Suppose otherwise. As a first step towards establishing 7.5.9, we show that
7.5.10. {v1,v9,v3} avoids the elements in Figure 31.

Assume that 7.5.10 fails. Clearly {vy,vs,vs} avoids {«, 8,a0}. Since {di_1, d}
is not contained in a triangle, we know from [7, Lemma 6.3] that ¢; € {v1,v2,vs}
for some ¢ in {0,1,...,k}. Suppose i < k. Taking T = {vi,ve,v3} and
D = {a, B, v3,v3} in 7.5.8, we deduce that {vy,v3} = {ag,bo}. Thus {«, 8, v2,v3}
contains the triangle {ao, o, 8}; a contradiction.

We now consider the case when i = k, so ¢ € {v1,v9,v3}. By 7.5.2,
v] # ag otherwise the bowtie ({ag,a, 8}, Tk, {c, 3,v2,v3}) gives a contradiction.
Thus T, # {vi,v2,v3} otherwise, by orthogonality between {cp_1,dk_1,ax}

and {a,B,v2,v3}, we get the contradiction that v; = ai. It follows that
cr € {vg,v3} otherwise, by orthogonality between Ty and {c«,S,ve,v3}, we
find that Ty = {v1,vs2,v3}; a contradiction. Hence ¢; = wv;. By orthogonal-

ity between {vi,ve,v3} and {dr_1,ax,ck,dr}, we deduce that {ve,vs} meets
{dg—1,dr}. T {ve,v3} meets {cx_1,dr_1,ax}, then, by orthogonality between
{a, B,v2,v3} and {ck—1,dk—1,ar}, we deduce that {vy,va,v3} = {ck—1,dk—1,ar};
a contradiction. Thus di € {ve,vs} so, without loss of generality, dp = vs.
Moreover, orthogonality implies that {dx_2,ax—1,ck—1,0a%,cx} 1S a not cocir-
cuit, so {dg_2,ar—1,ck—1,dk—1} is a cocircuit. Now we note that {vs,d,ck},
{di, cirap, di—1}, {an, dp—1, ch—1 }, {di—1, cr—1, ap—1,dr—2}, .. ., {a1, do, co }, {do, co,
ag, o}, {ag,a, B} is a good bowtie string that is longer than our original good
bowtie string; a contradiction. Thus 7.5.10 holds.

Since we chose a good bowtie string of maximum length, we
know mnow that {dg_2,ap—1,ck—1,dk—1} is not a cocircuit otherwise
{ar, dp—1, c—1}, {di—1, ch—1, ap—1, di—2}, {ax—1, di—2, cp—2}, . . ., {ao, B, a}, {8, a,
v2,v3}, {v2,v3,v1} is a good bowtie string violating our original choice of such a
string. Hence

7.5.11. M has {di_2,ak—1,Ck—1,ak,Cr} a$ a cocircuit.
We continue the proof of 7.5.9 by showing that

7.5.12. M has no triangle disjoint from {v1,va,v3} that meets a 4-cocircuit con-
taining v .

Assume the contrary. After possibly relabelling v and vz, we may suppose M
has a triangle {wy, wa, w3} disjoint from {v1, v, v3} and a cocircuit {ws, ws, v1,v2}.
Then {w;, ws, w3} meets the elements in Figure 31, otherwise we have a good bowtie
string that is longer than our original good bowtie string. Now {w1, wa, w3} avoids
{a, B} otherwise, by orthogonality, {wy,ws, ws} = {a, 8, a0} and we get a contra-
diction to Lemma 5.1. By 7.5.5 {d_1,d;} is not in a triangle, so [7, Lemma 6.3]
implies that either {w1,ws,ws} meets the set of elements in Figure 31 in {ag}; or
¢; € {wy,wy, w3} for some i in {0,1,...,k}. The former gives a contradiction to
orthogonality with {3, ag, co,dp}, so the latter holds.

Suppose ¢ < k. Then, taking T = {wi,wq, w3} and D = {ws, w3, v1,v2} in
7.5.8, we deduce that {wq, w3} = {ag,bg}. Then D = {ag, by, v1,v2} and we have
a contradiction to Lemma 5.1 in the bowtie ({ag, o, 5}, {v1,v2,v3}, {e, B,v2,v3}).
We deduce that ¢ = k. Suppose ay, € {wy,ws, w3}. Then the triangle is T, and
{ar—1,dp—2,cx—2},{drp—2,ch—2,ar_2,dp—3},{ar—2,dx—3, cr—_3}, {dr—3, Cr_3, ax_s3,
dk—4}7 R {ala do, CO}’ {d07 Co, @0, ﬁ}v {a(), 67 a}> {57 &, U3, 02}7 {1)37 V2, vl}v {U27 U1, W3,
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wa}, Tk is a longer good bowtie chain than our original good bowtie chain; a
contradiction. Thus ar ¢ {wi,ws,w3}. By orthogonality with the cocircuits
{dg—1,ar,ck,dp} and {dg_2,ar_1,cx_1,ar,ct}, we deduce that {wi,ws, w3}
is contained in Ty_; U Ty U {dj—2,dg_1,dr}, so the last set is 3-separating; a
contradiction. We deduce that 7.5.12 holds.

We continue the proof of 7.5.9. Since M\cg is (4,4, S)-connected with an N-
minor, Hypothesis VIII implies that M\« and M\v, are each (4,4, S)-connected,
and M\«a,v; has an N-minor. From Lemma 5.6, we also know, by 7.5.12, that
every (4, 3)-violator of M\v; is a 4-fan of the form («,z,y, z), where z € {vo,v3}
and [{v1,v9,v3,y, 2, @, B,a0}| = 8. Without loss of generality, we may assume that
x = vg. By orthogonality between {«, va,y} and the cocircuits in Figure 31 as well
as the cocircuit {dx_2,ar—1,cr_1, ax,cx}, we deduce that y differs from all of the
elements in Figure 31. Now 7.5.12 implies that {y, z} is not contained in a triangle
of M. By [7, Lemma 6.1],

(a) {vs, B} is contained in a triangle; or

(b) M has a triangle {x1, z2, ag} such that {3, ap, a, y} or {za, ag, o, v, vy} is
a cocircuit; or

(¢) M\, vy is (4,4, S)-connected and has vs in the coguts of every 4-fan.

If {vs, B} is in a triangle, then this triangle together with {v1, v2} forms a 5-fan in
M\«; a contradiction. Thus (a) does not hold. Suppose (c¢) holds, and let (1, 2,3, v3)
be a 4-fan in M\, v;. We know that {2, 3,vs,v1} is not a cocircuit of M by 7.5.12,
so either {2,3,vs3,a} or {2,3,v3,a,v1} is a cocircuit C* of M. By orthogonality,
C* meets {y,v2} and {f, a0}, so {2,3} C {y,va,B,a0}. If C* # {va, B,v3,a}, then
A({v1,v2, 03,9, @, Bya0}) < 2; a contradiction. Thus {2,3} = {ve, 8} and M\« has
a b-fan; a contradiction. We conclude that (¢) does not hold. Thus (b) holds. By
orthogonality between the triangle {z1, z2,ao} and the cocircuit {8, ag, co,do}, we
know that {z1,z2} meets {co,do}. If {ao,dp} is in a triangle, then this triangle
together with {«, 8} is a 5-fan in M\co; a contradiction. Thus ¢y € {z1,z2},
so {z1,22} = {bo,co}. By orthogonality between {co,dp,a;} and whichever of
{2, a0, a,y} and {z2, a9, ®,v2,v1} is a cocircuit, we know that zo ¢ {co,do, a1},
$0 9 = bg and 1 = ¢o. If {bg,ap,a,y} is a cocircuit, then M has a longer
good bowtie chain than the original good bowtie chain; a contradiction. Therefore
{bo, ap, a,va,v1} is a cocircuit, and we have the structure in Figure 30.

We complete the proof of 7.5.9 by obtaining the contradiction that (i) holds.
Recall from 7.5.7 that M\«, cg, ¢y, ..., cx has an N-minor. We also know that the
elements in Figure 30 are all distinct except that z may equal one of the other
elements. By orthogonality between the cocircuit {vy,vs,y,2} and the triangles
in Figure 30, we deduce that the elements in the figure are all distinct except
that z may be di. By 7.5.12, Lemma 7.4 implies that M\vy, @, co,c1,...,cp is
sequentially 4-connected and every 4-fan of this matroid is either a 4-fan of M\cy
having by as its coguts element or is a 4-fan of M\v; that has vs as its coguts
element. By 7.5.2 and 7.5.12, we deduce that M\vy, o, co,c1, .. ., ¢, has no 4-fans.
Hence this matroid is internally 4-connected. As (ii) does not hold, we deduce that
M\vy, a,cg,c1, ..., ¢, does not have an N-minor. By 7.5.7, M\, cp, ¢1, ..., c; has
an N-minor. Since it also has (v1, va,v3, §) as a 4-fan, M\, g, c1, ...,/ has an
N-minor. As M/B\a, co = M/B\ag, co, we deduce that M\ag/S has an N-minor.
But Lemma 6.4 implies that M\ao/f or M\ag is internally 4-connected, so (i)
holds; a contradiction. This completes the proof of 7.5.9.
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We now know, by 7.5.6 and 7.5.9, that M contains the structure in Figure 31
and M has no triangle that meets a 4-cocircuit that contains {«,5}. As M\«
has an N-minor, M\« is not internally 4-connected. Suppose M has a triangle
{7,8,9} such that ({a,8,a0},{7,8,9},{c,t,7,8}) is a bowtie. Then 7.5.9 implies
that t = ag, and orthogonality implies that {7, 8} meets {bg, co}. Lemma 5.1 implies
that ¢ ¢ {7,8}, so, without loss of generality, 7 = byg. Thus {7,8,9, ag,co} is a 5-fan
in M\ ; a contradiction to Hypothesis VIII. Hence M has no such triangle {7, 8,9}.
This combined with 7.5.9 implies that (ii) of Lemma 5.6 does not hold. Since M\a;
is not internally 4-connected, Lemma 5.6 implies that every (4, 3)-violator of M\«
is a 4-fan of the form (co, v, 7, d) for some v in {ag, 8}. If v = 8, then orthogonality
between {cg, 5,7} and Dy implies that v = by and A(To UTh U {B,do}) < 2; a
contradiction. Thus v = ag, so v = by and {«, ag,bp,d} is a cocircuit of M. By
orthogonality with the triangles in Figure 31, we know that § avoids all of these
elements except possibly dy.

If M\, cg,c1,...,cp is internally 4-connected, then (ii) holds; a contradiction.
If M is the cycle matroid of a quartic Mobius ladder, then we get a contradiction
to 7.5.9. Thus [8, Lemma 4.1] implies that M\« o, 1, . .., ¢k is (4,4, S)-connected
and every (4, 3)-violator of this matroid is a 4-fan of M\cy or a 4-fan of M\«. Since
¢o is the guts element of every 4-fan in M\«, we know that M\«, co,c1, ..., cx has
a 4-fan, (uy,us,us,uq), that is also a 4-fan of M\ck. Thus {us,us, ug,ci} is a
cocircuit of M, so orthogonality implies that {a,br} meets this cocircuit. By [7,
Lemma 6.3], uq € {ag, b}, so (T, {u1,us, us}, {ua, us, ug, cx}) is a bowtie in M for
some uy in {ag, by }; a contradiction to 7.5.2 as Ty, Do, T1, D1, . . ., T}, is a maximum-
length good bowtie string for which there is no bowtie (7%, Tg+1, Di). a

FicURE 32. All of the elements are distinct except ag may be g,
or Ty may be {e, f, g}.

We will use the following consequence of [8, Lemma 6.3] to deal with the structure
in Figure 32.

Lemma 7.6. Let M be an internally 4-connected binary matroid having at least
fifteen elements. Suppose that M contains the structure in Figure 32, where k > 2
and all of the elements are distinct except that ay may be g, or Ty may be {e, f,g}.
If M\c; is (4,4, S)-connected for all i in {1,2,...,k}, then
(i) {do,a1} is contained in a triangle; or
(ii) {ck,dr} is contained in a triangle; or
(iii) M\c1,ca,...,c/by is internally 4-connected.

The only outcome in Lemma 7.5 that is not an outcome of Theorem 1.5 is that
M has a good bowtie ring.
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Lemma 7.7. Let M and N be internally 4-connected binary matroids such that
|E(M)| > 15 and |E(N)| > 7. Suppose M has Ty, Do, T1, D1, ..., Tk, {bk, ck, a0, bo}
as a ming of bowties, and that M\co is (4,4,5)-connected with an N-

minor, and that Hypothesis VIII holds. Suppose also that M has
T05D07T17D17 e aTkn {a/lwckvelafl}a {ela f17gl}a {fl7glae27f2}7 ) {em7fmagm}
as a right-mazimal bowtie string for some m > 1. If ({em, fm,>gm}s

{em+1s fm+1, Gm+1 s {2, Gms €ma1, fm+1}) @s a bowtie for some z in {em, fm},
then
(i) M has a quick win; or
(ii) M has a ladder win or a mized-ladder win; or
(iii) M has a ladder-compression win.

Proof. Let S; = {ei,fi,gi} and C; = {fi,giaei—i-lyfi-&-l} for all i+ > 1. Let
{bk, ck,a0,b0} = Di. By orthogonality between Dy and S,,, we know that
gm # ag. Thus all of the elements in the right-maximal bowtie string are dis-
tinct. It will be convenient sometimes to think of Tj as also being Sy, where
(ak, bx, ck) = (fo, €0, g0). Also we take Cy to be {ag,ck,e1, f1}-

By Hypothesis VIII, we have that

7.7.1. M\c; is (4,4,5)-connected and M\c;,c;y1 has an N-minor for all i in
{0,1,...,k}, where indices are calculated modulo k + 1; in addition, M\g; is
(4,4, S)-connected and M\gj_1,g; has an N-minor for all j in {1,2,...,m+1}.

Suppose the lemma does not hold. By the symmetry between e,,, and f,,, we may
restrict our attention to the case when z = f,,,. Since M has (S, Sm+1,Cm) as a
bowtie, we know that S, 1 meets the bowtie string. Then [7, Lemma 5.4] implies
that S,,11 meets the bowtie string in {ap}, or S;,41 is a triangle in the bowtie
string other than S,,_1 or S;,. The former gives a contradiction to orthogonality
with Dy, so the latter holds.

We show next that

7.7.2. M has a bowtie ({€m; fm:Im}s{€mi1s fni1r Gt s {fms 9ms €1 fing1})
where either {e}, 1, [1,i1,9ms1} = Ti for some i in {0,1,...,k} and g}, €
{biscit; or {en i1 frugtr 91t = Sj for some j in {1,2,...,m — 2} and g}, €
{ej. fi}-

We know that S,,11 is a triangle in the right-maximal bowtie string. Suppose
first that Sy,41 = T; for some 4 in {0,1,...,k}. If gmi1 € {bs,c;}, then 7.7.2
holds with (€}, 1, fri1:9ms1) = (€mt1, frms1, gm41). Thus, we may assume that
m+1 = a;. Then Cyy A {bs, ¢i,ai11,bi41} = {fm, 9m, @it1, biy1}, which must be a
cocircuit. Hence (Sp,, Tit1, {fms Gm, @itr1,bi41}) is a bowtie and 7.7.2 holds with
(€m+1s fing1s Ims1) = (@i, bigr, Cigr).

We may now assume that S,,41 = S; for some j in {1,2,...,m — 2}.
Then 7.7.2 holds when g1 € {e;, f;} by taking (e, 1, fli1:9me1) =
(em-‘rla fm+1agm+1)' On the other hand, if Im+1 = Gj, then {fma 9m, Em+1, fm—i—l}A
{fi=1,9j-1,¢, fi} = {fm,9m, fj—1,9j—1}, which must be a cocircuit of M and
50 (Sm,Sj—1,{fm:9m, fj—1,9j-1}) is a bowtie. In this case, 7.7.2 holds with
{€its frns1:9me1} = Sj—1 and g, .1 = e;—1. We conclude that 7.7.2 holds.

For convenience of notation, we now relabel so that (e}, 1, fl, 1, 9mi1) =

(emt1s fm+1s Gmt1)-
Next we show the following.
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7.7.3. If M\gu, Gu+1,---»Guw has an N-minor for some u and w with 0 < u < w <
m, then M\gu, Gu+1;- -, 9w/ fw has an N-minor.

Assume that 7.7.3 fails. By 7.7.2 either S,,41 = S; for some j in
{1,2,...,m — 2} and gmy1 in {e;, fj}; or S,y = T; for some i in
{0,1,...,k} and gmy1 in {b;,¢;}. In the first case, consider the bowtie string
Sus Cus -+ s Crn1, Sy { fms Gms €1, fma1 ), S35, Cj—1, Sj—1, -, C1, S, Co, T,
Dy 1, Ty 1,Dp_o,...,Tp. In the second case, consider the bowtie string
SusCus oo, Oty Sy {fms 9m } U (T = gmg1), Tiy Diy Ti1, Doy - Tio1

Now M\gu, gu+1;- - -, 9w €ither has (guw+1, fw+1,€w+1, fw) as a 4-fan, or has f,
in a cocircuit of size at most two. As 7.7.3 fails, M\gu, Gu+1,-- -, Gw+1 has an N-
minor. The last matroid either has a 4-fan F; with f,, 11 as its coguts element, or
has fy+1 in a cocircuit of size at most two. Thus either M\ gy, Gut1, - - - s Gw+1/ fw+1
has an N-minor, or M\gu, Gu+1,---,gw+1\g] has an N-minor where g} is the guts
element of Fy. By Lemma 5.5(ii), the first possibility gives the contradiction that
7.7.3 holds. Hence M\gy, Gu+1,-- - Gw+1\g; has an N-minor. Continuing in this
way, we see that if, at any stage, we can keep an N-minor by contraction of an
element that is either a coguts element of a 4-fan or is in a cocircuit of size at most
two, we get a contradiction. Hence we can continue to the end of the bowtie string
keeping the N-minor by repeatedly deleting the guts element of each consecutive
4-fan we encounter.

Suppose we are dealing with the first bowtie string noted in the second-last
paragraph. Then M\gu, Gu+1,- - Gms Gm+1, €j—1y-+-,€1,b,Ch_1,CL—2,...,C0 has
an N-minor. The last matroid has {aj,br—1} as a disjoint union of cocircuits,
80 M\Gu, Gu+1s - - Gms Ym+1,€5—1; - - -, €1, b /ar has an N-minor. Hence so does
MN\Gus Gut1s -+ Gms Gm+1,€5-1, - - -, €1,k / f1. But, in the 4-fan (bg, ¢y, ag, f1) that
arises in M\gu, Gu+1,- -+ 9m, Ym+1,€j—1,-..,€1, We see that we can contract the
coguts element. This contradicts our assumption. We deduce that we must be
dealing with the second bowtie string from the second-last paragraph. Then
MN\Gu, Gusts -5 Gms Gm—+1, Citls Cita - - -, Ci—1 has an N-minor. The last matroid
has {b;_1,a;} as a disjoint union of cocircuits. Thus M\gu, gu+1,-- -, Im, Gm+1/a;
has an N-minor. Hence, so does M\gu,Gu+t1;---,9m/fm; a contradiction. We
conclude that 7.7.3 holds.

Next we show that

7.7.4. M has no bowtie of the form (Sm,{1,2,3},{em,9gm,2,3}).

Suppose M has such a bowtie. By [7, Lemma 5.4], {1,2,3} is a triangle in the
bowtie string Ty, Do, Ty, D1, ..., Tk, Co,S1,C1, ..., Sm, so {1,2,3} is Ty or Sy for
some £. We show first that we can choose {1,2,3} so that 1 ¢ {as, g¢}. Suppose
11is ay or go. Then, taking the symmetric difference of {e,,, gm, 2,3} with D, or
Cy_1, respectively, we get that M has {em, gm,ars1,be41} O {€m, Gm, fo—1,90-1},
respectively, as a cocircuit. Thus M has (Sm,Te+1,{€msGm,ae+1,be41}) or
(S, Se—1,{€m; gm, fe—1,90-1}) as a bowtie. By taking {1,2,3} to be Ty or
S¢—1, respectively and relabelling these to be T, and S;, we have a bowtie
(Sm, {1,2,3},{em, gm,2,3}) where {1,2,3} is Ty or Sy and 1 ¢ {as, g}

Continuing with the proof of 7.7.4, we note that, by 7.7.3, M\g,/fm has an
N-minor, and this matroid also has (1,2, 3, e,,) as a 4-fan. Now

7.7.5. M\gm/fm/em does not have an N-minor.
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Since (i) does not hold, this follows by Lemma 5.4 as M\gm/fm/em =
M/gma fma Em-

By 7.7.5, M\gm/fm\1 has an N-minor. Now, depending on whether {1,2,3} is
Ty or Sy, the matroid M has, as a bowtie string, one of Ty, Dy, Ty 41, Dot1, .-+, To—1
or S¢,Cy_1,5/-1,Co_o,...,51,Co, Tk, D,_1,...,Tp. As M is internally 4-
connected, one easily checks that this bowtie string remains a bowtie string in
MN\Ggm/ fm. We want to be able to apply Lemma 5.5(i) to this bowtie string. We
know that M\g,,/fm\1 has an N-minor. To be able to apply the lemma, we need
to show that

7.7.6. M\gn/fm\L,cox1 or M\gm/fm\1l,ee—1 has an N-minor depending on
whether {1,2,3} is Ty or Sy.

The matroid M\g,,/fm\1 has (cex1, bes1, apy1,w) or (€p—1, fo—1,g0—1,w) as a 4-
fan where w is the element of {by, co} —1 or {ey, fo}—1, respectively. Thus 7.7.6 holds
unless M\gp/fm\1/w has an N-minor. But M\gn/fm\1/w = M\gn/fm/w\v
where {w,v} = {2,3}. Now M\gm/fm\v has e, in a 1- or 2-cocircuit. Thus
M\gm/ fm/em has an N-minor; a contradiction to 7.7.5. Hence 7.7.6 holds.

Now 7.7.6 implies, using Lemma 5.5(i), that M\gm/fm\1, Co+1,Cot2,- .., Co-1
or M\gm/fm\1,€0—1,€0-2,...,€1,bk,akx_1,ak—2a,...,ao has an N-minor. Suppose
the second matroid has an N-minor. Since this matroid has {cg,bo} as a dis-
joint union of cocircuits, M\gm/fm\1,€r—1,€0—2,...,€1,bk,Qk—1,0k—2,...,a0/Ck
has an N-minor, so M\gnm/fm\1,er—1,€r—2,...,€e1,bx/cx has an N-minor. By
Lemma 5.5(ii), it follows that M\gm./fm\1l,g¢—1/fe—1 has an N-minor. But
M\gm/ fm\L, go—1/ fo—1 = M\gm/ fm\x, ge—1/y for some {z,y} = {2,3}. The last
matroid is isomorphic to M\ g/ fm\Z, ge—1/€m, S0 we get a contradiction to 7.7.5.
We deduce that T, = {1,2,3} and M\gm/fm\1,cet1,Co42,...,c0—1 has an N-
minor. Now either 1 = ¢; and {en, Gm, be—1, ce—1}, which is Dy_1 A{en, gm, ap, be},
is a cocircuit; or 1 = by and {em,gm,as,be} is a cocircuit. In both cases,
M\gm/ f\1, Co41,Cox2,...,co—1 has e, contained in a 1- or 2-cocircuit. Thus
M\gm/ fm/em has an N-minor; a contradiction to 7.7.5. We conclude that 7.7.4
holds.

By 7.7.1 and 7.7.3, M\ g/ fm has an N-minor. By Lemma 5.2, M\g,,/fm is
(4,5, 5, +)-connected and M has elements h,,—1 and h,, such that {hm,—1,hn}
avoids Sy,—1 U Sy U Sy, and {hm—1,€m, Gm, Am} 1 a cocircuit and either
{hm-1,€m,8} or {hm,gm,t} is a triangle, for some s in {fm—_1,9gm-1} or t in
{em+1, fmt1}. By 7.7.4,

7.7.7. M has no triangle containing {hm—1,hm}.
Next we show that
7.7.8. M has no triangle containing {hm,, gm}.

Assume that M has such a triangle. Then, by orthogonality, this triangle con-
tains an element ¢ of {€,,41, fm+1}. Now recall from 7.7.2 and the remarks follow-
ing it that either {em41, fmt1} Is {as, b} or {ai,¢;}; or {em+1, fmt1} is {g;, €5}
or {g;, f;}. First we distinguish the cases when t = ¢; and when t € {a;,b;}.
Then orthogonality between the triangle {h.,,, gm,t} and either {b;,c;, ait1,bit1}
or {bj_1,¢;—1,a;,b;}, respectively, implies that h,, € T;y1 or hy, € T;—1. Then,
by orthogonality between T;11 or T;_1 and {hm—1,€m, gm, hm}, it follows that
{hm-1,hm} is contained in T;y; or T;_1, respectively; a contradiction to 7.7.7.
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Similarly, in the cases when ¢t = ¢; and when ¢t € {e;, f;}, orthogonality implies
that h,, € Sit1 or hy € Si—1, so {hm—1,hn} is contained in S;y; or S;_1; a
contradiction to 7.7.7. Thus 7.7.8 holds.

We now know that {h,,—1,em, s} is a triangle for some s in {f;,—1,gm—1}. Take
n to be the smallest positive integer such that M has elements hy,_1, Ay, ..., hm—1,
and h,, where, for all i in {n,n+1,...,m}, the set {h;,_1,€e;,9;, h;} is a cocircuit
and {h;_1,e;} is in a triangle that meets {f;_1, gi—1}.

Suppose n = 1. Then M has {hg, e1} in a triangle with aj or ¢, and orthogonal-
ity implies that hg is in {bg_1,ck—1} or {ag, by}, respectively. Then orthogonality
with the cocircuit {ho, e1, g1, h1} implies that hy is in T_; or Ty, respectively. Thus
M\ gy has a 5-fan; a contradiction. We conclude that n > 1. As m > n, it follows
that m > 1.

If {h;—1,e;, fi—1} is a triangle for any i in {n,n + 1,...,m}, then M\g;_1 has
a b-fan; a contradiction to 7.7.1. Thus {h;_1,e;,g9;—1} is a triangle for all ¢ in
{n,n+1,...,m}. By 7.7.3, M/fn—1\gn—1 has an N-minor. As M has no quick
win, Lemma 5.2 implies that M has a 4-cocircuit C* containing {e,—_1,gn—1}. By
orthogonality and Lemma 5.1, C* contains h,,_;. Let the fourth element of C* be
hp_a.

7.7.9. The elements hy,_o,hn_1,..., hy, are distinct and none is in Ty UTy U---U
T, US 1 USyU---US,,.

Assume {hn_g, hn—h ceey hm} meets To UT1U' . 'UTk USl USQU' . 'USm. Let P be
the largest member of {n—2,n—1,...,m} such that h, € ToUT1U- - -UT,US; US> U
-++USy,. Then, by orthogonality, p # n — 2 so {hp_1, €p, gp, hp} is a cocircuit and,
using orthogonality again, we deduce that {h,_1,h,} is contained in a triangle of
M. Thus M\g, has a 5-fan; a contradiction to 7.7.1. Hence {h,—2,hn_1,...,Am}
avoids T()UTlU"'UTkUSl USQU"'USW.

Now let g be the least member of {n—2,n—1,...,m} such that h, = h; for some
i # g. Then i > ¢+ 2 and the triangle containing {hg, eq4+1} has a single common
element with the cocircuit {h;_1,€;-1,9i—1, h;}; a contradiction to orthogonality.
Thus 7.7.9 holds.

By Lemma 7.3, M\gn—1,9n,-..,9m has an N-minor. By Lemma 7.6, 7.7.3,
and 7.7.8, since M does not have a mixed-ladder win, M has a triangle contain-
ing {hn_2,en—1}. Since {hn_2,€n_1,9n-1,hn_1} is a cocircuit of M, we have a
contradiction to the choice of n that completes the proof of the lemma. O

- fe e~ fee Y e fm i

FIGURE 33. Either {Phm—2,€m—1,9m—-1,Pm—1} or
{hm—2,€m—1,9m—1,€m,gm} is a cocircuit, and 1 < ¢ < m.

The next lemma strengthens the preceding lemma.
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Lemma 7.8. Let M and N be internally 4-connected binary matroids
such that |E(M)| > 15 and |E(N) > T. Suppose that M has
To,Do,T1, D1, ..., Tk, {bk,ck,a0,b0} as a ring of bowties, that M\co is (4,4,5)-
connected with an N-minor, and that Hypothesis VIII holds. Suppose also that M
has Ty, Do, Th, D1, . .., T, {ak, ck, e1, f1},{e1, f1, g1} as a bowtie string. Then

(i) M has a quick win; or

(ii) M has a ladder win or a mized-ladder win; or

(iii) M has a ladder-compression win.

PTOOf. Let Sl = {e,-,fi,gi} and Cz = {fi,gi,ei+1,fi+1} for all ¢ > 1. Sup—
pose Ty, Do, Ty, D1, ..., T, {ak, ck, e1, f1}, 51, C1,S2,Ca, . .., Sy, is a right-maximal
string of bowties. Let {bg, ¢k, ag,bo} = Di. By orthogonality between Dy, and S,,,
we know that g¢,, # ag. Thus all of the elements in the bowtie string are dis-
tinct. It will be convenient sometimes to think of T} as also being Sy, where
(ak,br,cr) = (fo,€0,90). Also we take Cy to be {ak, ck,e1, f1}

By Hypothesis VIII, we know that M\c¢; is (4,4, S)-connected with an N-minor
for all 4 in {0,1,...,k}, and M\g; is (4,4, S)-connected with an N-minor for all j
in{1,2,...,m}.

Suppose the lemma does not hold. By Lemma 5.6, since neither M\e,,_;
nor M\g,, is internally 4-connected, either M has a triangle S,,11 such that
{W, gm,€m+1, fm+1} 1s a cocircuit for some w in {e,,, fm}; or every (4, 3)-violator
of M\gy, is a 4-fan of the form (gm-1,v, hm—1,hm), where v € {en, fm} and
[Sm—1U Sm U {hm_1,hm}| = 8. By Lemma 7.7, the first option does not hold.
Thus, as M\g,, is not internally 4-connected, it has a 4-fan as specified in the
second option.

Now {h;—1,hn} avoids Ty, Ty, ..., Tk, S1,52, ..., Sm—s, and S,,_a, otherwise,
by orthogonality, {h,,—1,hm} is contained in this triangle, and Lemma 7.7 gives
a contradiction. Furthermore, if m = 1, then ¢,,_1 = ¢, and orthogonality
implies that h,—1 is in {bg,ao,bp}; a contradiction. Thus m > 2. Without loss
of generality, we may assume that v = e,,. Take ¢ to be the least non-negative
integer such that, for all 4 in {¢,£+ 1,...,m — 1}, there is an element h; such that
{9i, hiseip1} is a triangle and {h;, i1, gip1, hiv1} or {hi, €iv1, giv1, €it2, Giva} is
a cocircuit. Since h,,_1 and h,, avoid the triangles in our right-maximal bowtie
string, orthogonality implies that h,,_o is a new element, and so h,,_3 is a new
element. Continuing in this way, we see that all of the elements in Ty U T7 U
o UT,USUSs U U Sy U{hg, hega, ..., hy} are distinct. By orthogonality,
{hi,€i+1, gi+1, €i+2, gi+2} can only be a cocircuit in the case that ¢ = m — 2.

Suppose that £ = 0. Then orthogonality between {c ho, e} and Dy, implies that
ho € {bk,a0,bo}; a contradiction. Thus ¢ > 1. Since ¢ < m, we have that M
contains the structure shown in Figure 33. By Lemma 7.3, M\ge, ge+1, - - - , gm has
an N-minor.

We will apply [7, Lemma 6.1] and [7, Lemma 6.5, depending on whether ¢ =
m—1or ¢ < m—1, but first we eliminate a case that is common to both. Specifically,
we show that

7.8.1. M has no triangle {Oé, 6765}7 where {ﬁ7 €¢,9¢, hl} or {ﬁ7 €e,9¢, e€+17g€+1} is
a cocircuit.

Suppose otherwise. Observe that {«, S} avoids {f;, ge} otherwise {«,3} =
{fe, g¢} and we contradict the fact that M is binary and internally 4-connected. By
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orthogonality between {a, 8, e,} and the cocircuit Cy_1, we know that {«, 5} meets
{fe—1,90-1}. Moreover, orthogonality between {es_1, fr—1, ge—1} and whichever of
{B,ee, ge, he} and {B, er, ge, €41, ge41} 1s a cocircuit implies that 8 & {fe—1, 901}
By the choice of ¢, we deduce that @« = f,_1. Then orthogonality with the
cocircuit Cy_s, or Dy_1 in the case that f,—1 = fo = ai, implies that 5 is
in Sg—2 or Tp_1 UTy; a contradiction to orthogonality with {8, es, g, he} or
{B,es, 9o, €041, go+1}+- Thus 7.8.1 holds.
Next, we show that

7.8.2. M\ge,ge41,---,9m is (4,4,5)-connected and f,, is the coguts element
of every 4-fan of this matroid.  Furthermore, either every (4,3)-violator of
M\ge, gos1s- -5 Gm 18 a 4-fan in M\gy,, or £ =m — 1.

Assume that 7.8.2 does not hold. Suppose £ = m — 1. Then [7, Lemma 6.1]
and 7.8.1 imply that M has {hy—1, i} or {fim-1, fm} in a triangle. Thus M\g,,
or M\gn,—1 has a 5-fan; a contradiction.

We now know that £ < m — 1. By 7.8.1, M is not the cycle matroid of a quartic
Mobius ladder. Now, by [7, Lemma 6.5], either {h,,—1,h} is in a triangle; or
M\ge, got1, - -5 gm is (4,4, S)-connected and every (4, 3)-violator of this matroid is
a 4-fan that is also a 4-fan of M\g, with e, as an interior element and hy as its
coguts element, or is a 4-fan of M\g,, with f,, as its coguts element. The first
option implies that M\g,, has a 5-fan; a contradiction. If M\g, has a 4-fan with e,
as an interior element and hy as its coguts element, then M has a triangle {«, /3, ¢}
where {5, e, ge, he} is a cocircuit; a contradiction to 7.8.1. We deduce that 7.8.2
holds.

Since we have assumed that (ii) does not hold, we know that M\ge, get1,-- -, 9m
has a 4-fan, (1,2,3, fin). If {2,3, fin, gm} is & cocircuit, then Lemma 7.7 implies
that the lemma holds; a contradiction. Thus (1,2, 3, f,,,) is not a 4-fan in M\g,, and
it follows using 7.8.2 that £ = m — 1, and {2, 3, fm, gm-1} or {2,3, fin, Gm—1,9m }
is a cocircuit of M. If {2,3, fin, gm—1} is a cocircuit, then Lemma 5.1 implies that
{2,3} = {fim—-1,em}, so {1,2,3, fin,gm} is a 5-fan in M\g,,—1; a contradiction.
Thus {2,3, fim, gm—1,gm | i a cocircuit, and orthogonality implies that {2, 3} meets
{em—1, fm-1} and {hm—1,em}, 50 A(Spm—1U S Uhp—_1) < 2; a contradiction. [

We continue our consideration of good bowtie rings with the next lemma.

Lemma 7.9. Let M and N be internally 4-connected binary matroids such that
|[E(M)| > 15 and |E(N)| > 7 and Hypothesis VIII holds. Suppose M has
To, Do, T1, D1, ..., Tk, {bk, ck, a0, b0} as a ring of bowties, and that M\cy is (4,4, 5)-
connected with an N-minor. Then

(i) M has a quick win; or

) M has a ladder win, bowtie-ring win, or an open-rotor-chain win; or
) M has an enhanced-ladder win; or

(iv) M has a mized-ladder win; or

) M has a ladder-compression win.

Proof. Throughout the proof, all indices related to the bowtie ring will be inter-
preted modulo k 4 1. Suppose the lemma does not hold. Assume we have selected
a good bowtie ring with the least number of triangles. Let Dy = {by, ¢, ag, bo} and



A SPLITTER THEOREM FOR INTERNALLY 4-CONNECTED BINARY MATROIDS 51

S ={co,c1,...,cx}. Since M\co is (4,4, 5)-connected with an N-minor, Hypoth-
esis VIII implies that M\¢; is (4,4, S)-connected, and M\¢;, ¢;+1 has an N-minor
for all ¢ in {0,1,...,k}.

We now show that

7.9.1. after possibly shifting the indices, M\c;, ¢iy1/bir1 has an N-minor for all i
in{0,1,...,k—1}.

Suppose that M\S has an N-minor. Since M has no bowtie-ring win, we know
that M\S is not internally 4-connected. Suppose M\S has a 1- or 2-element
cocircuit that meets {ag,bo,a1,b1,...,a5,br}. Then, since M is internally 4-
connected, orthogonality with the triangles Ty, T4, ...,Tx—1, and T} implies that
M has a 4-cocircuit C* that contains {c;,c;} for some ¢ and j in {0,1,...,k},
where i < j. By possibly shifting the indices in the bowtie ring, we may as-
sume that j = k. By Lemma 5.1, we know that ¢ ¢ {k — 1,0}. By orthogonal-
ity with T; and T}y, we know that C* = {p,¢;,q,cx}, for some p in {a;,b;} and
some ¢ in {ag,br}, so (T;, Tk, {p,ci,q,c}) is a bowtie. If p = a;, then M has
Tiv1,Div1y. o Ti, {p, i, q, e}, Ti, Dy as a good bowtie ring with at most k trian-
gles, a contradiction to our selection of the original good bowtie ring. Thus p = b;,
and {p, ¢;,q,cx} A D; is {a;y1, biv1, ¢, ¢k }, which must be a cocircuit, and again M
has a smaller good bowtie ring; a contradiction. We conclude that M\.S has no 1-
or 2-element cocircuits meeting {ao, by, a1,b1, ..., ak, bi}.

Now [7, Lemma 5.5] implies that M\S is sequentially 4-connected and every
4-fan of it has the form (1,2,3,4), where {1,2,3} is a triangle disjoint from the
bowtie ring, and {2, 3,4, ¢;} is a cocircuit of M for some j in {0,1,...,k} where
4 € {aj;,b;}. By shifting the indices in the bowtie ring, we may assume that M\c;
has (1,2,3,4) as a 4-fan where 4 € {ag, b;}. Thus M has (T, {1,2,3},{4, ¢k, 2,3})
as a bowtie. By Lemma 7.8, 4 # ai. Then it follows by [7, Lemma 10.4] that
M\¢;, ¢iy1/biy1 has an N-minor for all ¢ in {0,1,...,k — 1}. Thus 7.9.1 holds if
M\S has an N-minor.

We may now assume that M\ S has no N-minor. Then, for each ¢ in {0,1,...,k—
1}, there is some £in {0, 1, ..., k}, such that M\¢;, ¢i41,. .., ce has an N-minor, but
M\¢;, ¢iy1, - - -, ¢cor1 has no N-minor. Then, by Hypothesis VIII, ¢ # i. Moreover,

¢ #1—1as M\S has no N-minor. Since M\¢;, ¢;y1,-..,¢¢ has (¢o11,bp41, aps1,be)
as a 4-fan, we know that M\¢;, ¢i41,...,ce/be has an N-minor, and Lemma 5.5(ii)
implies that M\c¢;, ¢;+1, @iv2, @iys, ..., ae/b;iy1 has an N-minor. Thus 7.9.1 holds.

By 7.9.1, M\c; /by has an N-minor. Moreover, by Lemmas 5.2 and 7.8, M\c; /by
is (4,5, S, +)-connected and M has elements d, and €} such that {df,a1,c1,€}} is
a cocircuit and {dj, a1,s} or {€},c1,t} is a triangle, for some s in {bg, ¢y} or some
t in {(127 bg}

We show next that

7.9.2. for some i in {0,1}, there are elements d; and e;y1 of M such that
{¢i,di,a;11} is a triangle, {d;, a;11,Cit1,€41} @8 a cocircuit, and M\c;, ¢it1/bit1
has an N-minor.

Suppose M has {d[), a1, s} as a triangle for some s in {bg,co}. If s = by, then,
by orthogonality between {dj,a1,s} and Dy, we deduce that dj € {by,cr}. By
orthogonality again, d, = ¢ and e; € Tj. Then N(Tp UTo U Ty U {dj,ei}) < 2;
a contradiction. We deduce that s = ¢g. Thus, by taking (do,e1) = (dj,€}) and
using 7.9.1, we see that 7.9.2 holds when {dj, a1, s} is a triangle.
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We may now assume that M has {e],c1,t} as a triangle for some ¢ in {ag,bo}.
By orthogonality with Da, either ¢t = ag; or t = by and €| € T5. The latter implies
that M\co has a 5-fan; a contradiction. Thus ¢t = ag, so M has {e},c1,a2} as a
triangle.

By 7.9.1, M\, ca/by has an N-minor. Hence, so does M\c3/bs. By Lemma 5.2,
M has a 4-cocircuit C* containing {as,co}. Orthogonality with {e],c1, a2} using
Lemma 5.1 implies that e} € C*. We let the fourth element of C* be e and relabel
e} as dp to get that 7.9.2 holds.

Next we show the following.

7.9.3. Suppose {c;,d;, a;+1} is a triangle and {d;, a;y1,¢civ1, €41} 18 a cocircuit for
some i in {0,1,...,k}. Then {d;,eir1} avoids To UT) U---UTg. If, in addition,
{Cit1,dit1,ai12} s a triangle and {d;11, ai12, Cit2, €iy2} s a cocircuit, then e;11 =
dit1.

If {d;,e;y1} meets T; for some j in {0,1,...,k}, then orthogonality implies
that {d;,e;41} € T;. Hence Tj U {¢;,a,41} is a 5-fan in M\¢;4+1; a contradiction.
We deduce that {d;,e;+1} avoids the bowtie ring. Likewise, {d;+1, €42} avoids
the bowtie ring. Now, orthogonality between the triangle {c;i+1,d;t1,ai+2} and
the cocircuit {d;, a;11,¢i41,€;4+1} implies that d;y1 € {d;,e;11}. If diyy = d;,
then orthogonality between {c¢;, d;11,a;+1} and {d;y1, @it2,Cit2, €i12} implies that
ei+2 € {ci,a;41}; a contradiction. Thus d;+1 = e;41, and 7.9.3 holds.

do

di—1 ek

o) °

FI1GURE 34. This structure arises in the proof of 7.9.4.

Next, we show that

7.9.4. there are distinct elements j; and jo of {0,1,...,k} such that, for each i
in {j1,j2}, either {c;,d;,a;11} is not a triangle, or {d;, a;11,¢it1,€i41} 48 not a
cocircuit.

Assume that this fails. We adjusted indices to show that 7.9.1 holds. Here we
will suppose that, for all ¢ in {0, 1,...,k—1}, we have {¢;, d;, a;+1} as a triangle and
{d;,ait1,Cit1,€i41} as a cocircuit. This assumption is confined to the proof of 7.9.4,
and this proof does not use either 7.9.1 or 7.9.2, which depends on 7.9.1. It does use
7.9.3 but that does not depend on 7.9.1 or 7.9.2. By 7.9.3, d;41 = €;41 for all ¢ in
{0,1,...,k—2}, and M contains the structure in Figure 34. By [7, Lemma 6.4], the
elements in the figure are all distinct, or ag = ¢, or {dx_2,ax—1, ck—1, a, cx } is a co-
circuit. The second option gives an immediate contradiction; the third implies that
M has {dk_g, ar—1,Ck—1,0a, Ck} A {dk_27 Ap—1,Ck—1, dk—l}a that iS, {dk—la ag, Ck}
as a cocircuit; a contradiction. We conclude that the elements in Figure 34 are all
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distinct. Let X be the set of elements in Figure 34 excluding ey. Since A(X) < 2, we
know that E(M) contains at most three elements that are not in X. By Lemma 7.3,
M\S has an N-minor. By [7, Lemma 6.5], M\S is (4,4, S)-connected, or M\c¢y, is
not (4,4, S)-connected, or {by,ck,p,q} is a cocircuit, where {p, q,ao} is a triangle
other than Tj. The second option gives a contradiction, and the third option implies
that {bg, cx,p, q} & Dy, which equals {p, q,a0,bo}, is a cocircuit. As this cocircuit
contains the triangle {p, ¢, ap}, we have a contradiction to M being binary. We con-
clude that M\S is (4,4, S)-connected. Since M does not have a ladder win, M\S
has a 4-fan, (1,2,3,4). As X U ey, contains at least |[E(M)| — 2 elements, {1,2,3}
meets the elements in Figure 34, and, by [7, Lemma 6.3], these two sets meet in
{ao},{dk—-1,ex}, or {agp,dr—1,er}. We know that {di_1,er} is not contained in a
triangle, since M\cy has no 5-fan. Thus {1, 2,3} meets the elements in Figure 34
in {ap}; a contradiction to orthogonality with Dj. Hence 7.9.4 holds.

dy

o)

FI1GURE 35. Possibly £ = m.

By 7.9.2, for some i in {0,1},

7.9.5. {c;,di,a;41} is a triangle, {d;,aiy1,civ1,€i41} @S a cocircuit, and
M\¢;, ¢iy1/biv1 has an N-minor.

If 7.9.5 holds when i = 0, let = 0; otherwise it holds for i = 1 and we take { = 1.
Let £ and m be such that {¢;,d;,a;11} is a triangle and {d;, a;1+1,¢i+1,€41} is a
cocircuit for all ¢ in the cyclically consecutive set {¢,£+1,...,k,...,(,...,m} but,
for each 4 in {¢—1, m+1}, either {¢;, d;, a;+1} is not a triangle or {d;, a; 41, ¢i+1, €i+1}
is not a cocircuit. By 7.9.4, £ ¢ {m + 1,m + 2}. When £ # m, 7.9.3 implies that
div1 = e;q1 for all ¢ in {£,4+1,...,m — 1}. We deduce that M contains the
structure in Figure 35 where ¢ and m may be equal, in which case their common
value is . By 7.9.3, we know that Ty_q avoids {dg,dp41,...,dm,Em+1}. We show
next that

7.9.6. the elements in Figure 35 are distinct.

By 7.9.3, this certainly holds if £ = m. If £ # m, it holds by [7, Lemma 6.4]
unless ay = ¢nt1, OF {dm—1,@m,Cm, Gm+1, Cmt1} 18 a cocircuit. The first option
gives a contradiction, and the second implies that {dy,—1, @m, Cm,s @Gmt1, Cmt1} D
{dm-1,0m, Cm,dm}, which is {dp,, @Gmi1,Cm+1}, is a triad; a contradiction. Thus
7.9.6 holds.

7.9.7. M\cg, o1y Cmi1/bmi+1 has no N-minor.
To see this, suppose that M\cg,Cot1,-- -, Cma1/bm+1 has an N-minor. Then
Lemma 5.5(ii) implies that M\cg, ag41, . .., @my1/be has an N-minor, so Lemma 5.2

implies that {as, ¢/} is in a 4-cocircuit C*. By orthogonality between C* and
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{ce,dy,apr1}, Lemma 5.1 implies that dy € C*. Let dy—; be the fourth element
of C*. Suppose dp—1 = emy1. Then {do_1,as,co,de} A {dm,am+1, Cm+1, €mt1}s
which is {ay, ce,do, dm, Gmi1, Cme1} OF {ag, Co, Gmi1, Cma1}, must be a cocircuit.
The latter possibility arises if and only if £ = m and it violates Lemma 5.1. Hence
¢ # m and the former possibility arises. In that case, Ty U Tp41 U --- U T4 U
{d¢,dey1,...,dm} is 3-separating, so its complement in E(M) contains at most
three elements. This complement contains 7y_; and ep,4+1, S0 emy1 € Ty_1; a
contradiction. We deduce that dy_1 # e, 1. By orthogonality, dy_1 avoids each of
the triangles in the bowtie ring and in Figure 35.

We apply Lemma 7.6 to the structure obtained from that in Figure 35 by adjoin-
ing dy—1 and the triangle Ty, 42. Since M\cg, Coq1,- -+, Cmt1/bm+1 18 not internally
4-connected, we deduce that {ds—1,a¢} or {¢m41,€m+1} is in a triangle. The first
option implies, by orthogonality with Dy—_o and Dy_1, that {cs—1,d¢—1,as} is a tri-
angle; a contradiction to our choice of £. Thus {¢;11,€myt1} is in a triangle. By
orthogonality with Dy,+1 and D,, 12, we know that {cm11,€m+t1, @mi2} is a tri-
angle. Since M\cg, Coq1,- -y Cmt1/bm+1 has (am+t2, €mi1, Gmi1,dm) as a 4-fan, ei-
ther M\ce, cox1, -y Cma1/bma1\@ma2 or M\cy, Cot1,- -+ Cma1/bma1, dm has an N-
minor. Suppose the former holds. Then, since M\cg, coy1, .- Cmt1/bma1\Gmi2 =
\Cey Cox1y -y Cmt2/bmsa by Lemma 5.5(ii), we see that M\cy,42/bm42 has an N-
minor. Then Lemma 5.2 implies that {am42,Cmy2} is in a 4-cocircuit. Orthog-
onality with {¢m41,€m+1, @my2} together with Lemma 5.1 imply that e, is in
this cocircuit, and we obtain a contradiction to the choice of m. We deduce that
M\¢pm+2/bmso has no N-minor. Thus M\cy, ¢o11, .-+, Cmt1/bm+1, dm has an N-
minor. But

J\I\C[7 Chg1yeey Cm+1/bm+1, dm = M\C@, Clt1y:++3Cm—1,Am+1, Cm+1/bm+1, dm
= M\Cg, Coaly-+-3Cm—1,Am+1, Cm+1/bm+1, em-+1
= M\ce, Cotts - -5 Cnm1 Gmt25 Cnt 1/ Ot 1, €mt1

= M\C@, Cg+1, ey Cm—1, am+2, Cm+2/bm+27 6m+1.

Thus M\¢m+t2/bm+2, has an N-minor; a contradiction. We conclude that 7.9.7
holds.
Recall the ¢ was defined following 7.9.5. We show next that

7.9.8. ( #m.

Suppose ¢ = m. Then m = (. Since M\c¢, ¢¢c+1/be+1 has an N-minor, we have
a contradiction to 7.9.7 that establishes 7.9.8.
Next we show that

7.9.9. M\cy,coq1/bes1 has an N-minor.

We may assume that ¢ = k otherwise the assertion holds by 7.9.1. Now
M\cyp, ¢1 /by has an N-minor and has (cg, di, ag, do) as a 4-fan. Thus M\cg, ¢1/b1,dp
or M\co, c1/b1\cr has an N-minor. Now

M\co, c1/b1,do = M\co, a1 /b1, do
= M\co, a1 /bo, do
= M\co, ao/bo, d
= M\Ck,CO/bo,dk.
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Moreover, M\cg, co, c1/b1 = M\cg, co,a1/b1 = M\ck, co,a1/bp. We conclude that
7.9.9 holds.

Choose j such that M\cy, cey1,...,¢;/b; has an N-minor for all ¢ in {€ +
L0+ 2,...,7}, but M\cy,coq1,...,¢j41/bj41 does not have an N-minor. By
79.7, j < m. Now M\c,cet1,...,¢/b; has (ajy1,d;,a5,dj—1) as a 4-fan,
so M\cg,ce1,--.,¢j/bj\ajy1 or M\cg,coy1,...,¢;/bj,dj—1 has an N-minor. As
]\4\6[7 Clglyeny Cj/bj\aj+1 = ]\4\6@7 (67/8 U Cj/bj+1\Cj+1, by Lemma 55(11)7 the
choice of j implies that the former does not hold. Thus M\ce, cey1,...,¢/bj, dj—1
has an N-minor. Lemma 7.1 implies that {d;_1,d;,v, w} is a circuit and {v,w, z}
is a cocircuit. We know that {v,w} meets no triangle of M. By orthogo-
nality with the vertex cocircuits in Figure 35, we see that j = m, that ¢ =
m — 1, and that {v,w} meets {asy2,crt2, €42} Thus, without loss of general-
ity, v = egyo. Then, using the argument in 7.9.9 with the indices shifted, we
see that M\cyy1,cora/boyo, doy1 = M\cy, cor1/bev1,de. But M\C@, Cot1/bey1,de =
M\cg,a041/bos1,de =2 M\co,apy1/be,dp.  Thus M\cg/by has an N-minor. By
Lemma 5.2, we know that {ag,c,} is in a 4-cocircuit C* of M. By orthogonality
with {¢g, dg, ags1}, it follows by Lemma 5.1 that dy € C*. Let dy—1 be the fourth
element in C*. By orthogonality between C* and the circuit {dy, dg+1, €ry2, w}, we
know that dy—; is in this circuit. Hence Ty U Tp41 U Typyo U {de, dpy1, €o42,w} is 3-
separating, so the complement of this set in E(M) contains at most three elements.
Thus = € Ty_1; a contradiction. O

We now prove the main result of this sequence of papers.
Proof of Theorem 1.5. We assume that the theorem does not hold. Suppose
|[E(M)| < 15. Note that M (K5) and M (K4) are a rank-four quartic Mébius ladder

and a rank-three cubic Mobius ladder, respectively. Then [6, Theorem 3.1] gives a
contradiction. We assume therefore that |E(M)| > 16.

u

w

FIGURE 36. The elements are all distinct and n > 5.

We show first that

7.10.1. for all r > 6, the matroid M is not isomorphic to M(Gr41), M(G.,),
Ay, or Ay\z.
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Assume that M is isomorphic to one of these matroids. Then M contains the
structure in Figure 36 where 7 = n + 1. Note that G,;; and G, are obtained
from the graph in Figure 36 by, respectively, adding the edge vv,, and adding the
edges v1v, and z, where z = ww. Furthermore, we recall that A, is the binary
non-graphic matroid obtained from the cycle matroid of G:‘_H by deleting v1v,, and
adding a new element e in a triangle with uv, and wvy. Thus M has a restriction
isomorphic to the structure in Figure 36 and, for ease of notation, we will refer to
the elements in M by the graph edges in the figure and by the elements defined
above.

As the next step towards proving 7.10.1, we show that

7.10.2. v;v;41 is in every N-minor of M for alli in {1,2,...,n— 1} and, if viv,
is an element of M, then it is also in every N-minor of M. Moreover, if M/f has
an N-minor, then f € {z,e}.

If contracting the element v;v;y; from M keeps an N-minor for any ¢ in
{1,2,...n — 1}, or if vyv, is an element of M and it can be contracted keeping
an N-minor, then [8, Lemma 3.11] gives a contradiction.

Suppose deleting wvive keeps an N-minor. Then, since M\vive has
(uvs3, uvg, vovs, WV, WY3) as a 5-fan, we can retain an N-minor either by deleting
both uvs and wvs, or by contracting uve or wvs. The latter gives a contradiction
to [8, Lemma 3.11], so the former holds. But M\uvs, wvs has vavs in a 2-cocircuit.
Hence M /vqvs has an N-minor; a contradiction. A similar argument shows that
we destroy all N-minors of M by deleting v;v;41 for any ¢ in {1,2,...,n — 1}, or
by deleting vyv,, in the case that it exists. Thus the first part of 7.10.2 holds. Now
each uv; and each ww; is in a triangle with a member of {v1v2, V203, ..., Vp_10,}.
It follows that 7.10.2 holds.

Next we show the following.

7.10.3. If M has z as an element, then z is in every N-minor of M.

Since M (G,4+1) and A, \z are internally 4-connected, and M has no quick win,
if M is isomorphic to M(G;f_H) or A,, then deleting z destroys all N-minors.
Suppose M/z has an N-minor. As M/z has {uve, wva} and {uvs,wvs} as circuits,
M\uvs,uvs has an N-minor. But this matroid has viv, as a coguts element of a
5-cofan. Hence this element can be contracted keeping an N-minor; a contradiction
to 7.10.2. We conclude that 7.10.3 holds.

Continuing with the proof of 7.10.1, we now show that

7.10.4. M is not isomorphic to M(G,41) or M(G, ;).

Suppose that M is isomorphic to one of these matroids. As every element of M
is in a triangle, to obtain an N-minor of M, we must delete some element other
than z. By symmetry and 7.10.2, we may assume that this element is wvp, that
is, M\uv; has an N-minor. The last matroid has (wvg, vovy, wvy,v1v,) as a 4-fan.
By 7.10.2, it follows that M\wuvi, wve has an N-minor. Again the last matroid has
a 4-fan, (uvs, v3vs, uve, vav1), so M\uvy, wvs, uvs has an N-minor. Continuing in
this way, we see that M \uvy, wva, uvs, wuy, . . ., uvsg_1, W has an N-minor for all
k such that 2 < 2k < n+1. It follows that n is even otherwise the last matroid has
V109 In a 2-cocircuit; a contradiction to 7.10.2. Now M\uvy, wve, uvs, wuy, . . ., Wy,
is the cycle matroid of an alternating biwheel or an alternating biwheel with axle,
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and so is internally 4-connected. Since the last matroid has been obtained from M
by trimming a bowtie ring, we deduce that (iii)(a) holds; a contradiction.

We now know that M is isomorphic to A, or A, \z and that, in addition to the
4-cocircuits displayed in Figure 36, the edges incident with v, are in a 4-cocircuit
with e, and the edges incident with v,, are in a 4-cocircuit with e. Furthermore,
{e,uvy,, w1} and {e, uvy, wv,} are triangles of M.

Next we show that

7.10.5. e is in every N-minor of M.

Suppose first that M\e has an N-minor. Now M\e has a 5-fan with wvs and
wve as its guts elements. By 7.10.2 and 7.10.3, no element of M\e can be con-
tracted keeping an N-minor. Thus M\e, uvy, wve has an N-minor. But the last
matroid has {vyvg,v2v3} as a cocircuit. Hence M\ e, uvy, wvs /v1vs has an N-minor;
a contradiction to 7.10.2. We conclude that M\e does not have an N-minor. Now
suppose that M /e has an N-minor. Since M/e has {uv,,wv:} and {uvy,wv,} as
circuits, M\uv,,wv, has an N-minor. As the last matroid has {v,_1v,,e} as a
cocircuit, M /v,,—1v, has an N-minor; a contradiction to 7.10.2. Thus 7.10.5 holds.

By 7.10.2, 7.10.3, and 7.10.5, it follows that r(N) = r(M). Moreover, by symme-
try, we may assume that M \uv; has an N-minor for some i. By deleting the guts ele-
ments of successively exposed 4-fans, we see that M\uv; or M\wv; has an N-minor
S0, by symmetry, we may assume the former. Then, again deleting the guts elements
of successively exposed 4-fans, we see that M\uvy, wve, uvs, wuy, ..., Uveg_1, WUk
has an N-minor for all & with 2 < 2k < n. Next we note that n must be odd for,
if n = 2k, then M\uvy, wuy, uwvs, woy, ..., ut,_1, W0, has (wWu1, €, uvy,, Vpv,—1) as a
4-fan, so M\uvy, wug, uvs, Wiy, . . . , U, —1, WV, \wv1, and hence M\uwvy, wv, has an
N-minor. This gives a contradiction to 7.10.2 since the last matroid has vyvs in a
2-cocircuit.

Now, when n is odd, let M’ = M\uvy, wvy, uvs, woy, ..., ut,_1,wv, observing
that this matroid has been obtained from M by trimming an open rotor chain.
If z is not an element of M, then one easily checks that M’ is the rank-(n + 1)
triadic Mobius matroid, which is internally 4-connected. Hence (iii)(a) holds; a
contradiction. We may now assume that z is an element of M and hence of M’.
Then M’ is a single-element extension of a rank-(n + 1) triadic Mdbius matroid,
so M'\z is internally 4-connected. We prove that M’ is internally 4-connected by
showing that it has no 4-element 3-separating set Z that contains z. Suppose M’
contains such a set Z. Then Z is a 4-fan of M’ or is both a circuit and a cocircuit
of M’'. But z is not in a triangle of M’ so Z is a not a 4-fan of M’. If Z is both
a circuit and a cocircuit of M’ then orthogonality gives us a contradiction. We
conclude that M contains no such set Z, so M’ is internally 4-connected. Thus
(iii)(a) holds; a contradiction. We conclude that 7.10.1 holds.

By Theorem 1.1, for some (Mg, Np) in {(M,N),(M*, N*)}, the matroid M,
has a triangle T that contains an element e such that My\e is (4,4, .5)-connected
with an Ng-minor. Then Theorem 1.2 implies that M or M* has a good bowtie
otherwise M is the cycle matroid of a terrahawk and it is not difficult to check that
N must be a minor of the cycle matroid of a cube or an octahedron, so the theorem
holds; a contradiction. Then Theorems 1.3 and 1.4 imply that Hypothesis VIII
holds. Lemma 5.6 implies that either M contains the structure in Figure 22, where
M\4 is (4,4, S)-connected with an N-minor, or M has a good bowtie string with
three triangles. Thus, by Theorem 6.1, M has a good bowtie string with three
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triangles. Now Lemma 7.5 implies that M has a good bowtie ring, and Lemma, 7.9
gives a contradiction. ([

8. GRAPHIC MATROIDS

In Section 2, we interpreted our main theorem for graphic matroids to state a
splitter theorem for internally 4-connected graphs. To prove this graph theorem,
we need to do two things: first, to justify our observation that, when we are in
an internally 4-connected graphic matroid M (G), the modified graph diagrams we
have been using provide an accurate representation of what occurs in G except that
some of the uncircled vertices may be identified; and, second, to check that, when
the duals of the various moves are applied to a graphic matroid, they look as shown
in the various diagrams in Section 2. Clearly the only triads that occur in M(G)
arise from vertex bonds in G. The next result shows that, provided G 2 K4, every
4-cocircuit of M (G) that meets a triangle is a vertex bond in G.

Lemma 8.1. In an internally 4-connected graph G, let T be a triangle and C* be
a 4-edge bond that meets T'. Then either G = Ky, or C* is a vertex bond of G.

Proof. Let C* = {a,b,c,d} and T = {a,b,e}. Assume that the lemma fails. Then
|[E(G)] > 8. Let u be the vertex of G that meets a and b, and let H, be the
component of G\C* containing u. Let u. and ug be the endpoints of ¢ and d that
are in H,. Now |E(H,)| < 3 otherwise (E(H,), E(G) — E(H,)) is a 3-separation
of M(G) that contradicts the fact that G is internally 4-connected. In G, each
of u. and ug has degree at least three while u has degree at least four. Now
H{w, uc,uq}| = 3 otherwise G\{u, uc,uq} is disconnected, so G is not 3-connected;
a contradiction. Since |E(H,)| < 3, it follows that H, is a triangle and each of u,
and ug has degree three in G. Thus G has a 4-fan; a contradiction. O

AN /\

]

FicURE 37. This structure arises in the proof of Lemma 8.2.

In the ladder structures in Figures 4(b) and 8, a specific 4-cocircuit can be
replaced by a certain 5-cocircuit. We asserted in the introduction that this 5-
cocircuit does not arise when the underlying matroid is graphic. The next lemma
proves this assertion.

Lemma 8.2. Let M(G) be an internally 4-connected graphic matroid having
(To, T1, Do) as a bowtie, {co,a1,do} as a triangle, and {dy,a1,c1,d1} as a cocircuit,
where [ToUTy U{do, d1}| = 8. Then {ao, co, a1, c1} is not contained in a 5-cocircuit.
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Proof. Suppose that {ag, cg, a1, c1, e} is a cocircuit C* in M (G). Lemma 8.1 implies
that G has vertices v and u such that Dy and {do, a1, c1,d1} are the sets of edges
meeting these vertices. Since u and v are the endpoints of a;, they are in different
components, say Hy and Hy, of G\C*. Now dy and d; are in E(H;), since they are
incident with u and are not in C*. Likewise, {by,b1} C E(Hz). Thus G contains
the structure in Figure 37, where we have labelled the endpoint of e that is in Hs
as z, and the vertex incident with {ag,co,do} as w. The vertices shown in the
figure need not all be distinct, although neither v nor v coincides with another
vertex. Now {w,u,r} is a vertex cut in G, so Ay(q)(E(H1) Ue) < 2. But the
complement of this set in E(G) contains To U Ty, so E(Hy) Ue, which is {e, do, d1 },
is a triangle or a triad. It follows by orthogonality with C* that {e, dy,d;} is not a
triangle, so it must be a triad. But this gives a contradiction to orthogonality with
{Co, do, (11}. [l

Among all of the diagrams in Sections 1 and 2, only Figures 4 and 5 contain
circled vertices of degree exceeding four, these having degree five. In each case,
when M (G) contains such a 5-element cocircuit, this 5-cocircuit must be a vertex
bond in G. To see this, it suffices to show that {co, ba, cg, ug, to} is a vertex bond in
Figure 4(a). Observe that, by using the last lemma to treat 4-cocircuits that meet
triangles, it follows that {ca,ba,co} must meet at a common vertex of G, and wg
and ty must also meet this vertex. Hence {ca, ba, o, ug, to} is indeed a vertex bond
in G.

Most of the diagrams in Sections 1 and 2 have four uncircled vertices. We
argued above that, when M = M(G), each of the circled vertices in the diagram
corresponds to a vertex bond in G. Using this, along with the numerous triangles
in these diagrams, one can easily check that edges that meet at an uncircled vertex
in the diagram must meet at the same vertex of G. However, unlike with the circled
vertices, we do not know that the uncircled vertices correspond to distinct vertices
of G. Indeed, as noted in Section 2, when a bowtie ring occurs in a graphic matroid,
numerous uncircled vertices can be identified.

Finally, we need to check the accuracy of our depictions in Section 2 of how the
duals of the various moves look in graphic matroids. These checks are straightfor-
ward and rely heavily on the fact that a triad in an internally 4-connected graphic
matroid must correspond to a vertex bond in the graph. We omit the details.

In all of the figures in Section 2 except Figure 14, all of the edges are distinct.
This requires justification since this is not true in Section 1. The structure in
Figure 8(b) allows for various options including the possibility that d,, equals 7.
But, in the dual structures in Figure 13, if d,, = y, each of the two possible ways of
identifying the endpoints of these edges results in M (G) having a 4-fan or a 2-cycle;
a contradiction. Similarly, in the structures, in Figures 4 and 5, dy may equal wy.
But, in the dual structures in Figures 15, if dy = wy, we obtain the contradiction
that M (G) has a 4-fan.
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