BOUNDING THE SIZE OF A CONNECTED MATROID

MANOEL LEMOS AND JAMES OXLEY

ABSTRACT. In 2001, we proved that, for a connected matroid M whose largest

circuit and largest cocircuit have ¢ and c¢* elements, |E(M)| < %cc*. In

this paper, we revisit our proof of this result, shortening it by half. We also
prove that AG(3,2) is the unique 3-connected matroid attaining equality in
the bound. This answers a 2007 question of Royle.

1. INTRODUCTION

Our terminology and notation follow [[7]. Let M be a matroid. When M has a
circuit, its circumference, c(M), is the cardinality of a largest circuit of M. When
M has a cocircuit, ¢*(M) = c¢(M*). We proved the following sharp bound on
|E(M)| when M is connected [3, Theorem 1.4].

Theorem 1.1. Let M be a connected matroid having at least two elements. Then

(1) B < | <40

The proof of this theorem relied on the next two results. Let e be an element
of a matroid M. When e is in a circuit, we denote by c.(M) the cardinality of a
largest circuit of M containing e. When e is in a cocircuit, ¢} (M) = c.(M*). Guoli
Ding (private communication) significantly shortened our original proof of the next
theorem. His proof can be found in [[7, Theorem 4.3.13].

Theorem 1.2. Let M be a connected matroid having at least two elements. For
each element e of M,

(1.2) |E(M)| < (ce(M) —1)(ce(M7) — 1) + 1.
For a circuit C of a matroid M, let
c*(C, M) = max{|D*| : D* € C(M™) and |C N D*| = 2}.
Lemma 1.3. Let M be a connected matroid having at least two elements. If C is
a circuit of M with |C| = ¢(M), then
|E(M)| < c(M) [C*(CQ’ MW .

We shall adapt and shorten the proof of this lemma [3, Lemma 3.2] to give a
shorter proof of Theorem [L.1]. The following is the main result of this paper.
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Theorem 1.4. Let M be a connected matroid with at least two elements such
that M is both simple and cosimple. Suppose that M is not isomorphic to Ua 4 or

AG(3,2). Then
pan < [LOSO0|

The next corollary answers a question of Royle [§] (see also [[7, Problem 15.4.5]).

Corollary 1.5. Let M be a 3-connected matroid with at least five elements. Then

) = | 22000

if and only if M =2 AG(3,2).

We also sharpen Theorem @ Let e be an element of a matroid M. When e is
in some circuit, g, (M) denotes the cardinality of a smallest circuit of M containing
e. When e is in some cocircuit, g* (M) = g, (M™).

Theorem 1.6. Let M be a connected matroid having at least two elements. For
each element e of M,

[E(M)] < (ce(M) = 1)(ce(M™) = 1) = (ce(M) = g.(M)) = (cc(M) — g£(M)) + 1.

€

In Sections P and E, we_give the shortened proof of Theorem @ and the proof
of Theorem [l.§. Sections @gand review techniques that will be used throughout
the paper. In particular, Section } introduces a theorem of Seymour [J] that gives
conditions under which a k-separation of a restriction of a matroid can be extended
to a k-separation of the whole matroid; Section p recalls techniques that Tutte [L1]
introduced for dealing with a matroid that is a union of circuits. In Section fj, we
identify a specific structure that can arise in a connected matroid with two disjoint
largest circuits. Understanding this structure is crucial in the proof of Theorem [L.4.
Sections [ and § develop further tools that are used in the proof of Theorem [L.4.
That proof is completed in Section {.

2. THE SHORTENED PROOF

In this section, we give a proof of Theorem that is about half the length of the
original proof. This proof is based on Lemma P.2, a strengthening of Lemma [1.3.
We begin with a preliminary result whose routine proof is omitted.

Lemma 2.1. Let C be a circuit of a matroid M. If Y CY CC and |C =Y > 2,
then
HC-Y,M)Y)<c"(C-Y' MY <c*(C,M) < c*(M).

Lemma 2.2. Let C be a largest circuit of a connected matroid M such that E(M) #
C. Let F be the family of sets Z that are properly contained in C such that M/Z
is connected. If Y' € F and Y is a maximal member of F containing Y', then
|C—Y]|>2, and

(2.1) |E(M)| < \‘C(M)[C*(C_Y;M/Y)]J < \‘C(M)[C*(C_Y/,M/Y/)]J '

2 2
Proof. By Lemma @, it suffices to prove that
c(M)[e*(C -, M/Y)]J

(2.2) |E(M)| < { >
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As E(M) # C and Y & C, we see that |C' — Y| > 2 otherwise M/Y has a
loop and at least one other element, so M/Y is disconnected, a contradiction. Let
N =M/Y and D = C —Y. The maximality of Y implies that N/d is disconnected
for each d in D. Thus there are matroids Hy and Ny such that Hy/d is connected,
D C E(Ny), and N = P;(Hg,Ng), the parallel connection of Hy; and Ny with
respect to the basepoint d. The next two observations follow from this definition.

2.2.1. Ifdy and dy are distinct elements of D, then
JE(Hq, /dy) — di] OV [E(Ha, /dg) — do] = 0
unless D = {dy,ds}.
2.2.2. Suppose M/C' is connected. Then |D| =2 and Hy/d = H./e where D =
{d,e}. Moreover, E(Ny) = {d,e}.

To see this, observe from that |D| = 2. Letting D = {d, e}, we have that
M/Y has {d,e} as a circuit, and M/Y/d has exactly one component apart from
{e}. Hence Hy/d = H./e and D = {d,e}. Clearly, E(Ny) = D. Thus @ holds.

Extending this, we also have the following.

2.2.3. If M/C is disconnected, then all of the matroids Hy/d for d in D can be
chosen to be distinct.

The rest of the proof of the lemma deals separately with the cases when M/C' is
disconnected and when M/C' is connected, starting with the former. For each d in
D, let Qg4 be a circuit of Hy containing d. Let X = Uyep@Qq and K = N|X. Then
{d} and Q4 — d are series classes of K for each d in D. Hence K can be obtained
from the circuit D by attaching each ()4 to it via parallel connection across the
basepoint d. Thus X — D is a circuit C’ of K. As N is connected, we have the
following.

2.2.4. There is a partition {Z, W} of C' such that N\Z/W s connected and |W|

s a minimum.

This choice of W means that it is independent. For each d in D, let W, =
WN(Qq—d). Then W is the disjoint union of the sets in {Wy : d € D}. Moreover,
Wy # Qq — d for each d otherwise we obtain the contradiction that d is a loop of
N\Z/W, which is connected having at least two elements. Thus every element of
W is a coloop of K\Z, so K\Z/W = K\Z\W and this matroid has D as its only
circuit. As K = N|X, we have ry(DUW) =ry(D) 4+ |W|. Bt N = M/Y, so

’I“M(D Uwu Y) = TM(D U Y) + ‘W|
Hence 73 (C UW) = rp(C) + |W|. This gives the first part of the following.

2.2.5. When M/C is disconnected, C is a circuit of M/W and so of M/W\Z.
Moreover, M\Z /W s connected.

To prove the second part of this assertion, assume that M\ Z/W is disconnected.
As N\Z/W is connected and N = M/Y, it follows that M\Z/W has a connected
component whose ground set is contained in Y. This gives a contradiction because
Y S C and C'is a circuit of M\Z/W. Thus holds.

2.2.6. If M/C is disconnected and
c(M\Z/W)[e*(C Y, [M\Z/W]/Y)]J
2 3

(23)  [EQNZ/W)| < [
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then (@) holds.

As C' is a circuit of M, and {Z, W} is a partition of C’,
(2.4) |B(M)| — (M) < |EQM)| - |C"| = |[E(M\Z/W)|.
Substituting into (@), we get that

(2.5) >

As every cocircuit of M/Y that meets C' —Y in exactly two elements also meets
C’ in at least two elements, it follows that

(2.6) c(C =Y, [M\Z/W]]Y)<c"(C-Y,M/Y)—2.
We also have that
(2.7) c(M\Z/W) < ¢(M).

Substituting from (@) and (@) into (@)7 we get that

[B(M)| - e(M) < r@N@W—xMﬂw—ﬂ

2
Thus
(M) < {c(M)c*(C’ -, M/Y)J
< 5 .
Therefore holds.

2.2.7. If M/C is connected, then (@) holds.

As M/C is connected, it follows that |D| = 2. Letting D = {d, e}, we see that
E(Ny) = {d,e}. Observe that

(2.8) co(M/Y\d) =c*({d,e}, M/Y) — 1.
Next we show that
(2.9) 2[ce(M/Y\d) — 1] < ¢(M).

Let D’ be a circuit of M/Y\d such that e € D" and |D’| = ¢.(M/Y\d). Then
D’ — e is a circuit of M/C. Letting L = C U (D' — e), we see that (M|L)* is
a connected rank-2 matroid having, say, {Xi, Xs,...,X,} as its parallel classes.
Then n > 3. We may assume that X; = D’ — e and that |X3| < |X3|. As L — X,
and L — X5 are circuits of M and C = L — X, we see that |[L — X1| > |L — Xao| ,
so | X1] <|X3|. Then

20ce(M/Y\d) — 1] = 2|D" — e| = 2| X1 < [Xs| + | X3] < |C] < (M),

and (2.9) holds.
By Theorem @, (@), and (@)7

[E(M/Y\d)[=1 < [ee(M/Y\d)=1][cc(M/Y\d)~1] <

0Dl (o). MyY) 2

As C—Y ={d, e} and |[E(M/Y\d)| — 1 = |E(M)| — |C] = |E(M)| — ¢(M), we
deduce that (R.2) holds. Hence P 2.2.7 holds.

Now, assume that (R.9) fails and that (M,C.Y) is a counterexample for which
|E(M)| — |Y'| is minimal. Then, by and , we obtain a contradiction. O
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Proof of Theorem . Since ¢*(C, M) < ¢*(M), the result follows from Lemma @
by taking Y to be (. O

3. A BOUND THAT IS INVARIANT UNDER DUALITY

The next two bounds are consequences of the proof of [3, Theorem 2.4].
[E(M)| =1 < (ce(M) = 1)(cc(M) =1) = (ce(M) — g.(M)),
[E(M)| =1 < (ce(M) = 1)(ce(M) =1) = (cc(M) — ge(M)).

Theorem @ merges these bounds into one that is invariant under duality. This
bound is sharp for each value that we choose for c.(M), ci(M),g. (M), and gi (M)
with min{ce(M), ci(M)} > 2 and min{c.(M) — g, (M), c:(M) — gt(M)} > 0.

Lemma 3.1. Let e be an element of a connected matroid M. For a circuit C' and
a cocircuit C* of M such that e € C'NC*,

[E(M)] = |CUCT| < (ce(M) = 2)(cc (M) — 2).

Proof. If E(M) = CUC™, then the result follows because c.(M) > 2 and ci(M) > 2.
Assume that E(M) # CUC*. Then (CUC*) — e has a partition {Z, W} such that
M\Z/W is a connected matroid N with |E(N)| > 2. Note that c.(N) < c.(M)—1
and ¢ (N) < ¢f(M) — 1. Applying Theorem to N, we conclude that

[E(M)|=|CuC”| = [E(N)[=1 < (ce(N)=1)(ci(N) =1) < (ce(M)=2)(cc (M) —=2).
O
Proof of Theorem , In Lemma @, choose each of C' and C* to have minimum

size. By orthogonality, |C'N C*| > 2, so |C UC*| < g (M) + gi(M) — 2 and the
theorem follows. O

4. SEYMOUR’S ARCS THEOREM

A result of Seymour [9] that gives conditions to extend a k-separation of a restric-
tion of a matroid to the matroid itself will be fundamental in this paper. To state
this result, we need some more definitions. Let M be a matroid. For F' C E(M), an
F-arc [9, Section 3] is a minimal non-empty subset A of F(M) — F such that there
is a circuit C' of M with C — F = A and C N F # (). Such a circuit C is called an
F-fundamental for A. Suppose A is an F-arc and P C F. Then A — P if there is
an F-fundamental for A contained in AU P. Thus A 4 P denotes that there is no
such F-fundamental. Note that A is an F-arc if and only if A € C(M/F) — C(M).
We shall use the next three results from Seymour’s paper [9, (3.5)—(3.7)].

Lemma 4.1. If P C Z and Ay and Ay are Z-arcs such that Ay N Ay # 0 and
Ay /4 P, then, for every x € Ay there is a Z-arc A with x € A C A1 U Ay such that
A4 P.

Lemma 4.2. If Ay, Ay are Z-arcs with A1 N Ay # 0, and Py, P, C Z are such that
Ay 4 Py and As A Ps, then there is a Z-arc A that is contained in Ay U As such
that A /4 Py and A A Ps.

Proposition 4.3. Let M be a connected matroid, and let Z be a non-empty subset
of E(M). Let (X1,X2) be a partition of E(M) for which no Z-arc intersects both
X1 and Xo, and such that, for each i € {1,2}, if X; contains a Z-arc A, then X;
contains a Z-fundamental for A. Then Ay(X1, Xa) = Ayz(X1 N Z, XoN Z).
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If M is a matroid, Z C E(M), and (Y1, Y2) a partition of Z, we set

A = {ACEM)—Z:Aisa Z-arc of M},
Ao = {AeA:AA Y and A 4 Yo},
Ay = {AeA: A=Y and A A Yo},
Ay = {A€A: A4 Y and A — Yo},
A3 = {AeA: A=Y and A — Yo}

Clearly {Ap, A1, Az, A3} is a partition for A. For each k € {1,2,3}, let

Up = U A.

AcAyg

Lemma 4.4. If Ag =0, then

(1) UiNU; = @,’ and

(i) for eachi € {1,2}, if Ay € Az and Ay NU; # 0, then Ay C U;.
Proof. To prove (i), suppose that U; N Uy # (. There are Z-arcs A; € A; and
As € A such that A1 N Ay # (. By definition, A; 4 Y5 and Ay 4 Yi. By
Lemma @.9, Ay # 0, a contradiction. Hence (i) holds.

To prove (ii), we may assume, by symmetry, that ¢ = 1. Since A; NU; # ), there
is an Ay € A; such that Ay N Ay # 0. In particular, Ay /4 Y3. By Lemma {.1],
for each x € Ay, there is a Z-arc A with x € A C A; U Ay such that A A Y. As
Ao = 0, it follows that A € Ay, so x € U;. Hence A; C U; since x was arbitrarily
chosen in A;. Thus (ii) holds. O

Next we state Seymour’s Arcs Theorem [9, (3.8)].

Theorem 4.5. Let M be a matroid, let Z C E(M), and let (Y1,Y2) be a partition
of Z. Then exactly one of the following holds.

(i) There is a Z-arc A such that A /Y, and A /4 Ys.
(ii) There is a partition (X1, X2) of E(M) such that X; N Z =Y, for each
i€ {1,2}, and )\M(Xl,XQ) = )\M|Z(Y17Y2)~

The proof of Theorem @ can be adapted to establish the next result. In it, we
explicitly describe the partition (X7, X2) appearing in Theorem {.5(ii). This proof,
which is essentially Seymour’s, is included for completeness.

Theorem 4.6. Let M be a matroid, let Z C E(M), and let (Y1,Y2) be a partition
of Z. If A=Yy or A=Y, for each Z-arc A, and

U, = U{A cACEM)—Z and A is a Z-arc such that A / Y},
then, when X1 =Y1 UU; and Xo = E(M) — X1,
An (X1, X2) = Ayz(Yh, Ya).

Proof. We argue by contradiction. Assume the result fails and choose a counterex-
ample M such that |E(M)| is a minimum. It is straightforward to check that

Z # 0.
Next we establish that
(4.1) M is connected.
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Suppose that there are non-empty matroids M; and M5 such that M = M;® Ms.
For {i,j} C {1,2} and k € {1,2,3}, set (Z;,Y};) = (ZNE(M,;),Y; N E(M;)) and
A = {A C E(M;) — Z; : Aisa Z;-arc of M;}. Also let Uy; = Uy N E(M;) and
Api = {A e A, : AC E(MZ)} Then

(a) {A}, AL} is a partition of A; and
(b) for each k € {1,2,3}, the set Ay has {Ak1,Ax2} as a partition, and
{Ug1,Uk2} is a partition of Uy.

By the choice of M, for each ¢ € {1,2}, there is a partition (Xi;, Xo;) of E(M;)
with Xli = YM U UU and Xgi = E(MZ) - Xli such that

(4.2) M, (X1is Xoi) = Ay z (Vi Yai)-
By (b), we get that

X1 UXe =Y UUn]U Y12 U] =Y U0 = Xi.
Hence X2 U X992 = X5. By (@)7

(X1, X2) = A (X1, Xo1) + A, (X2, Xo2)
= Az, (Y11, Y1) + Ay 2, (Y2, Yo2)
A z(Y1, Ya),

a contradiction. Therefore (@) follows.
We now show that

(4.3) E(M)—Z=U,UU, UUs.

To see this, take e in E(M) — Z and f in Z. As M is connected, it has a circuit
C that contains {e, f}. Then C — Z, which is a subset of C'— f, is a union of Z-arcs.
Hence e € Uy WU, U Us, so (@) holds.

By Lemma @(i), for each Z-arc A with A C U;, we have thatA — Y;. Moreover,
U, is disjoint from Uz U (Us — Uy). By Lemma Q and (@), we see that (Y7 U
U, Yo U Uy U (Us— Uy)) is a partition (X1, X2) of E(M) for which the hypotheses
of Proposition hold. By that result,

A (Y1UUL E(M) — (Y1UUL)) = Ayz(Ya, Ya),

a contradiction. O

The following is an immediate consequence of the last theorem.

Corollary 4.7. Let M be a matroid, let Z C E(M), and let (Y1,Y2) be a partition
of Z. If A—Ys for each Z-arc A, then

A (Y1, E(M) — Y1) = Apjz(Y1, Y).

Moreover, when Y7 is contained in a series class of M|Z, then Y] is also contained
in a series class of M.

Proof. By the hypothesis, A = Ay U A3. Hence U; = §. The partition (X7, X5)
described in Theorem @ is equal to (Y7, E(M)—Y7). The first part of the corollary
follows. The second part follows from the first. O
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5. TUTTE’S GEOMETRY

In this section, we present some results from Tutte’s geometry, a powerful tool
for dealing with circuits. A set F' in a matroid M is a Tutte-flat of M if F is the
union of some set of circuits of M, that is, if E(M)— F is a flat of M*. A Tutte-flat
F of M is connected if M|F is a connected matroid; otherwise F is disconnected.
The dimension dimys F' of a Tutte-flat F' of M is defined as |F| — r(F) — 1. Thus
a Tutte-flat of M has dimension 0 if and only if it is a circuit of M. Tutte-flats of
dimension one and two are called, respectively, Tutte-lines and Tutte-planes of M.
For a Tutte-flat F' of M, the partition of M|F into its series classes is called the
canonical partition of F; it is denoted by Il (F'). For F' C F, observe that F’ is a
Tutte-flat of M such that dimp; F' = dimp; F — 1 if and only if F — F’ € I, (F).
In particular, we have the following result, which will be used implicitly throughout
the paper.

Proposition 5.1. Let {L1, Lo,..., Ly} be the canonical partition of a Tutte-line L
of a matroid M. Then C is a circuit of M contained in L if and only if C = L — L,
for some i in {1,2,... k}.

Tutte [L1, 4.23 and 4.22] and [0, (2.3)] proved the following useful results.

Proposition 5.2. A disconnected Tutte-line of a matroid M contains exactly two
circuits of M; a connected Tutte-line of M contains at least three circuits of M.

Proposition 5.3. If C7 and Cs are different circuits contained in a Tutte-line L
of a matroid M, then L = Cy U Cs.

Proposition 5.4. Let F be a Tutte-flat of dimension d in a matroid M and suppose
that f € F. Let F' be the union of all of the circuits of M that are contained in
F— f. Then F' is a Tutte-flat of dimension d — 1. Moreover, F' = F — S where S
is the series class of M|F containing f.

The next proposition is implicit in Tutte’s paper [L1]. For a proof, see Lemos [2,
Proposition 2.5].

Proposition 5.5. Suppose that F' is a connected Tutte-flat of a connected matroid
M. Ife € E(M)— F, then there is a connected Tutte-flat F' of M such that
FuUeCF' and dimpy F' = dimy F + 1.

Tutte 11, 5.35]. characterized binary matroids in terms of Tutte-lines as follows.

Theorem 5.6. A matroid M is binary if and only if each connected Tutte-line of
M contains exactly three circuits.

Although the next result is well known, it provides a helpful link between the
concepts introduced above.

Lemma 5.7. Let C be a circuit in a matroid M. A set A is a C-arc if and only
if M|(C'UA) is a connected Tutte-line.

Lemma 5.8. Let L be a Tutte-line in a matroid M such that |C(M|L)| = m > 3.
Suppose that |X1| > | Xa| > -+ > | Xn| where {X1,Xo,..., X,,} is the canonical
partition of L. If C is a largest circuit of M such that C' C L, then

m

1
Xl < M L < M).
Xl € — (M) and |L| < —"—c(M)

m
Moreover, if c(M) = 2k + ¢ for integers k and § such that 6 € {0,1}, then
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(i) | Xm| < k; and
(ii) if | Xm| =k >2, thenm =3, | X1| =k + 6 and |X3| = k.

Proof. We may assume that C' = L — X,,, because |L — X,,,| > |L — X;| for every
i € [m]. Consequently L = C'U X,,,. Thus

(5.1) (M) = |Cf = | Xa| + [Xo[ + - + [Xina] = (m = 1)[ X
Therefore
1
. < 3 = < .
(5.2) \Xm|_m_1c(M) and so || |C’|—|—|Xm|_m_1c(M)
Now, as ¢(M) = 2k + § and m > 3, it follows, by (@), that
2k+4d _ 2k+9 5
Xl < < =k+ .
| = m—-1—" 2 Rt 2

Hence (i) follows. Now, when | X,,| = & > 2, we need only to establish that m = 3
to get (ii). Assume that m > 4. By (b.1)), 2k +1> 2k +6 = |C| > (m — 1)k and
so 1 > (m — 3)k. Thus k < 1, a contradiction. O

Lemma 5.9. Let C be a largest circuit of a connected matroid M. If (M) = 2k+46
for integers k and § such that k > 1 and ¢ € {0,1}, then |A| < k for every C-arc A
of M. Moreover, if k > 2, then |A| = k if and only if CUA is a connected Tutte-line
of M having exactly three sets in its canonical partition, two of cardinality k and
one of cardinality k + 6.

Proof. If A is a C-arc of M, then C'U A is a connected Tutte-line of M containing
m circuits of M for some m > 3. The result follows from Lemma by taking
X, = A. O

Let C' and D be circuits of a matroid M. We say that D is C-anchored if C' U D
is a Tutte-line of M and |D —C| > |DNC| > 0.

Lemma 5.10. Let C and D be circuits of a matroid M such that D is C-anchored.
If C is a largest circuit of M, then |D — C| =|DNC| < |C — D] and M|(C UD)
is binary. In particular, C(M|(C U D)) ={C,D,C A D}.

Proof. By definition, C' U D is a connected Tutte-line L because |D N C| > 0. Let
{X1,X5,..., X} be the canonical partition of L where X,, = D — C. We may
assume that X,,_1 = C —-D. Then CND = X; U Xy U---UX,,_2. Because C
is a largest circuit of M, for all i < m, we have |L — X;| < |L — X,,| = |C|, so
| X;| > | X.m|. By hypotheses, D is C-anchored. Hence

m—2

[ Xpn| =D =C| > |DNC|=[X1U--UXpof = Y |X;] > (m = 2)[Xpnl.

i=1
Therefore m = 3 so, by Theorem @, M|(C U D) is binary. Moreover, |D N C| =
‘X1| = |X3| = |D — C| Now D = X1 UX3 and C = X1 UXQ. As |X1| = |X3‘ and
|D| < |C|, it follows that |X3| > |X1| = |X3],80 |C = D|>|DNC|=|D-C|. O

Lemma 5.11. Let C' and D be circuits of a matroid M such that C U D is a
connected Tutte-line of M. If C is a largest circuit of M, then |D — C| < |DnNC]|.

Proof. If this result fails, then |D — C| > |D N C| and so D is C-anchored. By
Lemma , |D — C| =|DnNC|, a contradiction. O
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The proof of the next lemma will rely on the following result of Lemos [1, (3.1)].

Lemma 5.12. Suppose that a circuit C in a matroid M spans elements a and b.
If each of M|(C Ua) and M|(C UDb) is binary, then so is M|(C U{a,b}).

Lemma 5.13. Let C, D1, and Dy be circuits of a matroid M such that D; is
C-anchored for each i € {1,2}. Suppose that C is a largest circuit of M. If D1 —C
and Dy — C' are different series classes of M|(C'UDyU D), then D1NC C DoNC,
or DoNC C DiNC, or DyN Dy =0.

Proof. By Lemma , for each ¢, the set C' U D; is a connected Tutte-line of M
having {D; — C,D; N C,C — D;} as its canonical partition. Moreover,

(53) |DZ—C|:|DZHC‘§|C—DZ‘

Let N = M|(C U Dy U Ds). By assumption, N has D; — C and Dy — C as series
classes. Take e; in D; — C for each i and contract [(D; —e1) U (D3 —e3)] — C from
N to get a matroid N’ that has C as a circuit that has e; and es in its closure. By
Lemma p.12, N is binary, so N is binary. Moreover, r*(N’) =3 =17r*(N)

Assume the lemma, fails. Then there are elements dy, do, and dz such that

(54) d1 S (D1 — DQ) N C and d2 S (DQ — Dl) N C and d3 S (Dl n DQ) NnC.

Note that (D1 N Dy)—C = () because D1 —C and Dy — C are different series classes
of M|(C'UD;UDs) and so D; N Dy C C. Observe that
|C—(D1UDy)| = |C|—|(D1UDs)NC|
|IC] = (ID1 N C|+ D2 N C| — | Dy N Dal)
== |C\—|DlﬂC|—|DQOC|+|D1QD2\
> 1

where the inequality holds because, by (@)7 |D;NC| < % for each ¢ € {1.2} and,
by (@), Dy N Dy # (. Since C — (D1 U Dy) is nonempty, it follows by (Q}) that
N has at least four series classes contained in C'. Thus IV has at least six different
series classes. As r*(N) = 3, it follows that the cosimplification of N is isomorphic
to M(K4) or FF. It cannot be F because the cosimplification of N contains a
spanning circuit and F; does not.

Now

D1AD2AC:(D17C)U(D270)U[C*(D1UD2)]U(D1QD2).

Since D1 A Dy A C' is a nonempty disjoint union of circuits of N and M (K4) has
no two disjoint circuits, we deduce that D1 A Dy A C is a circuit D of N. Clearly

(5.5) |D| = |Dy — C|+ |Dy — C| + [|C| = |(D1 U D) N C|] + | D1 N D).
We see that
|(D1UDy)NC| = |DyNC|+|DyNC|—|DyNDy| = |Dy — C|+|Dy— C| — | Dy N Dy

where the last equality follows by (@) Replacing [(D; U Dy)NC| by |Dy — C|+
|Dy — C| — |D1 N Dyl in (@), we get that |D| = |C| 4+ 2|D1 N Dy, a contradiction
because Dy N Do # (). O
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6. TWO DISJOINT LARGEST CIRCUITS WITH A CLEAN INTERACTION

Let C and D be disjoint largest circuits of a connected matroid M. We say that
C forms a flower in M with nucleus contained in D provided that

(i) there is a partition {Cy,Cs, ..., Cy,} of C with n > 2 such that Cy,Cs,...,Cp
are series classes of M|(C' U D); and
(ii) there are elements dy,ds, ..., d, of D and circuits Dy, D>, ..., D, of M|(CU
D) such that, for each i € [n],
(a) D; — D = C;; and
(b) D;n{d1,ds,...,dn} ={d;}.
We say that {di,ds,...,d,} is the nucleus and Cq,Ca, ..., C, are the petals of this
flower. We keep this notation fixed throughout this section.

Recall that, for n > 2, the graph C? is obtained from an n-edge cycle by, for
each edge, adding a single edge in parallel to it. A subdivision of a matroid N is
any matroid that can be obtained from N by a sequence of single-element series
extensions.

Lemma 6.1. [M|(CUD)]/(D —{d1,da,...,d,}) is connected. Moreover,
(i) C;Ud; is a circuit of [M|(CUD)|/(D —{d1,ds,...,dn}) for each i in [n];
(ii) [M|(CUD)]/(D—{dy,ds,...,dn}) has C1,Ca,...,Cp, {d1},{d2},...,{dn}
as its series classes and has C' as a circuit; and
(iii) [M|(CUD)]/(D —{d1,da,...,d,}) is a subdivision of M(C?).

Proof. Let N = [M|(CUD)]/(D—{d1,ds,...,d,}). Assume that N is disconnected.
As{di,da,...,d,} isacircuit D’ of N, it follows that N has a connected component
N; such that D' C E(N;). If Ny is another connected component of N, then
E(N3) C C. There is an ¢ in [n] such that C; C E(N3) because Cy,Cs,...,C, are
series classes of N. Observe that D’ is a circuit of N/E(Ns). By (ii), {d;} is a loop
of N/C; and so of N/E(N3). Thus D' = {d;}, a contradiction because n > 2. We
conclude that N is connected. Parts (i)—(iii) follow without difficulty. O

The matroid [M|(C U D)]/(D — {d1,ds,...,ds}) is obtained from the cycle ma-
troid of the graph in Figure 1 by replacing each edge labelled C; by a path with
edge set C;. Our goal is to show that M|(C'UD) is obtained from [M|(CUD)]/(D—
{dy,ds,...,d,}) by adding elements in series with the elements of {dy,ds,...,d,},
thereby establishing that M|(C U D) is also a subdivision of M (C?).

Lemma 6.2. |D; N D| > |C;| for each i in [n].

Proof. As C; is a series class of M|(C' U D), it follows that C; U D is a Tutte-line of
M. Now C; UD = D; UD and D; U D is connected because C; is not a circuit of
M. The result follows from Lemma p.11|. (Il

Lemma 6.3. CUD; is a Tutte-line of M for each i in [n].

Proof. Let N = [M|(C U D)]/(D — {d1,ds,...,dn}). By Lemma @(1) and (ii),
C and each C; U d; are circuits of N. As (C; Ud;) — C = {d;}, it follows that
r*(N|(CUd;)) = 2. Hence r*(M|[(C Ud;) U (D — {dy,da,...,d,})]) = 2 because
D — {dy,ds,...,d,} is independent in M. Note that r*(M|(C U D;)) < 2 since
CUDZ - (CUdZ) @] (D - {dl,dg, e 7dn}) Thus ’I”*(M|(CUD1)) =2as C and Di
are different circuits of M. We conclude that C' U D; is a Tutte-line of M. [l
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FIGURE 1. [M|(CUD)]/(D—{d1,da,...,ds}) is the cycle matroid
of this graph where each edge labelled C; corresponds to a path.

Lemma 6.4. For each i € [n], the set C'U D; contains exactly three circuits of M,
namely, C,D;, and C A D;. Moreover, |D; — C| =|D;ND| = |D;NC| = |Cy] =
|D; — D|, and D; is C-anchored.

Proof. By Lemma @, C U D; is a Tutte-line of M. By Lemma @, |D; — C| =
|D; N D| > |C;| = |D; N C| and so D; is C-anchored. The result follows from
Lemma . (I

Lemma 6.5. D; N D; =0 for all distinct i and j.

Proof. Assume that i =1 and j = 2. By Lemma @, |Dy. N D| = |Dy, — D] for each
k € {1,2}. Now, D; — D = C; and Dy — D = C5. It follows that Dy and Dy are
D-anchored. As Dy — D and Dy — D are different series classes of M|(DUD; U Do),
it follows, by Lemma 7 that DN D C DyND or DoND C Dy ND or
DyNDy = (). The first two possibilities cannot occur since dy € (D1ND)—(D2ND)
and ds € (D2 N D) — (D1 N D), so the lemma holds. O

Lemma 6.6. There is a partition {Y1,Y2,..., Y.} of D such that, for each i € [n],
the set Y; is a series class of M|(C U D) that has cardinality |C;| and contains d;,
and D; = C; UY;. Moreover, the cosimplification of M|(C U D) is isomorphic to
M(C).

Proof. For i € [n], set Y; = D; — C;. By Lemma @, |C;| = |Y;|]. By Lemma @,
Y1,Ys,...,Y, are pairwise disjoint subsets of D. But

n n
IDI=|Cl=)_|Ci| =) [¥i| =M1 UY2U---UY,| < D],
i=1 i=1

so {Y1,Ys,...,Y,} is a partition of D. To complete the proof of the lemma, we need
only establish that Y; is a series class of M|(C U D) for each ¢ € [n]. Assume that
Y7, say, is not a series class of M|(C'U D). Then there is a circuit C’ of M|(C' U D)
such that () £ C' N'Y7 # Y1. Suppose that a € C'NY; and b € Y7 — C'. Choose C’
so that |C' N C’| is a minimum.

Next we show that

(6.1) C'n(C—Cy) =0
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If (EI) fails, then C; NC" # 0, for some j € [n] — {1}; say ¢ € C; N C". Now
a €Y1,s0a € DiND. Hence a ¢ D;. By the strong circuit elimination axiom,
there is a circuit C” of M|(C U D) such that

aeC"C(C'UD;) -
Observe that C” N C; = ) because C; is a series class of M|(C' U D) and ¢ ¢ C”.
Hence C" N (C — C4) ; C'N(C — ). Evidently a € C” NY,. Moreover, b € Y7,
sob¢ D;j. Thus b € Y1 — C”. Hence C” contradicts the choice of C’. Thus (@)
holds.

Now M|(C1UD) = M|(D,UD) and this matroid is a Tutte-line. By Lemma @,
|Dy — D| = |Dy N DJ, so Dy is D-anchored. By Lemma , M|(D; U D) contains
exactly three circuits, Dy, D, and D A D;. Because C’ contains some but not all of
the elements of D1 N D, we conclude that C’ is not a circuit of M|(Dy U D). This
contradicts (6.1)) since the latter implies that C’ C Dy U D. O

7. AN IMPORTANT LEMMA

The goal of this section is to prove Lemma E7 which will be an important step
in the proof of Theorem [1.4. This lemma features the class Bs(e) of matroids that
attain equality in the bound in Theorem . That class was determined in [3,
Theorem 4.5 and (4.5.1)]. The statement of that result, which is our next theorem,
will require some preliminaries.

A matroid M is uniform with respect to an element f if every circuit containing f
has the same cardinality, and every cocircuit containing f has the same cardinality.

A matroid M is a uniform series connection across e of k matroids My, My, ..., My,
for some k > 2 if all of the following hold.
(i) My, My, ..., M}, are connected matroids each having at least two elements;

(ii) E(M;)N E( i) = {e} for every 2-subset {7, j} of [k];

(i) c2(M) = c(Ma) = - = et (M)

(iv) all of My, Mg, . Mk are uniform with respect to e; and

(v) M is S, (Ml,Mg7 ..., My), the series connection with basepoint e of My,
Ms,. .., M.

Theorem 7.1. Bs(e) is the minimal class M of matroids with the following prop-
erties.

(i) Every circuit that contains e and has at least two elements is in M.

(ii) The dual of every member of M belongs to M.

(iii) The uniform series connection across e of a collection of members of M

belongs to M.

Moreover, if M € Bs(e), then M is uniform with respect to e, and M or M* is a
cireutt or is a uniform series connection of a collection of matroids in Bs(e).

We shall also use the following result of Wu [12, Theorem 1.1].

Theorem 7.2. Let M be a connected matroid with at least two elements. For each
element e of M,
o(M) < 2[c.(M) —1].

Lemma 7.3. Let M be a connected matroid for which |E(M)| = |c(M)c*(M)/2].
Suppose that M = My @ My with E(My) N E(Msy) = {e}. If c.(M1) < co(Mz) or
cH(My) < ¢ (My), then M, € Bs(e).
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Proof. Taking the dual when necessary, we may assume that

(7.1) ci(My) < ¢ (My).

Let C be a circuit of M; such that e € C and |C| = ¢.(M1). Assume that ¢} (M) =
k + 1 for some &k > 1. Let M be a matroid obtained from M;|C' by adding

k — 1 elements in parallel to each element of C' — e. This can be done so that
E(M;])NE(M3) = {e}. Set M’ = M| @5 M. Observe that

(7.2) ce(My) = co(M7) and ¢ (M;) = ci(M7).

The structure of M’ implies that, for each circuit of M’ of cardinality exceeding
two, there is a circuit of M of the same cardinality. Thus

(7.3) c(M) > c(M").
Next we show that
(7.4) (M) = max{c"(Mz), ci(My) + ¢ (M3) — 2}.

Let C* be a cocircuit of M such that |C*| = ¢*(M). We may assume that
C* C E(M;) — e otherwise the result holds. By the dual of Theorem C* <
2[ci (M) — 1]. By (@), 2[ci(My) — 1] < ¢i(My) + ¢i(M3) — 2. Since ([.4) also
holds in_this case. it holds in general.

By (EI) and (@), we can apply (@) to M'. Therefore

(7.5) ¢ (M) = max{c"(My), ¢z (M]) + c¢ (M) — 2}
Combining (@), (@), and (@)7 we get that
(7.6) (M) = c*(M").

By (@) and (@), we obtain the first inequality in the next display; by (EI)
applied to M’, we obtain the second. Thus

(77) s = | “AOSCD | 5 |<COZED |5 gy

Observe that
(7.8) |E(M")| = [E(M)] - [|[E(M1)] — 1] + [ce(M1) — 1][c; (M) — 1] > |[E(M)],

where the inequality is obtained by applying Theorem @ to M;. Clearly we must
have equality in both (@) and (é) Hence

|[E(My)| — 1 = [ce(My) — 1[cg(My) — 1],
so M, € Bs(e). O

8. WHEN EQUALITY HOLDS IN THEOREM

We begin this section by showing that if equality holds in (EI), then equality
holds in (E) Then, in a subsection, we analyze when equality holds in (ﬁ)

Let C be a largest circuit of a connected matroid M. Let Y’ be a subset of C
for which |C' — Y’| > 2 and M/Y" is connected. By (2.1)),

(8.1) E@Ms{“m&“wﬂﬂww.

2
We call (M, C,Y") an optimal triple if the above conditions hold and equality holds

in (B.1).
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Lemma 8.1. Let C be a largest circuit of a connected matroid M and suppose
that |C| > 4. When |C —=Y'| > 2 and M/Y" is connected, if M attains the bound
in ([L.1), then (M,C,Y") is an optimal triple, and

(8.2) (M) = ¢*(C, M).

Proof. By Lemmas @ and @,
c(M)c*(C—Y’,M/Y’)J < {c(M)c*(M)J

2 2

As the first and last terms are equal, equality holds in (| so (M,C,Y") is an
optimal triple. As ¢(M) > 4, it follows by Lemma EI that (B.2) holds. O

B < |

8.1. Properties of a matroid attaining equality in (EI) Throughout this
subsection, we assume that the hypotheses of Lemma hold, that is, C'is a largest
circuit of a connected matroid M such that E(M) # C, the family F consists of
those sets Z that are properly contained in C' such that M/Z is connected, Y’ is in
F, and Y is a maximal member of F containing Y’'. We also assume that |C| > 4
and that the notation used in the proof of Lemma is in effect. Suppose that
(M,C,Y") is an optimal triple. By Lemma @, (M,C,Y) is also an optimal triple.
We also assume that

(8.3) M/C is disconnected.

Let N = M/Y and D = C — Y. The maximality of Y means that N/d is
disconnected for each d € D. Thus there are matroids Hy and Ny such that Hy/d
is connected, D C E(Ny), and N = Py(Hg, Ng). By , Hy/d # H./e for each
2-subset {d, e} of D. Now, for each d in D, we arbitrarily chose a circuit Q4 of Hy
that contains d and we let X = Ugep@q. Then {d} and Q4 — d are series classes of
N|X. Moreover, X — D is a circuit C’ of N|X.

By @, since we have equality in (@), we_must have equality in (@), SO
|C'| = ¢(M). _We must also have equality in (@) and in (@) Hence we have

equality in (R.3). Thus, using Lemma P.1|, we get
|E(M\Z/W)| = LC(M)C*(C - Yé[M\Z/W]/Y)J and

cH(C =Y, [M\Z/W])Y)=c*(C-Y,M)Y)—-2=c*(C-Y' ,M/Y') —2.
The next lemma, which summarizes the structure of M|(C U C’), will be used
frequently.

Lemma 8.2. The circuits C and C' are disjoint largest circuits of M, the cosim-
plification of M|(C U C") is isomorphic to M(C|2D|), and C'" forms a flower in M
for which the nucleus D is contained in C and the set of petals is {Qq—d : d € D}.
In particular,
(i) {Qq —d:d € D} is a partition of C' into series classes of M|(C UC");
(ii) there is a partition {Yy:d € D} of C into series classes of M|(C'UC");
(iii) for all d in D, both (Qq — d) UYy and (C — Yy) U (Qq — d) are circuits of
M|(CuC”); and
(iv) |Qa —d| = |Yq| for all d in D.

Proof. As {Qq—d : d € D} is a partition of C” into series classes of [M|(CUC")]/Y,
and C" is a circuit of M, this partition is also a partition of C’ into series classes of
M|(CuUC"). As C and C’ are disjoint largest circuits of M, and Qg is a circuit of
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MY for each d in D, we see from Section E that C’ forms a flower in M for which
the nucleus D is contained in C' and the set of petals is {Qq —d : d € D}. The rest
of the lemma follows by Lemma .6. O

The next result follows immediately from the fact that the circuit Q4 was an
arbitrarily chosen circuit of Hy containing d.

Lemma 8.3. For d € D, if Q) is a circuit of Hq containing d and Q) # Qq,
then (C" — Qq) U (Q) — d) and (C —Yy) U (Q), — d) are largest circuits of M and
(Q,—d)UYy is a circuit of M. In particular, all circuits of Hy that contain d have
the same cardinality.

Lemma 8.4. Ford € D, if D' is a circuit of Hg\d, then D' is a circuit of M.

Proof. By Proposition @, there is a connected Tutte-line L” of Hy such that
D'ud C_L". Let C{ and C¥ be distinct circuits of Hy|L” that contain d. By
Lemma @, (CY —d)uYy and (CY — d) UYy are circuits, D7 and Ds, of M.
Consider P’ = L” U D. Observe that D — d is a series class of (M/Y)|P’, and
[(M/Y)|P'I\(D —d) = (M/Y)|L". Thus P’ is a Tutte-plane of M/Y. Let P =
P'UY. Then r*(M|P) = r*((M/Y)|P’) since Y is independent in M. As P =
D, U Dy U C, it follows that P is a Tutte-plane of M. Let L = Dy U Dy. Then
P—L =C-Y, By Proposition p.3, L is a Tutte-line of M and so C — Yy is a
series class of M|P. For i € {1,2}, let D, = (C —Yy) U (C/ — d). By Lemma @,
Dj and D} are circuits of M|P. Let L’ = D{ U D). Then L’ is a Tutte-flat having
dimension b, say. Since L' C P, it follows that 1 < b < 2. But b = 2 if and only if
L' =P. As P — L' =Yy, it follows that b = 1, so L’ is a Tutte-line of M, and Yy
is a series class of M|P. Choose d' in C' — Y, and let

N'=(M|P)/(Yq = d)/[(C = Yy) —d]) = (M|P)/(C — {d,d'}).
As Y; and C — Yy are series classes of M|P, it follows that N’ is obtained from
(M|[P — (C —Ya)])/(Ya — d) by adding d’' in parallel with d. Since D’ is a circuit
of Hy\d, we deduce that D’ is a circuit of M|P and hence of M. O
Lemma 8.5. Ford e D, if A is a C-arc of M such that A C E(Hy) — d, then
(i) A—>Yd andA—)C’—Yd.
(ii) Yq and C — Yy are series classes of M|[E(Hg) U C].

Proof. As A is a circuit of M/C, it is a circuit of Hy/d. Thus A or AUd is a

circuit of Hy. If A is a circuit of Hy, then, by Lemma A is a circuit of M, a
contradiction. Hence AUd is a circuit of Hy. By Lemma B.3, AU Y} is a circuit of
M,s0 A— Y, Also AU (C —Yy) is a circuit of M, so A = C' — Yy, and (i) holds.
Part (ii) follows from (i) by two applications of Corollary Y.7. O

Lemma 8.6. If d € D, then (E(Hy), E(M) — E(Hy)) or (E(Hg) — d,(E(M) —
E(Hy))Ud) is a 2-separation of M.

Proof. Suppose first that |F(Hy)| = 2. Then = F(Hy). By Lemma @(iv),
1 =|Qq—d| =1|Yq|, so Yy = {d}. By Lemma @(iii), E(Hy) is a 2-circuit of M.
As |E(M)| > 5, it follows that (E(Hy), E(M) — E(Hy)) is a 2-separation of M.
Now suppose that |[E(Hg)| > 3 and let U = E(Hy) —d. As Hg/d is a connected
component of N/d, it follows that U is a 2-separating set in N, that is,

(8.4) rN({U)+ry(E(N)-U) —r(N)=1.
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Recall that Y;—Y = {d} and (C—Y,;)—Y = D—d # ). Since UUC = E(H4)UC,
Lemma B.5 implies that Yy and C' — Yy are series classes of M|(U UC). Hence Y is
a set of coloops of M|(UUY) = [M|(U UC)\D because both Yy and C — Yy meet
D. Thus N|U = [M|(UUY)])Y = [M|(UUY)\Y = M|U, so ry(U) = ry(U).
Substituting into (Q), we get

rvm(U) + [ra(B(M) = U) —ry(Y)] = [r(M) —ru (V)] =1

and so U, that is, F(Hg) — d, is a 2-separating set in M. Since |U| > 2 and
|[E(M) —U| > |C| > 4, it follows that (E(Hq) — d,(E(M) — E(Hg)) Ud) is
2-separation of M.

(]

9. THE CIRCUMFERENCE DECREASES BY AT LEAST TWO

McMurray, Reid, Wei, and Wu [, Corollary 1.4] proved that if C is a largest
circuit of a connected matroid M and E(M) # C, then ¢(M/C) < ¢(M) — 1. We
sharpen this bound when (M) > 2.

Theorem 9.1. Let M be a connected matroid such that r(M) > 2. If C is a largest
circuit of M and E(M) # C, then

(M/C) < c(M)—2, when c(M) is even or c¢(M) = 3;
“ |e(M)—3, when c(M) is odd and ¢(M) > 5.

Moreover, if M is 3-connected and ¢(M) > 5, then ¢(M/C) < ¢(M) — 3.

We need the next results from Tutte [11]. The first is 4.171 and the second is a
special instance of 4.26.

Proposition 9.2. Let P be a Tutte-plane of a matroid M. If Ly and Lo are
different Tutte-lines of M contained in P, then there is a unique circuit of M
contained in L1 N Lo.

Proposition 9.3. Let P be a connected Tutte-plane of a matroid M. If C is a
circuit of M contained in P, then there are connected Tutte-lines Ly and Lo of M
contained in P such that C C L1 N L.

Let P be a Tutte-plane of a matroid M and C' be a circuit of M contained in P.
Let £ and £’ be the families of Tutte-lines of M contained in_P that, respectively,
contain and do not contain C'. Then, by using Proposition and the fact that
a circuit contained in P is the union of all of the series classes of M|P that are
contained in that circuit, we see that C can be written in the following two ways:
(9.1) c=(L= | @r-1).

Lec L'eL

These two perspectives will be important in our argument below.
The next result is part of Theorem 1.3 of McMurray, Reid, Wei, and Wu [f].

Theorem 9.4. If C; and Cy are distinct circuits of a connected matroid M with
|Cy] + |Ca| > 2¢(M) — 1, then r(C1 U Cs) < r(Cy) +r(Cy) — 1.

When C and D are disjoint circuits of a connected matroid M such that M|(C'U
D) is not connected, Theorem implies that

(9.2) |C| +|D| < 2¢(M) —2.
In the next result, we analyze what happens when equality is attained in (@)
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Lemma 9.5. Let C and D be disjoint circuits of a connected matroid such that

c(M) =2k + 6 for some k> 1 and some § € {0,1}. If M|(C'U D) is disconnected

and |C| + |D| = 2¢(M) — 2, then the following hold.
(i) There is a (C'UD)-arc A of M such that A/ C and A /4 D.

(ii) |A| =1, for every (C'U D)-arc A of M such that A/ C and A /4 D.

(iii) {|C|,|D|} = {2k, 2k — 2} when § = 0; and {|C|,|D|} = {2k} when é = 1.

(iv) If e is an element of M such that M|(C U D Ue) is connected, then there
are partitions {Xe, X!} and {Y,,Y!} of C and D, respectively, such that
| Xe| = |X.| and |Y.| = |Y!| while the series classes of M|(C'U D Ue) are
Xe, XL, Y., Y. and {e}.

(v) If {e, f} be a 2-subset of E(M) — (C'U D) such that M|(C U D Ue) and
M|(C U DU f) are connected, then {X., X.} = {Xy, X}} or {Ye, Y/} =
{Yy, Y}

(vi) M is not 3-connected.

Proof. By Theorem @, since M is connected but M|(C U D) is not, there is a
(C U D)-arc A of M such that A /4 C and A 4 D, that is, (i) holds. Next, we
establish (ii), letting A be an arbitrary (C' U D)-arc of M such that A 4 C and
A4 D. Set P=CUDUA. Observe that P is a connected Tutte-plane of M and
CUD is a disconnected Tutte-line of M. As CUD = P— A, we see that A is a series
class of M|P. Each of the other series classes of M|P is contained in C or in D. Let
{X1,Xo,..., X} and {¥1,Y5,...,Y,} be the partitions of C' and D, respectively,
such that X; and Y; are series classes of M|P for each i € [m] and j € [n]. Note
that m > 2 and n > 2 because M|P is connected. Let Mc = (M|P)/C and
Mp = (M|P)/D. Then A is a series class of both M¢ and Mp, and (M|P)\A has
M|C and M|D as its connected components. Take a in A. If |A| = 1, then M|P is
the series connection of Mc and Mp with respect to the basepoint a. If |A] > 1,
then we can obtain M|P by contracting A — a from each of M¢c and Mp, then
taking the series connection of the resulting two matroids with respect to a, and
finally adding the elements of A—a in series with a in this series connection. We can
consider this operation on M and Mp as a generalization of series connection. Now
E(M¢) is a Tutte-line of M¢ having {A,Y1,Ys,...,Y,,} as its canonical partition.
Hence AU (D —Yj) is a circuit of M¢ for each j € [n]. Likewise, AU (C' — X;) is a
circuit of Mp for each i € [m]. Let C;; = (C' — X;) U (D —Y;)UA. Then Cj; is a
circuit of M. As C11 UCy% =CUDUA and A C Ci1 N Cag, it follows that

(9.3)  2¢(M) > |Cr1| + |Coz| = [C11 U Coa| + |C11 N Coa| > |C] + D] + 2|4,

so 2¢(M) —2|A| > |C| + |D| = 2¢(M) — 2. Therefore |A| = 1, that is, (ii) holds.

Next, we show that (iv) holds. Observe that equality must hold throuhout (@)
In particular, C11 N Cas = A and |Cy1| = |Caa| = ¢(M). From the first identity, we
conclude that m = n = 2. We may assume that | X;| < |X3| and V7] < |Ya|. As
|C11] = |Caa| = c(M), it follows that | X;| = | X2| and |Y1] = |Y2|. We get (iv) by
taking A = {e} and noting that A is a (C'U D)-arc such that A /A C and A /4 D.
From that, we deduce that |C| and |D| are both even.

Now, we establish (iii). If 6 = 1, then |C| < 2k = ¢(M) — 1 and |D| < 2k =
c(M)—1,s02c(M)—2=|C|+|D| < 2c(M) — 2. We must have equality and (iii)
follows in this case. We may now assume that § = 0. We may also assume that
|C| > |D|. As |C|+ |D| = 2¢(M) — 2 = 4k — 2 and |C] and |D| are both even, it
follows that |C| = 2k and |D| = 2k — 2. We conclude that (iii) holds.
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Now, we prove (v). Suppose that {X., X¢} # { Xy, X}}and {Ye, Y/} # {Y}, Y;}
By (iv), |[Xe| = |X{| = |Xs[ = [X}| and |Ye| = [Y{| = [Yy| = [Y}|. There is
a€ X;NXpand be Y/ NY; Asr*([M|(CUDUeU f)]\{a,b}) = 2, it follows that
(XeUY.Ue)U(XUY,U[) is a Tutte-line Ly of M because L; C (CUDUeUf)—{a, b}
and X.UY.Ue and X;UY;U f are different circuits of M. Note that L is connected
because (X, UY, Ue)N (X;UY;U f) # 0. From considering the rank-2 matroid
(M|Ly)*, we see that M has a circuit Cy contained in L; such that

C1 2 (X.UY.Ue) A (XpUY7Uf) = (XLNXf)U(Xen XPUYNYE) U(Yer¥))Ue, ).

Similarly, (XeUYe Ue) U (X} UY;U f) is a connected Tutte-line of M containing
a circuit Cy such that

Oy D (X UY Ue) A(XFUYSUS) = (X NX 3 )U(XNX p)U(Y.NYU(YeNYy)U{ e, f}.
As CUDU{e, f} =C1UCy and {e, f} C C; N Cy, it follows that
2¢(M) > |C1]| +|C2] = |C1UCa| 4+ |C1 N C| > (|C| + |D| +2) + 2 > 2¢(M) + 2.

This contradiction implies that (v) holds.
It remains to prove (vi). Let A be the set of all (C'U D)-arcs of M. Take

A, = {AeA:A— C},
A = {A€eA:A— D},and
An = {A€A: A4 Cand A4 D}

If A€ A, then CUDU A is a Tutte-plane P of M. If P is not connected, then
M]|P has two connected components because A is not a circuit of M. We have two
possibilities for these components.

(1) Their ground sets are C and DU A. Then A € Az and A € A..

(2) Their ground sets are C U A and D. Then A € A. and A & A,.
If P is connected, then A € A,,. We deduce that {A., A4, A,,} is a partition of A.

By (ii), there is a subset Z of E(M) — (C'U D) such that A, = {{z}: 2z € Z}.
For a fixed e € Z, we establish that

(3) {Xe, X} = {Xy, X}}, for every f € Z; or
(4) {Ye, Y.} ={Y}, Y[}, for every f € Z.

Suppose that neither (3) nor (4) holds. Then {X., X(} # {X;, X}}, for some
fe€Z—e and {Ye, Y/} #{Y,, Y}, forsome g € Z—e. By (v), {Ye, Y} = {Y}, Y/}
and {Xe, X} = {X,, X;}. Hence {Xf7X}} # { Xy, X} and {Yf,YJﬁ} # 1Yy, Y}
a contradiction to (v). Therefore (3) or (4) holds.

By symmetry, we may assume that (3) holds. Next, we establish the following.

(9.4) Ifee Zand A € A, then A - X, or A — X/.

Assume that A /A X, and A 4 X!. For some n > 2, there is a partition
{Wy,Wa, ..., Wy} of C such that {Wy,Was,...,W,, A} is the canonical partition
of the connected Tutte-line A U C. We now show that each W; is contained in X,
or X!. Assume that a € W; N X, and o' € W; N X.. Then (AUC) —W; is a circuit
C' of M avoiding {a,a’}. Moreover, X, UY, Ue is a circuit C” of M. Now let
K = M|(CUDUAUEe). Then K is a Tutte-flat of M of dimension 3. Because A € A,
we see by (2) and the fact that {A., A4, A} is a partition of A that M|(AUC) and
M|D are the components of K\e. Thus M|[(C'UC")—e] = [M|(C'"UX,)]|D[M|Y]
as C'UX, C (AUC)—da'. The elements of Y, are coloops of M|[(C'UC")—e] as are
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L X,I,U}/EUB
L/'C /X, UY.Ue T~

FIGURE 2. The geometry of the Tutte-plane P of M where
D1m+1, Dmym+1, Dmon, and Dy ,, are labelled by G, H, I, and J.

the elements of X, —C’._Thus C’ is the unique circuit contained in (C'UC") —e. It
follows by Proposition @ that C"UC" is a Tutte-line. Thus C' A C"”, which equals
(W;NXe)U (X, —W;)UAUY,. Ue, is contained in a circuit Cy of M. Similarly,
there is a circuit Cy of M containing (W; N X.)U (X, — W;)UAUY, Ue. Note that

|C1]|+|Cs| = |C|+2|A|+2|Y.Ue| = |C|+|D|+2|A|+2|{e}| > |C|+|D|+4 = 2¢(M)+2,

a contradiction. Thus W; is contained in X, or X/, for every ¢ € [n], so X, and
X! have partitions {Wy, Wa,..., Wy} and {Wp 1, Wing1, ..., Wy}, respectively.
Moreover, as A 4 X, and A 4 X/, we see that 2 < m < n—2. Since CUAUY_ Ue
is a Tutte-flat P, while C'U A is a Tutte-line and the elements of Y, are coloops of
M|(CUAUY,), it follows by Proposition @ that P is a Tutte-plane. Let L = CUA
and L’ = CUY, Ue. Because {A,Y, Ue} is a partition of P — C, we see that L
and L’ are the only Tutte-lines contained in P that contain C. As M|L and M|L’
are connected, so is M|P. For each i in [n], let C; = L — W;. By Proposition P.3,
for each i € [n], there is a connected Tutte-line L; of M|P such that L; # L and
C; € LN L;. By Proposition @, M has a circuit D; such that D; C L, N L'.

We show next that, when i € [m], we have D; = X, UY,.Ue. By Proposition @,
L; = C; UD;. Observe that L', which equals C'UY, U e, contains exactly three
circuits, namely, C', X, UY, Ue, and X, UY, Ue. But D; # C since C; UC = L.
Moreover, D; # X, UY. Ue because C; U (X, UY, Ue) = P. We conclude that
D; = X! UY, Ue as asserted. A symmetric argument gives that if i € [n] — [m],
then D; = X, UY. Ue.

For 7 in [m] and j in [n] — [m], Proposition @ guarantees the existence of a
circuit D;; of M that is contained in both L; and L;. Because L; = C; U D;; and
L =C;UC, we see that D;; is not contained in L. Moreover, D;; is not contained
in L' since L' = CU (X, UY. Ue) = CU(X . UY.Ue), while L; = C; U(X.UY.Ue)
and L; = C; U (X, UY, Ue). Figure 2 shows the geometry of the Tutte plane P.

We now show that L; and L; are the only Tutte-lines of M|P_containing D;;.
Let L"” be a Tutte-line of M|P containing D;;. By Proposition @, L'"'nL DD
for some circuit D’. By Proposition ﬁ, L" = D;; UD'. Hence D' is one of
the three circuits contained in L', namely, C, X, UY, Ue, and X, UY, Ue. But
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D' # C as L and L' are the only Tutte-lines of M|P containing C. If D' =
X, UY.Ue, then L"” = L;, while if D’ = X, UY. Ue, then L” = L;. Thus
L; and L; are indeed the only Tutte-lines of M|P containing D;;. Observe that
Li=Ciu(X/uY.Ue) =[(CUA) —W;]U(X.UY.Ue) = P— W,. Similarly,
L; =P —W;. By (9.1), D;j; = P — (W; UW;). We can choose 7 and j such that
2|W;| < | Xe| and 2|W;| < |X]|. Hence |W;| + |W;| < | X.| = |X]], so

|Dij| = [P = (Wi + [W;]) = (IC] + [A] + [Ye Uel]) = | Xe| = [Xe| + [Ye| + [A[ + 1.
Since |C| + |D| = 2¢(M) — 2, it follows by that |X.| +|Ye| = ¢(M) — 1 Therefore
|D;j| > ¢(M) + 1, a contradiction. We conclude that (@) holds.

Recall that we are assuming that (3) holds. Observe that {X),X.UDUe} is a
2-separation for M|(C'U D Ue) for a fixed e € Z. Assume that M is 3-connected.
Then |E(M)| > |C|+|D|+ 2. Moreover, by Theorem @, there is a (CUDUe)-arc
A such that A /A X! and A /A X. U D Ue. Note that, as A is a (C'U D U e)-arc, it
is also a (CUD)-arc,so A € A. Hence A € A;UAUA,,. If A€ Ay, then A — D,
so A= X,UDUe. If A€ A, then, by (@), A= X or A— X, 50 A— X,
or A—- X, CX.UDUe. If A€ A, then A= {f} for some f € Z —e. By (3),
Xy = X, so, by (iv), X, UAUY} is a circuit of M. Thus A — X. U D Ue. This
contradiction completes the proof of (vi). |

The next three results are, respectively, Proposition 1, Proposition 3, and The-
orem 8 of Maia [f].

Theorem 9.6. Let M be a simple connected matroid such that r(M) > 2. If
e € E(M), then the following are equivalent.
(i) M/e is connected and c.(M) = 3.
(ii) (M) = 3.
(iii) r(M) = 2.
(iV) M = U2,|E(M)\
Proposition 9.7. Let M be a simple connected matroid. If ¢(M) = 4 and M

is not 3-connected, then, for some n > 2, there are connected rank-2 matroids
My, My, ..., M, with E(M;) N E(M. )—{p} for all i # j such that

M:P(Ml,MQ,...,Mn) OT’M:P(Ml,MQ,..., n)\p

Theorem 9.8. Let M be a 3-connected matroid such that r(M) > 4 and ¢(M) < 5.
If M has an element e such that ce(M) = 4, then M 1is isomorphic to F¥ or AG(3,2

).
Proof of Theorem @ Since M is connected and (M) > 2, we have that ¢(M) > 3.

Suppose first that ¢(M) = 3. Then, by Theorem (M/C) =0, s0 ¢(M/C) =
1 = ¢(M) — 2 and the result holds in this case. Next suppose that c¢(M) = 4
and M is not 3-connected. Then, by Proposition .7, each connected component

of M/C has rank equal to 0 or 1, so ¢(M/C) < 2 = ¢(M) — 2 and again the
result holds. Now, suppose that ¢(M) = 4 and M is 3-connected. If r(M) = 3,
then ¢(M/C) =1 < ¢(M) — 2, so we may assume that (M) > 4. Then, by
Theorem P.6, for e in E(M), we have c.(M) = ¢(M) = 4. By Theorem P.§, M is
isomorphic to F7 or AG(3,2). Therefore ¢(M/C) < 2 = ¢(M) — 2. We conclude
that the result holds for c¢(M) < 5.

Suppose that ¢(M) = 2k + § for some k > 2 and ¢ € {0,1} satisfying (k,d) #
(2,0). Let D be a circuit of M/C such that |D| = ¢(M/C). We may assume that
|D| > ¢(M) — 2 = 2k + § — 2 otherwise the result holds. Now, we show that D
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is not a C-arc of M. If D is a C-arc of M, then, by Lemma @, |ID| < k. As
|D| > 2k + § — 2, it follows that 2k +§ — 2 < k and so k + 0 < 2, a contradiction.
Hence D is not a C-arc of M. Therefore D is a circuit_of M such that C U D
is a disconnected Tutte-line of M. Then, by Theorem @, |D| = ¢(M) — 2. By
Lemma @(vi)7 M is not 3-connected. By Lemma @(iii)7 |C| = 2k, so ¢(M) is
even and the result follows. ([l

Now, we can prove the following.

Proposition 9.9. Let M be a 3-connected matroid such that M/C is connected
for some largest circuit C of M. If ¢c(M*) > c¢(M) > 5, then

[B(M)] < VCW) _QI]C*(M)J < {C(M);*(Mw 2.

Proof. By Theorem @, c¢(M/C) < c(M) — 3. By Theorem @,

() < SO GIIC) _ o) =2 (Or)
Thus
2E(M)| = 2|C] < [¢(M) = 3]c™(M).
Hence
2/E(M)] < ¢(M)c™ (M) = 2[¢" (M) — ¢(M)] - ¢*(M),
AB(M)| < o(M)e" (M) — ¢* (M) = [e(M) — 1]c* (M),
The result follows since ¢*(M) > 5. O

Corollary @ follows immediately from the next result.

Theorem 9.10. Let M be a 3-connected matroid with at least two elements. If
|[E(M)| = |c(M)c*(M)/2], then M is isomorphic to Uiz, Uiz, Uss, Usa, or
AG(3,2).

Proof. Taking the dual when necessary, we may suppose that ¢(M*) > ¢(M). By
Proposition P.9, we have two possibilities:

(1) ¢(M) < 4;or

(2) M/C is not connected for every largest circuit C' of M.

Suppose that (1) occurs. If ¢(M) = 2, then r(M) = 1 and so M is isomorphic
to Uy or Uyz. If ¢(M) = 3, then, by Theorem 9.6, M is isomorphic to Us ,, for
some n > 3. In this case, n € {3,4} because c(Usz,) = 3 and ¢(Uj,) = n — L.
Assume that ¢(M) = 4. If r(M) > 4, then, by Theorems @ and P.§, M must
be isomorphic to AG(3,2). It remains to deal with the case when r(M) = 3. Let
C* be a largest circuit of M. As ¢(M) = 4 and |E(M)| = [c(M)c*(M)/2], we
conclude that |[E(M)—C*|+|C*| = |[E(M)| = 2|C*|, so |E(M)—C*| =|C*|. Note
that E(M) — C* is a shortest line L of M, say L = {ej,ea,...,e,}. Then n > 3
otherwise M = Us 4, which is not 3-connected. Fix e € C* and let L; be the line of
M containing e and e;. Then n = |L| < |L;|. As C* — e = Ujepn)(Li — {e,ei}), we
conclude that

n=|Ll=|C*"|=1+) (L] -2)>1+nn-2)>n+1,

=1
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where the last inequality follows because n > 3. This contradiction implies that (1
does not hold, so M satisfies (2). Let C be a largest circuit of M. By Lemma B.€,
M has a 2-separation, a contradiction. O

Proof of Theorem . Let M be a connected matroid with at least two elements.
Suppose M has only trivial series and parallel classes and |E(M)| = [¢(M)c*(M)/2].
By Theorem , either M is isomorphic to Us 4 or AG(3,2), or M is not 3-
connected. Suppose that M is not 3-connected. Then M = M; &2 My for some
connected matroids M; and My with E(M;) N E(Ms3) = {e}, say. We may assume
that c.(M1) < ce(Msz). By Lemma [I.3, M; € Bs(e). Since M has only trivial
series and parallel classes, M; is neither a circuit nor a cocircuit. It follows by
Theorem that M; has a non-trivial series or parallel class avoiding e. This is a
contradiction as this class is also a non-trivial series or parallel class of M. (I
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