SMALL COCIRCUITS IN MINIMALLY VERTICALLY
4-CONNECTED MATROIDS

JAMES OXLEY AND ZACH WALSH

ABSTRACT. Halin proved that every minimally k-connected graph
has a vertex of degree k. More generally, does every minimally
vertically k-connected matroid have a k-element cocircuit? Results
of Murty and Wong give an affirmative answer when k& < 3. We
show that every minimally vertically 4-connected matroid with at
least six elements has a 4-element cocircuit, or a 5-element cocircuit
that contains a triangle, with the exception of a specific non-binary
9-element matroid. Consequently, every minimally vertically 4-
connected binary matroid with at least six elements has a 4-element
cocircuit.

1. INTRODUCTION

A graph G is minimally k-connected if it is k-connected, and G\ e
is not k-connected for all edges e of G. While k-connected graphs
have no vertices of degree less than k, Halin [1] proved that every
minimally k-connected graph has a vertex of degree exactly k. Since
vertices of small degree are useful, for example, for facilitating inductive
arguments, Halin’s result was strengthened several times until finally
Mader [2] proved a tight lower bound on the number of vertices of
degree k in a minimally k-connected graph.

Although matroids in general do not have vertices, it has been com-
mon to use cocircuits as matroid analogues of vertices. When we seek
analogues of Halin’s theorem, we find that there are two widely used
notions of matroid connectivity, namely (Tutte) connectivity, and ver-
tical connectivity.

The analogue of Halin’s result for k-connectivity was studied by Reid,
Wu, and Zhou [6]. A matroid M is minimally k-connected if it is k-
connected, and M \e is not k-connected for all elements e of M. Reid
et al. sought to prove the following (see [5, Problem 14.4.9]).

Conjecture 1.1. If M is a minimally k-connected matroid with
|[E(M)| > 2(k — 1), then M has a cocircuit of size k.
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1000 0 11 -1 1
0100 1 01 1 -1
0010 1 10 1 1
0001 -111 0 -1

FIGURE 1. A ternary representation for Njy.

Results of Murty [3] and Wong [8] prove the conjecture when & < 3.
Reid et al. [6] proved that the conjecture holds when k = 4, with a
unique exception, the 9-element rank-4 matroid Ny that is represented
over GF(3) by the matrix in Figure 1.

Theorem 1.2 (Reid, Wu, Zhou). Let M be a minimally 4-connected
matroid with at least six elements such that M %2 Ng. Then M has a
4-element cocircuit.

Reid et al. constructed Ny from a 2-(9,4, 3)-design, so it is highly
structured. It has a transitive automorphism group, and each element
x satisfies Ng\z = Pg and Ng/x = AG(2,3)\e. Since AG(2,3)\e is not
binary, Ny is not binary.

In the same paper, Reid et al. disprove Conjecture 1.1 for each
k > 5, by finding a minimally k-connected matroid with 2k+1 elements
and no k-cocircuits. They conjecture that Conjecture 1.1 holds when
|E(M)| # 2k +1, so the analogue of Halin’s theorem for k-connectivity
may still hold for £ > 5.

In this paper, we focus on the analogue of Halin’s theorem for ver-
tical k-connectivity. This is a weaker connectivity property than k-
connectivity, in the sense that every k-connected matroid is also ver-
tically k-connected. A matroid M is minimally vertically k-connected
if it is vertically k-connected, and M \ e is not vertically k-connected
for all elements e of M. Thus Halin’s theorem prompts the following
natural question for vertical k-connectivity.

Problem 1.3. Does every minimally vertically k-connected matroid
with at least 2k + 2 elements have a k-cocircuit?

Since a graph G is k-connected if and only if the graphic matroid
M (G) is vertically k-connected, this problem seeks a direct general-
ization of Halin’s result. The condition that the matroid has at least
2k + 2 elements is necessary, due to the construction of Reid et al. [6].

When k£ < 3, minimal vertical k-connectivity and minimal k-
connectivity coincide, so the results of Murty [3] and Wong [8] af-
firmatively answer Problem 1.3 when k£ < 3. However, for £ > 4,
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minimal vertical k-connectivity is a strictly weaker condition than k-
connectivity. We take a step towards resolving Problem 1.3 for k = 4
by showing that every minimally vertically 4-connected matroid, ex-
cept for the 9-element matroid in Theorem 1.2, has a small cocircuit
with special structure.

Theorem 1.4. Let M be a minimally vertically 4-connected matroid
with at least sixz elements such that M 2 Ng. Then M has a 4-cocircuit,
or a 5-cocircuit that contains a triangle.

Since no binary matroid has a 5-cocircuit that contains a triangle,
Theorem 1.4 shows that Problem 1.3 has an affirmative answer for
binary matroids when k = 4.

Theorem 1.5. Fvery minimally vertically 4-connected binary matroid
with at least six elements has a 4-cocircuit.

Despite these positive results, we conjecture that Problem 1.3 has a
negative answer when k = 4 in the following strong sense.

Conjecture 1.6. There is an infinite family of minimally vertically
4-connected matroids with no 4-cocircuits.

In a previous version of this paper we claimed to prove this conjec-
ture, and we are grateful to the anonymous referee who pointed out an
error in the proof. While we could not fix this error, we expect that
there is a clever construction that proves Conjecture 1.6.

There is a key relationship between 4-connectivity and vertical 4-
connectivity that allows us to use Theorem 1.2 in the proof of Theo-
rem 1.4. Specifically, a non-uniform matroid is minimally 4-connected
if and only if it is minimally vertically 4-connected, and has no tri-
angles. Thus, by Theorem 1.2, it suffices to prove Theorem 1.4 for
matroids with a triangle. In fact, we show that every triangle of a min-
imally vertically 4-connected matroid intersects a small cocircuit with
special structure.

Theorem 1.7. Let M be a minimally vertically 4-connected matroid
with a triangle T'. Then

(1) M has a 4-cocircuit that contains exactly two elements of T, or

(2) M has a 5-cocircuit that contains a triangle and exactly two ele-
ments of T', or

(3) |[E(M)| < 11.

We can even relax the condition that M is minimally vertically 4-
connected, and still find a cocircuit with specific structure.
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Theorem 1.8. Let M be a vertically 4-connected matroid with a tri-

angle T = {e, f,g} so that none of M\ e, M\ f, M\g is vertically

4-connected. Then either

(1) M has a cocircuit C* so that |C*NT| =2 and M|C* = Uy, @ Us 2
for some k > 2, or

(2) 7(M) <6, and, if M has no Uy 4-restrictions, then |E(M)| < 11.

This is an analogue of a result of Tutte [7] called Tutte’s Triangle
Lemma (see [4, Lemma 8.7.7]), which finds a 3-cocircuit, or triad, that
intersects a given triangle of a 3-connected matroid.

Theorem 1.9 (Tutte). Let M be a 3-connected matroid with a triangle
{e, f, g} so that neither M\e nor M\ f is 3-connected. Then M has a
triad that contains e and exactly one of f and g.

Our proof of Theorem 1.8 follows the proof of Theorem 1.9. Before
proving Theorems 1.4, 1.5, 1.7, and 1.8 in Section 3, we discuss some
preliminaries in Section 2. We close by discussing several related open
problems in Section 4.

2. PRELIMINARIES

We follow the notation of Oxley [4]. Given a matroid M with ground
set E and rank function r, the function A, defined by

(X)) =r(X)+r(E—X)—r(M)

is the connectivity function of M. Tutte [7] proved that this function
is submodular, which means that all X, Y C E(M) satisty

A (X) + Ar(Y) > A (X UY) + Ay (X NY).

For a positive integer j, a partition (X, Y") of the ground set of a matroid
M is a vertical j-separation of M if Ay (X) < j and min{r(X),r(Y)} >
j. The vertical j-separation is ezact if Ay/(X) = j — 1. For an integer
k exceeding one, a matroid M is wvertically k-connected if it has no
vertical j-separations with 7 < k.

While this is the main notion of connectivity in this paper, we also
make some use of (Tutte) k-connectivity. For j > 1, a partition (X,Y)
of the ground set of a matroid M is a j-separation of M if A\ (X) < j
and min{|X|, |Y|} > j. The j-separation is exzact if A\ps(X) = j—1. For
k > 2, a matroid M is k-connected if it has no j-separations with j <
k. Every vertical j-separation is a j-separation, so every k-connected
matroid is vertically k-connected.

There are two natural relationships between k-connectivity and ver-
tical k-connectivity for non-uniform matroids. First, a non-uniform
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matroid is k-connected if and only if it is vertically k-connected, and
has no circuits with fewer than k elements. In particular, a non-uniform
simple matroid is 4-connected if and only if it is vertically 4-connected
and has no triangles. Second, a non-uniform matroid M is k-connected
if and only if M and M* are both vertically k-connected. These two re-
lationships combine to show that a non-uniform vertically k-connected
matroid has no cocircuits with fewer than k£ elements. In particular,
a non-uniform vertically 4-connected matroid has no triads. We need
one more useful property of vertically 4-connected matroids.

Lemma 2.1. Let M be a vertically 4-connected matroid. For a subset
X of E(M) and an element x of X, if M|X is isomorphic to Us4 or
Usa @2 Usy, then M\x is vertically 4-connected.

Proof. Suppose that M |X = Usy4. Let (A, B) be a vertical 3-separation
of M\xz. Then A or B contains at least two elements of X —z and thus
spans z, so either (AU x, B) or (A, BUxz) is a vertical 3-separation of
M, a contradiction.

Suppose that M|X = Uy 4 @9 Usy. Then X is the union of disjoint
triangles 77 and Ty. Let o € T7, and let (A, B) be a vertical 3-separation
of M\ z. Then, without loss of generality, A contains at least three
elements of (77 U Ty) — x. As A does not span z, we deduce that
AN X =1T;, so B spans z, a contradiction. ]

3. THE PROOFS OF THE MAIN RESULTS

In this section, we prove Theorems 1.4, 1.5, 1.7, and 1.8. We first
prove a lemma about the interaction of vertical 3-separations of M\ a
and M \b, where a and b are in a common triangle.

Lemma 3.1. Let M be a vertically 4-connected simple matroid with
a triangle T = {a,b,c}. Let (X,,Y,) and (X3, Ys) be exact vertical 3-
separations of M\a and M\b, respectively, so that b € X, and a € X,,.
Then either
(i) M has a cocircuit C* so that |C*NT| =2 and M|C* = Uy, ®Us
for some k > 2, or
(i7) T(XoNYy) =2 and (X, NY,) =2, and either | X, N X,| =1, or
r(Y,NY,) <2 and X,NX, # 2.

Proof. Suppose that neither (7) nor (i) holds. Because M has a triangle
but has rank at least three, M is not uniform. Thus, it has no cocircuits
of size less than four. Observe that ¢ € Y, NY, otherwise (X, Ua,Y,)
or (X, Ub,Y;) is a vertical 3-separation of M.

3.1.1. M\a,b is 3-connected.
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For some j € {1,2}, let (A, B) be a j-separation of M\ a,b with
¢ € A where A is closed. Then Ay (AU {a,b}) < j, and so either
r(AU{a,b}) < jorr(B) < j. As M is simple and has no triads,
r(AUd{a,b}) > 2 and r(B) > 2. Thus j = 2, and r(AU {a,b}) =2 or
r(B) = 2. Suppose that r(B) = 2. Then (i) holds with C* = BU{a, b}.
If r(AU{a, b}) = 2, then M|(A'U{a, b}) = Us 4 for a 2-element subset A’
of A, so, by Lemma 2.1, M\a is vertically 4-connected, a contradiction.
Thus 3.1.1 holds.

We make repeated use of the following.

3.1.2. a € cl(X, —a) and b € cl(X, —b).

If a ¢ cl(Xy,—a), then Appy(Xp—a) < 2. But then the complement of
Xp—a in M\b contains a and ¢ and thus spans b, so Ay (X,—a) < 2. This
implies that ry (X, — a) = 2, so (i) holds with C* = (X, Ub) — cl(Y}).
Thus 3.1.2 holds.

The following is due to the submodularity of Aypgp.

3.1.3. (Z) )‘M\a,b(Ya N }/;7) + AM\a,b(Xa N Xb) <4, and
(44) >‘M\a,b(Xa nY;) + )\M\a,b(Xb NnY,) <4.

We prove 3.1.3(i7). The proof of 3.1.3(7) is similar. We have
Anap(Xa = 0) < Aana(Xa) = 2. Similarly, Appgp(Ys) < 2. Then

(1) 4 Z AM\a,b(Xa - b) + )\M\a,b(}/b)
(2) > Anap(Xa NY5) + Aangp((Xa UY;) — b)
(3) - )\]\J\a,b(Xa N YE)) + /\M\a,b(Xb N Ya)a

where (2) holds by the submodularity of Aypgs, and (3) holds because
the complement of (X, UY;) —bin M\a,bis X, NY,. Thus 3.1.3(i7)
holds.

We now determine the ranks of X, NY, and X; NY,.

3.14. r(X,NY,) =r(X,NY,) = 2.

If X,NY, = &, then X,—b C X,. But then X}, spans b, so (X,Ub, Y})
is a vertical 3-separation of M, a contradiction. Suppose that X,NY, =
{d}. Then |X,NX,| > 2, or else (i) holds with C* = X, Ua. Similarly,
Y, N Y| > 2, or else {d,c,b} is a triad of M. Then 3.1.1 implies that
Anan(XaNXp) > 2 and Aypp(YaNY;) > 2. By 3.1.3(i), it follows that
Anap(Ya NY;) = 2. The complement of Y, NY, in M\ a,b contains
X, —band X —a, and thus spans a and b, by 3.1.2. This implies that
A (YoNY,) = 2, and so r(Y,NY},) = 2, since M is vertically 4-connected.
But then (7) holds with C* = (Y, Ub) — cl(X}), a contradiction. Thus,
| Xo NYy| > 2, and by symmetry, | X, NY,| > 2.
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Now Aapap(Xa NYs) > 2 and Appap(Xp NY,) > 2, by 3.1.1. Then
3.1.3(i1) implies that Aypgs(Xe NYs) = 2. The complement of X, NY;
in M\a,b contains X}, — a, and thus spans a, by 3.1.2. But then it also
spans b since {a, b, ¢} is a triangle, and so Ay (X, NY;) = 2. Since M is
vertically 4-connected and | X, NY3| > 2, it follows that r(X,NY;) = 2.
By symmetry, 7(X, NY,) = 2 as well. Thus 3.1.4 holds.

Suppose that X, N X, = @. Then since (X, NY};) = 2, outcome ()
holds with C* = (X,Ua) —cl(Y,), a contradiction. Thus |X,NX,| > 1.
Since (7i) does not hold, we have r(X, N X;) > 2 and (Y, NY;) > 3.
Then 3.1.1 implies that Apep(XoNXp) > 2 and Appep(YaNYs) > 2. By
3.1.3(1), it follows that Appg (Y, NY;) = 2. The complement of Y, NY}
in M\a, b contains X, —a and X, — b, and thus spans a and b, by 3.1.2.
Thus, Ay (Y, NY,) =2, and so r(Y, NY;) = 2, a contradiction. O

The following easily implies Theorem 1.8. We add an extra condition
to outcome (2) to help deal with matroids on at most 11 elements.

Theorem 3.2. Let M be a vertically 4-connected matroid with a tri-

angle T = {e, f, g} so that none of M\ e, M\ f, M\ g is vertically

4-connected. Then either

(1) M has a cocircuit C* so that |C*NT| =2 and M|C* = Uy, & Us 2
for some k > 2; or

(2) (M) <6, and if M has no Uy -restrictions, then |E(M)| < 11,
while if |E(M)| = 11, then M has disjoint triangles Ty and T,
neither of which is T .

Proof. Suppose that (1) does not hold for M. If M is uniform, then
r(M) = 2 and outcome (2) holds, so we may assume that M is non-
uniform.

3.2.1. If M\e has an exact vertical j-separation (X,Y') with j € {1, 2},
then (2) holds.

It is easy to show that if j = 1, then M = U, 3. Suppose j = 2.
Then r(X) < 2, otherwise (X,Y Ue) is a vertical 3-separation of M,
a contradiction. Similarly, r(Y") < 2. Since Appo(X) = 1, this implies
that »(M) = 3. Also, if M has no U, 4-restrictions, then |E(M)| < 7.
Thus 3.2.1 holds.

Let (A, Be), (Af, By), and (Ay, By) be vertical 3-separations of M\e,
M\ f, and M\ g, respectively, so that f € A.N A, and e € As. Then
g € B.N By and e € B,. By 3.2.1, we may assume that each of the
designated vertical 3-separations is exact, or else (2) holds. We apply
Lemma 3.1 with

hd (Xaaya) = (A€7B€) and (Xln}/b) = (Af7Bf)a
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o (X,.Y,) = (B, A.) and (X,Y,) = (B, 4,), and
e (XavYa) = (BfaAf) and (va}/l;) = (Ag>Bg)'

In each case, outcome (i) of Lemma 3.1 holds. First, suppose that
at least two of |A. N Ay|, |B. N By|, and |By N Ay| are equal to one.
Up to relabeling e, f, and g, we may assume that |[A. N A¢| = 1 and
|B. N By| = 1. Note that r(A. N By) = 2 and r(B. N A,) = 2. Then
A. — f and B. — g are each a union of a rank-2 set and a rank-1 set,
so 7(A.) < 4 and r(B,) < 4. Since A\pe(Ac) = 2, this implies that
r(M) < 6. Also, if M has no Us,g-restrictions, then |A.] < 5 and
|B.| < 5,80 |[E(M)| < 11. If |[E(M)| = 11, then A, and B, each
contain a triangle, so (2) holds.

Second, suppose that fewer than two of |A. N Ay|, |B. N Byl, and
|By N B,| are equal to one. Then, by Lemma 3.1, at least two of
r(B. N By), r(Ac N Ay), r(Ay N B,) are at most two. Up to relabeling
e, f, and g, we may assume that 7(B. N By) < 2 and r(A. N 4,) < 2.
But then A, and B, are each the union of two sets of rank at most
two, so 1(A.) < 4 and r(B,) < 4. Since A\ppe(Ae) = 2, this implies that
r(M) < 6.

Now assume that M has no U, 4-restrictions. Then |A, — f| <5 and
|B. —g| <5,and so |[E(M)| < |Ae— f|+|Be — g| +|T| < 13. We show
that |E(M)| < 11. Suppose that |A.| = 6. Since r(A. N B,) = 2 and
r(A. N A,) < 2, each of these sets is a triangle. So, A, is the disjoint
union of triangles 7} and 75, where f € T,. Each of Ay and B contains
an element of T3, or else Ay or By spans f. As |A.NBy| > 2, it follows
that |77 N By| > 1. If |1 N By| > 2, then M has a U, 4-restriction
consisting of 77 and the element in 75 N By, since r(A. N By) = 2.
Thus, |71 N By| = 1. Let s € T3 N By. Then Ay spans s, and so (1)
holds with C* = (By U f) — cl(Ay), a contradiction. Thus, |A.| < 5,
and a similar argument shows that |B.| < 5, so |E(M)| < 11. It is
clear from the argument that if |A.| = |B.| = 5, then each contains a
triangle, and so (2) holds. O

Proof of Theorem 1.7. As M is minimally vertically 4-connected,
Lemma 2.1 implies that M has no Usy-restriction. Thus, in Theo-
rem 3.2, we see that k& < 3 in outcome (1), while |[E(M)| < 11 in
outcome (2). The theorem follows. O

Theorem 1.4 directly implies Theorem 1.5, since a circuit and a cocir-
cuit in a binary matroid meet in an even number of elements. Thus we
need only prove Theorem 1.4. To do this, we must investigate matroids
with at most 11 elements.
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Proof of Theorem 1.4. Let M be a minimally vertically 4-connected
matroid with at least six elements. Suppose that M has no 4-cocircuits
and no H-cocircuits containing a triangle. By Theorem 1.7, we must
have that |F(M)| < 11. Theorem 1.2 implies that M has a triangle T

3.2.2. M has no element a for which M\ a has an exact vertical j-
separation for j € {1,2}.

Let (X,Y) be an exact vertical j-separation of M\a with j € {1,2}.
It is easy to show that if 7 = 1, then M = U, 3, a contradiction. Thus
j=2.If r(X) > 3, then (X, Y Ua) is a vertical 2- or 3-separation of M,
a contradiction. So r(X) = 2, and, similarly, 7(Y") = 2. By Lemma 2.1,
this implies that |E(M)| < 7. Since Ayp(X) = 1, it also implies that
r(M) = 3. However, by Lemma 2.1, M has no disjoint triangles in a
common plane, so |E(M)| = 6. Since M is a 6-element rank-3 matroid
that is 3-connected, it is isomorphic to M (K,), W3, Q¢, Bs, or Usg [4,
Corollary 12.2.19], so M has a 4-cocircuit, a contradiction. Thus 3.2.2
holds.

A consequence of 3.2.2 is that M has no cocircuits with fewer than
four elements. For all a in E(M), the deletion M\ a has an exact 3-
separation (A,, B,). Since each of A, and B, must contain a cocircuit
of M\a but M has no cocircuits of size less than five, |E(M)| > 9. As
M\ a has no exact 2-separations, we may assume that 7' C B,. Then
|E(M)| # 9, otherwise |A,| = 4 = |B,| and B, U a is a 5-cocircuit
containing a triangle, a contradiction.

Next suppose that |E(M)| = 10. Then |B,| = 5 and |A,| = 4.
Also, A, does not contain a triangle, or else A, U a is a 5-cocircuit of
M that contains a triangle. Then M|A, = Us4 otherwise M|A, has
a coloop z and (A, — z, B, U z) is a vertical 3-separation of M \a, so
(A, —x)Ua is 4-cocircuit of M, a contradiction. Similarly, each element
x € B, — T is in cl(B, — x), or else (B, — ) Ua is a 5-cocircuit of
M that contains 7. This implies that r(B,) = 3. As r(4,) = 3, it
follows that r(M) = 4. So, for each a € E(M) — T, there is a pair P,
of elements so that r(7T'U P,) = 3. Since M|A, = Us 4 and a ¢ cl(B,),
it follows that P, # P, if a # b otherwise A, — b spans A, U a, a
contradiction. Let P be the set of pairs P for which r(PUT) = 3.
Then |P| > |E(M) —T| = 7. However, the sets in P are pairwise
disjoint, or else M has a 6-element plane and thus has a 4-cocircuit.
Since |P| > 7, this implies that |E(M)| > 17, a contradiction.

Finally, suppose that |E(M)| = 11. By Theorem 3.2, M has disjoint
triangles 77 and Ty. Let X = E(M) — (Ty UTy). For each a € X,
let (Aq, Ba) be a vertical 3-separation of M\ a so that T3 C A,, while
T, is contained in A, or B,. If T, C A, for some a € X, then, by
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Lemma 2.1, r(A,) > 4, so r(M) > 5. If T, C B, for some a € X, then
|As| = |Ba| = 5. Then M|A, and M|B, each have no coloops, or else
M has a 5-cocircuit containing a triangle. This implies that (M) = 4.
Thus, either T, C A, for all a € X, or T, C B, for all a € X. If
the former holds, then M|B, = Us4 for each a € X. It follows that
r(X) = 3, so r(B, Ua) = r(B,), a contradiction. We deduce that
T, C B, for all @ € X. This implies that, for each a € X, there is
a pair P, for which »(T, U P,) = 3. If P, = P, for distinct a,b € X,
then T U P, and its complement in M each have rank 3, so M is not
vertically 4-connected, a contradiction. Let P be the set of pairs P
for which (T, U P) = 3. Then |[P| > |X| = 5. However, the sets in
P are pairwise disjoint, or else T, is contained in a 6-element plane
that is disjoint from T}, so T} is contained in a 5-cocircuit of M. Since
|P| > 5, this implies that |E(M)| > 16, a contradiction. O

4. OPEN PROBLEMS

Our results lead to some natural open problems in several different
directions. First, we conjecture that Theorem 1.4 can be strengthened
so that the cocircuit contains a specific element of T'; as in Theorem 1.9.

Conjecture 4.1. Let M be a minimally vertically 4-connected matroid
with a triangle T = {e, f,g9}. Then

(1) M has a 4-cocircuit that contains e and exactly one of f and g, or

(2) M has a 5-cocircuit that contains a triangle and e, and exactly one
of f and g, or

(3) |E(M)] < 11.

This would be helpful for trying to find a tight lower bound on the
number of 4-cocircuits and 5-cocircuits containing a triangle in a min-
imally vertically 4-connected matroid.

Second, we conjecture that Theorem 1.5 extends to vertical k-
connectivity with k£ > 5 due to restrictions on the interaction between
circuits and cocircuits in binary matroids.

Conjecture 4.2. For each integer k > 5, every minimally vertically k-
connected binary matroid with at least 2k+2 elements has a k-cocircuit.

We close with the following extension of Conjecture 1.6, which would
show that Problem 1.3 has a negative answer when k > 4.

Conjecture 4.3. For each integer k > 4, there is an infinite family of
manimally vertically k-connected matroids with no k-cocircuits.
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