ON THE MINOR-MINIMAL 3-CONNECTED MATROIDS
HAVING A FIXED MINOR

MANOEL LEMOS AND JAMES OXLEY

ABSTRACT. Let N be a minor of a 3-connected matroid M such that no proper
3-connected minor of M has N as a minor. This paper proves a bound on
|E(M) — E(N)| that is sharp when N is connected.

1. INTRODUCTION

Let N be a minor of a 3-connected matroid M. Suppose that one wants to
remove elements from M to maintain both 3-connectedness and the presence of NV
as a minor. If this cannot be done, what can be said about |E(M) — E(N)|? In
particular, must this difference be bounded? If N is 3-connected, then clearly the
difference is 0. This paper proves a bound on the difference that is sharp when NV
is connected.

For a matroid N, let A;(/V) denote the number of connected components of N.
Now N can be constructed from a collection A (V) of 3-connected matroids by using
the operations of direct sum and 2-sum. It follows from results of Cunningham and
Edmonds [5] that Az(N) is unique up to isomorphism. Let A2(N) be the number
of matroids in Ay(N). The following is the main result of the paper.

1.1. Theorem. Let N be a non-empty matroid and M be a minor-minimal 3-
connected matroid having N as a minor. Then

[E(M)[ = [E(N)] <22(A(N) = 1) 4+ 5(A2(N) — 1),

An immediate consequence of the theorem is that if M and N satisfy the hy-
potheses, then

[E(M)| = [E(N)| < a(M(N) = 1)+ B(X2(N) = 1)
for all & > 22 and 8 > 5. We shall give examples to show that this theorem is

sharp when N is connected, so the value of 3 cannot be reduced below 5. However,
we believe that the theorem still holds when the value of « is reduced to 1.

1.2. Conjecture. Let N be a non-empty matroid and M be a minor-minimal 3-
connected matroid having N as a minor. Then

|E(M)| = |E(N)| < A (N) 4 5X2(N) — 6.

The modification of the original problem that insists that M is a minor-minimal
3-connected matroid having N as a restriction was solved by the authors first in the
case when N spans M [8] and then in general in joint work with Reid [10]. Another
variant of the original problem that requires N to be 3-connected and different from
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M was solved by Truemper [14] when |E(N)| > 4 and by Bixby and Coullard [3]
when |E(N)| < 3. That result is as follows.

1.3. Theorem. Let N be a 3-connected matroid. If M is a minor-minimal 3-
connected matroid having N as a proper minor, then |[E(M)| — |E(N)| < 3.

A third variant of the original problem that requires only that M be a minor-
minimal 3-connected matroid having a minor isomorphic to N will be considered
at the end of Section 4.

The terminology used in this paper will follow Oxley [11] except that the simpli-
fication and cosimplification of a matroid M will be denoted by si(M) and co(M),
respectively. For a positive integer k, a partition {X, Y} of the ground set of a ma-
troid M is a k-separation of M if min{|X|,|Y|} > k and r(X)+r(Y)—r(M) < k—1.
When equality holds in the latter inequality, the k-separation {X,Y} is ezact. A
matroid is connected if it has no 1-separations, and is 3-connected if it has no 1- or
2 -separations.

The property that a circuit and a cocircuit of a matroid cannot have exactly one
common element will be referred to as orthogonality. A basic structure in the study
of 3-connected matroids consists of an interlocking chain of triangles and triads.
Let 11,75, ...,T; be a non-empty sequence of sets each of which is a triangle or a
triad of a matroid M such that, for all 4 in {1,2,..., &k — 1},

(1) [Ti N L] = 25
(i) (Tis1 —T)N(T1UTRU...UT;) is empty; and
(iii) in {7}, T;41}, exactly one set is a triangle and exactly one set is a triad.

We call the sequence T1,T5,...,T; a fan of M. When this occurs, it is straight-
forward to show that M has k + 2 distinct elements x1,zsa, ..., 2o such that
T; = {xi, xiy1, Tip2} for all 4 in {1,2,...,k}. This terminology differs from that in
[12] where the term “chain” is used for what has just been defined as a fan, and
where “fan” is used for a maximal chain.

Suppose that the intersection of the ground sets of the matroids M and M (K4)
is A and that A is a triangle in both matroids. The generalized parallel connection
of M(Ky) and M across A is the matroid Pa (M (K4), M) whose ground set is the
union of the ground sets of the two matroids and whose flats are those subsets X
of the ground set for which X N E(M(Ky)) is a flat of M (K4) and X N E(M) is
a flat of M. If the elements of A are deleted from Pa(M(K4), M), we obtain the
matroid that we get by performing a A — Y-exchange on M across A [1].

This paper is structured as follows. In the next section, we review the results
of Cunningham and Edmonds [5] on decomposing a connected matroid into 3-
connected pieces. Section 3 proves some technical lemmas that will be used in the
proof of the main result. In particular, a result of Seymour [13] is used to show
that the destruction of a particular exact 2-separation of the matroid N requires
the addition of at most 5 new elements. In Section 4, the main result is proved in
the case that IV is connected and it is shown that the theorem is sharp in this case
even when M is only required to contain a minor isomorphic to IV rather than NV
itself. Section 5 uses the result for the connected case to obtain a general bound
on |E(M)| in terms of |E(N)|. This bound tends to be weaker than the bound in
the main theorem, which is proved in the last section.
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2. TREE DECOMPOSITION

In this section, we review the results of Cunningham and Edmonds that will
be used in the proof of the main result. Let M be a connected matroid. A tree
decomposition of M is a tree T with edges labelled eq,es,...,e,_1 and vertices
labelled by matroids My, Ms, ..., My such that

(i) each M; is 3-connected having at least four elements or is a circuit or a
cocircuit;

(11) E(M]_) @] E(Mz) U...u E(Mk> = E(M) @] {61, €2,..., ek,l};

(i) if the edge e; joins the vertices M, and M;,, then E(M; )NE(M;,) = {e;};
(iv) if no edge joins the vertices M;, and M;,, then E(M;, )N E(M;,) is empty;
(v) M is the matroid that labels the single vertex of the tree T'/eq, e, ..., €x—1
at the conclusion of the following process: contract the edges e, es,...,ex_1
of T one by one in order; when e; is contracted, its ends are identified and
the vertex formed by this identification is labelled by the 2-sum of the

matroids that previously labelled the ends of e;.

v

Cunningham and Edmonds [5] proved the following result.

2.1. Theorem. Fuvery connected matroid M has a tree decomposition T(M) in
which no two adjacent vertices are both labelled by circuits or are both labelled by
coctreuits. Furthermore, the tree T (M) is unique to within relabelling of its edges.

We shall call T(M) the canonical tree decomposition of M and we let AY (M) be
the set of matroids that label vertices of T'(M). If a vertex M’ of T'(M) corresponds
to a circuit or a cocircuit with n elements for some n > 4, then M’ has a tree
decomposition T3(M’) in which each vertex is labelled by a 3-element circuit when
M’ is a circuit and by a 3-element cocircuit when M’ is a cocircuit. It follows that
T3(M') has n — 2 vertices and, indeed, every (n — 2)-vertex tree can be labelled
so that it is such a tree decomposition of M’. Now replace the vertex of T'(M)
labelled by M’ by one of the choices for T3(M’). Specifically, delete the vertex of
T (M) labelled by M’; take the disjoint union of the resulting graph T'(M) — M’
with T3(M’); for each edge x of T(M) that joins M’ to M., say, add an edge
labelled = to (T(M) — M’') U T3(M’) joining M. to the vertex of T3(M’) that
is labelled by a matroid having = as an element. Repeat the above process for
each vertex of T (M) that is labelled by a circuit or cocircuit with at least four
elements. Let the resulting graph be T3(M). It is not difficult to see that T3(M)
is a tree decomposition of M in which every vertex is labelled by a 3-connected
matroid. We call T3(M) a 3-c-tree decomposition of M. Evidently, unlike T'(M),
the tree T3(M) is not uniquely determined by M. We let Ao(T3(M)) be the set
of matroids that label vertices of T3(M). The construction of 7°(M) ensures that
the matroid M determines the distribution of isomorphism types of matroids in
Ao (T3(M)) together with the isomorphism type of the matroid M, that contains
e and, if |E(M,)| > 4, the isomorphism types of the matroids that share elements
with M,. We shall write Ag(M) for Ao(T3(M)) and let Ao(M) be the number of
members of Ao(M). If M has components My, Ms, ..., M;, we define Ao(M) to
be 2221 A2(M;). Also we let A\j (M) be t, the number of components of M. Note
that this use of Ao(M) differs from that in some earlier work of the authors where
A2(M) did not count the copies of U; 3 that arose in the decomposition [8, 9, 10].

Let M be a connected matroid and T" be a tree decomposition of M. A connected
subgraph H of T induces a subset X of F(M) if X is the union, over all vertices
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M; of H, of E(M;) N E(M). Each edge e of T" determines a partition of E (M)
into the subsets X.; and X.o that are induced by the components of T' — e. We
shall say that the edge e displays the partition {X.1, Xe2} of E(M) and displays
the sets X1 and X.2. Now let M’ be a vertex of T that is a circuit or a cocircuit.
We say that M’ displays a partition {X,Y} of E(M) if every subset of E(M) that
is induced by a component of T'— M’ lies entirely in either X or Y.

The next result of Cunningham and Edmonds [5] does not have an easily acces-
sible proof so we include a proof here.

2.2. Lemma. Let M be a connected matroid and {X1, X2} be a partition of E(M)
such that | X1|,|Xa| > 2. Then the following statements are equivalent.

(1) {X1,X2} is a 2-separation of M;
(ii) M has a 3-c-tree decomposition having an edge that displays {X1, X2}; and
(iii) T(M) has an edge or a vertex that displays {X1, X2} where, in the latter
case, the vertex is labelled by a circuit or a cocircuit.

Proof. We show first that (i) implies (ii). Suppose that {X;, X»} is a 2-separation
of M. Then M can be written as the 2-sum, with basepoint b, of two matroids M;
and M5 having ground sets X7 Ub and X5 U b, respectively. We can construct a
3-c-tree decomposition T3(M) for M inductively as follows. Begin with the two-
vertex tree 717 in which the vertices are labelled by M; and M, and the edge is
labelled by e. Assume that T, has been constructed for some k > 1. If every
matroid labelling a vertex of T}, is 3-connected, let T}, = T°(M); otherwise choose
a matroid M’ that labels a vertex of T} and is not 3-connected, and let { X7, X3}
be a 2-separation of M’'. Write M’ as the 2-sum of two matroids M and M} with
ground sets X| U and X, UV, respectively; form Ty by splitting the vertex M’
of T, into two vertices M; and M} joined by the edge b’ where each edge e of T
that meets M’ meets the member of { M/, M4} that contains e. Evidently, T°(M)
is a 3-c-tree decomposition of M and the edge b displays { X7, Xo}. Thus (i) implies
(ii).

Next we show that (ii) implies (iii). Suppose that T3(M) is a 3-c-tree decom-
position of M and the edge b displays {X1, X2}. To obtain T(M) from T3(M),
we look for two adjacent vertices of the latter that are both labelled by circuits or
are both labelled by cocircuits. When we find two such vertices, we contract the
edge joining them and label the composite vertex resulting by the 2-sum of the two
original labels on the ends of the edge. We continue this process until we obtain
a tree having no two adjacent vertices both labelled by circuits or both labelled
by cocircuits. The uniqueness of T'(M) implies that the resulting tree is, indeed,
T(M).

Now {X1, X} is displayed by the edge b in T(M) unless, in T3(M), both ends
of b label circuits or both ends label cocircuits. Consider the exceptional case,
assuming, without loss of generality, that both ends of b label circuits. Then b is
an edge of a maximal subtree T°¢ of T3(M) all of whose vertices are labelled by
circuits. In forming T'(M), we contract T to a single vertex, which we may assume
is one of the ends of b, say v. For T = T3(M), every subset of E(M) induced by
a component of T'— v lies entirely in X; or X5. This remains true whenever we
contract an edge incident with v. Thus, it follows that v displays { X7, Xo} in T'(M)
and v is labelled by a circuit. Hence (ii) implies (iii).

The proof that (iii) implies (i) is similar to the above and is omitted. O
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Let M be a connected matroid. Evidently, T(M*) and T3(M*) can be obtained
from T'(M) and T2(M), respectively, by replacing each matroid labelling a vertex of
the latter by the dual matroid. Now suppose that e € E(M) and M /e is connected
and non-empty. It is useful to describe the relationship between T'(M) and T'(M/e).
By duality, this also determines the relationship between T (M) and T'(M\e) when
M\e is connected. Let M’ be the matroid labelling a vertex of T'(M) such that
e € E(M'). To find T(M/e), we proceed as follows:

(i) construct T'(M'/e);

(ii) take the disjoint union of T(M'/e) and T(M) — M’;

(iii) if b is an edge of T'(M) that joins M’ to K, add an edge labelled by b joining
the vertex K of T(M) — M’ to the vertex of T'(M'/e) that contains b;

(iv) if a newly added such edge b joins two circuits or two cocircuits, then
contract the edge b and relabel the composite vertex by the 2-sum, with
basepoint b, of the two matroids that had labelled the endpoint of b;

(v) if |E(M'/e)] = 2 and T(M) has more than one vertex, then contract an
edge b joining M’ /e with H, say, and relabel the composite vertex by H',
the matroid that is obtained from H by relabelling the element b by the
unique element &’ of E(M’/e) —b; finally, if K’ is a cocircuit and ¥’ joins K’
to another cocircuit K”, then contract ' and label the composite vertex
by the 2-sum of the two matroids that had labelled the endpoints of ¥'.

3. PRELIMINARY LEMMAS

In this section, we prove some technical lemmas that will be used in the proof
of the main result. In particular, we show in Lemma 3.3 that the destruction of a
particular exact 2-separation of N requires the addition of at most 5 new elements.
This fact will be crucial in the proof of the main theorem in the case that N is
connected.

Let A and B be disjoint subsets of the ground set of a matroid M. Then
kv (A,B) = min{r(X) + r(Y) — r(M)}, where the minimum is taken over all
partitions {X,Y} of E(M) with X D A and Y O B. This function, which was
used by Seymour [13], is closely related to a function k(M;X,Y) introduced by
Tutte [15]. Indeed, kp(A, B) = k(M; A, B) — 1, so one can easily deduce properties
of one function from properties of the other. The following lemma summarizes some
useful properties of ky(A, B).

3.1. Lemma. Let A and B be disjoint subets of the ground set of a matroid M.
Then

(ii) #f N is a minor of M such that AUB C E(N), then ky(A, B) < ka (A, B);
and
(iii) ife € E(M) — (AU B), then

max{kyne(A, B), kar/e(A, B)} = ks (A, B)

and
min{kano (4, B), karye (A, B)} > kar(A, B) — 1.

Seymour [13] carefully analyzes the structure of a matroid M having a minor
N such that {A, B} is a partition of E(N) and M is minor-minimal having N as
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a minor and satisfying kps(A, B) > kn (A, B). We shall only use this result in the
case that {A, B} is a 2-separation of N, so we state it only in this case.

3.2. Lemma. Let N be a matroid and {A, B} be an exact 2-separation of N.
Suppose that M is a minor-minimal matroid that has N as a minor and satisfies
kr (A, B) > 1. Then the following hold.

(i) There are unique subsets P and Q of E(M) such that N = M\P/Q.

(ii) Let M, be M\z when z € P and be M/z when z € Q. Then M, has just one
2-separation {X,,Y,} such that A C X, and B CY,, and this 2-separation
18 exact.

(iii) The elements of P U Q can be labelled as z1,z2,...,2, so that X,, = AU
{z1,22,-..,2zic1} and Y,, = BU{ziy1, zi12,...,2n} for all i.

(iv) The elements z1,za, ..., 2, are alternately members of P and Q.

(v) M has no circuit C such that C C PUQ and |C — Q| <1, and M has no
cocircuit C* such that C* C PUQ and |C* — P| < 1.

(vi) For alli > 1, if z; € P, there is a circuit C of M such that {z;-1,2;} C C
and C' —{zi—1,z;} C(QNA{z; : j >1i})UB. If z; € Q, there is a cocircuit
C* of M such that {z;—1,2} C C* and C* —{zi_1,2z} C (PN{z; : j >
i}) U A. Moreover, the corresponding result holds for all i < n with A and
B interchanged.

3.3. Lemma. Let {A, B} be an exact 2-separation of a matroid N and let M be a
minor-minimal matroid such that N is a minor of M and kp (A, B) > 1. Then

[E(M)| - |E(N)[ < 5. (1)

Moreover, if N is connected and M\e or M /e is disconnected for some e in E(M)U
E(N), then |E(M) — E(N)| = 1. In particular, if M\e is disconnected, then the
vertex of T(M) that is labelled by a matroid containing e is a triangle, this vertex
has ezxactly two neighbours in T(M) both of which are labelled by cocircuits, and all
four of the sets that are displayed by edges of T (M) incident with this triangle must
meet both A and B.

Proof. We shall use the notation of the last lemma. In particular, E(M) has unique
subsets P and @ such that N = M\ P/Q.

We shall prove (1) by contradiction. Let n = |P|+ |Q| = |E(M)| — |[E(N)| and
assume that n > 6. By taking the dual if necessary, we may assume that z; € P.
Thus zg € Q by Lemma 3.2(iv). Hence N is a minor of M\ z1/z. Now, as { X, Yz, }
is an exact 2-separation of M/zg, this matroid is a 2-sum of two matroids No and
My where E(M3) = Y,, Ub. Since {X,,,Y,,} is an exact 2-separation of M\z,
it is not difficult to check that {X,,, {22, 23, 24, 25, b} } is an exact 2-separation of
Ns. Thus Ns is the 2-sum of two matroids M; and H where E(M;) = X,, Ua and
E(H) = {a, 22, 23, 24, 25,b}. We conclude that M\z1/zs is obtained by taking the
2-sum of My, H, and Ms. Moreover, M\ z is the 2-sum of M; and a matroid N;
for which Ny /z¢ = H @9 Ms. Next we observe that H is connected, otherwise if a
and b are in the same component of H, then P and @) are not unique, while if a
and b are in different components of H, then ky(A, B) = 0 # 1. Moreover, since P
and @ are unique and ky (A, B) = 1, the matroid H\{z3, z5}/{22, 24} is connected
and is uniquely determined as a minor of H. Thus H\{z3, 25}/{22, 24} is a circuit
on {a,b} and hence is also a cocircuit on {a,b}. The fact that H\{z3, z5}/{22,24}
is uniquely determined as a minor of H implies that {a,b, 22,24} is a circuit of H
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and that {a,b, 23,25} is a cocircuit of H. It follows that {23, 24} is a line of H.
Moreover, r(H) = r(H*) = 3.

By Lemma 3.2(vi), M has a circuit C' containing z4 and zs such that C —
{z4,25} C(QN{z; : j > 5})UB. Let C’ be a circuit of M/zg such that C’ C C and
C'N{za,25} #0. EC'NB =0, then {z4, 25} U(QN{z; : j > 5}) contains a circuit
of M; a contradiction to Lemma 3.2(v). Thus C' N B # 0, so bU (C' N {24, 25}) is
a circuit of H. As C — zg is a union of circuits of M/zs, we have two possibilities:

(a) both {b,z4} and {b, z5} are circuits of H; or
(b) {b, 24,25} is a circuit of H.

Since b is not a loop of H/z4, it follows that z4 cannot be parallel to b. Thus
{b, 24, 25} is a circuit of H. Since {a,b, 29,24} and {b, 25,24} are circuits of H,
it follows that H has a circuit containing a and contained in {a,b, 29, 25}. This
circuit does not contain b and so is a subset of {a,z2,25}. Now {a, 22} is not a
circuit. Moreover, {a, z5} is not a circuit otherwise {a, b, z4} is a circuit of H. Thus
{a, 22, 25} is a circuit of H. Hence H\ z3 is the parallel connection of the two 3-point
lines {a, 22, 25} and {b, z4, z5}. Now, in H/z5, the element z3 must either be a loop
or be parallel to a or b otherwise H\{z3, 25}/{22, 24} is not uniquely obtainable as
a minor of H. Thus z3 is on the line of H spanned by {a,z5} or the line of H
spanned by {b,z5}. Since neither {a,b, 22,25} nor {a,b, 24,23} is a circuit of H,
we deduce that z3 is parallel to one of a,b, and z5 in H. In the second and third
cases, {X.;, Y., } is an exact 2-separation of M\z3 and z3 is spanned by Y., so
{X.,,Y., Uz3} is an exact 2-separation of M; a contradiction. We conclude that
{z3,a} is a circuit of H. Now recall that M\z; = M;®2 Ny, where N1/z6 = H®o M,
and E(M;) = X,, Ua. Since X, and hence X,,, does not span z3 in M, we deduce
that {a, z3} is not a circuit of Ny. Therefore {a, 23, 26} is a circuit of N;. Hence M
has a circuit D that contains {z3, 26} and is contained in X,, U {z3, z6}. Moreover,
by Lemma 3.2(vi), M has a cocircuit D* that contains {zs5, 26} and is contained in
Y., U{zs,26}. Thus, |D N D*| = 1; a contradiction. We conclude that (1) holds.

We now prove the rest of the lemma. Suppose that N is connected and that
M\e or M/e is disconnected for some e in P U Q. Without loss of generality, we
may suppose that M\e is disconnected. As N is connected, M is connected and
e & P,soe € Q. Since M\e is disconnected, the member of Ay(M) containing e
is a circuit C. If E(M) = C, then kp (A, B) = 1; a contradiction. Thus E(M)
properly contains C.

Now M /e has N as a minor. Thus, by the choice of M, there is a 2-separation
{X,Y} of M/e such that A C X and B CY. Moreover, by Lemma 2.2, {X,Y} is
displayed either by an edge or a vertex of T'(M/e). From the last section, there are
three possibilities for the way in which T'(M) is obtained from T'(M/e):

(a) a single vertex of T'(M/e) that was labelled by a circuit D of T'(M/e) has
its label changed to D U, a circuit that labels a vertex of T'(M);

(b) an edge of T(M/e) is subdivided with the newly inserted vertex being
labelled by a triangle containing e; and

(c) a single vertex w of T'(M/e) that was labelled by a cocircuit C* is replaced
by three vertices wg, w1, and ws, where wy and ws are the only two neigh-
bours of wg; every neighbour of w in T(M/e) is a neighbour of exactly
one of wy and ws; the vertices wy, wp, and wy are labelled by, respectively,
a cocircuit CF, a triangle C' with ground set {z1,e,x2}, and a cocircuit
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C5; the edges wow; and wywy are labelled by z; and xa, respectively; and
E(C") = (E(CT) U E(C3)) — {z1, 72}

Since kp(A, B) > 1, there is no 2-separation {X', Y’} of M such that X C X’
and Y C Y’. Tt follows that {X,Y} is displayed by a vertex w of T'(M/e) where
T(M) is obtained from T (M /e) as in (c) above. Therefore the assertion in the last
sentence of the lemma holds. In T'(M), for each i in {1, 2}, let x;, b;1, bia, . . ., bim, be
the edges incident with w;. Now, one by one, contract the edges of T'(M) that are
not incident with w; or we and, after each contraction, label the composite vertex
of the result by the 2-sum of the two matroids that had labelled the endpoints of the
edge. Then M is the 2-sum of the matroids Cy,C5,C, My, Mia, ..., Mim,, Mo,
]\4227 e ,Mng where E(M”) - E(M) = {b”}

The 2-separation {X,Y} has the property that each E(M;;) — b;; is contained
in X or Y. Thus each E(M,;) — b;; meets exactly one of A and B. Label b;; by A
or B according to which of these two sets is met by E(M;;). Similarly, label each
element of CF N (AU B) by A or B according to which of A and B the element
belongs. Since kps(A, B) > 1, it follows that, for each ¢ in {1,2}, the set C} must
have at least one element labelled A and at least one element labelled B. Thus all
four of the sets that are displayed by an edge of T'(M) incident with wy meet both
A and B.

Assume that |[E(M)—E(N)| > 1 and let f be an element of E(M) — (E(N)Ue).
Since N is connected, if f € P, then M\ f is connected, while if f € Q, then M/ f
is connected. Suppose first that f € C} — U;»n:llblj. Then M/ f is disconnected, so
f ¢ Q. Hence f € Pand M\ f is connected. Moreover Cf — f must contain z; along
with an A-element and a B-element. It follows that {X — f, Y — f} is a 1-separation
of M/e/f, so knrjess(A,B) = 0. Hence, by Lemma 3.1(iii), kp/(A4,B) <1 <
ka(A, B) and so kyp ¢(A, B) = kn (A, B). Thus M\ f contradicts the choice of M.
We conclude that f ¢ CT — U;-n:llblj and hence, by symmetry, f ¢ C7 UC5. Now
let M’ be M\f if f € P and be M/f if f € Q. Then the construction of T'(M")
from T'(M) is described in the last section. It follows from that description that
T(M') has no edge and no vertex that displays a 2-separation {X’, Y’} such that
AC X' and B CY'. Hence kp/(A,B) > 1 and so M’ contradicts the choice of M.
We conclude that |[E(M) — E(N)| = 1. O

3.4. Lemma. Let {A, B} be a 2-separation of a connected matroid N. Let M be a
minor-minimal matroid that has N as a minor and satisfies kyr (A, B) > 1. Then
etther
(1) Aa(M) < X2(N); or
(i) there is a matroid H labelling a vertex of T(M) that has exactly two neigh-
bours such that either H is a triangle and its two neighbours are cocircuits,
or H is a triad and its two neighbours are circuits; each of the 2-separations
that is displayed by an edge of T (M) meeting H has both its parts meeting
both A and B; and the sets E(H)— E(N) and E(M)— E(N) are equal and
contain a single element.

Proof. Observe that M is connected. Moreover, since ky (A, B) = 1, it follows that
M # N and M is neither a circuit nor a cocircuit. By Lemma 3.3, there are unique
sets X and Y such that N = M\X/Y. For each H in Ay(M), we define

H™ = H\(X N E(H))/(Y nE(H)).
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Next we show the following:
3.4.1. There is a matroid H in Ao(M) such that |E(H™)| < 2.

Proof. Suppose that |E(H~)| > 3 for all H in As(M). Now consider how to
construct a 3-c-tree decomposition T%(N) for N from a 3-c-tree decomposition
T3(M) for M. By assumption, for each matroid H labelling a vertex of T3(M), the
matroid H~ has at least three elements. Thus each vertex of T3(H ™) is labelled
by a matroid with at least three elements. We construct T3(N) from T3(M) by
replacing each vertex H of the latter by the tree T3(H~) where an edge b of T3(M)
that meets H corresponds to an edge of T3(N) that meets the vertex of T3(H ™)
that is labelled by a matroid using b. We deduce that

NN = YT nE)= Y nEH)= > 1=xM). (2

HeAy (M) HeAy (M) HeAy (M)

We may assume that we have equality throughout (2), otherwise the result follows.
Therefore,

Xe(H™) =1, for every H in Ay(M). (3)

Now, by Lemma 2.2, we can construct a 3-c-tree decomposition 73(N) for N hav-
ing an edge that displays the 2-separation { X1, X»}. By (3), T3(M) can be obtained
from T3(N) just by relabelling each vertex H~ of the latter by the corresponding
matroid H. Thus T3(M) has an edge that displays a 2-separation { X7, X5} where
X1 2 X5 and X} D X5. Therefore kpr(X7, X2) = 1; a contradiction. Thus (3.4.1)
holds. O

3.4.2. If |[E(H™)| <2 for some H in Ay(M), then |E(H )| = 2, the matroid H is
a triangle or a triad, and |E(M) — E(N)| = 1.

Proof. If E(H™) = (0, then H is a component of M. This is a contradiction to
the uniqueness of X and Y because N is a minor of both M\ f and M/f, when
f € E(H). Thus E(H™) # (. Now suppose that |E(H~)| = 1. Then H™ is a
loop or a coloop. As H~ is uniquely determined as a minor of H, it follows that
H is a circuit or a cocircuit. Thus, as |[E(H)| > 3, if f € E(H)N (X UY), then
H\f or H/f is disconnected. Therefore M\ f or M/f is disconnected. Hence, by
Lemma 3.3, |E(M) — E(N)| = 1. But |E(M) — E(N)| > |[E(H) — E(H™)| > 2;
a contradiction. Hence we may assume that |[E(H )| = 2. Observe that H~ is
connected because N is connected. Hence H~ is isomorphic to U; 2. Now take g
in E(H)N (X UY). By switching to the dual if necessary, we may assume that
g €Y. Then H\g is disconnected because H~ is uniquely determined as a minor
of H and so H\g does not have a circuit that contains E(H~). Thus, as H is
3-connected having at least three elements but H\g is disconnected, it follows that
H = U, 3. Since H\g is disconnected, M\g is disconnected. Thus, by Lemma 3.3,
|[E(M)— E(N)| = 1. O

Now, by (3.4.1), there is a member H of Ay(M) such that |[E(H™)| < 2. By
(34.2), |[E(H™ )| =2and |[E(M)—E(N)| =1, so H is unique. Let E(M)—E(N) =
{g9}. Then g € E(H)— E(H™). By switching to the dual if necessary, we have that
H is a triangle and N = M/g. Moreover, it follows by the last part of Lemma 3.3
that H labels a vertex of T (M) that has exactly two neighbours both of which are
labelled by cocircuits. Furthermore, both of the edges incident with H in T(M)



10 MANOEL LEMOS AND JAMES OXLEY

display two sets and, by the last part of Lemma 3.3, all four of these sets meet both
A and B. Thus the lemma is proved. (Il

3.5. Lemma. Let N be a simple connected matroid having at least four elements.
Suppose that M is a minor-minimal 3-connected matroid having N as a minor. If
e € E(M)— E(N) and N is a minor of both M\e and M/e, then e belongs to a
triad T of M such that T} —e C E(N). Moreover, if N = M\X/Y and X' C X,
then every component H of M/Y\X' that does not meet E(N) is a coloop.

Proof. Since N is a simple minor of M /e, we may choose the elements of si(M/e)
so that it has N as a minor. By the choice of N, it follows that si(M/e) is not
3-connected. Thus, by a result of Bixby [2], co(M \e) is 3-connected and each series
class of M\e has at most two elements. The choice of M implies that the elements
of co(M\e) cannot be chosen so that N is a minor of it.

Assume that no non-trivial series class of M\e is contained in E(N). Then, to
obtain N from M, we must delete or contract an element from every such series
class. If {a, b} is such a series class where a ¢ E(N), then either N is a minor of
M\e\a, or N is a minor of M\e/a. In the former case, since b is a coloop of M\e\a
but not of N, it follows that b ¢ E(N), so N is a minor of M\e\a\b, which equals
M\e\b/a. Thus, in both cases, N is a minor of M\e/a. Therefore the 3-connected
matroid co(M\e) has N as a minor; a contradiction. We conclude that M\e has a
non-trivial series class contained in E(N), so M has a triad T containing e such
that T —e C E(N).

To prove the second part of the lemma, we argue by contradiction. Suppose that
H is not a coloop. If f € E(H), then, as E(H) does not meet E(N), both M\ f
and M/f have N as a minor. Hence T} exists and is a triad of M/Y. Thus T}
is a union of cocircuits of M/Y\X'. But T} N E(H) = {f}, so H is a coloop; a
contradiction. O

The hypotheses of the next lemma are satisfied, for example, when M is a rank-4
wheel and N is the restriction to its rim. In that case, |E(M)| = 8, and the lemma
shows that this equation holds in general.

3.6. Lemma. Let N be a 4-clement circuit. Suppose that M is a minor-minimal
3-connected matroid having N as a minor. If there is a non-spanning circuit C of

M such that E(N) C C, then |E(M)| = 8.

Proof. Suppose that the lemma is not true and let (M, N) be a counterexample for
which |E(M)]| is minimal. Let

U={ee€ E(M)— E(N): N is a minor for both M\e and M/e}.

Evidently, E(M)—cl(C) C U. Let T be the set of triangles of M such that T'—cl(C)
is non-empty. Since cl(C) # E(M) , there is a cocircuit D* of M avoiding cl(C).
Moreover, for all e in D*, the matroid M/e has N as a minor. Thus M/e is not
3-connected. Therefore, by a result of Lemos [6], M has at least two triangles
meeting D*. Thus |7| > 2.

Suppose that T € 7. As T — cl(C) C U, it follows by Lemma 3.5 that each
element e of T — cl(C) is in a triad T such that T — e C E(N). Hence, as
|T — cl(C)| > 2, the matroid M has two different triads T} and T5p such that
Tir N (T —cl(C)) and T3, N (T — cl(C)) are distinct single-element sets and |T;5 N
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E(N)| = 2 for each i. Hence T}7,T,T57 is a fan whose rim Ry is contained in
E(N). In particular,

TN E(N)| = 1.

Now choose T” to be a member of 7 —{T'}. Since N does not contain a triangle,
Ry # Rp/. Thus |Rr U Rp/| > 4. Since Rr U Rpr € E(N) and |E(N)| = 4,
we deduce that Ry U Rypw = E(N). Moreover, each element of E(N) is in one of
Ty, Tor, T, or Top,. Thus E(N) is contained in a series class S of M|cl(C').

We show next that cl(C') = C. Suppose that e € cl(C')—C. Then M has a circuit
C’ such that e € C’ C C Ue. Moreover, by circuit elimination and orthogonality,
we may choose C’ so that C' NS = (. Thus ¢’ C E(M) — E(N), so e is a loop of
M/(C — E(N)). This contradicts the last part of Lemma 3.5. Therefore e does not
exist and we conclude that cl(C) = C.

Clearly either

(i) TNT #0, or
(i) TNT = 0.

Consider (i). Without loss of generality, we may suppose that T N T3, # () and
that T3, = T77. As N does not contain a triangle, it follows that 775, T, Top, T7, Toq
is a fan of M. The rim of this fan is Ry U Ry, which equals E(N).

Now suppose that f € U — (T'UT’). Then, by Lemma 3.5, f belongs to a triad
T} of M such that Tj — f C E(N). But orthogonality implies that T} — f avoids
(TUT")NE(N). Thus TfNE(N) = E(N)—(TUT"). Assume that [U—(TUT")| > 2
and let f and g be distinct elements of U — (T'UT"). Then Ty NE(N) =Ty NE(N).
Hence {f,g} U (E(N) — (T'UT")) is a 4-point line in M*, so M*\ f is 3-connected.
Therefore M/f is 3-connected and, since f € U, the matroid M/f has N as a
minor. Thus the choice of M is contradicted. Hence |U — (T UT")| < 1.

Consider M|(CUT UT"). It has C' — (T'UT") as a non-trivial series class. Thus
CUTUT # E(M). Since CUU = E(M), we deduce that [U — (TUT")| > 1.
Hence U — (TUT")| =1. Take e in U — (TUT'). Then M|(CUT UT’) = M\e
and C — (T UT') is a series class of this matroid. Thus eU (C — (TUT")) is a
line of M*. Now M™*\e is not 3-connected otherwise M /e contradicts the choice of
M. Thus |C — (T'UT")| = 2 and we conclude that |E(M)| = 8. This completes the
proof in case (i).

Now assume that (ii) holds. By orthogonality, we must have that Rr — T =
Ry —T'. We show next that E(M) — C is a cocircuit of M. Assume the contrary.
Then, as cl(C) = C and |T — cl(C)| = 2, it follows by cocircuit elimination that M
has a cocircuit D* that is contained in E(M)—C and avoids T. By applying Lemos’s
result [6] again, we get that D* meets two triangles of M, one of which, say T", must
be different from 7”. Hence T € T so |T"NE(N)| =land |T"-C|=2. AsT"-C
meets D*, it follows by orthogonality that 7 — C C D* so TN (T" — cl(C)) = 0.
Therefore, by the orthogonality of 7" with each of T} and T5r, we deduce that
T" N Ry = 0, otherwise T = Ry. Since |E(N)| = 4, it follows that the unique
element of E(N)— Ry is in both 77 and T”. As E(N) does not contain a triangle, it
follows by comparing the fans containing 77 and 7" that 7" = T"'; a contradiction.
We conclude that E(M) — C is a cocircuit of M. We call this cocircuit C*.

Next we show that |C*| = 4. By cocircuit elimination, (T} UT5r) — (TN E(N))
contains a cocircuit D} of M which, by orthogonality with both T" and C, must
equal (T7; UTyp) — (I'N E(N)). Take e € Rp —T. Then e € D} U D}, so
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(D} U D7},) — e contains a cocircuit of M. This cocircuit contains at most one
element of C' and must therefore equal C*. Hence C* = (T'UT") — C, so |C*| = 4.

Let M' = M/(C — E(N)). Then M’ is connected by Lemma 3.5. We show
next that M’ is 3-connected. Evidently, F(N) is a circuit and C* is a cocircuit
of M'. As each of T}, Top, Ty, and Ty7, is contained in E(M'), each of these
triads of M is also a triad of M’. Moreover, each of these triads contains a single
element of C* and these elements are distinct. Thus M’ has no 2-circuit meeting
C*. Furthermore, since E(N) is a circuit of M’, there is no 2-circuit of M’ contained
in E(N). Thus M’ is simple. But M’ is also cosimple since M is cosimple. Hence
M’ has no trivial 2-separations. Let {X,Y} be a non-trivial 2-separation of M’.
We may assume that [X N7T| > 2 and that X is closed in both M’ and (M’)*. Thus
X contains T and hence it contains T}, and T57. Therefore X contains E(N), so
|X| > 6 and |Y| < 2; a contradiction. We conclude that M’ is 3-connected. Since
M’ has N as a minor, it follows that M’ = M, so |E(M)| = |[E(M')| = 8. O

4. THE CONNECTED CASE

In this section, we prove the main result in the case that N is connected. We
also show that the bound in this case is sharp. In particular, we prove the following
result.

4.1. Theorem. Let N be a non-empty connected matroid. If M is a minor-minimal
3-connected matroid having N as a minor, then

[E(M)] = [E(N)[ < 5(A2(N) —1).

Proof. Suppose the theorem fails and choose a counterexample (M, N) which is
minimal with respect to the lexicographic order on (|E(M)|, —|E(N)|). Observe
that N is not 3-connected. In particular, Ao(N) > 2. Thus
[E(N)| = 4. (4)
Moreover, since (M, N) is a counterexample to the theorem, it follows that |E(M)| >
|[E(N)| + 5(A2(N) — 1). Therefore
|[E(M)| > 10. (5)
4.1.1. Let {X1, X5} be a 2-separation of N and let N' be a minor of M that is
minor-minimal having N as a minor and satisfying kn:(X1, X2) > 1. Then T(N')
is a 3-vertex path with central vertex H such that
(i) |E(H) N E(M)| = [E(N") = E(N)| =1;
(ii) both neighbours of H meet both X1 and X5; and
(iil) either
(a) H is a triangle whose two neighbours in T(N') are cocircuits, and N
s a cocircuit; or
(b) H is a triad whose two neighbours in T(N') are circuits, and N is a
circuit.

Proof. Observe that N’ is connected. Moreover, since ky (X7, X2) = 1, it follows
that N’ # N. By Lemma 3.3,

[E(N')| = [E(N)| < 5. (6)
By the choice of (M, N), the theorem holds for the pair (M, N'). Hence
[E(M)| = |[E(N")| < 5(A2(N") = 1).
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Substituting from (6) into the last inequality, we obtain
|E(M)| = |E(N)| < 5A2(N').
Since the theorem fails for the pair (M, N), we have that
Ma(N') > Aa(N). (7)

Thus A2(N') > 2 and, as N is connected, each member of Az(N') has at least
three elements. Moreover, by Lemma 3.4 and by switching to the dual if necessary,
we may assume that there is a vertex H of T'(N') that is labelled by a triad and
has exactly two neighbours, each of which labels a circuit such that both X; and
X5 meet all four of the sets displayed by the edges incident with H. Since the
2-separation {X7, Xo} was arbitrary, we deduce that every 2-separation of N is
displayed by a vertex but not by an edge of T'(N). Thus T(N) has no edges, so N
is a circuit or a cocircuit and the lemma follows. (]

We now know that N is a circuit or a cocircuit. Let N = M\X/Y. Next we
establish the following:

4.1.2. The sets X and Y are not unique.

Proof. Suppose that X and Y are unique. Let {X7, X2} be a 2-separation of N.
Then, by (4.1.1), M has a minor Nj having an element e; such that Nj\e; = N.
Moreover, T(Nj) is a 3-vertex path in which the central vertex is labelled by a
triad containing e; and the other two vertices are labelled by circuits C7; and
Ch2 where each Cy; meets each X;. Hence |Cy; N E(N)| > 2 for each i. Now
consider the 2-separation {C1; N E(N),Ci12 N E(N)} of N. Again, M has a minor
N} having an element es such that Ni\es = N. Moreover, T'(N}) is a 3-vertex path
in which the central vertex is labelled by a triad containing es and the other two
vertices are labelled by circuits Ca; and Cas each of which meets both Cy1; N E(N)
and Cy2 N E(N). By the uniqueness of X and Y, both e; and ey are in X. Let
M’ = M\(X — {e1,e2})/Y. Then E(N) is a circuit of M’, and M’ has corank
3. Now M'\ez = Ny and M'\e; = N, and it is straightforward to check that the
dual of M’ is a matroid in which {e;}, {es2}, and {e;, ez} are flats and for which
the simplification is isomorphic to M(Ky). Since M'\{ej,es} = N, it is easily
checked that Ao(M') = Aa(N) — 1. Now |E(M’)| > |E(N)|, so (M, M’) is not a
counterexample to the theorem. Hence

[E(M)| = (IE(N)| +2) = [E(M)| = |[E(M")] < 5(X2(M') = 1) < 5(A2(N) —1) = 5.
Therefore |E(M)|—|E(N)| < 5(A2(N)—1); a contradiction. Thus (4.1.2) holds. O
Let
U={ee€ E(M)— E(N): N is a minor of both M\e and M/e}.

By (4.1.2), U # 0. Choose e € U. Since |E(N)| > 4 and M/e has N as a minor,
si(M/e) has N as a minor so si(M/e) is not 3-connected. Therefore, by a result
of Bixby [2], co(M\e) is 3-connected and every non-trivial series class of M\e has
exactly two elements. Since M\e in not 3-connected, the set {T7,T5,..., T} of
triads of M containing e is non-empty. Moreover, 17 —e,T5 —e,..., and Ty — e
are pairwise disjoint.

Next, we prove that

41.3. TF —e C E(N) for alli in {1,2,...,n}.
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Proof. Suppose that f € T — (e U E(N)) for some ¢ in {1,2,...,n}, say i = 1.
Then n > 2, otherwise M\e/ f is 3-connected having N as a minor, and the choice
of M is contradicted. The choice of M also implies that M/ f is not 3-connected.
By applying the dual of Tutte’s Triangle Lemma [16] (or [11, Lemma 8.4.9]) to 75,
we get that, for each = in {e, f}, there is a triangle T,, of M such that z € T,
and |T, N Ty| = 2. Suppose that T, # Ty. Then Ty, Ty, T, Ty is fan in M, so
sitM/f) =2 M/f\(Ty — {e, f}) and thus si(M/f) is 3-connected and its elements
can be chosen so that it has N as a minor. This contradiction to the choice of M
implies that T, = 1. In this case, 17,1, Ty is a fan in M and n = 2. Now switch
attention to M*. Let g be the unique element of T, —{e, f} and, for each ¢ in {1, 2},
let e; be the unique element of T;*—T,. Since co(M*\e) is not 3-connected, it follows,
by a result of Akkari and Oxley [1], that M* has a triangle that meets {e, f, g} in
{f,g}. Let the third element of this triangle be e3. Then Akkari and Oxley’s result
implies that {ej, e, e3} is a triangle A of M* and M* = Pa(M(Ky), M*\T,) where
the triangles of M (Ky) other than A are Ty, Ty, and {f,g,es}, and M*\T, is 3-
connected. Now, by (5), |E(M)| > 10. Hence, for all 4, the matroid si(M*/e;) is
not 3-connected. Thus co(M*\e;) is 3-connected for all i and, as no e; can be in a
triad of M*, it follows that M*\e; is 3-connected for all i. Now N* is a cocircuit
and it is a minor of M*/e. Thus, if e; ¢ F(N), then M*/e\e; has N* as a minor.
Hence M*\e; has N* as a minor, a contradiction to the choice of M*. Therefore
e1 € E(N) and, by symmetry, e; € E(N). Moreover, M*\e/f has N* as a minor
and therefore so does M*/f. Thus, if e3 ¢ E(N), then N is a minor of M*/f\e3
and hence of M*\e3. Therefore e3 € F(N).

The matroid M*\T, is 3-connected and so, by the choice of (M, N), does not
have N* as a minor. Thus g € E(N). Clearly M*\T, has N*\g as a minor, and
N*\g is connected since N* is a cocircuit. Evidently, |E(N*\g)| = |[E(N)| — 1 and
Ao(N*\g) = Ao(N) - 1.

We now distinguish two cases:

(i) [E(N"\g)| = 4;
(if) [E(N"\g)| = 3.

In case (i), choose M’ to be a 3-connected minor of M*\T, that is minor-minimal
having N*\g as a minor. By the choice of (M, N), the theorem holds for (M’, N*\g)
and so

[E(M")| = |[E(N"\g)| < 5(A2(N"\g) —1). (®)

In case (ii), choose M’ to be a 3-connected minor of M*\T, that is minor-minimal
having N*\g as a proper minor. Then, by Theorem 1.3,

[E(M')| = |[E(N"\g)| < 3. (9)

Now M* = PA(M(Ky4), M*\T.). Let M’ = (M*\T.)\X'/Y'. The choice of M’
ensures that M’ has A as a triangle. Thus M*\X'/Y' = PA(M(K4), M*\T\X'/Y").
As M’ is 3-connected, so is M*\X'/Y’. Moreover, as N*\g is a minor of M’, it
follows that N* is a minor of M*\X’/Y’. We deduce, by the choice of M*, that
X'=Y’' =0. Hence M’ = M*\T,. Therefore, in case (i), by (8),

|E(M™\T,)| = [E(N"\g)| <5(A2(N"\g) —1).

Thus (|[E(M)] = 3) = (JE(N)| = 1) < 5((A(N) — 1) — 1), so |[E(M)| - [E(N)| <
5(A2(N)—1)—3; a contradiction. In case (ii), by (9), (|E(M)|—3)—(|E(N)|—1) < 3,
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so |E(M)|—|E(N)| <5. But |[E(N)| =4, s0 A3(N) =2,and so |[E(M)|—|E(N)| <
5(A2(N) — 1). This contradiction completes the proof of (4.1.3). O

Now let T = {e,a;,b;} for all i. We define M’ = M\e/{a1,aq,...,a,} and
N'=N/{ai1,as,...,a,}. Then M’ = co(M\e), so M’ is 3-connected.
We show next that

4.14. |E(N")| < 3.

Proof. Assume that |E(N')| > 4. Let M” be a 3-connected minor of M’ that is
minor-minimal having N’ as a minor. By the choice of (M, N), we have that

[E(M")] = |[E(N")] < 5(A2(N) = 1). (10)

Suppose that M = M'\X'/Y’. Then M" = M\(X'Ue)/Y'/{a1,a2,...,an}.
The matroid M\(X’ Ue)/Y’ can be obtained from the 3-connected matroid M"
by adding a; in series with b; for all . Thus Ao(M\(X'Ue)/Y’') = n+ 1. Now
E(M\(X'Ue)/Y') D E(N) so, in the lexicographic order,

(B, =[E(M\(X"Ue)/Y")]) < (IE(M)], —|E(N)]).

But, by (4.1.1), in every lexicographically minimal counterexample (M, N) to the
theorem, the second coordinate is a circuit or a cocircuit. As M\(X'Ue)/Y” is not
a circuit or cocircuit, it follows that the theorem holds for (M, M\(X'Ue)/Y").
Hence

[E(M)| = |[E(M\(X"Ue)/Y")] < 5(A(M\(X'Ue)/Y") —1) = 5n.

We also have that |E(M\(X'Ue)/Y")| = |[E(M")|+n and so |[E(M)| —|E(M")| <
6n. Adding the last inequality to (10), we get that |E(M)| — |[E(N")| < 6n +
5(A2(N')—1). As |[E(N')| = |E(N)| —n, we obtain |E(M)|— |E(N)| < 5(A2(N") +
n—1). But A\a(N) = A2(N’) + n and so we obtain a contradiction. We conclude
that (4.1.4) holds. O

Now N’ is a circuit and, since |[E(N)| > 4, the construction of N’ implies that
|E(N")| > 2. Then, by (4.1.4), |[E(N")| € {2,3}. If M’ = N, then, as \a(N) > 2,
we have

[E(M)| = [E(N)[ =1 <5(A(N) = 1);
a contradiction. Thus M’ # N’. Next we define a matroid M”. If |[E(N')| = 3,
then, by Theorem 1.3, M’ has a 3-connected minor M" such that |E(M")| —
|E(N')| < 3 and M" is minor-minimal having N’ as a proper minor. If |E(N')| = 2,
then M’ is a loopless extension of N’, so M’ has a minor M" isomorphic to U; 3
such that E(N') C E(M").

Suppose that M = M\ X’/Y"' where Y is chosen so that |Y”| is maximal. Then
M" = [M\(X'Ue)/Y']/{a1,az,...,an}. Let M"" = M\(X'Ue)/Y’. It is obtained
from the 3-connected matroid M” by adding a; in series with b; for all . Thus, the
only 2-separations of M"" are {{a;,b;}, E(M"") — {a;,b;}} for all i.

We show next that

4.1.5. n=1.

Proof. Assume that n > 2. We show first that e is not a coloop in M\X'/Y".
Assume the contrary. Then M has a cocircuit C* such that e € C* C X' Ue. Take
f € C*—e. Then {e, f} is a union of cocircuits of M\(X’ — f)/Y’. Thus f is a
coloop of M\[(X' — f)Ue]/Y’ so M\(X'Ue)/Y' = M\[(X' — f)uel/(Y' U f).
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Therefore M'\X'/Y' = M\(X' — f)/(Y' U f); a contradiction to the choice of Y.
Hence e is not a coloop in M\X'/Y’. As {e,a;,b;} is a cocircuit of M for each
i, it is a union of cocircuits of M\X’/Y’. As e is not a coloop of M\X'/Y", this
matroid is connected. Moreover, by orthogonality, since n > 2, there is no 2-circuit
in M\X’/Y’ containing e.

We show next that M\X'/Y” is 3-connected. If not, it has a 2-separation {.J U
e, K} where e ¢ J and |J| > 2. Then {J, K} is a 2-separation of M\(X’'Ue)/Y’ so
J or K is {a;,b;} for some 7. In each case, e is in a circuit of M\X’/Y” that meets
some {e,a;,b;} in a single element. This contradiction to orthogonality implies
that M\X'/Y" is indeed 3-connected. Since the last matroid has N as a minor, the
choice of M implies that X’ =Y’ = (). Therefore M’ = M’ and so

[B(M)|~ |E(N)| = (1+|E(M")|+n) — (IE(N)| +n) = |B(M")| - |[E(N)| +1 < 4.

Since A\y(IV) > 2, we deduce that |E(M)|—|E(N)| < 5(A2(N)—1); a contradiction.
We conclude that n = 1. O

On combining (4.1.4) and (4.1.5) with the fact that |E(N)| > 4, we deduce that
[E(N)[ =4 (11)

and that M"’ has just one 2-separation, which is induced by {a1,b1}. We relabel
the cocircuit {e,a1,b1} by T. As e was chosen arbitrarily in U, it follows that T*
is defined for every element e of U.

4.1.6. There is a spanning circuit D of M such that E(M)— D is a 3-element subset
of U whose elements can be labelled by f,g, and h such that Ty N'Ty; = 0 and Ty
meets each of Ty and Ty in exactly one element.

Proof. Since M'" is neither a circuit nor a cocircuit, the theorem holds for the pair
(M, M") so |[E(M)| — |E(M")| <5. Now, by (11), |E(N)| = 4, so

[E(M™)| = |[E(N)| = |[E(M")| - |[E(N')| < 3.
It follows that |E(M)| — |[E(M"")| > 3 because
5=5(X(N)-1) < |E(M)|=|E(N)| = (|E(M)|—|E(M")])+ (|[EM")|=|E(N)|).

We are now going to apply Lemma 3.2 to the exact 2-separation {T* —e, E(M"") —
Tr} of M"'. Evidently M has M"" as a minor and, as M is 3-connected, k(T —
e, E(M"")—TZ*) > 1. Now let M; be a minor of M that is minor-minimal having M"’
as a minor and satisfying kpy, (T — e, E(M"") — T*) > 1. Assume that M; # M.
Then, since M; has N as a minor, the choice of M implies that M; is not 3-
connected. Thus, as Ao(M"") = 2, we deduce that Ao(M;) > Ay(M"). Now
T (M) has two vertices, one a triangle and the other isomorphic to M”. But, by
Lemma 3.4, T (M) has at least three vertices including a triangle or triad H that
contains the unique element x of E(M;)—E(M""). Thus T(M""), which is T(M; /x)
if H is a triangle and is T'(M;\z) if H is a triad, has a vertex corresponding to a
circuit or a cocircuit with at least four elements. This contradiction implies that
M, =M.

We now know that M is minor-minimal having M’ as a minor and satisfying
kv (T —e, E(M'")—TZ) > 1. Then, by Lemma 3.2, there are unique sets P and Q
such that M = M\ P/Q and the elements of P U Q can be labelled z1, 22, ..., zm,
such that these elements are alternately in P and Q. Now, by Lemma 3.2(iii),
X, =TF —e. Moreover, {X,,,Y,,} is a 2-separation of the 2-connected matroid
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M,,. Thus X, is a 2-circuit or a 2-cocircuit of M,,. As M" is a minor of M,
and X, is a cocircuit of M"’, we deduce that X,, is a 2-cocircuit of M,,. Since
X, is not a 2-cocircuit of M, it follows that z; € P and X,, Uz is a triad of
M. Therefore e = z;, otherwise M*|(T U z1) = Ua 4, so M/e is 3-connected; a
contradiction.

Now X,, = T7. Since {X,,,Y,,} is a 2-separation of M/zs but {X,,,Y,, Uz} is
not a 2-separation of M, we deduce that T spans z2 in M. Thus M has a circuit
C such that zo € C CTFUzy. If e ¢ C, then C is a 3-element set that contains
a circuit and a cocircuit of M\e, so co(M\e) is not 3-connected; a contradiction.
Thus e € C.

Since e € U, it follows that N is a minor of M/e. As T — e C E(N) by (4.1.3),
and T — e spans 23 in M/e, we must delete zo from M/e to obtain N. Thus

N is a minor of M/e\z,. (12)

Since z2 € @, we deduce that zo € U and so T7, exists. By orthogonality, 77, NC' #
{22}, so T}, N T; contains an element of C. Now T} — 2 # T — e, otherwise
{T;, Ty, E(M) — (T;,UTy)} is a 2-separation of M. Thus

T AT =1and T, NT7 C C. (13)

Hence (T, —22)U(T; —e) is a 3-element subset of F (V) that is a union of cocircuits
of M\{e, z2}. This 3-element set must be contained in a series class S of M\{e, 22},
otherwise it is a union of coloops of M\{e, z2} so M*|(T; UT},) = Uss and we
obtain the contradiction that M /e is 3-connected. We deduce that M\{e, z2}.has
a circuit D that contains S and an element of E(N) — S. But |E(N)| = 4, so
E(N) € D. By (5), |[E(M)| > 10. Therefore, by Lemma 3.6, D is a spanning
circuit of M.
Next we show that

|U| > 3. (14)
Now N is a minor of M\e/za, so N = M\e/z\I*/I, where I is independent and
I* is coindependent in M\e/zy. Thus r(N) = r(M\e/z2) — |I| = (M) — 1 — |I].
But N is a 4-element circuit, so 7(IN) = 3. Hence

|| =r(M) — 4.
Suppose that I* N D = (. Then D — E(N) C I. But
|D = E(N)| = |D| = [E(N)| = (r(M) +1) =4 = r(M) = 3.

This contradiction implies that I* N D # (. Thus if f € I* N D, then N is a minor

of M\ f. But, since f is in the circuit D and N is also a circuit, it follows that N

is a minor of M/f. Thus f € U. Since f & {e, z2}, we deduce that |U| > 3.
Choose €’ in U — {e, zo} such that, if possible, ¢’ ¢ D. Next we show that

snC =40. (15)

Suppose not. Since e’ &€ T¥ U z3 and C C T U zo, we have, by orthogonality, that
TXNC =T} —¢. Nowe,zo ¢TS5, 80T} —e =T5NCCC—eCT;—e. Thus
M*|(T>UT}) =2 Us 4 and so M /e is 3-connected; a contradiction. Hence (15) holds.

Now, using €’ in place of e in the argument above, we deduce that U contains an
element z} such that T;, N1y # () and M has a circuit C’ such that {z},e'} C C’ C
T Uzy. Thus |C' N E(N)| < 2 and so, as [D N E(N)| = |[E(N)| = 4, we deduce
that C’ € D. Moreover, C' — {e/,z,} C E(N) C D. Thus ¢ € D or z, ¢ D. By
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the choice of €', we deduce that ¢’ ¢ D. Hence D N {e, z2,¢'} = 0. On combining
(13) and (15), we deduce that

T NT;NTE = 0. (16)
Next, we show that
T;NT =0or T; NT; = 0. (17)

Assume that (17) is false. We know that (T7 —e)U(T7, —22) is contained in a series
class S of M\{e, z2}. Now |(T} —e)U (T}, —22)| = 3 and [(T} —e)N (T}, —22)| = 1.
Since T}, — ¢’ must meet both T} — e and T}, — 2o but, by (16), T, — €’ avoids
(Ty —e)N(T7, — 22), we deduce that T, — e’ C (Ty —e) U (T3, — z2). Thus either
e’ is a coloop of M\{e, 22}, or ¢’ € S. In the former case, {€’, e, 29} is a triad of
M that avoids the spanning circuit D; a contradiction. Hence ¢’ € S. Thus, in
M\{e, z2}\¢', the elements of (T} —e) U (T}, — z2) are coloops. But these coloops
are contained in D, which is a circuit of M\{e, z2}\¢’; a contradiction. We conclude
that (17) holds.

To complete the proof of (4.1.6), we shall show that E(M)—D C {¢/,e, z2}. Now
Dn{e',e, z2} = 0 and D is a spanning circuit of M. Since each of T —e’, T —e, and
T}, — 3 is a union of cocircuits of M\{¢', e, 22} contained in D, we deduce that each
of T}, — €', T} —e, and T}, — 2 is a cocircuit of M\{e', e, z2}. By (17), two of these
2-cocircuits are disjoint and so their union is E(N). Since [(T} —e)N (T}, —22)| = 1,
it follows that the third 2-cocircuit meets the other two. Thus E(N) is contained
in a series class of M\{e',e, z2}. Suppose f € E(M)— D —{€e’,e, z3}. Then, since
D is spanning in M, there is a circuit of M\{¢, e, 2o} that contains f. Moreover,
this circuit may be chosen to avoid E(N) since E(NN) is contained in a series class
of M\{e',e, 22} contained in D. We deduce that f is a loop of M\{¢/,e, z2}/(D —
E(N)). Since N = M/(D — E(N))\(E(M) — D), Lemma 3.5 implies that f is
a coloop of M\{¢,e,22}/(D — E(N)); a contradiction. We conclude that (4.1.6)
holds. (]

Let D be a spanning circuit of M whose existence is guaranteed by (4.1.6). Let
E(M)—D = {f,g,h} where Ty N\Ty = (). Let M’ = M/(D—E(N)). Then (M')* is
a rank-4 matroid in which T is a triangle to which triangles T} and T}; have been
attached at different points via parallel connection. It follows that M’ is connected,
that Ty — 7% and T); — T} are disjoint 2-element parallel classes of M’, and that
M’ has no other non-trivial parallel classes. Now let Z be a minimal subset of
D — E(M) such that M/(D — (E(N) U Z)) has no non-trivial parallel classes. It
follows, since M /(D — E(N)) has exactly two non-trivial parallel classes each with
exactly 2 elements, that |Z| < 2. Let M = M/(D — (E(N)U Z)). Then, for each
z in {g, h}, the parallel class Ty — T of M /(D — E(N)) is contained in a triangle
T, of M".

We show next that M” is 3-connected. By Lemma 3.5, since M" clearly has no
coloops, M" is connected. Moreover, since M/(D — E(N)) is cosimple, so is M";
and, as M/(D — E(N)) has exactly two 2-circuits neither of which is a 2-circuit
of M", it follows that M" is simple. We deduce that M” has no non-trivial 2-
separations. Let {X,Y} be a 2-separation of M”. Then min{|X|,|Y|} > 3. Now
E(M") =T; UT, UT),. Evidently X or Y, say X, meets at least two of T}, Ty,
and T}, in at least two elements. By symmetry, we may assume that | X NT,| > 2.
We may also assume that X is closed in both M" and (M")*. Thus X D T, and,



MINOR-MINIMAL 3-CONNECTED MATROIDS WITH A FIXED MINOR 19

since [T, NT;| = 2, it follows that X D T,. Note that |X N T,| # 2, otherwise
X D T, UTy and so |Y] < 1; a contradiction. Thus | X ﬁTJif\ > 2,80 X 2T},
Hence Y C T}, and, as |Y| > 3, it follows that Y = Tj, and that T}, and T, are
disjoint. Thus r(M") =5 and so r(X) = r(M") 4+ 1 —r(Y) = 4. Therefore T}, is a
triad of M" and hence of M. Thus M*|(Ty UT}) = Uz 4 so M/h is 3-connected; a
contradiction. We conclude that M is indeed 3-connected.

Since M" has N as a minor and is a 3-connected minor of M, it follows that
M" = M. But |[E(M")| <9, whereas, by (5), |[E(M)| > 10. This contradiction
completes the proof of Theorem 4.1. O

To conclude this section, we show that, for every integer n exceeding one, there
are infinitely many matroids NV that attain the bound of Theorem 4.1 such that
A2(N) = n. In fact, our examples will show that the bound in Theorem 4.1 cannot
be improved if we require only that M has a minor isomorphic to, rather than
equal to, N. For each ¢ in {1,2,...,n}, let G; be isomorphic to a wheel for which
the vertices of the rim are, in cyclic order, vi1,vi2, - .., Vi(am+6), Where m is large,
say m = 100n. Let G be formed from the vertex-disjoint union of G1,Gs,...,G,
by, for all ¢ in {1,2,...,n — 1}, adding the edges d;1,d;2,d;s, ci1,ci2 and delet-
ing the edges vi1vi2 and V(i1 1)(@2m44)V(i+1)(2m+5) Where di1 = Vj(m43)V(i41)(2m+4)
Ci1 = Vi2V(i4+1)(2m+4)> dig = Vi2V(i41)(2m+5), Ci2 = VilU(i41)(2m+5)> and d;3 =
Vi1V(i+1)(3m+6)- Now take M = M(G) and N = M(H) where

H =G\ U2 {di1, dia, dis} ) U=} {cin, cin}-
In the case n = 3, the graph G is illustrated in Figure 1. We shall show that M is a

FIGURE 1. An extremal example for Theorem 4.1.

minor-minimal 3-connected matroid having a minor isomorphic to N. A cocircuit
in a connected matroid whose deletion leaves a connected matroid is called a vertex
cocircuit. We observe that, in IV, the edges meeting the hub of each wheel G; form
a vertex cocircuit with 4m + 6 elements. Moreover, for all ¢ in {1,2,...,n— 1}, the
two vertices that result from identifying the end vertices of ¢;; and ¢;2 in G induce
a 2-separation of N; and every 2-separation of N is of this type. To obtain a minor
of M isomorphic to N, we must delete and contract a total of 5(n — 1) elements.
Assume that M\D/C = N. We shall show first that E(M) — E(N)=CUD. If a
spoke s of one of the wheels G; is in C, then M (G/s) has a 2-separation such that,
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in the corresponding 2-sum, one of the two matroids is a series-parallel network
with at least m — 3 elements. As m = 100n and |E(M) — E(N)| = 5(n — 1), it
is not possible for M (G/s) to have a minor isomorphic to N otherwise N has a
disallowed 2-separation. Thus no spoke of any G; is in C' and, similarly, no rim
element of any G; is in D.

If some spoke s of one of the wheels G; is in D, then M (G\s) has n — 1 vertex
cocircuits of size 4m + 6, one vertex cocircuit of size 4m + 5, and all its remaining
vertex cocircuits of size at most 5. But N has exactly n vertex cocircuits of size
4m + 6. Since m = 100n but |[E(M) — E(N)| = 5(n — 1), the structure of N means
that the only way for NV to obtain the required number of vertex cocircuits of size
4m + 6 is by contracting a spoke of one of the wheels, which we have already ruled
out. We deduce that none of the spokes of any G; is in D. Hence none of the rim
elements of any G, is in C otherwise, since N is simple, D must contain a spoke
adjacent to this rim element. We conclude that C UD = E(M) — E(N).

Next we show that D = U?;ll{dil,dig,dig} and C = U?;ll{cz'l?CiQ}. Consider
the sequence d;1, ¢;1, d;2, ¢i2, d;3. The deletion from M of two consecutive elements
from this sequence leaves a matroid with a 2-separation one side of which corre-
sponds to a series-parallel network with at least 2m elements. It follows that this
matroid cannot have a minor isomorphic to N. Thus no two consecutive members
of dj1,ci1,d;a,cio,di3 are in D. Clearly D cannot contain four or more elements
of d;1,ci1,di9,cio,d;3. Thus D contains at most three such elements. From the
structure of M, it follows that D is coindependent and C is independent in M. We
deduce that |C| = r(M) — r(N) = 2(n — 1). Therefore C contains exactly two ele-
ments of each set {d;1, ¢;1,dsa, ¢ia, diz} otherwise D contains at least four elements
of one such set. Because no two consecutive elements of d;1, ¢;1, d;2, ¢;2, d;3 are in D,
we deduce that {d;1,dia2,di3} C D and {¢;1,¢i2} € C. Thus D = U?;ll{dih dio,d;is}
and C' = U,?z_ll{Cil, ¢ia}. Hence the only minor of M isomorphic to N is N itself.
The deletion of any of d;1,d;2, and d;3 or the contraction of any of ¢;; and ¢
from M produces a matroid that is not 3-connected and has no 3-connected minor
having a minor isomorphic to N. Thus NN is indeed minor-minimal having a minor
isomorphic to N. We conclude that we cannot sharpen the bound in Theorem 4.1
even if we allow N to be replaced by an isomorphic copy.

5. A BOUND IN GENERAL

In this section, we combine the main result of the last section with some extremal
results for connected matroids to prove a bound on |E(M)] in terms of |E(N)| alone,
when M is a minor-minimal 3-connected matroid having N as a minor. We begin
by recalling an analogue of the main result for the case when we require only that
M is connected [7].

5.1. Lemma. Let N be a non-empty matroid and M be a minor-minimal connected
matroid having N as a minor. Then

|E(M) — E(N)| < 2)\(N) — 2.

5.2. Lemma. Let N be a non-empty matroid. If M is a minor-minimal connected
matroid having N as a minor, then

[E(M)| < 3|E(N)| - 2.
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Proof. The result follows immediately from Lemma 5.1 because |E(N)| > A1 (N)
1.

v

FIGURE 2. An extremal example for Lemma 5.2.

For all ¢ in {1,2,...,n}, let M; be the cycle matroid of the graph that is ob-
tained from a triangle {p,d;,¢;} by adding an edge e; in parallel with ¢;. Let
M be the parallel connection of My, M, ..., M, across the basepoint p and let
N = M\{dy,da,...,dn}/{c1,¢2,...,cn}. When n = 4, the matroid M is the cy-
cle matroid of the graph in Figure 2, where the edges to be deleted are dashed,
while those to be contracted are dotted and dashed. Evidently N is the direct
sum of n loops, e1,es,...,e,, and one coloop p. Thus |[E(N)| = n + 1. Moreover,
|[E(M)| = 3n+1 = 3|E(N)| —2. Thus M is an extremal example for the last
lemma provided M is a minor-minimal connected matroid having N as a minor.
But, in order to make e; but not p a loop in a minor of M, we must delete d; and
contract ¢;. Deleting d; or contracting ¢; from M produces a matroid that has a
component contained in {e;, ¢;} and so is disconnected. Hence M shows that the
bound in Lemma 5.2 is sharp.

5.3. Lemma. If M is a connected matroid such that |E(M)| > 3, then
Ao(M) < [B(M)| - 2.

Proof. We prove this result by induction on |E(M)|. If |[E(M)| = 3, then M is
isomorphic to Uy g or Uz 3 and the result follows. Suppose that |E(M)| > 4. The
result also follows when M is 3-connected. Thus we may suppose that M is not
3-connected. Then there are matroids M; and M, such that M = My &2 M>. By
induction, we have that
Ao (M;) < |E(M;)| -2,
for each 4 in {1,2}. Observe that
A2(M) = A2(M1) + Ao(Ma) < |E(M1)| + |E(M2)] — 4.

The result follows because |E(M)| = |E(My)| + |E(M2)| — 2. O

It is not difficult to show that the bound in the last lemma holds if and only
if every vertex of T(M) is a circuit or a cocircuit. Thus, in each of the last two
lemmas, the bounds are sharp. By contrast, the bound in the next theorem seems
far from best-possible.
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5.4. Theorem. Let N be a non-empty matroid. If M is a 3-connected minor-
minimal matroid having N as a minor, then

[E(M)| < 18|E(N)| — 27.

Proof. Let N’ be a minor-minimal connected minor of M having N as a minor. By
Lemmas 5.2 and 5.3,

Xo(N") < |E(N")| — 2 < 3|E(N)| — 4.
By Theorem 4.1, we obtain
[E(M)| = [E(N)| < 5(A2(N') = 1) < 15|E(N)| — 25.
The result follows by Lemma 5.2. O

6. THE PROOF OF THE MAIN RESULT

The main result was proved when N is connected in Section 4. In this section, we
complete its proof in general. The main tool in the proof, apart from Theorem 4.1,
is the next result.

6.1. Lemma. Let N be a non-empty matroid and M be a minor-minimal connected
matroid having N as a minor. Then

A2(M) < 4(A1(N) = 1) + Az (N).

Proof. Suppose the theorem fails and choose a counterexample (M, N) which is
minimal with respect to the lexicographic order on (|E(M)|,—|E(N)|). Choose a
minor N’ of M such that N’ is minor-minimal having N as a minor and satisfying
A1(N') < A1 (N). By the choice of N’, there is just one component H of N’ such
that H is not a component of N. Let X and Y be disjoint subsets of elements of
H such that N\X/Y = N. If z € X UY, and N is a minor of both N’\z and
N'/z, then, since A\ (N'\z) = A1 (N’) or A\{(N'/z) = A\ (N), the minimality of N’
is contradicted. We deduce that the sets X and Y are unique. By taking the dual
if necessary, we may assume that X # (. Choose an element ¢ of X.

Now the matroid H\e is disconnected otherwise A;(N'\e) = A\ (N') and N'\e
contradicts the choice of N’. Thus the member of AY(H) containing e is a circuit
C with at least three elements. If (C N (X UY)) — e is non-empty and f is in
this set, then f is a coloop of N’\e contradicting the fact that the sets X and Y
are unique. Therefore CN (X UY) = {e}. Let C —e = {ey,ea,...,e,} where
CNE(N) = {et1,€142,..-,ex}. Then k > 2. Each element of C N E(N) is a
coloop of N. In T(H), the edges incident with the vertex corresponding to C
are ej,es,...,e;. One by one, contract the edges of T(H) other than ey, e, ..., ¢
and relabel the vertex that is obtained by contracting each edge g by the 2-sum
of the matroids that previously labelled the ends of g. At the conclusion of this
process, let H; be the matroid different from C that labels an end of e;. Since the
end of e; other than C is not labelled by a circuit in T'(N), the matroid H;\e; is
connected. Thus the components of H\e are Hy\ey, Ha\es, ..., H;\e; together with
k — [ coloops on e;41,€142,...,€k.

Each component of H\e must meet E(N) for if there is such a component avoid-
ing E(N), then the sets X and Y are not unique. Moreover, each component of
H\e contains the elements of just one component of N, otherwise N'\e has N as a
minor but has fewer components than N. Thus

A(N) = M (N') + & — 1. (18)
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Recall that we were able to assume that X # () by duality. Next we show that
|X| = 1. Suppose that f € X —e. Without loss of generality, we may assume that
f € E(Hy)—ey. If Hi\f is connected, then H\ f is connected so A1 (N'\ f) = A1 (N')
and the choice of N’ is contradicted. Thus H;\f is disconnected. Since the last
matroid cannot have e; as a coloop because Hi\ej is connected, we deduce that
Hi\f, e is disconnected. Since Hy\e; contains elements from just one component
of N, it follows that H\f,e; has a component avoiding F(N); a contradiction to
the fact that the sets X and Y are unique. We conclude that f does not exist,
so |X| = 1. Since X was assumed to be non-empty by duality, we have actually
established the following;:

6.1.1. If X #0, then | X| = 1.

An immediate consequence of this is that:
6.1.2. If Y #0, then |Y] = 1.

Next we show that:

6.1.3. If X = {e} and Y = {f}, then |C| = 3 and the element of AY(H) containing

f is a 3-element cocircuit C*.

We may assume that f € E(H;) —e;. Then H;/f is disconnected otherwise
N'/f contradicts the choice of N’. Moreover, Hy/f\e; is connected otherwise
H,;/f\e1 has a component that avoids F(N) and so the uniqueness of X and YV
is contradicted. It follows that the element of AY(H) containing f is a 3-element
cocircuit C* that also contains e;. By duality, the element of AY(H) containing e,
namely C, also has 3 elements. Hence (6.1.3) holds.

By the choice of (M, N), the lemma holds for (M, N’), that is,

Ao(M) < 4(A1(N') = 1) + Az (N').
Substituting from (18) into this inequality, we obtain
Ao(M) < 4(A(N) = 1)+ Xa(N') — 4(k — 1). (19)
By duality, (6.1.1), and (6.1.2), we have the following two cases:
(i) |X|=1and |Y]|=0; or
(ii) |X]=1and |Y|=1.
In case (i), we have that

A(N') = Xa(N) = Xo(H) = A(H\X/Y)
l l
<|0| —2+Z)\2(Hi)> — (k—l—i—Z)\g(Hi\ei))

l
L= 14 (ho(Hi) = do(Hi\ex)),

where we recall that |C| = k + 1. Now, it is not difficult to see that
Ao(Hi) — Aa(Hi\e;) <1

for all 7. Thus
Ao(N") = X2(N) <20 —1<2k—1.
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On combining this inequality with (19), we obtain that
Ao(M) <4(M(N)—1) 4+ A2(N) — 2k + 3.

This is a contradiction to the the fact that (M, N) is a counterexample to the
lemma, because k > 2. We conclude that (i) does not hold.

In case (ii), by (6.1.3), |C| = |C*| = 3. Thus k = 2. Using the same notation as
above, let C = {e, e1,e2} and C* = {f, ey, e} }. First suppose that {es, i} C E(N).
In this case, e is a coloop and €] is a loop of N, and H\X/Y is the direct sum
of the loop €} and the coloop e;. In this case, A2(N) = A2(N’). Substituting
this into (19), we obtain the contradiction that (M, N) is not a counterexample
to the lemma. We may now suppose that |{es, e} N E(N)| < 1. By taking the
dual if necessary, we may assume that e} ¢ E(N). Now Hj\e; is connected and
N = N'\e/f. Thus

1
Ao(H) =2+ Xo(Hi\er) + Y Aa(Hi),

and -
l
A(H\X/Y) =21+ Xo(Hi\er/f) + D> Xo(Hi\es).
Thus 122
A2(N') = Xa(N) = Xo(H)— Xo(H\X/Y)

!
= Xo(Hi\er) = ho(Hi\er/f) + 1+ (No(Hi) = Aa(Hi\ey)).
1=2
Now each component of Hi\e;/f must meet E(N) otherwise X and Y are not
unique. Thus Hy\e;1/f is connected otherwise N'\e/f contradicts the choice of N’
since it has fewer components than N and has N as a minor. It follows that

Xo(Hi\e1) — Xo(Hi\er/f) < 1.

Similarly, for each i in {2,...,{},
A2(H;) — A2 (Hj\e;) < 1.

Thus

Ao(N') = Xo(N) <21 <2k =4.
Substituting this into (19), we obtain

A(M) <4M(N) —1)+ X (N)+4—4(k—1).

Since k = 2, we have a contradiction that completes the proof. (I

To see that the bound in the last lemma is sharp, consider the following example.
For each ¢ in {1,2,...,n}, let G; be a T-edge graph consisting of a 5-cycle C;
with two chords ¢; and ¢;, where ¢; makes a triangle {¢;,p;,d;} with two of the
edges of C; and g¢; is parallel to p;. Let Gy be a graph that is isomorphic to
K, 3 and has p1,p2,...,p, as distinct edges. Form M from M(Gy) by attaching
M(Gy), M(Gs),...,M(G,) via 2-sums at pj,pa,...,DPn, respectively. Let N =
M\{di,da,...,d,}/{c1,ca,...,cn}. For the case when n = 2, one possibility for
the matroid M is the cycle matroid of the graph shown in Figure 3 where the edges
to be deleted are dashed, while those to be contracted are dotted and dashed. It is
not difficult to check that M is a minor-minimal connected matroid having N as
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FIGURE 3. An extremal example for Lemma 6.1.

a minor. Moreover, A\;(N) = A2(N) = n + 1, while \2(M(G;)) = 5 for all i > 1,
s0 Ao(M) = 5n + 1. Hence this example attains equality in the bound in the last
lemma.

We are now ready to complete the proof of the main result.

Proof of Theorem 1.1. Let N’ be a connected minor of M that is minor-minimal
having N as a minor. By Lemma 6.1,

Ap(N') < 4(M(N) = 1) + Ao(N).
As M is a minor-minimal 3-connected matroid having N’ as a minor, it follows
from Theorem 4.1 that

[E(M)| = [E(N')| < 5(X2(N') = 1).
Hence

[E(M)| = [E(N)| < 20(A1(N) = 1) + 5(A2(N) = 1).

By Lemma 5.1, we have that

[E(N)| = [E(N)| < 2(A(N) = 1).
By adding the last two inequalities, we obtain the theorem. O

Since the hypotheses of Theorems 1.1 and 5.4 are the same, it is natural to com-
pare their bounds. It is not difficult to show that the bound in the former is sharper
than that in the latter provided the average number of elements per component of
N is at least 2. In particular, Theorem 1.1 is sharper than Theorem 5.4 if N has
no loops and no coloops. However, if, for example, N is the direct sum of n loops
and n coloops, then Theorem 5.4 is sharper than Theorem 1.1.
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