LOCAL ENERGY BOUNDS AND «-REGULARITY
CRITERIA FOR THE 3D NAVIER-STOKES SYSTEM

CRISTI GUEVARA AND NGUYEN CONG PHUC*

ABSTRACT. The system of three dimensional Navier-Stokes equations is
considered. We obtain some new local energy bounds that enable us to
improve several e-regularity criteria. They key idea here is to view the
‘head pressure’ as a signed distribution belonging to certain fractional
Sobolev space of negative order. This allows us to capture the oscillation
of the pressure in our criteria.

1. INTRODUCTION

We are concerned with the three dimensional Navier-Stokes system
(1.1) ou—Au+u-Vu+Vp=0, divu=0,

where u = u(z,t) = (ui(x,t),us(x,t),us(z,t)) is the velocity of the fluid
and the scalar function p = p(z,t) is its pressure. The system (1.1) also
comes with certain boundary and initial conditions but we shall not specify
them here.

Since the seminal work of Leray [10] and Hopf [6], it is known that there
exist global in time weak solutions with finite energy to the initial-boundary
value problem associated to (1.1). Such solutions are now called Leray-
Hopf weak solutions. However, the questions of regularity and uniqueness
of Leray-Hopf weak solutions are still unresolved.

To investigate the regularity of system (1.1), in the fundamental paper [1],
Caffarelli-Kohn-Nirenberg introduced the notion of suitable weak solutions.
They obtained existence as well as partial regularity for suitable weak so-
lutions. Their fundamental result states that the one-dimensional parabolic
Hausdorff measure of the possible singular set of suitable weak solutions is
zero (see also [2]). The proof of this partial regularity result is based on the
following e-regularity criterion: there is an € > 0 such that if w is a suitable
weak solution in @1 = B;1(0) x (—1,0) and satisfies

1
limsup/ |Vu|*dyds < e,
r—0 T JQ,

then w is regular at the point (0,0), i.e., v € L>®(Q,) for some r > 0. Here
we write Q, = B,(0) x (—r%,0).
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In turn the proof of this e-regularity criterion is based on another one
that involves both u and p but requires the smallness at only one scale:

Theorem 1.1 ([1]). There exists an € > 0 such that if u is a suitable weak
solution in Q)1 and satisfies

(1.2) [+ 1 dyds <
Q1

then u € L>(Qy2)-

Theorem 1.1 was first proved in [1, Proposition 1] in a slightly more gen-
eral form, namely, the smallness condition (1.2) is replaced by the condition

0 5
(13) /Q (ul® + Il + [ 91 g, 0 s <
L _

The proof presented in [1] is based on an inductive argument that goes
back to Scheffer [15]. Later Lin [11, Theorem 3.1] gave a new proof based on
a compactness argument. In fact, he showed that under (1.2) the solution
is Holder continuous with respect to the space-time parabolic metric on the
closure of By/5(0) x (—=1/4,0). See also [9, Lemma 3.1]. We mention that
Theorem 1.1 has also been used as an important tool in many other papers
such as [12, 5, 3, 18, 13], etc.

A more constructive approach to Theorem 1.1 can be found in [17] in
which Vasseur used De Giorgi iteration technique to obtain it in the following
form.

Theorem 1.2 ([17]). For each p > 1 there exists an ¢(p) > 0 such that if u
is a suitable weak solution in Q1 and satisfies
0

swp [ fuw)Pde [ (VuPdyds [ bl 0 45 < e2)
tE[—l,O] B1(0) 1 —1
then u € L>(Q12)-

It is not hard to see from the generalized energy inequality (see Definition
2.1 below) and a simple covering argument that Theorem 1.2 indeed implies
Theorem 1.1.

We now state another related e-regularity criterion that was obtained and
used in [18, Proposition 5.1].

Theorem 1.3 ([18]). There exists an € > 0 such that if u is a suitable weak
solution in Q)1 and satisfies

0
(1.4) sup/ lu(z,t)2de  + / ||u|\%4(31(0))d5+
te[~1,0] / B1(0) -1

0
+ /1 1Pl L2 (B, (0)) ds < €,

then u € L>(Q12)-
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Finally, we mention yet another e-regularity result that was obtained by

the second named author in [13, Proposition 3.2].

Theorem 1.4 ([13]). There exists an € > 0 such that if u is a suitable weak
solution in Q1 and satisfies

0
4
<
/_1 HUHL%(Bl(O)) ds + / ||PHL5 B1(0)) ds <,
then u € L>(Qy2)-

The goal of this paper is to sharpen and unify the results obtained in
Theorems 1.1-1.4. Our first result says that in fact one can take p = 1 in
Theorem 1.2, i.e., we prove

Theorem 1.5. There exists an € > 0 such that if u is a suitable weak
solution in Q1 and satisfies

0
sup / lu(z,t)|*dx —I—/ \Vul|?dyds +/ 1P L1 (B, 0)) d5 < €,
t€[—1,0] / B1(0) Q1 -1

then u € L>(Qy2)-

This theorem implies that in the condition (1.3) of Caffarelli, Kohn, and
Nirenberg one can replace the power % in the pressure term by 1. Our next
result reads as follows.

Theorem 1.6. Let o € [6/5,2] and B = =22 € [1,2]. There exists an € > 0
such that if v is a suitable weak solution in Q1 and satisfies

0 0
B
/1 HUHLQQ (B1(0)) ds + /1 HpHLa(Bl(O)) ds < €,

then u € L>(Q12)-

The case (o, 3) = (18/13,3/2) gives a spatial improvement of Theorem
1.1, whereas the case (o, 8) = (3/2,4/3) gives a time improvement. Kukav-
ica [8, p. 2845] mentioned the issue whether the number 3 in (1.2) can be re-
placed by some ¢ < 3. Indeed, this is the case if we take ¢ = 2a = 23 = 20/7.
This gives both space and time improvement of Theorem 1.1. Moreover,
Theorems 1.3 and 1.4 are special end-point cases of Theorem 1.6, with
a = 2 and a = 6/5, respectively . In fact, it also implies that the first
term in condition (1.4) can be dropped.

Theorem 1.6 is a consequence of the folllowing result.

Theorem 1.7. Let o € [0,1]. There exists an € > 0 such that if u is a
suitable weak solution in Q)1 and satisfies

N = N =

then u € L>(Q12)-
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The space L~7%(B1(0)) is the dual of the space of functions f in the
homogeneous Sobolev space H?(R3) such that suppf C Bj(0). We have
L%2(B1(0)) = L*(B1(0)). Interestingly, unlike the norm 1Pl o5, (o)) for
o € (0,1] the norm [|p|| —.2(p, (9y) can ‘capture’ the oscillation of p. Namely,
it may happen that there exists f € L=7%(B1(0)) N LY(B1(0)) but |f| &
L=92(B1(0)). In the case ¢ = 1, one can take for example the function
f(z) = x|~ *sin(|z| =€) with s = 2.4 and € = 0.2. See also the recent paper
[14] for this kind of example in the context of (BV)*, the dual of space of
functions of bounded variation. We mention that by Lemma 2.3 below, this
theorem implies Theorem 1.6.

The proof of Theorem 1.7 is based on Theorem 1.5 and the following new
local energy bounds for suitable weak solutions.

Theorem 1.8. Let o € [0,1]. There exists a constant C' > 0 such that for
any suitable weak solution (u,p) in Q1 we have

sup 2/ \u(w,t)]de—i—Q/ \Vu(x, s)|>dzds
—1<t<0  JBi2(0) Q12

2—0o

O ’
< C(/1 1?1752 5, (0y) ds) +

0 9 2—0
+C (/_1 H]uQ\ + 2szZ‘c’,,2(Bl(0)) ds) )

For this result at every point and every scale we refer to Proposition 3.1
below. See also Proposition 3.2.

2. PRELIMINARIES

Throughout the paper we use the following notations for balls and para-
bolic cylinders:

Biz)={yeR3: |z —y| <7}, 2R3 r>0,
and
Qr(2) = B,(z) x (t —r%,t) with z = (z,1).
The homogeneous Sobolev space H° (R?), o € R, is the space of temper
distributions f for which || f|| ;- (r3) < F00. Here we define

e G R

The space L7?(B,(x)) = {f € H7(R3) : supp f C Br(az)}, and its corre-

sponding the dual space is denoted by L~%2(B,(x)).
The following scaling invariant quantities will be employed:

A(zo,7) = A(u,29,7) =  sup 7'_1/3 ( )\u(m,t)]de,
{20

to—r2<t<tg
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ot

B(Z(),’I") = B(’U,, 20,7’) - rl/Q ( ) \VU(az,t)dedt,
r {20

CJ(ZOaT) = Ca(ua Zo,T‘) = T_% / H|u| HL 7:2(Br(z0) )dt’
to

to
_38
Ca,ﬁ(z()yr) - Ca“@<u,20,’f’) =r 2 / HUHL2Q Br(x0)) dt,
to—r2

to

__3
DO'(ZOJ’) = Do‘(uvZ(JvT) =r o / HpHL @2(Br(z0)) dt’

to—r2

to
_38
Dap(20,7) = Dap(p, 20,7) =17 2 / I 3,y

to—r
We now recall the the notion of suitable weak solutions that was first
introduced in Caffarelli-Kohn-Nirenberg [1]. Here we use the version of F.-
H. Lin [11] that imposes the 3/2 space-time integrability condition on the
pressure.

Definition 2.1. Let w be an open set in R® and let —o0o < a < b < 0.
We say that a pair (u,p) is a suitable weak solution to the Navier-Stokes
equations in Q = w X (a,b) if the following conditions hold:

(i) u € L®(a,b; L*(w)) N L*(a,b; WY 2(w)) and p € L3/?(w x (a,b));

(ii) (u,p) satisfies the Navier-Stokes equations in the sense of distribu-
tions. That is,

b
/ / {—upy +Vu: Vi — (u®u): Vp — pdive} dedt =0
for all vector fields 1 € C§°(w x (a,b); R?), and

/ u(z,t) - Vo(x)de =0
x{t}

for a.e. t € (a,b) and all real valued functions ¢ € C§°(w);
(iii) (u,p) satisfies the local generalized energy inequality

/]u(a:,t)|2(;5(:c,t)d:c—|—2/t/ \Vul|?¢(x, s)dzds

/at/w|u’2(¢t+A¢>)d:cd8—|—/at/w(|u\2+2p)u.v¢d$d8

for a.e. t € (a,b) and any nonnegative function ¢ € C§°(R? x R) vanishing
in a neighborhood of the parabolic boundary 0'Q = w x {t = a} Udw X [a, b].

We next state several lemmas that are needed in this paper.

Lemma 2.2. Given f € H% NH*1, s9,s1 € R and 0 < 0 < 1, the following
Gagliardo-Nirenberg type inequality holds

—0 0
1l e < 1 Wm0,
with s = (1 — 0)sg + Os.
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The proof of this lemma simply follows from Hoélder’s inequality.

Lemma 2.3. For any ball B,(z) C R? and any number o € [0,3) one has

that L7 (B,(z)) C L=°2(B,(z)) and
£ o) < C I s

Proof. Observe that

0o =5 | F@)e)ds,
©

B (x)

where the sup is taken over ¢ € L%2(B,(x)) such that HSOHHU(RS) < 1. Thus
by Holder and Sobolev’s inequalities we find

Il L-o2(B, @) <

% 3—620‘
<o [ @ oly) | dy
B ( ) B ( )
¥ r(T @
<Ol st o sup lell oy < CIN, v 5, 0

A proof of the following lemma can be found in [4, Lemma 6.1].

Lemma 2.4. Let I(s) be a bounded nonnegative function in the interval
[R1, Ra]. Assume that for every s,p € [R1, Ra] and s < p we have

I(s) <[A(p—s5)"“+B(p— 3)—ﬁ + C|+6I(p)
with A,B,C >0, a > 3> 0 and 6 € [0,1). Then there holds
I(Ry) < e(a, )[A(Ry — R1)™ + B(Ry — R1) ™" + C).

We shall also need the following Sobolev interpolation inequality (see,
e.g., (1.2) of [9]).

Lemma 2.5. Let B, C R3. For any function v € WY%(B,) such that
fBr udx = 0 and any q € [2,6], it holds that

3¢/4—3/2 —q/4+3/2
/yu\qugc)(q) (/ \vuy%zx) (/ \u|2dm> .
B B, B

Lemma 2.5 implies the following well-known result (see, e.g., [9, Lemma
5.1]).

Lemma 2.6. Let u(z,t) be a function in Q,(z9) for some p > 0. Then for
any r € (0, p| we have

_ 3 r\ 3
r 2/ lu|3dadt < C<B> A(Zo,p)3/4B(Zo,p)3/4+C(*> Az, p)*/2.
Qr(z()) r P
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3. LOCAL ENERGY ESTIMATES

We prove Theorem 1.8 in this section. We will do it at every point and
every scale. The proof employs the idea of viewing the ‘head pressure’
$|ul? + p as a signed distribution in L2,

Proposition 3.1. Suppose that (u,p) is a suitable weak solution to the
Navier-Stokes equations in Q,(zo). Then it holds that

A(z20,7/2) + B(20,7/2) < CColz0,7) 7 +

q 2_
+ C{r{—i/to H|u\2+2pH%2 dt ’
o2 L=72(B,(xo))

for any o € [0,1].
Proof. For zy = (xg,t9) and r > 0, we consider the cylinders

Qs(20) = Bs(w0) x (to — s*,t0) C Qu(20) = Bp(wo) x (to — p*, t0),

where r/2 < s < p <.

Let ¢(x,t) = mu(2)na2(t) where m € C§°(By(20)), 0 <m < 1inR", m =1
on Bs(zg), and

c
Vem| < ———=

for all multi-indices a with |a| < 3. The function 72(¢) is chosen so that
n2 € C§°(to— p*to+p%), 0 <me < 1in R, na(t) =1 for t € [tg — s2,tp + 5%,
and

< - <« °
|772()|_,02—82_7"(,0—8)
Then it holds that
c
< < -
‘¢t| = T(p— S)’ IV(bt‘ = T(p—8)27
c c c
Vi< ——,  |[V¥|<——, V4| < .
e N N =

We next define
I(s) = I(s) + I2(s),

where

B = s [ julet)Pde=sAGa.s)
Bs(zo)

to—s2<t<tg

and

0—s?

to
Ir(s) = / / \Vu(z,t)[>dzdt = s B(z, 5).
t Bs(l‘o)
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For 0 < o < 1, using ¢ as a test function in the generalized energy
inequality we find

I(s)

31 < [ Il 160+ A0, 1+
0—

t() )
+/to—pz IR PR R Py U
= J1+ Jo.

Applying the Gagliardo-Nirenberg type inequality (Lemma 2.2), proper-
ties of the test function ¢, and Holder’s inequality we have

to
2
5< C/ 2}|\U| | -0.2(5, (o))
{Hqﬁt + DIL0, 2o V6 + VAT,
3 to

p2
My

pate -
N

Similarly,

2—0o

2
I < c(/ 1+ 201137, (zo»dt) .
to—p?

to 2(1—o0) 9 2 2
x (/t NVl oy [V VO +u- V26| a5 dt)

0—p

o

Let us set

X = [ I,y

Vo [ I 2l
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Then combining (3.1) with the estimates for J; and Js, it follows that

1) < 0L x5 yE - VoI X
S < —_— sup u - "
(p_ 8)2+0' to—ngtgto L2(BP( 0))
to 9 9 %
X </t . |[Vu-Vé+u-V ¢HL2(B,J(10)) dt)
o
34o l1—0o
P> 20 2o ( Li(p) > 2
< C———X7 +CY 2 < X
(p—s)* (p—s)?

: {(&21_(;;1) i <<§2—(Z>>2>g}'

Thus, using 7/2 < p <r and I;(p), I2(p) < I(p), we get

340 o 1
p2 20 2-a p7I1(p)2
I(S) S CWX 2 +CY 2 m
l1—o a
Loys” ( Ii(p) > 2 ( I>(p) >2
(p—5)? (p— )
r%+g 2.0 Y%TUTU 1 Y%TJ 1
S CWX 2 +le(p)2+c(p—s)l(p)2
Then by Young’s inequality it follows that
3
,r§+0 S 7“20 1
I < C—=X C y?°
O = G T ]
1

As this holds for all /2 < s < p < r by Lemma 2.4 we obtain

I(r/2)<C

r1/2 r2

from which the proposition follows.

By Lemma 2.3 we have the following consequence of Proposition 3.1.

Proposition 3.2. Suppose that (u,p) is a suitable weak solution to the
Navier-Stokes equations in Qr(z0). Then one has

A(zp,7/2) + B(z0,7/2) < C[Coéﬂ(zo,r)% + C’Oévg(zo,r)% + Daﬂ(z(],r)%]

for any o € [6/5,2] and B = 22
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4. e-REGULARITY CRITERIA

In this section we prove Theorems 1.5 and 1.7. We start with the following
lemma.

Lemma 4.1. Let h be a harmonic function in Bo,(x¢) and 0 < o < 1. Then
we have

h

TJ

12/l L2 (B, @) <

L-02(Bay(x0))

Proof. The case ¢ = 0 is obvious. We thus assume that 0 < ¢ < 1. Let f be
a harmonic function in By(0). Let ¢ € C§°(B3/2(0)) be such that 0 < ¢ <1,
¢ = 1in B1(0) and |[Vy| < ¢. Hence, fo € C5°(Bs3/2(0)) and

(4-1) Hf‘PHL?(Bg/?(O)) > ||f<P||L 02( ) Hf(’DHLU?(Bg/z )) .
Observe that, for any g € L7 (B3/2(0)), by [7, Theorem A.12] we have

HQSOHLUQ(B?,/Q(O)) CHQHU’Q(B:%/Q(O))
and thus

/| o P9 S Wlies(a,0) 96l 0

IN

c ||f||L*072(B3/2(0)) ”g”L"’2(B3/2(0)) )
This means that
(4.2) I feoll - 7.2(By5(0)) = <Cfl.- 92(Bs/2(0)) *
Also,
1711725, 00 IV 25, 000
190 i) 1V )0+ SN 21,00

||f‘;0HLcr,2(BS/2(o))

IN

IN

M1 w0y (19T ey * 105, 0

IN

112, pi0n) (1m0 + 11y o))
(4.3) < cllfllrzm,0) -
Here in the 4th inequality we used the fact that f is harmonic in By(0).
Hence, (4.1), (4.2) and (4.3) yield
1
@) Il < 12(zya0) < C M0, oy M oo

Now for r > 0, let h be a harmonic function in Bg,(xg). We define
f(z) = h(rz + o) for z € By(0). Then f is harmonic in Ba(0).
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Note that for any ¢ € L2 (B3/2(0)) we have
-
(=) - (Lo
T R3
%
= ([ e 1p0era)
R3

:T3</RB Cl

Thus for such ¢,

r
/ h(rz + xo)p(x)dz = 7“_3/ h(y)e <y — x0> dy
B3 /2(0) Bg,./a(wo) r

_ c— X0

_3_4
ro2 ||h||L*‘7a2(B3r/2(CC0)) ||<p”L0a2(B3/2(0)) .

N

dg

— 2
<‘ _1:0>
¥
r

L72(Bs,./2(x0))

2
o~ — §—0'
|P (C)|2 r 3d§> =172 ”SOHLJJ(Bg/Q(O)) :

L72(Bg,2(x0))

IN

IN

This implies that
h

TO’

[SI[oV

)
L=22(Bg,/2(x0))

||f||L7m2(B3/2(0)) <7

and by substituting into (4.4) we have

1
2
][ |h|?dx
BZT‘(xO)

L=92(Bay(20))

NI

h

/r-O'

1
2
][ \h2dx | < Cri
BT(J:())

Or equivalently,

(4.5) / ]h!deSCH}Z (/ thx)
By (z0) "l L=92(By,(z0)) \ Y/ Bar(z0)

Let r < s <t < 2r. The ball Bs(xo) can be covered by a collection of
balls  B; = Bi—s(x;) : x; € Bs(x0) ¢, in such a way that each point y € R"
2

=

belongs to at most N = N(n) balls in the collection {2B; = B;_s(z;)}, that

is,

> Xas, () < N ().
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Then applying (4.5) to the balls B;, we find

1
2
/ |h|2dx (/ \h|2dx>
B; L=72(2B;) \J2B;

1
< / yh|2dx> °
LiUVZ(BQT(:Eo)) 2B;
Thus,

|n|?dz < /]h\Qdaz
/Bs(azo) Zz: B;

IN

=

h

CHu—>

1
h 2
< CH (/ |h|2dx) .
(t = 8)7 Ml =02 (Bar (wo)) Z 28,
Note that
Z/ \h|2dg::/ |h|2zx23_(x)dx<N(n)/ Ih[2dz,
. 72B; By (o) P ¢ Bi(z0)
and thus
1
2 h 2 :
|h|*dx < C(n) || 77— |h|*dx | .
Bs(z0) (t—s) L=72(Ba,(z0)) \“ Bt(zo)

Then by Young’s inequality it follows that

1
h2dz < C(t — )72 ||h? .. +/ h|?dz.
[ e < S IR oy + 5 M

z0)

Thus applying Lemma 2.4 we have

—20 2
/B(xo)\h|2d$ < Or2 | T o2 By (20
as desired. O

The next lemma provides bounds for the pressure.

Lemma 4.2. Suppose that (u,p) is a suitable weak solution to the Navier-
Stokes equations in Q,(z0). For any r € (0,p/2] we have the following
bounds:

_s [T
[ IO e

o—T

to 3/2
_ p
(4.6) < Cp 3/t p IIPIILl(Bp(mo))dHC(;) A(z0,p)"* B(z0, p)*/*,
o
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ry 5 [T
(4.7) < C (;) p 3/ Ip(5t) = [P(s Dlaooll 1B, (20)) U +

3/2
+C(2) " Ao, ) 4Bz, p),

and
3 o
" /to—r2 Hp”LI(BT(xO)) dt
s, [t
(4.8) < Cp2e / 1Pl =25, (o))t +
to—p?

3
+C(§> A(zo,p)l/“"/QB(zo,p)3/4*"/2
for any o € ]0,3/2).
Proof. Let hyyp = hag (-, t) be a function on B,(xzg) for a.e. t such that

hwo;ﬂ =P _ﬁwovﬂ in Bp(xo),
where pg, , is defined by

Pao,p = RiRj[(wi — [Wilwg,p) (5 — [Ujlz,p) X B, (20)]-

[NIES

Here R; = Dl(—A)i
the notation

, 1 =1,2,3, is the i-th Riesz transform, and we used

1
Flap = ]fg I T e L

to denote the spatial average of a function f over the ball B,(z).
Note that for any ¢ € C§°(B,(x¢)), we have

—/ Dag pApdr = / (ui — [Uilzg,p) (Uj — [W5]20,p) Dijip dz
Bp(xo) By(z0)

= / uinDij(p dl’,
B

which follows from the properties —R; R;(Ay) = D;j¢ and divu = 0. Thus,
as p also solves

—Ap = divdiv(u ® u)
in the distributional sense, we see that hg, , is harmonic in B,(x¢) for a.e.
t. Then for r € (0, p/2] it holds that

2
<][ |hx07p]2dx> <C P pld
By (20) By (x0)
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and
1
2 T

][ |hxo,p - [hxo,p]zo,r|2dx < C- |ha:o,p - [hxo,p]xo,p‘dfz-
By (zo) 1Y B,(z0)
Then using p = puy,p + hag,p, they give
| b tPds
Br(z0)
~ 2 s 2
(4.9) < 2 |Dao,p| dx + C— ||hcco,p||L1(B (z0)) ?
BP(IO) P g

and

/ 1p(2,1) — [p(-, )]s r2da
By (z0)

5
_ r

(410) < 2/ [Pl dee + C— lhay,p = [hxoyp]zo,pH%I(Bp(xO)) :
BP(IO) P

Now by (4.9) and hg, , = p — Dz,,p We obtain

/ p(e,t)2de < 2 / [Boo.p|2d +
Br(z0) By (z0)

7“3 -

2 2
21, o + 1315000

3
- r
(411) < C |pmo?p’2d$ + CE Hp||%1(3p(x0)) 5

By (»’CO)

where we used Holder’s inequality and the fact that r/p < 1/2.
On the other hand, by the Calderén-Zygmund estimate and Lemma 2.5
we find

/ Propl?dz < C [ Ju— [ulsopl'de
Bp(ffo) Bp(wo)

(4.12) < C(/Bp(xo) \Vu|2dx)3/2</3p( )|u‘2dx>1/2.

Combining (4.11) and (4.12) we have

3/2
IPlz2(B, oy < €5 WPl 3, w0 +

+C(/Bp(m0) |Vu]2dac>3/4(/3p(x0) ]u\Qdaj>1/4.

Integrating the last bound with respect to r~3/2dt over the interval (to —
r2,tg) and using Holder’s inequality we obtain inequality (4.6).
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Likewise, using (4.10) instead of (4.9) and arguing similarly we obtain

inequality (4.7). We remark that in this case we also need to use the ele-
mentary fact that

”hflio,p - [hmo,p]xo,pHLl(Bp(ggO)) S 2 Hhxo,p - [p(a t)xo,p]mo,pHLl(Bp(a;O)) .

As for (4.8), we first bound

/ ip(a, )| dz s/ [Pag pld + / iy pld
By (o) By (z0) By (z0)

1/2
< / |ﬁxo,p|d$+CT3 (][ |hzg,p de)

By (zo) By /2(x0)

N r

</ o L Py
< [ st

By (z0)

T3 -

t (120,01l -2, 207y T 1Pl 07

Here we used Lemma 4.1 in the third inequality.
Now using Hélder’s inequality, Lemma 2.3 with o € [0,3/2), and r/p <
1/2, we have

3
~ /r. -~
/Bp o Peoplde + Cp%—i-a pro’pHL_"’Q(BP(IO))

< Op* 7 paonll s,

7 (Bp(20))
Thus,
4.13 Dlde < Cp*27 ||py
I N e Y

.3
+ Cp%ﬁ 1PNl 028, (wo)) -

6
As before, the L3+2c norm of p, , is treated using Calderén-Zygmund
estimate and Lemma 2.5 which give

szo,ﬂHLﬁ(Bp(xo))

3/4—0/2 1/440/2
(4.14) < C(/ \Vu|2dac) (/ |u\2dx> .
Bp(xo) Bp($())
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Combining (4.13), (4.14) we have

/ p(z,1)] r Pl
p(x,t)|de < C o] |— 2 T
B (z0) p3/2+(7 L=72(B,(x0))

3/4—0 /2 1/4+0/2
+ cp3/2—“( |Vu|2d:c> ( |u|2daz) ,
B, (w0) By (a0)

from which integrating in ¢ we obtain (4.8). O

(0

We now recall the following e-regularity criterion for suitable weak solu-
tions to the Navier-Stokes equations (see [16, Lemma 3.3]).

Lemma 4.3. There exists a positive number €, such that the following prop-
erty holds. If (u,p) be a suitable solution to the Navier-Stokes equations in
Qr, (z0) for some R, > 0 such that

sup  A(zo,7) < €y,
0<r<Ri

then zy is a regular point of u.
We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5. Our assumption is that

0
A((0,0),1) + B((0,0),1) + / Pl o e <

where € € (0,1) is to be determined. By Lemma 4.3, it is enough to show
that
sup [A(z,r) + B(z,7)] < Cez < €.
0<r<1/4
for every 2z € Q;/2(0,0). Here C is independent of r and z. By translation
invariance, it suffices to consider the case z = 0. Moreover, it suffices to
show a discrete version, i.e., we just need to show that

(4.15) A((0,0),6™) + B((0,0),6") < ¢z

for a fixed 6 € (0,1/4] and for all n = 1,2,... The discretization enables us
to use an inductive argument in the spirit of [1, Section 4] and [18].
Let 6 € (0,1/4] be determined later and define

r,=0" mneN.

By our hypothesis, inequality (4.15) holds in the case n = 1 provided ¢
is sufficiently small (depending on ). Suppose now that it holds for n =
1,...,m —1 with an m > 2. Let ¢, = x®¥m, where 0 < y < 1 is a smooth
cutoff function which equals 1 on Qg2(0,0) and vanishes in R? x (—00,0) \
Q20/3(0,0), and 1y, is given by

B

m ) - - h _W7 T
U (z, 1) = (r2, — 1) 73/2e 30h-0 t<r?
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Then it can be seen that ¢, > 0, (0; + A)dy, = 0 in Qp2(0,0), and

(0 + A)¢m| < C on Qag/3(0,0),

2-3/2 r;f < o < 1";3, |Vom| < C’r;f on @, (0,0), m > 2,

Om < Cr,;3, |Vom| < C’r;4 on Qr,_,(0,0)\ @, (0,0), 1<k<m.

Here the constant C' = C(#) is independent of m.
Using ¢, as a test function in the generalized energy inequality, we find
that

(4.16) A((0,0), rm) + B((0,0), 1) < C(I + I+ III),

where

I= r,?n/ \u|?dadt,
QG(Ovo)

II = r?n/ ul3|V | dcdt,
Qe(0,0

)

IIT =72, .

/ p(u - Vo, )dzdt
Qe (0’0)

By the hypothesis, we have
2 3
I <rje<e1.

By the above properties of ¢,,, we have

m—1
o= rfnz/ |u|3|v¢mda;dt+r3n/ (2| o it
k=1 Q'r‘k \Qrk+1 QTm
m—1

< Cor? Z 7“,;4/ luldxdt.
k=1 Qry,

Thus by Lemma 2.6 and inductive hypothesis, it follows that

m—1
II < Cr?n Z 7“];263/4 < Ced/4,
k=1
As for the term I11, we write
m—1
Om = X1Pm = Z (Xk = X&+1)Pm + XmPm>
k=1
where xx, k =1,2,...,m, is a smooth cutoff function such that 0 < y; <1,

Xk =1in Q?Tk/8(070)7 Xt = 0in R x (70070)\621%(0’0)7 and |VX/€’ < C/Tk
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Then

117

IN

2
"m

Z/Q pu - V[(Xk — Xkt1)Pm]dzdt
Tk

2

+r, / pu - V(X m@m)dzdt

2
"m

Z/Q Plor )t - VIIXk — Xkr1)dm]dadt

2

42 / (b — [Plow )t V(o) dadt|

™m

where we used the fact that u is divergence-free. Then by Holder’s inequality
and the properties of ¢,,, we see that

1171 < CTE,LZr,f/ |(p — [Plor, )uldxdt

"k

Lo /Q (0 — [plog)uldads
[

IN

C'r'mzrk ||p Ork||L2(Brk) ||u||L2(Brk)d$dt

_Tk
+Co~ /_92 Hp [ ]0,9||L2 (Bp) HUHLQ(BG) dxdt.

By inductive hypothesis, this gives

(417) 111 < Or2)3 e Hp [Plo N2, ) dadt
k=2 -

0
1
+Ce2 9—3/2/92 Ip = Plooll (s, dwdt.

Here the constant C' could depend on 6.
We now let A(k) = A((0,0),r), B(k) = B((0,0), ), and

0
—3/2
U =" [ o= ol dedt.

Tk

By Lemma 4.2 and Holder’s inequality, for 2 < k < m we have

Uk) < (COUk—1)+CO32A(k — DY B(k — 1)3/4,
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where C' > 1 is independent of k£ and 6. Choosing 6 = % and iterating this
inequality we obtain

k—1
Uk) = (1/401) + COo732 Y "(1/9) Ak — )Y *B(k — 0)3/*,
/=1

Then by inductive hypothesis we find

k-1
Uk) < UML) +CY (1/4) e
=1

0
_ 1
< 3/2/92 Ip — ool s, dudt + Ceb.

Combining this with (4.17) we arrive at

0
II1 < Cei 6732 /92 lp = Plosll 25, ddt + Ce1,

which by Lemma 4.2 gives

III < Cei[D((0,0),260) + A((0,0),20)4B((0,0),20)*4] + Ce1
< C’(e%+e%)§2Ce%.

Combining 4.16 and the estimates for I, I1 and I1I we obtain
A((0,0),7) + B((0,0),7n) < C el < e
provided € is small enough. This proves (4.15) and the proof is complete. [

Using Lemma 4.2 and a covering argument we obtain the following con-
sequence of Theorem 1.5.

Corollary 4.4. Let o € [0,1]. There exists a number ¢ € (0,1) with the
following property. If (u,p) be a suitable solution to the Navier-Stokes equa-
tions in Q1 such that

0

X 1Pl 025, (0)) @t < €

A((0,0),1) + B((0,0),1) + /

then u is regular in Q3.

Finally, we prove Theorem 1.7.

Proof of Theorem 1.7. By Holder’s inequality it follows that

0 2—0o
[ o o e < Do(0,0). )5

Thus by Corollary 4.4, Proposition 3.1, and a covering argument we obtain
Theorem 1.7. O
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