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Abstract

We obtain global bounds in Lorentz-Morrey spaces for gradients of solu-
tions to a class of quasilinear elliptic equations with low integrability data.
The results are then applied to obtain sharp existence results in the frame-
work of Morrey spaces for Riccati type equations with a gradient source
term having growths below the natural exponent of the operator involved.
A special feature of our results is that they hold under a very general as-
sumption on the nonlinear structure, and under a mild natural restriction
on the boundary of the ground domain.

Résumé

Nous dérivons des bornes globales dans les espaces de Lorentz-Morrey sur
le gradient des solution d’une classe d’équations elliptiques quasi-linéaires
pour des données faiblement intégrables. Ces résultats sont ensuite utilisés
pour obtenir 'existence de solutions dans des espaces de Morrey a des
équations de Riccati sous une hypothese de croissance du gradient du terme
source inférieure a celle de l'exposant naturel de l'opérateur. Une par-
ticularité de ces résultats est qu’ils s’appliquent sous des hypotheses tres
générales sur la structure de la non-linéarité, et la frontiere du domaine.

Keywords: Quasilinear elliptic operator; Morrey space; Uniformly thick do-
main; Riccati type equation.

1. INTRODUCTION

There are two main goals that we wish to accomplish in this paper. The
first goal is to obtain global regularity in Morrey and Lorentz-Morrey spaces
for gradients of solutions to nonhomogeneous quasilinear equations of the
form

(1.1)

—divA(z,Vu) = f inQ,
U 0 on 0f.
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The second goal is to address the solvability of the following quasilinear
Riccati type equation

{ —divA(z,Vu) = |Vul?4+ f inQ,

(1.2) v = 0 ondf.

Here € is a bounded open set of R, n > 2, and for now the data f is a
function in L'(f2) or a finite measures in Q.

In (1.1) and (1.2) the nonlinearity A : R™ x R™ — R" is a Carathéodory
vector valued function, i.e., A(x,§) is measurable in = for every ¢ and con-
tinuous in £ for a.e. z. We assume that A satisfies the following growth and
monotonicity conditions: for some 2 — 1/n < p < n there holds

(1.3) |A(z,€)] < B e,
(1.4) (A(z,€) = A(z,m),€ =) > a(|€2 + [n]2) "7 ¢ — n|?

for every ({,m) € R x R"\ {(0,0)} and a.e. z € R". Here v and 3 are
positive constants.

A typical example of such A is given by A(x,£) = |£[P72¢ which gives
rise to the p-Laplacian Ayu = div(|Vu[P72Vu). However, in general no
smoothness is assumed in the z-variable of the nonlinearity A throughout
the paper.

Most of the results in this paper are obtained under a very mild condition
on the domain Q. That is the the p-capacity uniform thickness condition
(with constants 7o, cop > 0) imposed on R™\ €. In this case we also say that
R™ \ Q is uniformly p-thick with constants rg,co > 0. By definition this
means that there exist constants cg,r9 > 0 such that for all 0 < ¢t < ry and
all z € R™\ Q there holds

(1.5) cap,(Bi(z) N (R™\ Q), Bay()) > co cap,(Bi(x), Bay(z)).
Here for a compact set K C By(x) we define its p-capacity by

cap, (K, Bai(z)) = inf {/

BQt (:E

VplPdy : ¢ € C5°(Ba(x)), ¢ > XK} :

It is easy to see that domains satisfying (1.5) include those with Lipschitz
boundaries or even those that satisfy a uniform exterior corkscrew condition,
where the latter means that there exist constants ¢y, rg > 0 such that for all
0 <t <rpandall z € R"\Q, there is y € By(z) such that By, (y) C R"\Q.

In this paper solutions u to the boundary value problems (1.1) and (1.2)
are understood in the renormalized sense. It is well known that when the
datum is not regular enough, a solution to nonlinear equations of Leray-Lions
type does not necessarily belong to the natural Sobolev space W(l]’p (Q). This
in particular brings up a major unsettling issue regarding the uniqueness of
solutions. Therefore, we find it is most convenient to work with the notion
of renormalized solutions (see [18, 10, 7]). However, for global estimates
involving equation (1.1) it is enough to use a milder notion of solutions (see
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Remark 1.2 below). The notion of renormalized solutions will be recalled in
the next section.

We now recall the definitions of Lorentz and Lorentz-Morrey spaces. For
0<s<ocand0 <t < oo, the Lorentz space L**(Q) is the set of measurable
functions g on €2 such that

1
< tda |t
ooy = |s [ @lo € 21 lg(@)] > al)F 2] < 4o

when ¢ # oo; for t = oo the space L®*°((2) is set to be the usual weak L*® or
Marcinkiewicz space with quasinorm

1
19/l Ls 0 (@) == supal{z € Q: [g(z)| > a}]+.
a>0

It is easy to see that when ¢ = s the Lorentz space L**(£2) is nothing but
the Lebesgue space L*(£2). On the other hand, the Lorentz-Morrey function
space L259(Q), where 0 < §# < n, 0 < ¢ < 00, 0 < t < 00, is the set of
measurable functions g on 2 such that

0—n
19l za o) = sup @ lgll Lo, (2)nq) < +o0.
0<r§di?2m(ﬂ)
zE

Clearly, £L95™(Q) = L9%(Q). Moreover, when ¢ = t the space L49(Q)
becomes the usual Morrey space which will be denoted by £% ().
We are now ready to state the first main result of the paper.

Theorem 1.1. Let 2—% <p<BO<nand0 <t <oo, and suppose that ) C
R™ is a bounded domain whose complement satisfies a p-capacity uniform
thickness condition with constants co,m9 > 0. Then, under (1.3)-(1.4), there

exists g = €o(n,p, a, B,co) > 0 such that for 1 < v < 9(;:(11’)%, and for
any renormalized solution u to (1.1) with f € E'Y’t”g(Q) there holds

p—1
(1'6) H|vu| Hcee—i’y»y’ee—it'y‘a(g) < C Hf“ﬁ%t;G(Q) :

Here the constants C' depends only on n,p,~,0,t,co and diam(2)/ro.

We note that the upper bound of 4 and (1.6) imply that the integrability of
Vu is below p+ ¢p. This is natural as we assume no smoothness assumption
on A. The constant ¢y in the above theorem is related to the celebrated
higher integrability results of N. G. Meyers [50] and F. W. Gehring [32] (see
Lemmas 3.1 and 3.5 below).

The restriction p > 2 —1/n is linked to the fact that, in general, solutions
to —Apu = p for a measure p may not belong to VVI})’; when 1 < p <
2 — 1/n. For this reason an important comparison estimate (see Lemmas
3.2 and 3.6 below) needed in the proof of Theorem 1.1 is not available for
1 <p<2-1/n. We notice that estimates in Morrey spaces are in nature
different from those in Marcinkiewicz spaces as obtained, e.g., in [18], and
the former could not be obtained via interpolation from the latter even in a
linear situation.
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We observe that inequality (1.6) can be viewed as a nonlinear version of
a classical result due to D. R. Adams [2] regarding the optimal bound for
Riesz potentials on Morrey spaces.

Some remarks are now in order.

Remark 1.2. From its proof one finds that Theorem 1.1 holds under the
following milder notion of solutions. For each integer k > 0 the truncation

Ti(u) := max{—k, min{k, u}}
belongs to Wol’p(Q) and satisfies
—div A(z, VTi(u)) = fx

in the sense of distributions in €2 for a finite measure fi in 2. Moreover, if
we extend both f and f; by zero to R™ \ Q then f; (resp. |fx|) converges
to f (resp. |f|) weakly as measures in R". It is known that renormalized
solutions satisfy these conditions (see Remark 2.4). Alternatively, one can
also adopt the notion of Solutions Obtained by Limit of Approximations
(SOLA) (see [8, 9, 19]) as having been employed, e.g., in [24, 54].

Remark 1.3. In this paper we confine ourselves to zero boundary condi-
tion which, due to the possible low regularity of u, is understood in a very
weak sense, i.e., Tj(u) € Wol’p(Q) for any £ > 0. A reason for such a re-
striction is that we are not aware of any reasonable existence theory for
p-Laplace type equations with general measure data and non-zero boundary
conditions. Moreover, we observe that related gradient estimates below the
natural exponent p for p-Laplace type equations with non-zero right-hand
sides and boundary data having low integrability remain largely open (see
42)).

Remark 1.4. We notice that, at least in the case 2 < p < n, a local version
of inequality (1.6) has already been obtained by G. Mingione for the first
time in [53] and the possibility of extending such local results to global ones
was also mentioned in the same paper. We borrow some of the key ideas in
[53], but technically our presentation instead resembles that of [56].

Remark 1.5. Under our conditions on A and 052, the range of  in Theorem
1.1 is sharp.

Next we address the solvability of the Riccati type equation (1.2). Equa-
tion (1.2) is a typical model for a class of quasilinear equations with an
arbitrary power law growth ¢ > 0 in the gradient that has been widely stud-
ied in the literature. It is now known that this equation exhibits different
behaviors in the case 0 < ¢ < p—1 and in the case p— 1 < ¢ < +00. As was
shown in [7] (see also [14, 21, 22]), for 0 < ¢ < p — 1 equation (1.2) admits
at least a solution as long as f is a finite measure in 2. On the other hand,
in order for (1.2) to have a solution when ¢ > p — 1 it is necessary to have
both smallness and regularity assumptions on the datum f. It was shown
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in [55] (see also [40] for the case p = 2) that such necessary conditions on f
can be quantified by the following trace inequality

(1.7) / T I fdz < C/ V|7 #7 da
Q Q

for all ¢ € C§°(2) and ¢ > 0.

In this paper we confine ourselves to the solvability of (1.2) in the sub-
natural range ¢ € (p — 1,p]. For ¢ > p an existence result in the frame work
of Morrey spaces has been obtained in [55], where it was shown that there

.q(149)
exists a constant Cy > 0 such that if f € L (Q) for some § > 0 with

1.8 <
( ) Hf”[:lJré'g(—l;f} (Q) >~ L0,

then (1.2) has a solution provided (2 is a bounded C! domain. Moreover,
the condition (1.8) is sharp in the sense that it is not possible to take § = 0
there as the necessary (1.7) may fail then (see [48]).

There are numerous papers in the literature concerning the solvability of
(1.2) in the natural growth case ¢ = p, see for example [1, 4, 5, 12, 13, 16,
28, 29, 35, 36, 43, 44, 45, 49, 57]. See also [30] for the case ¢ = p = 2 that
is studied up to the boundary of the ground domain €.

For general g € (p—1, p|, various sharp criteria of solvability were obtained
in [40] but only in the semilinear case p = 2. This case was also studied
in [37] for datum f € L™9-1/9(Q). For general p € (1,n], existence results
for this subnatural range of ¢ have been obtained recently in [27, 20] under
the assumption that the datum f is at least in the Lebesgue space L™/?(Q)
(with p — 1 < g < p), a sufficient condition that is far from being necessary.

In the present paper we are concerned with the solvability of (1.2) for
2 —1/n < p < n and when the growth ¢ is in the subnatural range p — 1 <
q < p. In particular, we are mainly interested in the so-called supercritical
case n(p —1)/(n — 1) < g < p. In this case, we present a sharp existence
result in the framework of Morrey spaces under a very general structural
assumption on 4 and a mild natural restriction on the boundary of 2.

Theorem 1.6. Let 2 — % <p<n, % < q < p, and suppose that Q C
R"™ is a bounded domain whose complement satisfies a p-capacity uniform
thickness condition with constants co,m9 > 0. Assume (1.3)-(1.4) and that

. a(1+9)
fe L1+5’ a—p+1(Q) for some 6 > 0. There exists a constant ¢ > 0 depending
on n,p,q,a, B3,9,co, and diam(Q)/rg such that if
<
1 o gz ) <

then there is a renormalized solution u € W017Q(1+6)(Q) to the equation (1.2)

(1+9)
such that Vu € £10+0) 55 (2) with

qc
IVl

< 27
£Q(1+5)7 *IZ(};—_E) Q) B q—7p + 1 ||f”£1+5’ %

@



6 MORREY GLOBAL BOUNDS AND RICCATI TYPE EQUATIONS

. a(1+9)
Remark 1.7. The condition f € L1 E—W(Q) for some & > 0 is satisfied
when f € L™a=Pt1)/020(Q) provided n(q —p+1)/q > 1, i.e., ¢ > n(p=1)

n—1
Thus this substantially improves earlier existence results obtained in [27, 20]
for datum f being at least in L™/P(Q) since n(q — p 4+ 1)/q < n/p holds
whenever ¢ < p. Moreover, in view of the necessary condition (1.7), the
condition on f in Theorem 1.6 is sharp. In particular, it is not possible to
take § = 0 in the above theorem (see [48]).

It is worth mentioning recent results of [38] and [3], which prove existence
of solutions and a priori estimates for more general problems of this type
by using different nonlinear techniques, either truncation arguments or re-
arrangement methods. Those results deal with data in optimal Lebesgue
or Lorentz spaces. We notice that those methods, naturally applied to re-
arrangement invariant spaces, are not likely to apply to Morrey spaces, a
fact which gives extra motivation for the result of this paper.

Finally, we discuss the subcritical case p —1 < ¢ <n(p—1)/(n—1). In
this case, to obtain existence results it is enough to require the datum f to
be a finite measure (plus a smallness condition). This is possible since for
this range of ¢ the necessary condition (1.7) holds for any finite measure f.
Moreover, when p # n we do not need to impose any regularity condition
on 0.

Theorem 1.8. Let 2 —% <p<n,p-1<gqgcx n;p__ll), and let Q be a
bounded domain in R™. In the case p = n assume in addition that R™ \ Q
satisfies an n-capacity uniform thickness condition with constants rg, co > 0.
Let f be a finite measure in Q. Under (1.3)-(1.4), there exists a constant

¢ > 0 such that if

(L9) QT () < e,
then there is a renormalized solution u to equation (1.2) with
g(n—=1) q qc q 1
|Vu q . <|Qre=D " nla=p+D) | ——— — |Q|r@— D | f|(Q) ] .
Vel sy <19 -1 i

Here ¢ depends only onn,p,q,a, B for p # n, and also on ¢y and diam(€2) /7
for p=mn.
We notice that existence results in this subcritical case have been obtained

recently in [38] even for 1 < p < 2 —1/n. Since our proof of Theorem 1.8 is
not long we choose to present it here for the sake of completeness.

2. THE NOTION OF RENORMALIZED SOLUTIONS

In this section we recall the notion of renormalized solutions. Let M p(£2)
be the set of all signed measures in {2 with bounded total variations. We

denote by M (2) (respectively M;(€2)) the set of all measures in Mp(2)
which are absolutely continuous (respectively singular) with respect to the
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capacity cap,(-,2). Here cap,(-,2) is the capacity relative to the domain ©
defined by

cap, (K, Q) = inf{/ﬂWqﬁ]p dz: ¢ € C(Q),6 > 1 on K}

for any compact set K C ). Thus every measure in M(2) is supported on
a Borel set E with cap,(F,{2) = 0. Recall from [31, Lemma 2.1] that, for
every measure u in Mp(Q), there exists a unique pair of measures (g, is)
with ug € Mo(Q) and ps € M4(Q), such that u = po + ps.

For a measure p in Mp(Q), its positive and negative parts are denoted
by u™ and p~, respectively. We say that a sequence of measures {uy} in
Mp(Q) converges in the narrow topology to u € Mp(Q) if

lim wduk=/<ﬁdu
Q Q

k—o0

for every bounded and continuous function ¢ on 2.

The notion of renormalized solutions is a generalization of that of entropy
solutions introduced in [6] and [10], where the measure data are assumed
to be in L1(Q) or in Mo(2). Several equivalent definitions of renormalized
solutions were given in [18], two of which are the following ones.

Definition 2.1. Let p € Mp(Q). Then u is said to be a renormalized
solution of

(2.1)

—divA(z,Vu) = p inQ,
v = 0 on 01,

if the following conditions hold:
(a) The function u is measurable and finite almost everywhere, and
Ty.(u) belongs to Wy'? () for every k > 0.
(b) The gradient Vu of u satisfies |Vu[P~! € L(Q) for all ¢ < Pt
(c) If w belongs to Wy'?(Q) N L®(Q) and if there exist w™> and w™>
in WHr(Q) N L>®(), with r > n, such that

w=w" ae. on the set {u > k},
w=w"" a.e. on the set {u < —k}

for some k > 0 then

/.A(x,Vu)'de:c:/wduo—}—/w"'oodu:—/w_oodus_.
Q Q Q Q

Definition 2.2. Let yp € Mp(f2). Then u is a renormalized solution of (2.1)
if u satisfies (a) and (b) in Definition 2.1, and if the following conditions hold:
(c¢) For every k > 0 there exist two nonnegative measures in Mo (€2), A
and A, , concentrated on the sets {u = k} and {u = —k}, respec-

tively, such that )\g — pf and A, — Mg in the narrow topology of
measures.
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(d) For every k > 0

(2.2) / A(z, Du) - Vpdx :/ edpo +/ pd\ —/ dA;
{lul<k} {lul<k} Q2 Q

for every ¢ in W'P(Q) N L=(Q).
Remark 2.3. By [18, Remark 2.18], if u is a renormalized solution of (2.1)

then (the cap,-quasi continuous representative of) w is finite quasieverywhere
with respect to cap,(-,(2). Therefore, u is finite po-almost everywhere.

Remark 2.4. By (2.2), if u is a renormalized solution of (2.1) then
—divA(x, VI (u)) = p,  in Q,
with
1k = X{jul<kylo + AL — A
Since Ty (u) € Wol’p(Q), by (1.4) we see that py belongs to the dual space

of I/VO1 'P(Q1). Moreover, by Remark 2.3, |u| < co po-almost everywhere and
hence x{juy|<k} — X po-almost everywhere as k — co. Therefore, py. (resp.
|pk|) converges to p (resp. |p|) in the narrow topology of measures as well.

Remark 2.5. If u is a renormalized solution to (2.1) then for 1 < p < n
the following global gradient estimate

IVull oy < Clul()
L =T %°(Q)

n—

holds with C' = C(n,p, o, 8) for any bounded domain €2 (see [18, Theorem
4.1]). For p = n this estimate holds as well provided the complement of €2
satisfies an n-capacity uniform thickness condition (see [56]).

3. COMPARISON AND DECAY ESTIMATES

In this section, we obtain some local interior and boundary comparison
and decay estimates that are essential to our development later. First let
us consider the interior ones. With u € VVli’Cp (), for each ball Bop =
Bog(xg) € Q we defined w € u + Wol’p(BgR) as the unique solution to the
Dirichlet problem

(3.1) w = wu on JdByg.

{ div A(z,Vw) = 0 in Bag,
Then a well-known version of Gehring’s lemma applied to the function
w defined above yields the following result (see [34, Theorem 6.7] and [34,

Remark 6.12]).

Lemma 3.1. With u € I/Vli’cp(Q), let w be as in (3.1). Then there exists
a constant 0y = Oy(n,p,a, B) > 1 such that for any t € (0,p] the reverse
Holder type inequality

o7 g
<][ ]Vw|90pda:> <C <][ \Vw]tdx>
Bya(2) Bp(2)
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holds for all balls B,(z) C Bagr(xo) for a constant C' depending only on
n’ p’ a? ﬁ? t'

The following important comparison lemma involving an estimate “below
the natural growth exponent” was established in [52] (see also [24, Lemma
3.3]) for the degenerate case p > 2. This lemma was later obtained in [25,
Lemma 4.2] for the singular case 2 — 1/n < p < 2.

Lemma 3.2. Withp >2—1/n, letu € I/Vl})’cp(Q) be a solution of (2.1) and
let w be as in (3.1). Then there is a constant C = C(n,p, «, 8) such that

][ [Vu—Vuwlde < C [M(B_QlR)} o
Bar R

o) (f o)

Moreover, when p > 2 the second term on the right-hand side can be dropped.

The next lemma follows from the standard interior Hélder continuity of
solutions, which can be found in [34, Theorem 7.7].

Lemma 3.3. With u € VVli’cp(Q), let w be as in (3.1). Then there exists a
constant By = Po(n,p,, B) € (0,1/2] such that

1 1
m P
<][ w — wB,,(z>!”dx) < C(p/r)™ <][ |w — WBr<z)|pdx>
B,(z) Br(z)

for any z € Bag(xo) with B,(z) C By(z) C Bar(xo). Moreover, there holds

w|Pdx ’ r)Po—1 wlPdx ’
(3.2) (ép(z)w rd) < C(p/r) (é@w rd)

for any z € Bag(zo) such that B,(z) C B,(z) C Bagr(xg). Here C =
C(n7p7a7ﬂ)'

Using Lemma 3.1, inequality (3.2) can be further improved as in the
following lemma. This lemma appears for the first time in [52] and has been
used, e.g., in [53, 54].

Lemma 3.4. With u € W'li’cp(ﬂ), let w be as in (3.1). Then there exists a
constant By = Po(n, p, o, B) € (0,1/2] such that for any t € (0,p] there holds

1
<][ \Vw]tdx) < C(p/r)P <][ wy%m)
Bo(2) B.(2)

for any z € Bag(xo) such that B,(z) C B,(2) C Bagr(xg). Here C =
C(n)pvtaavﬁ)'
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Next we consider the counterparts of the above lemmas up to the bound-
ary. As R™\ Q is uniformly p-thick with constants cg, 79 > 0, there exists
1 < po = po(n,p,co) < p such that R™\ Q is uniformly po-thick with con-
stants ¢, = ¢(n, p, ¢p) and rg. This is by now a classical result due to J. Lewis
[47] (see also [51]). Moreover, py can be chosen near p so that pg € (nn—_&,p).
Thus, since py < n, we have

(3.3) capy, (Be(z) N (R™\ Q), Bay(x))

cx capy, (Bi(z), Bay())

>
> C(n,p,co)t"™

for all 0 <t <rp and all x € R™ \ Q.

Now let xg € 992 be a boundary point and for 0 < 2R < rg we set
Qor = Qar(xo) = Bar(zo) N Q. For u € Wol’p(Q) we consider the unique
solution w € u + Wol’p(QgR) to the equation

(3.4)

div A(z,Vw) = 0 in Qop,
w = u on JspR.

In what follows we extend p and u by zero to R™ \ © and then extend w
by u to R™\ Qap.

The next two lemmas are the boundary counterparts of Lemmas 3.1 and
3.2, that have been obtained in [56]. Note that the proof Lemma 3.5 uses
(3.3), whereas Lemma 3.6 holds for general domains and thus the p-capacity
uniform thickness condition is not needed there.

Lemma 3.5. With u € W&’p(Q), let w be as in (3.4). Then there ezists a
constant 6y = Oo(n,p,, B,¢co) > 1 such that for every t € (0,p] the reverse
Holder type inequality

or T
(7[ |Vw|€0pd$> <C (][ |Vw|tdx>
By a(2) Bsp(2)

holds for all balls B3,(z) C Bagr(xo) for a constant C' = C(n,p,t,a, 3, co).

Lemma 3.6. Withp>2—1/n, letu € Wol’p(Q) be a solution of (2.1) and
let w be as in (3.4). Then there is a constant C = C(n,p, «, B) such that

1
][ |Vu—Vwlder < C [WB%Q)} v
Bon - Rn—1

e ["‘]'%(fff)} (]{M ]Vu\dx)Qp.

Moreover, when p > 2 the second term on the right-hand side can be dropped.

We now consider the boundary version of Lemma 3.3.
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Lemma 3.7. With u € Wol’p(Q), let w be as in (3.4). Then there exists a
constant By = Bo(n,p, a, B,co) € (0,1/2] such that

1 1

wlPdx ’ r)Po w|Pdx ’
(3.5) (]gp()r |d> < C(p/r) (7@4@’ \d)

for any z € 0Q with B,(z) C By(z) C Bagr(xo). Moreover, there holds

1 1
p P
(3.6) ( |Vw]pd$) C(p/r)Pot <][ |Vw]pdx)
Bp(2) Br(2)

for any z € Bag(xo) such that B,(z) C B,(2) C Bagr(xg). Here C =
(TZ b, 76)00)
Proof. 1t is enough to consider the case p < r/20. For a set U we set
osc(w,U) = supy w — infyyw. Then by [41, Corollary 6.36] we can find a
constant Sy = Bo(n,p, a, 5,¢p) € (0,1/2] such that
osc(t, 0,(2)) < Clp/r) osew, 24 ().
and since w = 0 on R™ \ ) this yields

1

(][ |w\pdx) " < Oy ose(w, 0, a(2).
BP(Z)

Thus to prove (3.5) it is enough to show that

1
(3.7) osc(w, Q,/4(2)) < C (f \w|1’dx> .
BT/Q(Z)

For any y € 02N B, 5(2), consider the balls B;(y) C Br(y) with 0 <t <
T <r/2. Let ¢ € C5°(Br(y)) be such that 0 < ¢ <1, ¢ =1 in By(y) and
V| < (T —t)~L. Using ¢ = ¢P(w—k)*, k > 0, as a test function for (3.4)
we find

C
3.8 / Vw—k:erdaf:g/ w — k)T |Pdz.
68 [ iR < g ek
Likewise, using ¢ = ¢P(w — k)™, k < 0, as a test function for (3.4) we get
C
(3.9) / V[(w — k)" ]Pde < / (w — k)~ Pda.
Bt (y) (T'—t)p Br(y)

In the language of [23, Chap. 10, Sec. 7], these inequalities say that the
function w belongs to the (homogeneous) boundary De Giorgi classes DG™
and DG™ with zero Dirichlet data on 92N B, /5(z). Thus following the proof
of Theorem 2.1 in [23, Chap. 10, Sec. 2] (see also [34, Remark 7.6]) we have
for any y € 00N B, j2(2),

sup wt <C <][ (w+)pdfn>
Q./4(y) B,./2(y)

RS
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and

1
p
sup w- <C (7[ (w_)pdx> .
Qr/4(y) Br/2(y)

Adding the last two inequalities with y = z we arrive at (3.7).
Next, we prove (3.6) for the case z = zp € 092. By (3.8) and (3.9) with
k = 0 we have o
/ |Vw|Pdr < — |w|Pdz.
By (20) PP Bay(z0)
On the other hand, by a Sobolev inequality (see, e.g., Lemma 8.11 and
Remark 8.14 in [51]) there holds

1

? 1 1/p
wPdr | <C / Vw|Pdz ,
<][Br(zo) o ) (Capp(K, B:(20)) J B, (z0) Vel >

where K = B, /5(20) N {w = 0}. Thus by our condition on 9§ we get

3 1/p
(3.10) ][ |lwPde | <C rp][ |Vw|Pdx
By(z0) B (z0)

These inequalities and the relation (3.5) gives (3.6) for z = z9 € 9.

In order to prove (3.6) for general z € Bagr(zp) we reduce it to the case
z = 2y € 0N by considering the following two cases.

Case 1: B,,(z) C Q. Then inequality (3.6) follows from the standard
interior Holder continuity of solutions; see, e.g, [34, Theorem 7.7].

Case 2: B,/4(2) N 0Q # (). In this case we let 29 € 92N B, 4(2) such
that |z — zo| = dist(z,99Q). Note then that |z — z9| < /4, and thus

(311) Br/4(Z0) - Br/?(z)v and BT/Z(ZO) - B3r/4(z)'
Now if p > |z — 29| /4 then since B,(z) C Bs,(z0) we find

1 1

P P
<][ \Vw]%lx) C <][ |Vw]pdx>
By(2) Bsp(20)
P
Clp/r)Po! ][ Vwldz
B,./4(20)

1
P
C(p/r)Po! (][ |prdx) 7
BT/Q(Z)

where we use (3.11) and the fact that zp € 9€2. This gives (3.6) when
p> |2 — 20l /4

On the other hand, if p < |z—zp|/4 then by interior Caccioppoli inequality
we have

(3.12) / [Vw|Pdz < c (W —Wh,,(»)[Pdz,
By(2) PP JBay(2)

IN

IN

IN
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and also by [34, Theorem 7.7]

< C < & )Bop ][ w - Pd
w— W €
- |z — 20| Bl gy 2l2) Blzzp1/2(2)
P Bop
< C ( ) ][ |w|Pdx
|2 — 20 Bz zy)/2(2)
P Bop
< C < ) ][ |w|Pdz.
|z — 20 Bg|._z|/2(%0)

Thus using (3.10) and the case z = zp € 02 we get

w—TWg, (»|[Pdz
7{92,,(z)| 20(2)]
P Bop
< C’( ) |z — zo\p][ |VwPdz
|z — Bg|z—z|/2(20)

Bop _ (Bo—1)p
C'( P ) |z — zo|P <|ZZO|> ][ |Vw[Pdz
|2 = 2o r By/a(z0)

B
< C (B) Oprp][ |Vw|Pdz,
r B, (z)

where the last inequality follows from (3.11). Therefore, in view of (3.12)

we see that
Bo—1
][ ]Vw|pdx§C<£)( ’ )p][
By(z) r B

This completes the proof of the lemma. O

IN

|Vw|Pdz.
)

7‘(2

Lemmas 3.5 and 3.7 now yield the following boundary version of Lemma
3.4.

Lemma 3.8. With u € Wol’p(Q), let w be as in (3.4). Then there ezists a
constant By = Bo(n,p, o, B,co) € (0,1/2] such that for any t € (0,p] there
holds

1 1
t

t
(7[ |Vw]tdm> < C(p/r)Pt <][ Vw|tdx>
By(z) By (2)

for any z € Bag(zo) such that B,(z) C B,(z) C Bar(xg). Here C =
C(n,p,t,OZ,B,CO).
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4. APPLICATIONS OF COMPARISON ESTIMATES

Our approach to Theorem 1.1 is based on following technical lemma which
allows ones to work with balls instead of cubes. A version of this lemma ap-
peared for the first time in [58]. It can be viewed as a version of the Calderén-
Zygmund-Krylov-Safonov decomposition that has been used in [17, 53]. A
proof of this lemma, which uses Lebesgue Differentiation Theorem and the
standard Vitali covering lemma, can be found in [15] with obvious modifi-
cations to fit the setting here.

Lemma 4.1. Assume that A C R™ is a measurable set for which there exist
c1,m1 > 0 such that
(4.1) |Bu(2) N Al > ¢1 |By(a)]
holds for allz € A and 0 <t <ry. Fix0<r <ryandlet C C D C A be
measurable sets for which there exists 0 < e < 1 such that

(1) |C| < er™By| and

(2) forallz € A and p € (0,r], if |C N B,(x)| > €|B,(z)|, then By(x) N

AcCD.

Then we have the estimate
IC| < (c1)"'e|D].

We now recall that for a function f € L} _(R") the Hardy-Littlewood
maximal function of f is defined by

M (z) = sup ]i Wl

r>0

It is well known that M is of weak type (1,1), i.e., there exists a constant
C(n) > 0 such that

(4.2) t{z € R : Mf(x) > t}[ < C(n) || fll 11 (gn)

for every t > 0.
We will also use the first order fractional maximal function M; defined
for each nonnegative locally finite measure v by

rv(By(z))
Mi(v)(x) =sup —————=
W) =30 1, @)
In order to apply Lemma 4.1 we need the following proposition, whose
proof relies essentially on the comparison estimates obtained in the previous
section.

, x € R™

Proposition 4.2. There exist constants A,0y > 1, depending only on n,
p, o, B, cg, so that the following holds for any T > 1 and any A > 0.
Suppose that u is a solution of (2.1) with A satisfying (1.3)-(1.4). Fiz a
ball By = Br, and let 4By = Byg,. Assume that for some ball B,(y) with
p < min{rg,2Ry}/16 we have

Bo(y) 1 Bo N {M (x| V) < A} 0 {[Mi (xa [u])] 77 < e(T)A} # 0,
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where €(T) is defined by

[ Tt if2<p<n,
€)= pemor/e-n Fa 1opca,

(4.3)
Then there holds

(4.4) [{z € R" : M(xan,|Vul) > ATA} N By(y)| < T~ |By(y)|.
Proof. By hypothesis, there exists xg € B,(y) N By such that for any r > 0

(4.5) f X4B,|Vuldz < A and r][ XaB,d| | < [e(T))\]p_l.
Br(xo) Br(mO)

Moreover, since 8p < Ry we have
ngp(y) (- Bg4p(x0) (- 4BQ.
We first claim that for x € B,(y) there holds
(4.6) M (x4B,|Vul)(z) < max {M(xp,, )| Vul)(z),3"A} .
Indeed, for r < p we have B,(x) N4By C Ba,(y) N4By = Ba,(y) and thus

f xapo|Vuldz = f X, (| V2,
Br(x) Br(x)

whereas for r > p we have B,(z) C Bs,(z9) from which by (4.5) yields

][ X4B,|Vuldz < 3"][ XaB,|Vuldz < 3"\,
Br(iﬂ) 3r(Z0

We now restrict A to the range A > 3". Then in view of (4.6) we see that
to obtain (4.4) it is enough to show that

A7) Hz € R": M(x,, ()| Vul) > ATAY N By (y)| < T2 |By(y)|-

Moreover, since |Vu| = 0 outside € the later inequality trivially holds
provided By,(y) C R™\ Q. Thus it is enough to consider (4.7) for the case
Bu,(y) C Q and the case Ba,(y) N 0 # 0.

Suppose for now that u € I/VO1 'P(Q2). First we consider the case that

Bi,(y) € Q. Let w € u + Wy P(Ba,(y)) be the unique solution to the
Dirichlet problem

(4.8) div A(z, Vw) = 0 in Bu,(y),
' w = u on 0By,(y).
By the weak type (1,1) estimate for the maximal function, see (4.2), we

have
[{z e R™: M(XB,,(y)|Vul) > ATA} N B,(y)|
< |{fzeR™: M(X By, () [Vw]) > ATA/2} N B,(y)|
+ {z € R" : M(xpy, )| Vu— Vuw|) > ATA/2} N B,(y)|

< C(ATN)P% /

|Vw]p90dx—|—C(AT/\)1/ |Vu — Vwl|dz.
BQp(y)

B2p(y)



16 MORREY GLOBAL BOUNDS AND RICCATI TYPE EQUATIONS

Note that by Lemma 3.1 we have

1

pbg
(7[ \Vw\pgodw> < C |Vw|dx
sz(y) B4p(y)

C |Vu|dx + C |Vu — Vw|dz
Bap(y) Bup(y)

IN

and thus
(4.9) {z € R" : M(xp,,(y)|Vul) > ATA} N B,(y)|

o
< c<ATA>p9°Bp<y>|<f |Vurdx>
B4p(y)

pbo
+ C(ATN) 7P| B, (y)| (7[ \Vu — Vw]da:)
B

1p(Y)

+C(ATN) B, (y)| |Vu — Vwl|dz.
B4p(y)

On the other hand, by Lemma 3.2 we have

\u\(Bsp(xo))] =

n—1

(4.10) ][ [Vu — Vuwldz < C [
Bap(y)

2—p

where the last term should be dropped when p > 2. Thus by (4.5) and the
definition of €(T") we get

][ |Vu — Vw|dz < CT Pty
B4p(y)

if p > 2 and

][ |VU — Vw\dx < CT(_pGO‘H)/(P—l))\ + CT—pé'o—H)\
Bap(y)

if 2 — % < p < 2. In any case, since T' > 1, we have

(4.11) ][ |Vu — Vw|dz < CT Pt
B4p(y)

At this point combining (4.9),(4.11) and using 7' > 1 we find
‘{:r cR"™: M(XBQp(y)|Vu]) > AT N Bp(y)|
< (AT CATT B ()]
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We now choose A so that A > 3" and 20471 < 1/2, i.e., A > max{3",4C}.
Then we have

[{z € R" : M(xa,, ()| Vul) > ATA} N By(y)| < (1/2)T 7% |B,(y)l,

which in view of (4.6) yields (4.4).
Next, also with u € Wol’p(Q), we consider the case that By,(y) NI # 0.
Let yp € 9 be a boundary point such that |y — yo| = dist(y, 9Q). Define

w e u+ T/VO1 "P(Q16p(yo)) as the unique solution to the Dirichlet problem

div A(z, Vw) = 0 in Qe,(y0),
w = u on dey(Yo)-

Here we also extend u by zero to R™ \ 2 and then extend w by u to R™\
Q16p(yo). As in (4.9) in this case we have

(4.12) ‘{x eR": M(XQQP(y)|VU/’) > AT A} N Bp(y)}

pbo
|Vl dx)

pbo
|Vu — Vw\dx)

< C(ATN)|B,(y)| (7{9

12p(y)
+ C(ATA)|B,(y)| (f
Bi2p(y)

+C(ATN) 1B, (y)| |Vu — Vwl|dz,
B12,(y)

where Lemma 3.5 is used in stead of Lemma 3.1. Since

Bi2,(y) C Biep(yo) C Boop(y) C Baip(xo) C 4By
by Lemma 3.6, as in (4.11), we find

(4.13) ][ \Vu — Vw|de < CT PPN,
Bi2,(y)

Inequalities (4.12)-(4.13) and the fact that 7' > 1 now yield
[{& € R™ : M(xq, ) |Vul) > ATA} 1 B, (y)|
< (CATP 4 CATHT P B, (y),
and thus we arrive at
[{z € R" : M(xq,,(y)|Vul) > ATA} N B,(y)

provided A > max{3",4C'}. The last bound and (4.6) yield (4.4) as desired.
Finally, to remove that assumption u € I/VO1 'P(Q) we argue via approx-
imation as follows. Let uy = Tj(u) for each integer & > 0. Since u is a

< (1/2)T7P%|By(y)|-

renormalized solution we see that uy € VVO1 "P(Q) solves

(4.14) —div .A(x, Vuk) = Uk
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for a finite measure py in ). Moreover, if we extend both pu and uy by zero
to R™\ € then py (resp. |uk|) converges to pu (resp. |u|) weakly as measures
in R™ (see Remark 2.4). This implies in particular that

(4.15) liﬁsgp [kl (Br(2)) < [1l(Br(2))

for any ball B,(z) C R™. To show (4.7) it is enough to consider the case
Bu,(y) C Q as the case By,(y) N 0L # O is just similar. Now by working
with (4.14) then, instead of (4.10), we have

mk|<B5p<xo>>} =
pn—l

o[l (]@ o |Vuk|dx> -

and the last term should be dropped when p > 2. Here wy is the solution
of (4.8) with wuy in place of u. Thus using (4.5) and (4.15) we have the
following analogue of (4.11)

][ [Vup, — Vwglde < C {
Bay(y)

lim sup][ \Vauy, — Vwg|de < CTPRFTLY
B4p(y)

k—o0

from which we obtain, for large enough A,

(4.16) limsup {z € R" : M(xB,,(y)|Vux|) > ATA} N B,(y)|

k—o0
< (1/2)T 7% |B,(y)|.

Then inequality (4.7) (with 24 in place of A) follows from (4.16) by first
observing that

{z € R™ : M(xp,, )| Vul) > 24TA} 1 By(y)|
< |{J:‘ cR™: M(XBQP(y)]Vuk]) > AT/\} N Bp(y)|
+{z € R" : M(XB,, ) |Vu — Vug|) > ATA} N By (y)|
< o € R : M(xpy (| Vual) > ATA} (1 By (y)
C(n) /
+ — Vu — Vug|dx,
ATX Jong,, @) | g

and then taking lim sup;,_, .. ]
Proposition 4.2 can be restated as follows.

Proposition 4.3. There exist constants A, 0y > 1, depending only on n, p,
a, B, cg, so that the following holds for any T > 1 and any A > 0. Let u be
a solution of (2.1) with A satisfying (1.3)-(1.4). Fiz a ball By = Bp, and
let 4By = Byg,. Suppose that for some ball B,(y) with p < min{rg,2Ry}/16
we have

[{z € R™ : M(xap, [Vul) > ATA} 0 B, (y)| = T~ [B,(y)|.
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Then there holds
1
B,(y) N Bo € {M(xapo|Vul) > A} U{[Mi(xap, |u))]7=1 > e(T)A},
where €(T) is as defined in (4.3).

We can now apply Lemma 4.1 and the last proposition to get the following
result.

Lemma 4.4. There exist constants A,0y > 1, depending only on n, p, «,
B, co, so that the following holds for any T > 1. Let u be a solution of
(2.1) with A satisfying (1.3)-(1.4). Let By be a ball of radius Ry. Fiz a real
number 0 < r < min{rg,2Ro}/16 and suppose that there exists N > 0 such
that

(4.17) {z € R™ : M(x4p,|Vu|) > N}| < T7P% " By|.
Then for any integer k > 0 there holds
[{z € By : M(x4B,|Vu|) > N(AT)*1}]
< e(m)T "z € By : M(xap,|Vul) > N(AT)*}|
+c(m)l{w € Bo : [Mi (xasy 1)) 77 > e(T)N(AT)H},
where €(T) is as defined in (4.3).
Proof. Let A and 6y > 1 be as in Proposition 4.3 and set
C = {M(xup,|Vu|) > N(AT)**'}n By and D = D; N By,
where
Dy = {M(xag,|Vul) > N(AT)*} U{[Mi(xap, [u])]77 > e(T)N(AT)"}.

with €(T") being as defined in (4.3).

Since AT > 1 the assumption (4.17) implies that |C] < T—P% y7|By|.
Moreover, if € By and p € (0,7] such that |C' N B,(z)| > T7P% |B,(z)|,
then using Proposition 4.3 with A\ = N(AT)* we have

BP(CL‘) NBy CD.

Thus the hypotheses of Lemma 4.1 are satisfied with A = By and € =
T—P% (note that condition (4.1) holds for all 0 < ¢t < 2Ry). Since T > 1,
this yields

C] c(n) T~* |D|
c(n) TP [{z € By : M(x4p,|Vul) > N(AT)"}| +

+e(n) [{z € B : [Mi(xapy )77 > e(T)N(AT)*

<
<
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5. LORENTZ AND LORENTZ-MORREY ESTIMATES

Theorem 5.1. Let 2 — % < p < n and suppose that & C R™ is a bounded
domain whose complement satisfies a p-capacity uniform thickness condition
with constants co,rg > 0. Then there exists e = e(n,p, a, 5, co) > 0 such that
forany 0 < g <p+e, and 0 <t < oo and for any solution u to (2.1) with
a finite measure p there holds

(51) ||VuHqut(Bo) < OROEmiH{Ro,T0/2}_n||vu||L1(4BO)

+C ||V sy )7

La:t(Bo)

Here By = Bpr,(z0) is any ball with zo € @ and Ry > 0, and the constant C
depends only on n,p,q,t,cy.

Proof. Let By be a ball of radius Ry > 0 and set 7 = min{rg, 2Ry }/16. As
usual we set u and p to be zero in R™\ 2. In what follows we consider only
the case t # oo as for t = oo the proof is similar. Moreover, to prove (5.1)
we may assume that

IVullp1(sy) # 0.
For T > 1 to be determined, we claim that there exists N > 0 such that
{z € R™ : M(xup,|Vu|)(z) > N}| < T7P% " By|.

To see this, we first use the weak type (1,1) estimate for the maximal
function, see (4.2), to get

n C(n)
{z € R" : M(x4B,|Vu|)(xz) > N}| < N ABD |Vuldz.

Then we choose N > 0 so that

(5.2) C](Vn)/ |Vu|dz = T~P% [min{ry, 2Ry} /16]"| B1|.
4B

Let A,6p > 1 be as in Lemma 4.4 and let €(7T") be as in (4.3). For
0 <t < oo we now consider the sum

5= [(ATY¥{w € Bo : Mlxan, V(@) > N(AT)*}] "
=1

Note that we have

i
(5:3) C718 < IM(xaso|Vu/ N pat(5y) < C (1Bl + ).
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By Lemma 4.4 we find

S < OY [(ATYFT P (s € By : Mlxan, Vul)(@) > N(AT) 1}
k=1

+C3 [(AT) ™ |{w € Bo : [Mi (xano )77 > «(T)N(AT)* 3]
k=1
C[(AT)T ] (S + | Bo| )

1 t
M NP~H]p-1 :
+C1 | IM (xa, |l /NP7 .

IN

Thus for ¢ < pbo, ie., ¢ < p+ € with € = p(6y — 1), and T sufficiently
large we have
t
L‘”(Bg)) ’

Lq»t(B0)> ’
qut(B0)>

1 .
C'|Bo| 7 [min{ro, 2Ro}| ™" [[Vull 11 (ap,)

t 1
5 <€ (180l -+ M uasll /57017

By (5.3) this yields

1 _ 1
190/ i < € (10l + [ M bl 7175

and thus by (5.2)

IN

C <|Bof"N + H[Ml(Xwomm”j

Hququt(Bo)

IN

1
+C H[Ml(xwommp_l L 4(By)

This gives (5.1) as desired and completes the proof of the theorem. O
The rest of this section is devoted to the proof of Theorem 1.1.
Proof of Theorem 1.1. Let ¢y = min{e, ﬁ — p} where

e=¢e(n,p,a,pB,co) >0

is as in Theorem 5.1 and By is as in Lemmas 3.4 and 3.8. Note that, as
usual, [Vu| and f are zero outside .

Fix a ball By = Bpr,(20) with zp € Q and 0 < Ry < diam(2). Then by
Theorem 5.1 we have

(54) HVUHP 0~ (p— 1) 6t(p—1)
T0— 0—~ (BO)

n(0—v)

< CRy, " min{ro/2, Ry}~ n(p=1) HVUHL1

(4Bo)
p—1

G’Y(p 1) 0t(p—1)

L

+C|| v a1 | S
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Thus further restricting Ry < min{rq/8, diam ()} we find

n(0—y)
(55> ||qup 07(1) 1) 0t(p—1) S CRO o
- =7 (Bo)

+C M (a7 [

—n(p—1)
HVUHL1(4BO)

p—1
97(1J 1) 0t(p—1) .
L 9=7 (Bo)

With f = X4B, | f|, for any ¢ > 0 and x € By we have

1-X x
~ ~ 0 0 ~ 0
o / fly = (t—“ / fdy> (t‘"*v / fdy>
Bt(l') Bt(x) Bt(l')
ol
< s ()
L0 (By(x))
B ;
« (P
LY t(By(x))
J
< MA@ (Iflgreouny)

This gives

v

M (amo F)() < CMOua D@ (1]l oamy)

and thus it can be used to estimate the second term on the right-hand side
of (5.5) yielding

[ A st e,
= MG DI o e
J
< C|MeaslfDIF]| oo (1o
L9=7"0=7(By)
~ J
< C MOl gy (1 toazay)

Therefore, by the boundedness property of the maximal function we find
1 p—1
(5.6) 0 a1 ot o

1-2 )
C Il bamyy (1 zsowmey)

(n—6) 5
< CR, 11l 20 4By

(n=0) 5
= COR, £l g0 -

IN

We next aim to estimate the first term on the right-hand side of (5.5).
To that end, we assume for the moment that v € VVO1 P(Q). If B, /4(20) C Q
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we let w € u+ Wol’p(Bm/5(zg)) be the unique solution to

div A(ZC,VU}) = 0 in BTO/S(ZO)v
w = wu ondB,5(20)-

Otherwise, i.e., By, 4(20) N OY # 0, we let w € u + Wg’p(Qro/z(:co)) be
the unique solution to
div A(z,Vw) = 0 in Q. (20),
w = u on d, (7o)

Here xg € 02N B, /4(20) is chosen so that |29 — zo| = dist(z0, 92), and thus
it follows that B, 5(20) C By, /2(70)-

By Lemmas 3.4 and 3.8 we have in any case and for any 0 < p < r9/5
there holds

/ |Vw|dz < C(p/ro)"-i'ﬁo—l/ |Vw|dzx.
By (20) By /5(20)

Thus it follows that
(5.7)/ |Vuldx < / |Vw|dx +/ |Vu — Vw|dx
By (z0) By (z0) By (z0)

P P

< Cp/ro)nth—t / |\Vw|dz + C'/ |Vu — Vw|dx
B, /5(20) B, /5(20)

< C(p/ro)ntho-t / |Vul|dx + C/ Vu — Vw|dz.
BTO/S(ZO) Br0/5(20)

On the other hand, by Lemmas 3.2 and 3.6, and using Young’s inequality
in the case 2 — % < p < 2 we infer that

1

J5_ ey 1f1dz] P71
BTWQ(O)] + 6/ |Vul|dz,
B, /2(20)

Tn—l

/ |Vu — Vuwldz < Cyri
BT0/5(ZO) 0

which holds for all € > 0, with C; = Cy(n, p, «, 8, co, €).
Therefore, for some C; = Cn,p,a, f3,co,€) and C = C(n,p,a, 3,co) we
have

/ |Vu — Vwl|dx
13T0/5(Zo)

1
n—mn/vy =1
r ’Lf” ) 0 2
< g | e e [ vl
o B, /2(20)
1
< Cirg [7“(1)_71/7 ||f||L’Y’t(Br0/2(ZO)):| S 06/ |Vu|dz
B, /2(20)
- 1
< C Tn_v?pjl) 1l 2o "4 Ce |Vuldx
>~ 179 ,C'Y,t,G(BTO/Q(zo)) B (20) ;
ro/2 Z20
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which in view of (5.7) yields

(5.8) / Vuldz < c[(p/ro)”+501+e]/ |Vu|dz
By (20) B, /2(20)
1

n— 07_7 ey
+Ciry 07D [Hf||£%“9(3r0/2(z0))}p .

Inequality (5.8) holds with u € Wol’p(Q) for all e > 0 and 0 < p < 1p/5.
By means of approximation and using our notion of solutions, as in the proof
of Proposition 4.2, it holds as well without assuming that u € VVO1 P(Q).
Moreover, inequality (5.8) holds also for ro/5 < p < rg/2 by enlarging the
constant C' if necessary. Thus letting

o(t) = /B( : |Vuldz, t € (0,70/2],

we find that
n——0=7_
(5.9)  0lp) < C |(p/ro)" 7t 4 e| br0/2) + Crarg T
for all p € (0,ry/2], with
1
=1
A= (1 lnsos,ymean)
Next we observe that

Opte) [e(p —1)

<
v O(p—1)+p+eo P+ €

+1} <0,

and

e (-1 < A2

e < .
1—Bo P+ €o

Thus we have
YI(1=Bo)(p—1)+1] <0,
which is the same as

b—~
5.10 n————<n+pf— 1.
(5.10) Y(p—1)
Also, since p > 2—%, 0 <n, and v > 1 we have
0—~
5.11 0O<n— ——o.
(5.1) v(p—1)

With inequalities (5.9)-(5.11) in hands we can now apply Lemma 3.4 in
[39] (as inequality (5.9) also holds with r in place of 7y for any 0 < p <
r/2 <1y/2) to get

n—_9=7v_ n—9=7v_
o(p) < Clp/ro)” "D (ro/2) + CAp™ =D
for all p € (0,79/2]. This gives
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0—
(5.12) p3-0 " / Vu|dz
BP(ZO)
1

e - P
S Cra(iﬂ—l) / \Vu|dx + C |:||f||cfy,t;9(Br /2(Z0))] p—1
BT0/2( 0

1

< Cdiam(Q) v(p 1) HVU||L1(Q) +C |:HfH£'v 0 )] o ’

where C' now also depends on diam(§2)/ro.
On the other hand, from standard estimates for equations with measure
data (see, e.g., [6, 18]) we have

R R
(5.13) IVullpre) < CIQI 7@ | £l 77

< cloTwen|a[t-YE lnfnmt
< C’diam(Q)n Wp 1) Hf”gw t0(

where we also use p > 2 — % in the last inequality. Therefore, taking p =
4Ry < 19/2 in (5.12) and using (5.13) we arrive at

1

-1

0= .
I N e [V L
Bygr, (20

and thus

n(0—v)

(5.14) R, ” .

—n(p—1) 9)9_—7
HVUHL1(4BO) < CR, ” ”f”m,t;e(ﬂ) .

At this point, using (5.6) and (5.14) in (5.5) we obtain

(n—9)%
(5.15) HVUH 97(;7 1) 0t(p—1) < CR, ||f||£%t;9(Q)7

o= 7= (Bo)
which holds for all Ry < min{ry/8, diam(Q2)}, with C depending on n, p,~, 6,
t, co, and diam(§2) /rg. Inequality (5.15) also holds for ro/8 < Ry < diam(2).
To see this, we first use (5.4) to obtain

||V“Hpew(p 1) 6t(p—1)
S0 07 (Bo)

n(Gf) _
< Cdiam(©Q) 7 "V |Vullh g

+CH[M1(X4BO‘f|)]Hp 6~(p— 1) 0t(p—1)
L 06— 00—~ (BO)

no=
Cdiam(Q) o "D wulpy]

IN

(4Bo)

+C||[My(xano | FD]IP S G- oip-n)
L 07 =7 (Bo)
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where the second inequality follows since C'is allowed to depend on diam(€2)/ry.
Thus combining the last inequality with (5.13) and (5.6) we arrive at

X n—0)¢=—
Hqup 0v(p—1) 0t(p—1) < Cdlam(Q)( oy Hf”ﬁ%t%‘)(Q)
b=y 7 =7 (Bo)

(n—@)e*—'Y
+CR0 Nl oo

< CRy Hme 56

since 19/8 < Ry < diam(2) and C' allows to depend on the ratio diam(Q) /To.
Therefore, (5.15) holds for all 0 < Ry < diam(£2), and this completes the
proof of the theorem. O

6. QUASILINEAR RICCATI TYPE EQUATIONS

In this section, we provide the proofs of Theorems 1.6 and 1.8. We start
with the proof of Theorem 1.6.

Proof of Theorem 1.6. We may assume that f # 0 for otherwise u = 0
is a valid solution. By Theorem 1.1 there is a constant Cy > 0 such that

(6.1) [IVulP | aass, aats <ConH 45, 2048)
5T (@) =t (@)

With this Cy we let

_q-p+l ( 1>q =
Coq Coq ’

<
91 s sy ) S

and assume that

For a number a € (0,¢] let g : [0,00) — R be a function defined by

g(t) = (Cot + Coa)T —t.
Then we have ¢g(0) > 0 and lim;_, g(t) = 0o. Moreover, ¢'(t) = 0 if and

only if
1 /(p—1 qp+1 qc
t=1t —a=——""——a>0.
0= C()(C()(]) —p+1

Thus the minimum value of g on [0, 00) is

p—1
— 1\ a— p+1 1 p— 1\ ¢—p+1
t = +a——=
glto) ( Coq > Co < Coq )
q p—1
(p—l)qp+1 _p—l (p—1>4p+1 _ 0
Coq Cog \ Cog

This shows that g has exactly one root 7" in the interval (0,y]. We now
choose

a = |’f”£1+5,%(9)
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and let

E = {v e Wri(Q) 1 v e Wr T with Vo] s < Té} .
L

a(1+9), g=p 71 @

It is easy to see from Fatou Lemma that F is closed under the strong topol-
ogy of Wol’ 1(Q). Moreover, since q(1 + 6) > 1 we find that E is convex.

We next consider a map S : E — F defined for each v € E by S(v) = u,
where u € VVO1 "1(Q) is the unique renormalized solution to

—div A(z,Vu) = |Vu|i4+ f inQ,
u = 0 on 0.
Note that by (6.1) we have

[VulP~! [ VulP | qais aais)
LT q—pFI

£10+0: G571 ) ()
< Col[IVol" + FIl 5 a0t0)
£ apH ()
< T
< Co(T AN s a0t (Q))
p=1
= T q y

where in the last inequality we used the fact that T is a root of g. Also,
since u € Wy (Q) and Vu € L10H9)(Q) we have u € Wh1(149)(Q). Now if
1 < ¢q(1+46) <p then it is easy to see that u € W&’q(lJr&)(Q) using the fact
that Ty (u) € Wol’p(Q) for every k > 0. On the other hand, if ¢(1 +4) > p
then by the condition on ) there holds the pointwise Hardy’s inequality

u(x)| < edist(z, 9Q)(M(|DulP)(x))"/? a.e.
Ju(z)] < (, 09) (M(|Dul?) (x))
(1+9)
(see [46]). Thus using the boundedness of M on L% we see that
u(-)/dist(-,00) € LIT)(Q),

which yields that u € WOI’Q(H(S)(Q) (see [26, p. 223] and [46]). We can now
conclude that u = S(v) € E.

Therefore, if we can show that the map S : E — E is continuous and S(E)
is precompact under the strong topology of WO1 ' 1(Q) then by Schauder Fixed
Point Theorem (see, e.g., [33, Corollary 11.2]) S has a fixed point in E. This
gives a solution u to problem (1.2) as desired. We will achieve the continuity
and compactness of S in the next lemma, and thus completes the proof of
the theorem. O

Lemma 6.1. The map S : E — E is continuous and S(E) is precompact
under the strong topology of Wol’l(ﬂ).

Proof. We first show the continuity of S. Let {v;} be a sequence in E such
that v; converges strongly in VVO1 ’ 1(Q) to a function v € E. We need to show
that S(v;) — S(v) strongly in W&’l(Q). With u; = S(v;), we have
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(6.2) —div A(z,Vu;) = |[Vy|9+f inQ,
) uj = 0 on 09,

with

(6.3) ||ij||Lq(l+5)(Q) <C.

Let {v;j/} be a subsequence of {v;} such that Vvy — Vv almost every-
where. Then by (6.3) and Vitali Convergence Theorem we have Vvj — Vo
strongly in L%(2). As the limit is independent of the subsequence, we see
that Vv; — Vo strongly in L9(12).

Therefore, by the stability result of renormalized solutions [18, Theorem

3.4] there exists a subsequence {u;} and a function v € VVO1 '1(Q) such that
wj — u a.e. in €, where u is the unique renormalized solution to

—div A(z,Vu) = |Vu|i4+ f inQ,
v = 0 on JQ.

Note that by the proof of Theorem 3.4 in [18] (see also [9, 11]) we also
have

(6.4) Vuj — Vu a.e. in Q).
Thus v = S(v) and since

(6.5) VUil e, <C,
L n1 ()

with % > 1, by Vitali Convergence Theorem uj (and hence u;) con-

verges strongly to u in I/VO1 ’ 1(Q), which gives the continuity of S.

Similarly, we can show that the set S(FE) is precompact under the strong
topology of Wol’l(Q). Indeed, if {u;} = {S(v;)} is a sequence in S(E) where
{v;} C E, then we have (6.2), (6.3), and (6.5). By (6.3) and again arguing
as in the proof of [18, Theorem 3.4] one can find a subsequence {u;} and a

function u € VVO1 '1(Q) such that the pointwise a.e. convergence (6.4) holds.
Thus (6.5) and Vitali Convergence Theorem yield that u; strongly converges

to u in Wol’l(Q).
This completes the proof of Lemma 6.1. U

Finally, we prove Theorem 1.8.

Proof of Theorem 1.8. Recall that for each g € L**°(Q), s > 1, if we set

1-s
[ P——T /E gldz < E € 9, |E| > 0},

then ||| - ||| is a norm on L**°(£2) with

S
gl s (@) < Mllglllzeco@) < ——7 19l (0 -
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Thus letting
1
E:%EW%%nwwmrwmw STﬁ»
LT (Q)

with 7' > 0 to be chosen, we see that E is a closed and convex set of Wol’ L.

Let f now be a finite measure in 2. We observe that it is enough to prove
the theorem for f € My(€2). The general result follows by approximation
and the stability result of [18]. Thus for each v € E there is a unique
renormalized solution u € VVO1 1(Q) to

—div A(z,Vu) = |Vu|?4+f inQ,
u = 0 on 0.
We then let S : E — E be defined by S(v) = u. By Remark (2.5) we have

H\VUHV’ 1{11) ) < ClIVolllpyq) + 111(€2)

liq(n_l) q
Q" eIVl W(Q)+|f|(9)

L n=1T"

< allo @)

Thus if T is the smallest positive root of the equation

q

—1

[at+oumwpl|ﬂ<ﬂ -y

where C; = A|Q|"” G then we find

1
WVulll ne-n  <T.
L n—1" (Q)
This justifies that S(v) € E. It is easy to see that the existence of T is
guaranteed if (1.9) holds for some appropriate constant ¢, and in that case
one has

qc

sy el (U R R [(8)

g(n—1) q
T< ‘Q|”(P*1) n(g—p+1)
Now arguing as in the proof of Lemma 6.1 we see that S is continuous
and precompact under the strong topology of VVO1 ’ 1((2) Thus it has a fixed
point in E and the proof is complete. O
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