THE NAVIER-STOKES EQUATIONS IN NONENDPOINT
BORDERLINE LORENTZ SPACES

NGUYEN CONG PHUC

ABSTRACT. Tt is shown both locally and globally that L$°(L39) solu-
tions to the three-dimensional Navier-Stokes equations are regular pro-
vided q # co. Here L3?, 0 < ¢ < 00, is an increasing scale of Lorentz
spaces containing L2. Thus the result provides an improvement of a re-
sult by Escauriaza, Seregin and Sverdk ((Russian) Uspekhi Mat. Nauk
58 (2003), 3-44; translation in Russian Math. Surveys 58 (2003), 211-
250), which treated the case ¢ = 3. A new local energy bound and a new
e-regularity criterion are combined with the backward uniqueness theory
of parabolic equations to obtain the result. A weak-strong uniqueness
of Leray-Hopf weak solutions in L°(L37), ¢ # oo, is also obtained as a
consequence.

1. INTRODUCTION

This paper addresses certain regularity and uniqueness criteria for the
three-dimensional Navier-Stokes equations

(1.1) Ou — Au+divu®@u+Vp=0, divu=0,

where u = u(x,t) = (u1(z,t),ua(x,t),uz(z,t)) € R® and p = p(z,t) € R,
with # € R3 and ¢ > 0. The initial condition associated to (1.1) is given by

(1.2) u(z,0) = a(z), = €R>

Equations (1.1)—(1.2) describes the motion an incompressible fluid in three
spatial dimensions with unit viscosity and zero external force. Here u and
p are referred to as the fluid velocity and pressure, respectively.

From the classical works of Leray [19] and Hopf [11], it is known that for
any divergence-free vector field a € L?(R?) there exists at least one weak
solution to the Cauchy problem (1.1)—(1.2) in R? x (0, 00). Such a solution
is now called Leray-Hopf weak solution whose precise definition will be given
next. Let C’go denote the space of all divergence-free infinitely differentiable
vector fields with compact support in R3. Let J be the closure of Cgo in
L?(R3), and J2 be the closure of the same set with respect to the Dirichlet
integral.

Definition 1.1. A Leray-Hopf weak solution of the Cauchy problem (1.1)-
(1.2) in Qoo :=R3 X (0,00) is a vector field u: Qo — R? such that:
(i) u € L>=(0,00;J) N L?(0, 00; J1?);
1
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(ii) The function t — [gs u(x,t)w(x)dz is continuous on [0,00) for any
w € L?(R3); _
(ili) For any w € C§°(Qx) there holds

/ (—u- 0w —u®@u: Vw+ Vu : Vw)dzdt = 0;
(iv) The energy inequality

t
|u(x,t)]2dx—l-2/ \Vu|?dzds g/ la(z)|*dz
R3 0 JR3 R3
holds for all t € [0,00), and
Ju(t) —a()ll2gsy = 0 ast— 0t.

As of now the problems of uniqueness and regularity of Leray-Hopf weak
solutions are still open. Only some partial results are known. The partial
uniqueness result of Prodi [24] and Serrin [34], and the partial smoothness
result of Ladyzhenskaya [17] can be summarized in the following theorem.

Theorem 1.2. Suppose that a € J and u, ui are two Leray-Hopf weak
solutions to the Cauchy problem (1.1)—(1.2). If u € L*(0,T; LP(R3)) for
some T > 0, where

3 2
-4+ —-=1, p € (3,00],
p s

then u = uy in Qr := R3x (0,T) and, moreover, u is smooth on R? x (0, T).

Here recall that the condition v € L*(0,T; LP(R?)) means that

1

T 1
lulloranguoy = ([ 10Ol @) <400 if s €[100)
and

lull s 0,710 (R3y) 7= €sssup [[u(-, )| pp(rny < +00 if s = oo.
te(0,T)

It is obvious that, when s = p, LP(0,T; LP(R3)) = LP(Qr). In general, if X
is a Banach space with norm ||-|| , then L*(a,b; X), a < b, means the usual
Banach space of strongly measurable X-valued functions f(t) on (a,b) such
that the norm

1

T 1
(1.3) 1ull Lo 0 01x) = (/0 IFO% dt)s < 400

for s € [1,00), and with the usual modification of (1.3) in the case s = oc.

The endpoint case p = 3 and s = oo, which is not covered by Theorem 1.2,
was considered harder and has been settled by Escauriaza-Seregin-Sverak in
the interesting work [5]:
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Theorem 1.3. Let a € J N L3(R3). Suppose that u is a Leray-Hopf weak
solution of the Cauchy problem (1.1)—(1.2), and u satisfies the additional
condition

(1.4) u e L(0,T; L*(R?))

for some T > 0. Then u € L>(Qr) and hence it is unique and smooth on
R3 x (0, 7).

We remark that the condition a € L3(R?) in the above theorem is su-
perfluous as it can be deduce from condition (1.4). A basic consequence of
Theorem 1.3 is that if a Leray-Hopf weak solution u develops a singularity
at a first finite time ¢y > 0 then there necessarily holds

(1.5) limsup [|u(-, t)|| 13 gs) = +o0.

t1to
An improvement of this necessary condition of potential blow up can be
found in the recent work [31]. See also the papers [7, 13] for another approach
to regularity using certain profile decompositions.

It should be noticed that the uniqueness of u under condition (1.4) had
been known earlier (see [15]). Moreover, local versions of the correspond-
ing partial regularity results are also available (see [33], [37], and [5]). In
particular, the local regularity result of [5] reads as follows.

Theorem 1.4. Suppose that the pair of functions (u,p) satisfies the Navier-
Stokes equations (1.1) in Q1(0,0) = B1(0) x (—=1,0) in the sense of distri-
butions and has the following properties:

(1.6) u € L®(—1,0; L*(By)) N L*(—1,0; WH3(By))
and
p € L¥*(=1,0,L**(By)).
Suppose further that
u € L®(—1,0; L*(By)).
Then the velocity function u is Hélder continuous on @1/2(0, 0).

The main goal of this paper is to improve Theorems 1.3 and 1.4 by means
of Lorentz spaces. Given a measurable set {2 C R3, recall that the Lorentz
space LP4(Q2), with p € (0,00), g € (0, 0], is the set of measurable functions
g on Q such that the quasinorm ||g||pr.a(q) is finite. Here we define

1
o0 7d E
(p/ oz € Q: lg(x)] > a}rij) if g < o0,
0

1
sup a|[{z € Q: |g(x)| > a}|r if ¢ = cc.
a>0

9l zrao) =

The space LP*>°(€) is often referred to as the Marcinkiewicz or weak LP
space. It is known that LPP(Q2) = LP(2) and LP%(Q2) C LP%2(Q)) whenever
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@1 < g2. On the other hand, if || is finite then LP4(Q2) C L"(f2) for any
0 <g<ooand0<r < p. Moreover,
1_1

91l zr @y < 19477 lgll Loy -

Lorentz spaces can be used to capture logarithmic singularities. For ex-
ample, in R3, for any 3 > 0 we have

(1.7) 2|~ log(|z|/2)] 7P € L*9(B1(0)) if and only if ¢ > ;
Note that the inequality in (1.7) is strict. Of course, in the case § = 0, the
function |z|~! belongs to the Marcinkiewicz space L3°°(IR3).

To the best of our knowledge, a criterion of local regularity for the Navier-
Stokes equations in L*°(—1,0; L3°°(By)) is still unknown. See [14, 21]
for some partial results, which require a smallness condition. See also
[35, 38] for some nonendpoint related results. The first result of this pa-
per provides instead a regularity condition in terms of the borderline space
L>(—1,0; L39(By)) for any q € (0, 00), and thus excluding only the endpoint
case ¢ = 00.

Theorem 1.5. Suppose that the pair of functions (u,p) satisfies the Navier-
Stokes equations (1.1) in Q1(0,0) = B1(0) x (—=1,0) in the sense of distri-
butions such that (1.6) holds and

(1.8) p € L*(—1,0; L' (By)).
Suppose further that
(1.9) u € L®(—1,0; L>Y(By))

Jor some q € (3,00). Then the velocity function u is Hélder continuous on
@1/2(0,0).

It is worth mentioning that even the regularity at (0,0) is still unknown
for solutions u satisfying the pointwise bound

[u(z, )] < C'lz| ™

for a.e. (x,t) € Q1(0,0). A regularity result under this condition is known
only for axially symmetric solutions (see [30] and also [3, 4]). On the other
hand, in view of (1.7), Theorem 1.5 yields the regularity of u under a loga-
rithmic ‘bump’ condition

lu(z, )] < Clal ™" log(|z|/2)| 7"
for any 8 > 0.

In fact, it is possible to obtain regularity under a weaker pointwise bound
condition on the solution. In this case Theorem 1.5 is no longer applicable.

Theorem 1.6. Suppose that the pair of functions (u,p) satisfies the Navier-
Stokes equations (1.1) in Q1(0,0) in the sense of distributions such that (1.6)
holds, and

p € L*¥%(=1,0; L} (By)).
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Suppose further that for a.e. (z,t) € Q1(0,0), there holds

(1.10) u(z, )| < f(t)]| " g()
for nonnegative functions f € L*((—1,0)) and g € L°>°(B1(0)) such that
limg—0 g(z) = 0. Then u is Hélder continuous on Qy,5(0,0).

On the other hand, Theorem 1.5 can be used to deduce the following
uniqueness and global regularity results, which give an improvement of The-
orem 1.3.

Theorem 1.7. Let a € J. Suppose that u is a Leray-Hopf weak solution of
the Cauchy problem (1.1)—(1.2), and it satisfies the additional condition

(1.11) u € L0, T; L*(R?))

for some q € (3,00) and T > 0. Then u is smooth on R? x (0, T]. Moreover,
if in addition a € L3(R3) then u € L3(Qr) and hence it is unique in Qr (in
the sense of weak-strong uniqueness as in Theorem 1.2).

Theorem 1.7 implies that the necessary condition of potential blow up
(1.5) can now be improved by replacing the L3 norm with any smaller L34
quasi-norm provided g # oo. We should mention that this kind of potential
blow up criterion has recently been extended in [8] to the norms of Besov

spaces By, ;Jrg/ P(R3), 3 < p,q < oo, using profile decompositions in the
framework of “strong” solutions. See also [2] for an earlier related result. In
such a setting of strong solutions, the blow up criterion of [8] is more general
than ours since for g > 3,

L¥(R3) C B3 (R?).

However, our blow up criterion here is obtained for Leray-Hopf weak
solutions. Moreover, using instead the local regularity criterion, Theorem
1.5, we see that if (zg,tp) is a singular point of a Leray-Hopf weak solution
u then there holds

lim sup [[u(-, )| 3By (o)) = +0
tTto

for any 6 > 0 and g # co. Note that for a Leray-Hopf weak solution u, the
associated pressure p can be chosen so that p € L2(0, co; L3/?(R?)) since |u|?
belongs to the same space (see, e.g., [29]).

Our approach to Theorems 1.5 and 1.7 is influenced by the above men-
tioned work of Escauriaza-Seregin-Sverdk [5], which reduces the regularity
matter to the backward uniqueness problem for parabolic equations with
variable lower-order terms. A key ingredient, which makes our results
stronger than that of [5], is a new e-regularity criterion for suitable weak
solutions to the Navier-Stokes equations (see Proposition 3.2). See Defini-
tion 2.1 below for the notion of suitable weak solutions. In turn, this kind of
e-regularity criterion is a consequence of a new bound for some scaling invari-
ant energy quantities (see Corollary 2.4). Moreover, this new energy bound
is also essential in a blow-up procedure needed in the proof of Theorem
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1.5. It provides a certain compactness result and thus yields a non-trivial
‘ancient solution’ (see Proposition 4.2), another important ingredient in the
proof of Theorem 1.5.

On the other hand, the proof of Theorem 1.6 is simple. It requires only
an e-regularity criterion of Seregin and Sverdk in [29, Lemma 3.3].

2. PRELIMINARIES AND LOCAL ENERGY ESTIMATES

Throughout the paper we use the following notations for balls and para-
bolic cylinders:

Biz)={yeR3: |z —y|<r}, 2R3 r>0,

and
Qr(2) = B (z) x (t —r%t) with z = (z,1).

The following scaling invariant quantities will be employed:

A(zg,r) = A(u, z9,7) = sup 7“_1/ lu(x,t)|?dz,
B1'($O)

to—r2<t<tg

B(z0,7) = B(u,z0,7) = 7“1/ |Vu(z,t)|*dzdt,
Qr 350)

to
— _ -3 4
Cleor)=Clmzor) = 7 [ iy,

to
01(20,7“) = Cl(u,ZQ,T) = r2[ . ”uHiS(Br(zo)) dt,

o—"T

to
D(Z()vr):D(prO:’r) = T_g/ 2HpH2§ 0 dta

rorz "PULS (B, (o))
Di(z0,7) = Di(p, z9,7) = 7172 /to ”10||3/32 dt.
to—r2 L2 (Br(0))

To analyze local properties of solutions, it is often useful to use the notion
of suitable weak solutions. Such a notion of weak solutions was introduced in
Caffarelli-Kohn-Nirenberg [1] following the work of Scheffer [25]-[28]. Here
we use the version introduced by Lin in [20].

Definition 2.1. Let w be an open set in R3 and let —co < a < b < oo.
We say that a pair (u,p) is a suitable weak solution to the Navier-Stokes
equations in Q = w X (a,b) if the following conditions hold:

(i) v € L>®(a,b; L*(w)) N L?(a,b; WH2(w)) and p € L¥?(w x (a,b));

(ii) (u,p) satisfies the Navier-Stokes equations in the sense of distribu-
tions. That is,

b
/ /{—uwt—l—Vusz—(u@u) : Vi —pdivey}dadt =0
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for all vector fields ¢ € C§°(w x (a,b); R3), and
/ u(z,t) - Vo(x)de =0
wx{t}

for a.e. t € (a,b) and all real valued functions ¢ € C§°(w);
(iii) (u,p) satisfies the local generalized energy inequality

/|U$t|¢aztdaz+2/ /|VU|¢:Csd:cds
/a /w’“'2(¢t+A¢>dﬂfd5+ / /w ([uf? + 2p)u - Vdads.

for a.e. t € (a,b) and any nonnegative function ¢ € C(R? x R) vanishing
in a neighborhood of the parabolic boundary 'Q = w X {t = a} U dw X [a, b].

A proof of the following lemma can be found in [10, Lemma 6.1].

Lemma 2.2. Let I(s) be a bounded nonnegative function in the interval
[R1, Ra]. Assume that for every s,p € [Ry, Ra] and s < p we have

1(s) < [A(p— 5)® + B(p— 5 + C] + 01(p)
with A,B,C >0, a > >0 and 0 € [0,1). Then there holds
I(R1) < c(e,0)[A(Ry — R1)™“+ B(Ry — R1) 7 + C.
In the next lemma L~ 2(B,(z0)) stands for the dual of the Sobolev space

T/VO1 ’2(Br(x0)). The latter is defined as the completion of C5°(B;(x¢)) under
the Dirichlet norm

1/2
2
rwm,Bmwz(L@wwﬂmﬁ.

Lemma 2.3. Suppose that (u,p) is a suitable weak solution to the Navier-
Stokes equations in QQ = w X (a,b). Let zg = (xo,t0) and r > 0 be such that
Qr(20) C Q. Then there holds

. 1/2
- 2
A(z0,7/2) + B(20,7/2) < C[r 3/t H|u|2HL1’2(BT($°))dt]
()—7"

+Cr3 /to 2 | |ul® + QPHL 12(By (a0)) U

Proof. For zy = (xg,t9) and r > 0 such that @,(z9) C @, we consider the
cylinders

Qs(20) = Bs(0) x (to — s*,t0) C Qu(20) = By(zo) X (to — p*, o),
where /2 < s < p <r.

Let ¢(x,t) = m(x)n2(t) where m € C3°(By(20)), 0 <m <1inR", m =1
on By(xg), and

C
V| < ———
| 771‘ — (p _ 3)'04
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for all multi-indices a with |a| < 3. The function 75(t) is chosen so that
n2 € C°(to— p*to+p%), 0 <me < 1in R, ma(t) =1 for t € [tg— s2,tp + 5%,
and

c

C
nh ()] < < -
IS 2 ==

Then
c c

=52 = (s

V2¢| <

IVA¢| <

C
<
Ved <7 (p—5)%

c c
R
We next define
I(s) = I1(s) + I2(s),
where

B = s [ juletPde=sAGa.s)
Bs(zo)

to—s2<t<tg

and

to
Ir(s) = / / \Vu(z,t)|?dedt = s B(z, 5).
t S(Io)

0_52

Using ¢ as a test function in the generalized energy inequality we find

(2.1) I(s)

to
S AN [ PR | R N e
0—p

to
2
o R R

< [[Vu Vo +u- V26| 12 00, }dt

= Jy+ J5.
By the choice of test function we have
32 to )
e2)  a o< oty /w T "

5/2 to 1/2
P 212
5o o 1]
Also,

to 9
= C/t()—p2 { H|u] + 2pHL*1’2(Bp($0)) %

IVull 25,0y 1l L2(B, (20))
dt
e g
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and thus by Hoélder’s inequality we get

/to—pz lkd +2pHL1,2(Bp(IO))dt] I(p)

(23) 2 < p(_js [

Cp to 9
(p - 5)2 |:~/t p? H ’u‘Q + 2pHL*1’2(Bp(CUO)) dt:| Il(p)1/2.
0—

Combining inequalities (2.1)—(2.3) and using p < r we arrive at

Crd/2 fo 2|2 v
I(s) < W [/to—/ﬂ H|u’ HL?lﬁ(Bﬂ(xO)) dt} "

_l’_

C to ) 9 1/2 12
+p_$ |:/t0p2 H‘u| +2pHL—1’2(Bp(a:0)) dt:| Ig(p) —+

Cr to 2 2 1/2 1/2
(p—9)2 [/to_pg llal® + 260 -1.25, dt] L)

By Young’s inequality this yields

Cr/? fo 22 v
Is) < )3[/” Il ”L—“(Bp(xo))dt}

(p
C CT2 to 2 2
AT o | o I+ s
1

which implies in particular that

Crd/2 fo 2112 v
10 < G [ I ]

Cr? to ) 9 1
+W ~/t0r2 H Jul” + 2pHL*LZ(Br(Jvo)) dt+ 51('0)'

Since this holds for all 7/2 < s < p < r by Lemma 2.2 we find
to 1/2
I(r/2) < Cr7'/2 [ / dt}
to

2
—r2 H|u’2HL‘1*2(Br(I0))
cor? [0 <o) at
to—1? P23, (o) ©

Thus

. , 1/2
A(z0,7/2) + B(20,7/2) < C[T_B/t 2H‘u’2HL71’2(B’”(””°)) dt]
o—"T

B to 2
+Cr3 /to_r2 [ful® + 2pHL*1'2(BT(9”0)) dt

as desired.
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Note that for f € L/5(B,(x0)) and for ¢ € C§°(B,(20)) we have

[Vely)
d C d d
/Bmo) e(@)f(x)dr| < o) [/Br(xo) p—E y] |f(z)|dx

x)|dx
=of et |[ MBI,
By (20) Br(zo) 1T =Y

< C ||V90HL2(BT(:EO)) HIl(XBr(wO)|f|)HL2(BT(g;0)) .

Here 1 is the first order Riesz’s potential defined by

I (p)(z) = C/R () z € RS,

s v —yl?

for a nonnegative locally finite measure y in R?. Thus we find

(2'4) ”f”L*va(Br(;ro)) <C HI]-(XBT(ZO)‘fDHL?(BT(Q;O)) <C HfHL%(BT(mO))

by the embedding property of Riesz’s potentials.
Using (2.4) we obtain the following important consequence of Lemma 2.3.

Corollary 2.4. Suppose that (u,p) is a suitable weak solution to the Navier-
Stokes equations in QQ = w X (a,b). Let zg = (xo,t0) and r > 0 be such that
Qr(z0) C Q. Then there holds

A(ZOa T/2) + B(Zoa 7”/2) S 0[0(207 T)l/Q + 0(207 7") + D(Z(b ’l“)]
3. €-REGULARITY CRITERIA

As demonstrated in [5], the proof of Theorem 1.4 above relies heavily on
the following e-regularity criterion for suitable weak solutions to the Navier-
Stokes equations (see [5, Lemma 2.2], see also [1, 18, 23]).

Proposition 3.1. There exist positive constants €g and Cy, k =0,1,2,...,
such that the following holds. Suppose that the pair (u,p) is a suitable so-
lution to the Navier-Stokes equations in Q1(z9) and satisfies the smallness
condition

Cl(uv 20, 1) + Dl(pv 20, 1) < €.
Then V¥*u is Hélder continuous on @1/2(20) for any integer k > 0, and

max  |[VFu(z)| < Cy.
2€Q1 /2(20)

To prove Theorem 1.5 we use instead a new different version of e-regularity
criterion.

Proposition 3.2. There exist positive constants €1 and C, k=0,1,2,...,
such that the following holds. Suppose that the pair (u,p) is a suitable so-
lution to the Navier-Stokes equations in Qs(z9) and satisfies the smallness
condition

(31) C(U, 20, 8) + D(p7 20, 8) < €1.
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Then V*u is Hélder continuous on @1/2(20) for any integer k > 0, and

max  |VFu(z)| < Cy.
2€Q1 /2(20)

The proof of Proposition 3.2 will be given at the end of this section. It
requires the following two preliminary results. The first one is by now a
well-known lemma that can be found in [20, Lemma 2.1].

Lemma 3.3. Suppose that (u,p) is a suitable weak solution to the Navier-
Stokes equations in QQ = w x (a,b). Let zg = (x0,to) and let p > 0 be such
that Q,(20) C Q = w x (a,b). For any r € (0, p] we have

3 r\3
Ci(e0,7) < O(1) A0, )"/ Blan p)*/1 +C (7 ) Ao, )2
In what follows we shall use the following notation to denote the spatial
average of a function f over a ball B,.(x¢):

1
To,r — — dx.
hor = B S

Lemma 3.4. Suppose that (u,p) is a suitable weak solution to the Navier-
Stokes equations in Q = w X (a,b). Let zg = (xg,t0) and let p > 0 be such
that Qp(20) C Q = w x (a,b). For any r € (0, p/4] we have
3/2 7\ 3/2
D1 (z0,7) < C(g) A(z0,p)** B(20, p)*/* + C(;)
Proof. Let hyy = hay (-, t) be a function on B,(xg) for a.e. t such that

D(Z(]v p)3/4'

hzo,p =D ﬁwo,p in Bp(xo)v
where pg, , is defined by
Pao,p = RiRj[(wi — [Wilwg,p) (5 — [Ujlz,0) X B, (20)]-
Here R; = Di(—A)fé, 1=1,2,3, is the i-th Riesz transform. Note that for
any ¢ € Cg°(By(x0)), we have

_/ ﬁxo,pA‘Pdl’ = / (u; — [ui]xo,p)(uj - [uj]xmp)DijS@dx
By(zo) By (o)

= / uinDijtp d:l:,
B

which follows from the properties —R;R;j(Ag) = D;;jp and divu = 0. Thus,
as p also solves

—Ap = divdiv(u ® u)
in the distributional sense, we see that hg, , is harmonic in B,(xo) for a.e.
t.
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With this decomposition of the pressure p, we have

/ ple,t)de = C Bog.p + hao |2
By (o) By (z0)

IN

C By o> 2d + c/ Ry o2 2diz.

|
By (z0) (o)

Next, as hg, , is harmonic in B,(x), for r € (0, p/4] there holds

2/3 1/2
(£ haasl2ae)™ < (f g o)
By (z0) By (z0)
1/2
< c(][ |hmo,p|2dx)
Bp/4($0)
5/6
< C’<][ \h$07p|6/5dm> .
Bp/Z(xD)
This gives
[ @t < 0 f el
Br(z0) B, (zo)

7,.3 5/4
+C—— / Ry |8/ Pdz) .
p15/4 ( BP/Q(;(;O) | 0 P| )

Thus using hz,,p = P — Dzo,p 2gain we find

/ p(e, ) 2de < C (a2
By (o) By (z0)

T3 5/4
+Or ([ Al
p15/4( B(x)‘ 0P| >

p\L0
3

r 5/4
+C— / Ip|%/°da) "
il [, o)

By Holder’s inequality this yields

r\3

62 [ weopri < cfie ()] [
By (z0) P By(z0)

r3

5/4
+C / p|¢/Pdz)" .
p15/4 ( Bp(l‘o) )
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On the other hand, by the Calderén-Zygmund estimate and a Sobolev
interpolation inequality (see, e.g., (1.1) of [18]) we find

(3.3) / P pl¥/2d < C / ot — [t p Pl
By (z0) By (z0)

< C</Bp(x0) |Vu|2da:>3/4</3p(x0) u [U]xo,pl2dw)3/4
3/4 3/4
C(/Bp(wo) ’vu|2dx> </Bp(xo) |u|2d$) )

where we used the bound

/ lu — [u]mo’r\Qdaz < / \u|2daf
By (z0) By (zo)

in the last inequality.
Combining (3.2), (3.3) and using r/p < 1/4 we have

3/4
/ ip(a, ) 2de < c(/ Vuldz) (/ jude)
B (z0) By (o) By(z0)

r3 5/4
+C— / p%/°dx) .
il [, o)

Integrating the last bound with respect to dt/r? over the interval (to —
r2,t0) and using Holder’s inequality we obtain

IN

3/4

3/2

3/2
Di(zo,r) < C(2)" Az, /4B (20, p)*/* + C(=) " D(20, p)*/*
r p

as desired. (]
We are now ready to prove Proposition 3.2.
Proof of Proposition 3.2. By Lemma 3.3 and Corollary 2.4 we have
Ci(z0,1) < CA(20,1)%*B(z9,1)%* + CA(2,1)%/?
C[A(z20,1) + B(z0,1)]*/?
C[C(20,2)"? + C(20,2) + D(z0,2)*/2.
Thus using (3.1) we find

<
<

(3.4) Ci(z0,1) < C(el? 4+ 1)
On the other hand, using Lemma 3.4 with » = 1 and p = 4 there holds
D1 (20,1) < C[A(z0,4) + B(z0,4)]>/? + CD(z0,4)%*,
which by Corollary 2.4 and (3.1) yields
Di(z0,1) < C[C(20,8)"? + C(20,8) + D(z0,8)]*/? + CD(z0,8)*
< C’e:f/2 + C’ei’/4.
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Now choosing €; sufficiently small in (3.4) and the last bound, we can
make
C1(20,1) 4+ D1(20,1) < €0,
and thus Lemma 3.1 implies the desired regularity result. (]

4. PROOF OF THEOREMS 1.5 AND 1.6

This section is devoted to the proof of Theorems 1.5 and 1.6. We shall
need the following lemma.

Lemma 4.1. Suppose that the pair of functions (u,p) satisfies the Navier-
Stokes equations in Q1(0,0) = B1(0) x (—1,0) in the sense of distributions
and has the properties (1.6), (1.8), and (1.9) for some q € (3,00]. Then
(u,p) forms a suitable solution to the Navier-Stokes equations in Qs with
a generalized energy equality, u € L*(Q), and p € L2(Q5/6). Moreover, the
inequality

(4.1) ||u('7t)HL3,q(B3/4) < HUHL°°(—(3/4)2,O;L3qq(B3/4))

holds for all t € [—(3/4)2,0], and the function
t— u(z, t)w(zr)dr
B3,

is continuous on [—(3/4)2,0] for any w € L3/2vq/(q*1)(33/4). Here it is
understood as usual that q/(q — 1) =1 in the case ¢ = co.

Proof. By Sobolev inequality we have u € L?(—1,0; L%(By)), which using
(1.9) and the interpolative inequality

1 1
Ol sy < C s ) N ) 2

yields
(4.2) u e LYQ).
Thus by Holder’s inequality the nonlinear term
(4.3) u-Vu e L3(Q).
As above, we have a decomposition

p=p+h,
where p = R; R;j[(usu;)XB, ], and h is harmonic in By. By Calderén-Zygmund
estimate we have
(4.4) ||15”L2(—1,0;L2(Bl)) <C HuHi‘l(—l,O;L‘l(Bl)) =C HU||%4(Q) )
and by harmonicity and assumption (1.8) there holds
(4.5) 1Pl 2~ 1,0:10 (85 ,6)) < C M L2—1,0:01(8y))

= Cllp=blr2-1,0,00 By

2
< C[ 1Pl 21,001 (B T lullzagg) |-
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Estimates (4.4)—(4.5) imply in particular that the pressure

(4.6) p € L*(Qs6)-

Using the inclusions (1.6), (4.2), (4.3), (4.6), and the local interior regu-
larity of non-stationary Stokes systems we eventually find

/ (lu* + [0pu| Y3 + |[V2ul*3 + |Vp|*/?)dxdt < +oo.
3/4

It then follows that
u e C(—((3/4)%,0); LY*(B3)4))

and thus the function
9.0 = [ ulw0)p(w)ds
B34
is continuous on [—(3/4)2,0] for any ¢ € C§°(B3/4). This yields
|| uletip(@)ds] < Cllelzsraron s, Nl mpommam,o
3/4

for any t € [—(3/4)?,0] and any ¢ € C§°(Bj/4). Thus by the density of
C5°(Bsy4) in L3/2’Q/(‘1_1)(Bg/4) we see that

lus Ol psacsy,,) < Cllull oo (3722, 0,23.9(8,,4))

for any ¢t € [—(3/4)%,0]. Then it can be seen, again by density, that the
function g,(¢) above is actually continuous on [—(3/4)%,0] for any ¢ €
L3/2,Q/(q—1)(33/4),

Finally, using (4.2) and a standard mollification in R3*! combined with a
truncation in time of test functions, we obtain the local generalized energy
equality in Q5. (|

We now proceed with the proof of Theorem 1.5.

Proof of Theorem 1.5. Henceforth, let the hypothesis of Theorem 1.5 be
enforced. Notice that by Lemma 4.1 (u, p) forms a suitable weak solution to
the Navier-Stokes equations in Q5 /6(0,0). As in [5], the proof of Theorem 1.5
goes by a contradiction. Suppose that zp = (o, ) € @1/2 (0,0) is a singular
point. By definition, this means that there exists no neighborhood N of z
such that u has a Holder continuous representative on N'N B1(0) x (—1,0]).
By Lemma 3.3 of [29], there exist ¢y > 0 and a sequence of numbers ¢, €
(0,1) such that e, — 0 as k — +o0 and

(4.7) A(zo,€5) =  sup e lu(x, s)|?dz > co

to—e2 <s<tg €k J B(zo,ex)
for any k € N. Moreover, by Lemma 4.1 we have in particular

(4.8) u(-,to) € L>9(Bs4(0)).



16 NGUYEN CONG PHUC

Recall that we can decompose
p=p+h,
where h is harmonic in By, and p = R;R;[(uiu;)xB, |-

For each Q = w x (a,b), where w € R? and —co < a < b < 0, we choose
a large ko = ko(Q) > 1 so that for any k > ko there hold the implications

T €w = 20+ € € By3,

and
t € (a,b) = to +ept € (—(2/3)%,0),
where the sequence {¢} is as in (4.7).
Given such a Q = w x (a,b), let us set

up(x,t) = epu(zo + e, to + €nt),  pr(x,t) = ep(zo + ek, to + €xt),
and
Pr(z,t) = e pxzo + epx, to + €3t), hi(z,t) = €1 h(zo + e, to + €xt)

for any (z,t) € Q and k > ko(Q).
The following proposition provides a non-trivial ancient solution (see [32]
for this notion) that is essential in the proof of Theorem 1.5.

Proposition 4.2. (i) There ezist subsequence of (ug,py), still denoted by
(uk, pr), and a pair of functions

(49) (s poc) € L (—00,0; I¥(RS) x L%(—o00, 0; L/24/2(R3),
with div us = 0 in R? x (—o0,0), such that
(4.10) Up — Uoo  in C([a,b]; L (w)),

Dk — Poo  Weakly™ in  L*(a,b; L3/2’q/2(w),

for any s € (1,3), and any w € R3, —0o < a < b <0.
(ii) Moreover, for any Q = w x (a,b) with w € R3, —oco < a < b <0,

|u00|2’ vuOO € LQ(Q)a atuooa v2u007 vpOO € L4/3(Q)7

and (Uoo, Poo) forms a suitable weak solution of the Navier-Stokes equations
in any such Q.
(iii) Additionally, us satisfies the lower bound

(4.11) sup / oo (2, ) |2 dz > co,
t€[-1,0] / B1(0)

where co > 0 is the constant in (4.7).

Proof. For each Q = w x (a,b), where w € R3, —0o < a < b < 0, and for
every t € [a,b] we have

(4.12)  flu (o 0)]| o) < [Jutto +€12q75)HL3,q(33/4) < ull oo (—1,0;L3.0(8,)) -
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By Calderén-Zygmund estimate, for a.e. ¢t € (a,b) there holds

(413) ”ﬁk('at)HLS'/?"I/?(w) < Hﬁ(,t[} +€it)HL3/2,q/2(Bg/4)
< esssup ||p(-,t) :
te(—(3/4)2,0) | i
2
< Cllullfee(—1,0,03.9(8y)) -

On the other hand, by harmonicity we have

b 0
/sup|hk($,t)\2dt < ei/ sup |h(zo + ez, 5)|*ds

rCw ,(3/4)2 TEW
2 2
< € Hh”LQ(fLO;L""(Ba/zL))
2 2
< Ce HhHLQ(—l,O;Ll(Bs/e))

provided k > ko(Q). Thus again by Calder6n-Zygmund estimate we find

b
(4.14) / sup |y (z, t)|2dt

rTEW

112
< Celp— Pllz2(-1,0:01 (85 6))
2 2 4
< Ce [ ”pHLQ(fl,O;Ll(Bl)) + HUHLoo(A,o;L&q(BO) ]

Using the last estimates for p; and hi and Holder’s inequality we have
the following uniform bound for py:

(4.15) 1Pkl L2 (a,552675 (w)) < WPk L2 0,006/ @)y F 1Pkl L2 a0 2675 o))
2
< 0@ HPHL2(71,0;L1(31)) + |’uHL°°(71,O;L37‘1(B1)):|

for any k > ko(Q). Here the constant C(Q) is independent of such k.
With regard to ug, with k& > ko(Q), we have

(4.16) ‘|ul€HL4(a,b;L12/5(W)) < CQ) HukHLOO(a,b;L&q(w))
< 0@ HUHLOO(—I,O;L?’*‘Z(BI)) :

For each ¢ € C§°(R3 xR) that vanishes in a neighborhood of the parabolic
boundary 'Q = w x {t = a} U dw x [a,b], we define

or(z,t) = ¢ (e (x — z0), €, (t — to)).

Then with k& > ko(Q) we see that ¢y vanishes in a neighborhood of the par-
abolic boundary of Q3/4(0,0). Using ¢y as a test function in the generalized
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energy equality for (u,p) at t = to + €27 with a.e. 7 € (a,b) we find

t
/ (e, )P (e, ) + 2 / / VuPor(z, s)dwds
B34 —(3/4)? /Bs )4
t
= / / |u|?(Drpr + A¢py,)dxds
—(3/4)2 /B3y,

t
+ / / (Jul®> 4 2p)u - Vppdads.
—(3/4)2 /B34

Hence by making a change of variables we obtain

/ iy, 1) 2oy, 7y + 2 / / Vi 2o (y, ') dyds
= //|uk|2(¢t+A¢)dyd5,+/ /(|Uk|2+2pk)uk‘v$0dyd3/

for a.e. 7 € (a,b).

Thus each uy is a suitable solution in @ for any @ = w x (a,b), with
weR?and —0o < a <b<0,and any k > ko(Q). Then, given such a Q,
it follows from Corollary 2.4 and inequalities (4.15)—(4.16) (applied to an
appropriate enlargement of Q) that
(4.17) 1wkl oo (b2 (w)) T 1V L2(0,p12(0)) < C(Q)

for all sufficiently large k£ depending only on Q.
Using (4.17) and Sobolev inequality we have

ikl s < C(Q):
which by (4.12), interpolation, and Holder’s inequality gives
(4.18) 1wkl L4 (ox ap)) + 1k - Vurll pars wx o) < C-

From the bounds (4.13) and (4.14) for pj and hj we also have
(4.19) 1Pkl s wx (ap)) < C(Q, 8) [Pl 20,4 03/2:072(0y) < €

for any s € (0,3/2).
Using (4.17)—(4.19), it follows from the local interior regularity of solutions
to non-stationary Stokes equations we find

(4.20) Hat“kHL“/S(wx(a,b)) + HvzukHL4/3(W><(a,b)) + ||ka”L4/3(w><(a,b)) <C

for all sufficiently large k& depending only on Q.
At this point, using (4.12)—(4.13) and a diagonal process we may assume
that
Up — Uso  weakly® in  L%(a,b; L3(w)
P — Poo weakly®™ in  L®(a, b; L3292 (w),
for a pair of functions (us, Poo) satisfying (4.9), with divus, = 0 in R? x
(—00,0).
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Estimates (4.17) and (4.20) now yield
(4.21) Up = oo in C([a,b]; LY3(w)).

For any s € (1,3), the uniform bound (4.12), and the interpolation in-
equality

ek (- 8) = i (1)

L3 (w)

3

1 1 3 ;
s H s
L3q

< C Huk t)—uk HL4/3 Huk _Uk

imply that each ug € C([a, b]; L*(w). Thus by using (4.21) and 1nterpolating
we obtain (4.10) for any s € (1,3). This completes the proof of (i).
On the other hand, by (4.14) we have

hy — 0 strongly in  L*(a, b; L°°(w),

for any —oo < a < b < 0and w € R3, and thus in the limit (400, poo) satisfies
the Navier-Stokes equations in the sense of distributions in w x (a,b). Now
(ii) follows from (i), (4.17) and (4.20) via an argument as in the proof of
Lemma 4.1.

Finally, note that by (4.7) and a change of variables we have

1
sup / lup(z,t)|°de = sup — lu(y, s)2dy > co.
—1<t<0J B(0,1) to—e2<s<to ¢k J B(zo,e1)
Thus using (4.10) with s = 2 we obtain (4.11), which proves (iii). O

We now continue with the proof of Theorem 1.5. By (i) of Proposition
4.2, we have

0
/ (sl )y + s Dl gyt < o
for any real number M > 0. Note that for a.e. t,
oo s ) a0 uor B + P00 C DN L2002 @\ By = O
as R — 400. We thus have
0
/_M(”UOO(H t)”i:s,q(m\ER(o)) + Hpoo(-,t)||is/2,q/2(R3\§R(0)))dt —0

as R — +oo. This yields that for any M > 200 there exists N = N (e, M) >
10 such that

0
/M(”uoo("t)H4L3’Q(R3\BN(0)) + Hpoo(-,t)||2L3/2,q/2(R3\§N(0)))dt < €2,
where
(4.22) €2 = 82|B1(0)| 3¢,

with €; being as found in Proposition 3.2.
We now fix such numbers M and N and consider any z; that

21 = (x1,t1) € (R?\ Ban(0)) x (=M/2,0].
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Then there holds
Qg(Zl) = Bg(ZEl) X (tl — 82,t1) C (Rg \EN(O)) X (*M, 0],

and hence

t1
(4.23) / sy 12O ey < 2
-

Since
Huoo(', t)”il2/5(B8(1’1)) + HPOO('v t)H%G/5(Bg($1))

< 1Bs@n) Y {uce O sagayery + 190 O Es 2oy
we see from (4.22)—(4.23) that
(4.24) C(tiog, 21,8) + D(pos, 21,8) < €1

The smallness property (4.24) and Proposition 3.2 now yield that Ve,
k=0,1,2,..., is Holder continuous on (R3\ Ban(0)) x (—M/2,0], and

(4.25) max  |VFue(2)] < Cy.
Zte/Z(zl)

Let woo = curl us, be the vorticity of us. Then w. satisfies the equation
OtWoo — Awoo + (Uoo * V)Weo — (Woo + V)Ueo = 0
on the set (R?\ Byn(0)) x (—M/4,0], which by (4.25) gives

(4.26) |Otwoo — Awss| < C(Jwoo| + [Vweo|)
with
(4.27) lweo| < C < 400

on the set (R3\ Byn(0)) x (—M/4,0], for a universal constant C' > 0.
We now claim that

(4.28) Woo =0 on (R?\ Byn(0)) x (—M/4,0].

To see this, by applying the backward uniqueness theorem (see [5, Theo-
rem 5.1] and [6]) and the bounds (4.26)—(4.27), it is enough to show that

(4.29) Woo(,0) =0 for all y € R®\ Byn(0)).
Note that for any y € R3 we have

/ |too (z,0)|dx
Bi(y)
< / |uoo(x,0)—uk(x,0)]dx+/ lug(x,0)|dx
Bi(y) Bi(y)
2
</ s @,0) — 0l + B Ol o
1(y

2
N Uk||c([_M/4,o];L1(Bl(y))) +[B1(0)[3 ||U('7t0)||L3,q(B€k (zot+ery)) -
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Thus sending k£ — +o0o we see that

/ o (2, 0)|dar = 0
B (y)

for all y € R3, which yields (4.29) as desired. Here we have used (i) of
Proposition 4.2 and (4.8).

At this point using (4.28) combined with the argument on pages 227—
229 of [5], which ultimately employs the theory of unique continuation for
parabolic inequalities, we see that in fact

Woo(+,t) = 0 in the whole R?

for a.e. t € (—M/4,0). Thus ux (-, t) is globally harmonic and by a Liouville
theorem it follows that us(-,t) = 0 for a.e. ¢t € (—M/4,0). This leads to
a contradiction to the lower bound (4.11) and hence completes the proof of
Theorem 1.5.

We next prove Theorem 1.6.

Proof of Theorem 1.6. Arguing as in the proof of Lemma 4.1 we see that
(u, p) forms a suitable solution to the Navier-Stokes equations in Q5.

Suppose that (xg,ty) € @1/2 (0,0) is a singular point. Then we must have
that zp = 0. By Lemma 3.3 of [29], there exist ¢y > 0 and a sequence of
numbers ¢, € (0,1/8) such that ¢, — 0 as k — 400 and

1
sup — lu(z, s)|2dz > co.
to—e2<s<to €k J B(0,e)
Using a change of variables and the condition (1.10), we then have

0<cy < sup / lexu(ery, to + ext)|*dy
—1<t<0.JB(0,1)

feiron |
1 00 ((=1,00) i

By the property of g, this is impossible to hold for all £ € N, and thus
the proof of Theorem 1.6 is complete. O

IN

ly| 2 g(exy)>dy.
0)

1

5. PROOF OF THEOREMS 1.7

We shall prove Theorems 1.7 in this section. First observe that under the
hypothesis of Theorem 1.7, we have

IN

1 1
C Hu(a t)”zfi,q(Rd) ”U(, t)HZO(Rd)

1 1
C HU(, t)”[%&q(RS) ||Vu(, t)||22(R3) .

[l D) Lo sy

IN

Thus,
(5.1) we LYQr) and u-Vue LY3(Qr),
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where the latter follows from Hélder’s inequality. Using these inclusions, the
coercive estimates (see [9, 22, 36]) and the uniqueness theorem (see [16]) for
the Stokes problem, we can introduce the associated pressure p such that

dyu, V2u, Vp € LY3(R3 x (6,T))

for any ¢ € (0,7T). Moreover, it follows from the pressure equation and the
global condition (1.11) that

(5.2) p € L>®(0,T; L¥29/2(R3)).

Arguing as in the proof of Lemma 4.1 we see that (u,p) forms a suitable
weak solution in any bounded cylinder of Q7. By (1.11) and (5.2), we have

T
(5.3) /0 (s ) [£aqgny + 100 8) 2207258, )t < C(T) < +o0c.

We next fix a § € (0,T) and set 79 = 1/3d/128. Then using (5.3) we find
a large number R = R(T,J) > 0 such that

C(ua 20, 8T0) + D(p7 20, 8T0) S €1

for any zg = (z0,t9) € R?\ Br(0) x [6,7]. Thus by scaling and Proposition
3.2, there holds
sup fu| < C(9).
R3\BR(0)x[8,T]
On the other hand, for any zy = (zo,ty) € Br(0) x [6,T] and with rq as
above, (u,p) is a suitable solution in @y, (z0). Thus by scaling, Theorem 1.5,
and the compactness of Br(0) x [, T, we have

sup  [ul < C(0).
Br(0)x[8,T]

Combining the last two bounds we obtain

sup |u| < C(6) < +o0
R3x[8,T

which holds for any & € (0, 7). Thus u is smooth on R? x (0, 7], and using
u € L*(Q7) (see (5.1)) and interpolation we see that u € L3(R3 x (§,T)) for
any 6 € (0,T).

On the other hand, if a € J N L3 then by local strong solvability and
weak-strong uniqueness u € L°(R3 x (0,6p)) for some &y > 0 (see, e.g., [5,
Theorem 7.4] and [12]). Thus we conclude that v € L>(R? x (0,7)) and
hence by Theorem 1.2 it is unique in Q.
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