THE AFFINE GRASSMANNIAN AND THE SPRINGER
RESOLUTION IN POSITIVE CHARACTERISTIC

PRAMOD N. ACHAR AND LAURA RIDER,
WITH AN APPENDIX JOINT WITH SIMON RICHE

ABSTRACT. An important result of Arkhipov—Bezrukavnikov—Ginzburg relates
constructible sheaves on the affine Grassmannian to coherent sheaves on the
dual Springer resolution. In this paper, we prove a positive-characteristic
analogue of this statement, using the framework of “mixed modular sheaves”
recently developed by the first author and Riche. As an application, we de-
duce a relationship between parity sheaves on the affine Grassmannian and
Bezrukavnikov’s “exotic t-structure” on the Springer resolution.

1. INTRODUCTION

1.1. Main result. Let G be a connected reductive complex algebraic group, and
let GV be the Langlands dual group over an algebraically closed field k. Recall that
the geometric Satake equivalence is an equivalence of tensor abelian categories

(1.1) S : Rep(GY) — Pervg, (Gr, k),

where Rep(GY) is the category of finite-dimensional rational representations of
GV, and Pervg, (Gr, k) is the category of spherical perverse k-sheaves on the affine
Grassmannian Gr. When k = C, there is an extensive body of work (see [AB|[ABG],
B3l [BF], among others) exhibiting various ways of extending S to an equivalence
of derived or triangulated categories. In particular, an important theorem due to
Arkhipov—Bezrukavnikov—Ginzburg [ABG] relates Iwahori-constructible sheaves on
Gr to coherent sheaves on the Springer resolution N for GV.

In this paper, we begin the project of studying derived versions of in positive
characteristic. We work in the framework of “mixed modular derived categories”
recently developed by the first author and S. Riche [ARc2, [ARc3]. The main result
of the paper is the following modular analogue of the result of [ABGI.

Theorem 1.1. Assume that the characteristic of k is a JMW prime for GV, and
that GV satisfies (1.2) below. Then there is an equivalence of triangulated categories

P : DJ(Gr,k) > DPCoh® * %= (A7)

satisfying P(F(1)) = P(F){(—1)[1]. Moreover, this equivalence is compatible with
the geometric Satake equivalence: for any F € D?}i)x(gr) and V € Rep(GY), there
is a natural isomorphism P(FxS(V)) 2 P(F)® V.
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2 PRAMOD N. ACHAR AND LAURA RIDER

Recall that a JMW prime for GV is a good prime such that the main result
of [JMW?2] holds in that characteristic: that is, S sends tilting GY-modules to
spherical parity sheaves. A list of known JMW primes appears in [JMW2, Def-
inition 1.7] (but see below). Under this assumption, the Mirkovié—Vilonen
conjecture holds [AR]. The additional condition we impose on G is this:

The derived group of GV is simply connected, and its Lie

1.2 . . . -
(1.2) algebra admits a nondegenerate G'-invariant bilinear form.

Finally, D?}i)x(gr, k) is the mixed modular derived category of complexes that are
constructible with respect to the stratification of Gr by orbits of an Iwahori sub-
group I C Go. (For full details on notation and terminology, see Section )

1.2. Comparison with the Arkhipov-Bezrukavnikov—Ginzburg theorem.
The broad structure of the proof of the main theorem is very similar to that
in [ABG]. Readers who are familiar with [ABG] will recognize a number of familiar
ingredients in this paper, including Wakimoto sheaves; the ind-perverse sheaf cor-
responding to the regular representation; and realizations of the coordinate rings
of N and N as Ext-algebras on Gr.

One salient difference, however, is in the role of perverse sheaves on Gr. Re-
call that there is an equivalence of categories D?}i)x(gr,]k) = DbPerV?}i)X(gnk)
(see [ARc2] or [BGY]). In [ABG], this equivalence plays a significant role; in partic-
ular, that paper gives a dg-model for D?}i)"(gr) in terms of projective pro-perverse
sheaves. In contrast, perverse sheaves are almost absent from the present paper.
Instead, we use a dg-model for D?}i)x(gr) based on parity sheaves.

This change leads to an additional simplification. A key step of [ABG] is to
show that a certain dg-algebra (defined in terms of projective pro-perverse sheaves)
is formal. In the present paper, we are able to skip that step: by using parity
sheaves in place of projective perverse sheaves, we end up describing D?}i)x(gr) by
an ordinary graded ring, not a dg-ring.

The price we pay for that is that, unlike in [ABG], we are unable to describe the
ordinary (i.e., non-mixed) derived category D](OI)(QT, k). In characteristic 0, [ABG]

tells us that D?I)(Qr, k) is equivalent to the category of dg-coherent sheaves on N.
Whether that holds in the modular setting is closely related whether there is a

well-behaved “degrading” functor D’E‘}i)x(gr,k) — D?I)(gr,k).

1.3. Koszul-type duality and the exotic t-structure. One of the main results
of [ARc2| gives an equivalence of categories between parity sheaves on a flag variety
and mixed tilting sheaves on the Langlands dual flag variety. Separately, according
to [AR], Proposition 5.7], there is an equivalence of categories

Parity (G, k) = Tilt(PCoh(N)),

where PCoh(N) is the category of perverse-coherent sheaves on the nilpotent cone
for GV (see . These results raise the question of whether Parity ;) (Gr, k)
participates in a “parity—tilting” equivalence.

When k = C, this question has a positive answer [B2]. The other side of the
equivalence involves the exotic t-structure on DPCohC " *Cm (/\7 ), and the equivalence
itself is understood as an instance of Koszul duality. (See [B2), §1.2] for the Koszul
duality perspective, and [B2, BM] for applications of the exotic t-structure.)

In this paper, we prove that this holds in positive characteristic as well.
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Theorem 1.2. Under the assumptions of Theorem there is an equivalence of
additive categories P : Parity ) (Gr, k) 5 Tilt(ExCoh(N)).

This result ends up being quite an easy corollary of Theorem because the
entire proof of Theorem [I.1]is structured in a way that anticipates this application.
As noted earlier, the perverse t-structure on D?}i)"(gr, k) does not play much of a
role in this paper—but a different t-structure, the adverse t-structure, appears quite
prominently. Ultimately, the adverse t-structure turns out to be the transport of

the exotic t-structure across the equivalence of Theorem [1.1

1.4. Relationship to the work of Mautner—Riche. While this work was un-
derway, the authors learned that C. Mautner and S. Riche [MR] were independently
pursuing a rather different approach to Theorem not relying on the geometric
Satake equivalence or the Mirkovi¢—Vilonen conjecture. Their proof requires the
characteristic of k to be very good for GV, but a priori not necessarily a JMW
prime. In fact, their work implies that every good prime is a JMW prime, improv-
ing on [JMW?2l Theorem 1.8], and thereby also improving the main result of [AR]
as well as Theorem of the present paper.

Nevertheless, we maintain the distinction between good primes and JMW primes
in the body of this paper, so as to preserve its logical independence from [MR].

1.5. Contents of the paper. Section[2]introduces notation and recalls basic facts
about the various varieties and categories we will work with. In Section [3| we
revisit the main results of [AR] and translate them to the mixed modular setting.
In Section[d] we carry out some computations related to the regular representation
of GV and the corresponding ind-perverse sheaf. Section [5] develops the theory of
mixed modular Wakimoto sheaves, which serve as constructible counterparts to line
bundles on . They are a key tool in Section |6 which realizes the coordinate ring
of N as an Ext-algebra on Gr. Theorem is proved in Section Finally, in
Section [g] we discuss the exotic t-structure and prove Theorem

The language of mixed modular derived categories is ubiquitous in this paper.
For general background on these categories, see [ARc2, [ARc3]. Appendix written
jointly with S. Riche, is a companion to those papers. It contains general results
on mixed modular derived categories that were not included in [ARc2] [ARc3], and
it can be read independently of the main body of the paper.

1.6. Acknowledgments. We are grateful to Carl Mautner and Simon Riche for
discussing their work-in-progress with us.

2. NOTATION AND PRELIMINARIES

2.1. Graded vector spaces and graded Hom-groups. For a graded k-vector
space V = @V, or, more generally, a graded module over a graded k-algebra, we
define the shift-of-grading functor V +— V{(m) by
(V<m>)n = VYm+n-
If V and W are two graded vector spaces, we define Hom(V, W) to be the graded
vector space given by
Hom(V, W),, = Hom(V, W (n)).

More generally, if o/ is any additive category equipped with an automorphism
(1) : & — o/, we define Hom(A, B) for A,B € &/ as above. We clearly have
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Hom(V(n), W(m)) = Hom(V, W){m — n). Note that these conventions are consis-
tent with those of [AR], but opposite to those of [A].

In the setting of mixed modular derived categories, it is often convenient to work
with the automorphism {1} = (—1)[1]. Asin if F and G are two objects in a
mixed modular derived category, we define a graded vector space Hom(F,G) by

Hom(F,G),, = Hom(F,G{n}).

This satisfies Hom(F{n},G{m}) = Hom(F,G)(m — n).
Finally, if A and B are objects in some triangulated category, we may write
Hom'(A, B) for Hom(A, BJi]), and likewise for Hom'(—, —) and Hom'(—, —).

2.2. Reductive groups and representations. As in G will always denote
a fixed connected complex reductive group, and GV will denote the Langlands
dual group to G over an algebraically closed field k. In addition, the following
assumptions will be in effect throughout the paper, except in Section [B}

e The characteristic of k is a JMW prime for G.

e The group GV satisfies (I.2).
The latter can be weakened slightly. For instance, if GV satisfies and there is
a separable central isogeny GV — HV, then the main results hold for HY as well.
However, to simplify the exposition, we assume throughout.

Fix a Borel subgroup B C G and a maximal torus T C B, along with corre-
sponding subgroups TV C BY € GV. Let BY C GV be the opposite Borel subgroup
to BY. We regard B as a “positive” Borel subgroup and BV as a “negative” one.
That is, we call a character of TV dominant if its pairing with any root of B is
nonnegative, or equivalently, if its pairing with any coroot of BY is nonpositive.
Let X denote the character lattice of T, identified with the cocharacter lattice of
T, and let X C X be the set of dominant weights. The set X carries two natural
partial orders, which we denote as follows:

A= if 4 — A is a sum of positive roots;
A< if I'\C Iy (see below).

These two orders coincide on X,
For A € XT, let L(A\), M(X), N()), and T(\) denote the irreducible, Weyl, dual
Weyl, and indecomposable tilting GV-modules, respectively, of highest weight .
Let W denote the Weyl group of G or GV, and let wy denote the longest element
of W. For any A € X, we put

6) = length of the shortest w € W such that wA is dominant.

This is consistent with [B2] §1.4.1]. The notation “0,” also appears in [Al [ARL [Mi]
with a slightly different meaning: in those papers, only dominant weights occur,
and the integer they call “05” is called §,,, in the present paper.

2.3. The affine Grassmannian. Let Gr = Gk /Go, where K = C((t)) is the
field of Laurent series in an indeterminate ¢, and O = C[[t]] is its subring of power
series. Let I C Go be the Iwahori subgroup corresponding to B C G. Recall that
the I-orbits on Gr are naturally parametrized by X. For A € X, the corresponding
I-orbit is denoted simply by I-A, and the inclusion map by

iA:I-)\<—>gr.
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The Go-orbits are parametrized instead by X*. Recall that these are sometimes
called spherical orbits, and that sheaves on Gr smooth along the Gp-orbits are
sometimes called spherical sheaves. For A € X™, the corresponding Go-orbit is
denoted by Gry, and the inclusion map by

.sph
zs/\p :Gry — Ggr.

2.4. Constructible sheaves. All constructible sheaves will be assumed to have
coefficients in k. From now on, we will omit the coefficients from the notation for
categories of constructible complexes.

Let Pervg, (Gr) be the category of Go-equivariant perverse k-sheaves on Gr.
For A € X, the objects in Pervg, (Gr) arising from various GY-representations of
highest weight A via the geometric Satake equivalence are denoted as follows:

ZC(A) =S(L(N), Zi(A) =SM(N), Z.(AN)=S(N), TN =S8(TWN).

Let Parity ;) (Gr) denote the additive category of parity complexes on Gr that
are constructible with respect to the stratification by I-orbits, and let D?}i)x(gr)
denote the corresponding mixed derived category. More generally, if X C Gr is
any locally closed I-stable subset, then D?}i)X(X ) and related notations are defined
similarly. If X is smooth, we denote by ky, or simply k, the constant sheaf on X
with value k, regarded as an object of Parity ) (X) or D?}i)x(X ).

Let Perv?}i)x(gr) C D?}i)x(gr) denote the abelian category of mixed perverse
sheaves. This is a graded quasihereditary category. Given A € X, the corresponding
standard and costandard objects will be denoted by

H(A\) =ik, {dim I-A} and i, (\) = ik {dim I-A},
respectively. The image of the canonical morphism 4,(\) — 4,()) is denoted ZC()).
(Lemma [2.1] below will resolve the apparent conflict with the notation for S (L(A)-)
Lastly, let £(\) denote the unique indecomposable parity sheaf supported on I-A
and whose restriction to I\ is k{dim I-A}. When X\ € XT, [JMW2] tells us that
EN) =T(N). _

Welwill also work with the spherical categories Pamity(Go)(gr)'7 Digs) (gf), and
Pervigg)(Gr), and occasionally with the equivariant versions D™ (Gr), DgZ(gr),
etc. The spherical case is not explicitly covered by the papers [ARc2| [ARc3|, which

required the variety to be stratified by affine spaces. See for a discussion of
this case. For A € XT, we put

TN = ((P")kg, {dimGry}  and  Ju(\) = (iP").kg, {dim Gry}.

The following lemma lets us identify Pervg, (Gr) with a full subcategory of
Pervg o' (Gr). Via this identification, we will henceforth regard S as taking values
in Pervg‘g‘(gr). In particular, the objects Zi(A\), T(X), etc., defined above will

henceforth be regarded as objects of Pervgr (Gr).

Lemma 2.1. There is a t-evact fully faithful functor DPPervg, (Gr) — Dg‘g‘(gr)
which, for each X € X, sends ZC(A\) € Pervg, (Gr) to ZC(N) € Pervgz((gr), and
sends T(X) to E(N).

Note that the domain of this functor is not D'éo (Gr); rather, it is the derived
category of the heart. It is equivalent DPRep(GY).



6 PRAMOD N. ACHAR AND LAURA RIDER

Proof. Note that DPPervg,, (Gr) =2 KPTilt(Pervg,, (Gr)), as usual for a quasihered-
itary category. Since chark is a JMW prime for GG, we have

Tilt(Pervg, (Gr)) = Parityg (Gr) N Pervg, (Gr).

The desired functor is induced by the fully faithful embedding Tilt(Pervg, (Gr)) —
Parity (Gr). U

Via Lemma we will henceforth identify Pervgg (Gr) with a full subcategory
of DEX(Gr). In particular, for any F € DEI}I)X(Q’I") and any V € Rep(GVY), it makes
sense to form the convolution product

F*xS(V).

2.5. The Springer resolution and the nilpotent cone. Let Y = GV /BY be
the flag variety for GV. Let u" be the Lie algebra of the unipotent radical of BV,
and let N = GY xB" 1Y be the Springer resolution. Finally, let N be the nilpotent
cone in the Lie algebra of GV; and let 7 : N — A be the obvious map.

We equip N with an action of the multiplicative group G,, by setting z-r = 2z~ 2z,
where z € G, and z € N. We likewise make G, act on A by having z € Gy, scale
the fibers of N — GV /BY by z~2. In both cases, this Gy-action commutes with the
natural GV-action. Moreover, the map 7 is (GY X Gy, )-equivariant. The induced
action of G, on the coordinate ring k[N has even nonnegative weights. In other
words, k[N becomes a graded ring concentrated in even nonnegative degrees.

In this paper, coherent sheaves on N or N will always be (G x Gy, )-equivariant.
For brevity, we write Coh(N) instead of CohC" *Cm (N) for the category of (GY x
Gm)-equivariant coherent sheaves on A, and likewise for Coh(N). The notation 7.
should always be understood as a derived functor DPCoh(N) — DPCoh(N).

Let Op and Oy denote the structure sheaves of A and N, respectively. Given
m € Z, let Opr(m) denote the coherent sheaf that corresponds to the graded k[N]-
module k[N](m), where the latter is defined as in §2.1l We also put Oy (m) =
7*On{m). More generally, for any F € DPCoh(N), we let F(m) = F @ Opr{m),
and likewise in DPCoh(N).

Any weight A € X determines a line bundle O()) on N. The push-forwards
.05 (A) will be discussed in below. In the special case where A = 0, it is
known (see [BrKul Theorem 5.3.2]) that

(2.1) .05 = Oy
Separately, by [BrKu, Lemmas 3.4.2 and 5.1.1], one has
(2.2) TOxn =2 O

It will sometimes be more convenient to work in the language of “GV-equivariant
graded finitely generated k[A]-modules” rather than in that of “(G" x Gy, )-equivar-
iant coherent sheaves on N,” and we will pass freely between the two. We identify
the space of global sections TN, © ) with the ring k[N] via (2.1)), and given
F € Coh(N), we think of T(N,F) as a GY-equivariant graded finitely generated
k[A]-module. For instance, the cohomology-vanishing result of [KLT] Theorem 2]
says that for A € X*, m, (O (X)) is a coherent sheaf, so

(2.3) mO0g(\) =N, 05(\)  for A e XT.
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2.6. Perverse-coherent sheaves. The category DPCoh(A) admits a t-structure
whose heart is known as the category of perverse-coherent sheaves, and is denoted
by PCoh(N). For general background on this category, see [Bl [A]. Some key
features of this category are as follows:

e It is stable under F — F(1).
e Every object has finite length. Up to grading shift, the isomorphism classes
of simple objects are in bijection with X+.

e It is a properly stratified category.
For background on properly stratified categories, see [ARL §2]. In a properly strat-
ified category—a notion that generalizes that of a quasihereditary category—there
are four important classes of indecomposable objects, called standard, proper stan-
dard, costandard, and proper costandard objects. In PCoh(N), we denote these
objects by

AN, AQ), V), VO,
respectively, where A € X*. The proper ones are given by
AQ) = 1O (=) Funr)s  V(N) = w0 (A (~Guon)-

Revisiting (2.3), we find that the proper costandard objects satisfy
(2.4) V(A) € Coh(N) for all A € X*.

More generally, any object of PCoh(N') with a proper costandard filtration is ac-
tually a coherent sheaf. (Proper standard objects, in constrast, are generally not
coherent sheaves.) For descriptions of A(X) and V(A), see [Mi, Definition 4.2].

Lastly, let D = Rom(—,Opr) be the Serre-Grothendieck duality functor on
DPCoh(N). The category PCoh(N) is stable under D, and we have

D(V(N\)) = A(—wp)) and D(V(XN)) = A(—wo)).

3. THE MIRKOVIC—VILONEN CONJECTURE FOR MIXED SHEAVES

In this section, we recast the main results of [AR] in the setting of mixed modular
derived categories, obtaining a mixed version of the Mirkovi¢—Vilonen conjecture.
The main idea is to compare spherical parity sheaves on Gr with perverse-coherent
sheaves on A/. Along the way, we carry out various auxiliary computations in
PCoh(N) that will be useful in the sequel.

3.1. Derived equivalences for spherical sheaves. Let I' C XT be a finite
order ideal, i.e., a finite subset such that if v € I' and p < 7, then p € I'. Let
grr = U’yEF Gr, be the corresponding closed subset of Gr, and let

Up = Qr AN gTF.

This is an open Gp-stable subset of Gr. Let jp : Ur < Gr be the inclusion map.
Recall that PCoh(/N) is equipped with a recollement structure (see [AR] Propo-
sition 2.2]). Let PCoh(N)r C PCoh(N) denote the Serre subcategory generated
by V(y)(m) with v € T, and let Iy : PCoh(N) — PCoh(N)/PCoh(N)r be the
Serre quotient functor. We will denote its derived version by the same symbol:
IIr : DPCoh(N) — DP(PCoh(N)/PCoh(N)r).
Here, we are using the main result of [A] to identify

(3.1) DPPCoh(N) = DPCoh(N).
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Next, let
D, (PCoh(N)/PCoh(N)r) € DP(PCoh(N)/PCoh(N)r)

be the full triangulated subcategory generated by tilting objects. (The subscript
“ft” refers to the fact that this category consists of “finite tilting complexes.”) Note
that the natural functor

(3.2) KPTilt(PCoh(N)/PCoh(N)r) = DE, (PCoh(N)/PCoh(N)r)

is an equivalence of categories: both sides are generated by tilting objects, so it suf-
fices to compare Hom'(F,§) on each sides for F,G € Tilt(PCoh(N)/PCoh(N)r).
When i = 0, these groups agree, and when i # 0, Hom"(F,G) vanishes on both

sides. (See [BBM, Proposition 1.5] or [Mil Theorem 3.17}.)
In the special case where I' = @, the equivalence restricts to an equivalence

Di PCoh(N) 2 DP_ Coh(N),

where the right-hand side is the category of perfect complexes on N, i.e., those with
a finite resolution whose terms are direct sums of objects of the form O ® V(n)
with V' € Rep(GY).

Proposition 3.1. There is an equivalence of triangulated categories
Pepn : IG5 (Gr) = DPsCoh(N)
satisfying Popn (F{1}) = Pspn(F)(1). Moreover, this equivalence is compatible with

the geometric Satake equivalence: for any F € D’(““‘ (Gr) and V € Rep(GY), there
is a natural isomorphism Pspn(F * S(V)) = Pipn(F) @ V.

Proof. The existence of the equivalence is just a restatement of [AR] Proposi-
tion 5.7]. That result also gives us compatibility with geometric Satake when V' is a
tilting GV-module. One can then extend that to, say, any V with a Weyl filtration,
by induction on the “tilting dimension” (see [AR] Definition 2.10]) of V. Finally,
every G¥-module admits a finite resolution by modules with a Weyl filtration. By
induction on the length of such a resolution, one obtains the full result. O

Proposition 3.2. Let I' C X7T be a finite order ideal. There is an equivalence of
triangulated categories

Fopnr : D éo)(UF) = DR (PCoh(N) /PCoh(N)r)
such that the following diagram commutes up to isomorphism:

: Psp,
D?g)é) (g?") 4Nh> DgcrfCOh(N)

j;l lnr

DI (Ur) ——> Pot —"2 DB (PCoh(N)/PCoh(N)r)

Proof. This is an immediate consequence of [AR] Corollary 5.8], using the equiva-
lence (3.2]). d

The functor j;: has left and right adjoints jri, jrs : D‘(Tg’;)(Up) — D?gx )(Qr). On
the other hand, II} has left and right adjoints Hlf, Hllz‘ that are a priori defined as
functors DP(PCoh(N')/PCoh(N)r) — DPCoh(N), but according to [Mi, Proposi-
tion 5.4], they actually take objects in D, (PCoh(N')/PCoh(N)r) to D, ;Coh(N).
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From these observations, we obtain the following consequence of the preceding
proposition.

Corollary 3.3. Let I' C X™ be a finite order ideal. The following diagrams com-
mute up to isomorphism:

P, P,
Dmix sph DY Coh(A Dmix sph DY Coh(A
(G6)(9m) — > Dy Coh(N) (G)(97) =7 DpereCob(N)

Tﬂ'rz TH% Tir* THF\
P, P,

. sph,I’ . sph, I’
DI ) (Ur) —2> D}, (PCoh(A")/PCoh(A)r) DE | (Ur) —=> DR, (PCoh(N)/PCoh(N)r)

Corollary 3.4. We have
Popn(Je(N) = VA (=0wpr)  and  Pipn(Ji(X)) = A(A)(upa)-

Proof. Let ' = {u € X* | p < A}. Note that Pspn(Zi(N)) =2 On @ M(X). The
corollary follows from the observations that A(X) = IR (On @ M(A)){—8wyr)
[N, Definition 4.2] and Ji(\) = jryjaZi(N). O

3.2. Further study of perverse-coherent sheaves. In this subsection, we col-
lect a number of results about Hom-groups, quotients, and subobjects in PCoh(N).

Lemma 3.5. Let A € X*. There are isomorphisms of graded rings End(V()\)) =
End(A(X)) = H*(Gry).

Proof. This is a consequence of [AR] Theorem 5.9]. Specifically, let T' = {u € X |
< A}. Consider the tilting module T()\), which corresponds under the geometric
Satake equivalence to the parity sheaf £()). Note that £(\)|y,. is just the shifted
constant sheaf k{dimGry} on Gry. Thus, [AR] Theorem 5.9] gives us the first
isomorphism below:

H*(Gry) = End(ITp (Oxr @ T(N))) = End(TIRTIR (Op @ T(N))).
The second isomorphism holds because II&t is fully faithful. Finally, from [Mil
Definition 4.2], we see that IIRIIr(Opn @ T(A)) 22 V(A)(—Gun)- O

The preceding lemma lets us regard the coherent sheaf V() as a graded H*(Gr))-
module. We can of course also regard k (thought of as a graded vector space
concentrated in degree 0) as a H*(Gry)-module in the obvious way.

Proposition 3.6. There is an isomorphism of G -equivariant graded kK|N]-modules

k ®ne(gry) VIA) = V(A)(20uw1)-

Proof. Let End(V(\))* € End(V(\)) denote the subspace spanned by homoge-
neous elements of strictly positive degree. Let {f1,..., fn} be a basis of homoge-
neous elements for End(V(X))™, and let d; denote the degree of f;. In other words,
we may regard each f; as a map V(A\)(—d;) — V(A). Form their sum

évux—di) Eie LIRS v/5\Y

This is a morphism in both Coh(N') and PCoh(N). We will study its kernel and
cokernel in both categories. First, via the isomorphism of Lemma we have

(3.3) k®ne(gry) V(A) = End(V(A))/End(V(A) " ®padvn) V(A) = cokeon) f-
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We now turn our attention to PCoh(N). Let I' = {y € X* | u < A}, and let
T =T~ {A}. Consider the quotient functor

Ir v : PCoh(N)r — PCoh(N)r/PCoh(N)r,

and let TIf ¢ be its right adjoint. Then PCoh(N)r/PCoh(N )y is a properly strat-
ified category with a unique simple object up to Tate twist: namely, the object
S = TIr v(V()\)). This object has an injective envelope I = IIp v(V())). We
have V(\) & H?T(S) and V() = HIE"T(I). Moreover, as in Lemma we have
End(I) 2 H*(Gry). On the other hand, by [AR] Lemma 2.7(1) and Theorem 2.15],
the object I is also isomorphic to IIp v (A(X)(20uya)). Thus, I is the projective
cover of S(2d,,x)-

Let f; : I(—d;) — I be the map corresponding to f; under the isomorphism
HIE"T : End(I) = End(V()\)), and define f in the same way as f above. Then
the image of f is the radical of the indecomposable projective object I, and so
cokf = 8 (20u0). Also, trivially, ker f has a filtration whose subquotients are
various S(k). Applying H%T, we obtain an exact sequence in PCoh(N)

(3.4) 0 = kerpoonv) £ = ED VOV (=di) & V(A) = V(A)(26,,0) — 0,

i=1
where kerpcon(ar) f has a filtration whose subquotients are various V(A (k).

Let K be the cone of f in DPCoh(N). Then, considering both the natural and
perverse-coherent t-structures on this category, we have two distinguished triangles

(kergon(ary f)[1] = K — cokconiny f =,
(kerpconny f)[1] = K — cokpcony f — -

But we saw in that both kerpconany f and cokpoonary f have proper co-
standard filtrations, and hence happen to lie in Coh(N). So by [BBD, Proposi-
tion 1.3.3(ii)], the two distinguished triangles above must be canonically isomor-
phic. In particular, we have cokconary f = cokpcon(ay f- The result then follows

by comparing (3.3 and ([3.4). O

The next lemma is a related fact involving standard objects rather than costan-
dard ones.

Lemma 3.7. There is an isomorphism End(A(\))-modules
}107111(&()\)<_2(5w0)\>, A()‘)) = k.

Proof. Let S,I € PCoh(N)r/PCoh(N)y be as in the preceding proof, and let IIf y
be the left adjoint to IIr . Since I is the injective envelope of S, we certainly have
Hom(S(—20uox), I{—20uox)) = k. Applying the fully faithful functor 1_111:7~r yields
the result. |

Lemma 3.8. Let M € PCoh(N) be an object with a costandard filtration. Then
Hom(A(X), M) is a free End(A(X))-module. Moreover, there is a natural isomor-
phism

k ®gna(a(n)) Hom(A(X), M) = Hom(A(X)(—26u,x), M).
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Proof. The assertion that Hom(A(X), M) is a free End(A()\))-module is just a
restatement of (the dual of) [AR, Lemma 2.12]. Next, let us identify k with
Hom(A(X)(—20uwr), A(X)) by Lemma We wish to show that the natural map
(3.5) B

Hom(A(N)(~20u2), AN) | @ Hom(A(N), M) — Hom(A(N)(~25u,), M)

is an isomorphism. We proceed by induction on the number of steps in a costandard
filtration of M.

Suppose first that M = V(u)(n) for some p € Xt and some n € Z. If u # A,
then both sides of vanish, and there is nothing to prove. If u = A, then an
argument like that in [AR] Lemma 2.7(3)] shows that we can replace M on both
sides of by the standard object A(A)(n + 2d,,,). After this change, is
obviously an isomorphism.

For general M, choose a short exact sequence 0 — M’ — M — M"” — 0 where
both M’ and M" have costandard filtrations with fewer steps than that of M.
We claim that both sides of take this sequence to a short exact sequence.
For the right-hand side, this holds simply because Ext'(A(X){—28u,1), M') = 0.
For the left-hand side, we first note that Ext'(A(\), M’) = 0; then, the functor
Hom(A()N), —) takes our sequence to a short exact sequence of free End(A(MN))-
modules. The desired exactness follows. As a consequence, if is already
known to be an isomorphism for M’ and M”, then it is for M as well. O

Lemma 3.9. Let A\ € XT. The degree-0 component of T(N, O (X)), regarded just
as a graded G -representation, can be identified with N(X).

Proof. Tt follows from the definition of the grading that the 2i-th graded component
of T'(N, O (\)) is isomorphic to the GV-representation indgi (ky ® Sym‘(u¥)*),
where Sym*(u¥)* is the i-th symmetric power of the dual vector space to u¥. In
particular, when ¢ = 0, this reduces to indgi kx 2 N(N). O

The preceding lemma and the following one together tell us that TN, O v(A)
is generated as a k[N]-module by its graded component of degree 0.

Lemma 3.10. For any A € X*, the obvious map On @ N(\) — TN, 05 (N)) is
surjective.

Proof. There is a surjective map of BY-representations N(\) — ky, where k, de-
notes the 1-dimensional BY-representation with weight A. From this, we obtain a
surjective map of vector bundles O g ® N(\) — Og()\) on N. Applying 7. and
using (2.1)), we obtain a map h : On @ N(A) = 7,0 (A) = V(A)(6u,n). Let K be
the cocone of h, so that we have a distinguished triangle

K — On @ NQA) L5 V(A) Gugr) — -

To prove that h is surjective, we must show that K lies in Coh(A). The proof
of [Al Lemma 5.4] yields a slightly different fact: that h is surjective as a morphism
in PCoh(N), and hence that K € PCoh(N). (The statement of [Al Lemma 5.4]
involves M(A) instead of N(\), but its proof goes through for any GY-representation
with highest weight A.) On the other hand, by [AR] Theorem 2.15(3)], Oxr @ N(X)
has a costandard filtration, and hence a proper costandard filtration. It follows that
K, which is the kernel of h in PCoh(A/), also has a proper costandard filtration, so
it lies in Coh(N), as desired. O
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3.3. The Mirkovi¢—Vilonen conjecture for mixed sheaves. We are now ready
adapt the arguments in [AR] §6] to the mixed modular setting.

Lemma 3.11. Let A € XT. The following conditions on an object F € D‘(rg’;)(gm)
are equivalent:

(1) F is pure of weight 0.

(2) Hom(F,Kk) is a free graded H®*(Gry)-module, and Hom(k, F[k]) = 0 if k # 0.

Proof. Essentially identical to [AR], Lemma 6.1]. O
Theorem 3.12. Let A € XT. Then Z,(\) is *-pure, and L.(\) is !-pure.

One can also show that the stalks of Z;(A) and the costalks of Z, (\) obey certain
parity-vanishing conditions, by using the decomposition of D?}i)x(gr) into “even”
and “odd” objects as explained in [ARc2l §2.1],

Proof. Let p be a dominant weight such that p < A. Using adjunction and the
equivalence P}, we obtain:

Hom((i3P")*Zu(A), k[k) = Hom(ZTy(A), 7. (u){~ dim Gr,,} K]
= Hom(Ox ® M(A), V()(=u,y, — dim Gr, ) [k]).

Recall that O @ M()) has a standard filtration as an object of PCoh(N). Tt follows
that the last Hom-group above vanishes for k # 0. On the other hand, for & = 0,
it is a free module over End(V(u)), by [ARlL Lemma 2.12].

Using Lemma we see that Hom((if}’h)*Iy (M), k[k]) obeys the second condition
in Lemma By that lemma, (iP")*Zy(\) is pure of weight 0, as desired. O

4. THE REGULAR REPRESENTATION AND THE REGULAR PERVERSE SHEAF

In this section, we review a number of basic facts about the regular representation
k[GVY] of G, and then we translate them into geometric statements about Gr.

4.1. The regular representation. Regard k[GV] as a (G x GV)-module in the
usual way: given f € k[GV] and g,h € GV, we put ((g,h) - f)(x) = f(g~'zh). The
results below are elementary and very close to those in, say, [Jal §1.3.7]. We include
proofs because we will require slightly finer information about the right GY-action
than is given in loc. cit.

If V and V' are two G -representations, we write VXV for their tensor product
regarded as a (GY x GV )-representation. In an abuse of notation, we sometimes iden-
tify V with VXk; i.e., we regard a GV-representation as a (GV x GV )-representation
by making the second copy of GV act trivially. (To make the first copy act trivially
instead, we explicity write k X V)

Lemma 4.1. For any GY-module V, there is a natural isomorphism of (G x GV)-
modules V @ k[GV] = (kK V) @ k[GY].

Proof. Identify the underlying vector space of both sides with the space Mor(G", V)
of morphisms G¥ — V. The two (GY x GY)-actions above correspond to the
following two actions on Mor(GY,V):

((9:h) 1 )(x) =gf(g~ wh)  and  ((g.h) 2 f)(x) = hf(g~ zh).
Let ¢ : Mor(GY,V) — Mor(GY,V) be the bijective map given by ¢(f)(z) =
271 f(z). Then ¢ intertwines the two actions: ¢((g,h) -1 f) = (g, h) -2 &(f). O
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In the next few statements, given a (GY x GV)-module M, we let
MC 1 ={meM]|(g,1)-m=mforalgeG'}.
Of course, the second copy of GV still acts on MG *1 That is, we can regard
MG *1 in a natural way as a GV-module.
Lemma 4.2. For any GV -module V, there is a natural isomorphism of GV -modules
0:V 3 (VaklGY)F =t
Proof. Given v € V, let (v) € Mor(G, V) be given by 6(v)(x) = zv. Then, in the
notation from the proof of Lemma 4.1, we have
((9,1) -1 0(v))(2) = g8(v) (9~ x) = g9~ av = v = O(v)(x).
That is, 6(v) € Mor(GY, V)¢ 1. To sce that 0 is an isomorphism, we observe that
the map sending f € Mor(GY, V)¢ *1 to f(1) € V is its inverse. O
Lemma 4.3. Let M be a GV -equivariant graded k[N'|-module. Let a : M @k[N| —
M be the action map, and let m : (M @k[GY])¢ 1 @ (kIN]®@Kk[GY])¢ *! — (M @
k[GV])E %1 be the map induced by a and by the multiplication map k[GV]QKk[GY] —
k[GV]. Then the following diagram commutes:

M @ kN] 2% (M o k[GV])E ¥ @ (kIN] @ k[GY])E" X!

l |

M ‘ (M @ k[GV])E"x1

Proof. This is easily seen by tracing through the definition of 6. ]

In the special case where M = Kk[N], the map m on the right-hand side of
the diagram above makes (k[N] ® k[GY])¢ *! into a commutative ring, equipped
with a grading inherited from that on k[A]. Then, for any G"-equivariant graded
k[A]-module N, the space (N @ k[GY])¢ *1 is naturally a GV-equivariant graded
(kK[NV] @ k[GY])C” *!-module. The following proposition is immediate consequence
of Lemma [£.3]

Proposition 4.4. There is an isomorphism of GV -equivariant graded rings kK|N| =
(k[N @K[GY))G >, If we identify these rings, then for any GY -equivariant graded
k[N]-module M, there is a natural isomorphism M = (M @ k[GY])E %1,
Proposition 4.5. For any finitely generated G -equivariant graded K[N]-module
M, there is a natural isomorphism of GV -equivariant graded k[N]-modules

M 2 Homgy ) (D(M), KN @ K[GY)).

Proof. Recall that the functor D(—) is defined as RHomyp(—, k[N]). That is, we
compute RHom in the category of graded k[A]-modules, ignoring the GV-action;
the resulting complex of k[NV]-modules is still acted on by G¥. Since M = D(D(M)),
the complex RHomyy;(ID(M ), k[N]) is concentrated in degree zero. In other words,
we have a natural isomorphism M = Homy(z(D(M), k[N]). Using Lemma we
obtain

M = Homy y(D(M), k[N]) = (Homy v, (D(M), kIN]) @ K[GV]) ¥ !
> Homypy (D(M), kIN] @ K[G¥]))%*! = Homgv u (D(M), kIN] @ k[GV)),
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~ Homv (k, M @ k[G"])
Hom(1g,, F * R) ® Hom(1g,, R) =<— ® Homgv (k, k|AV] @ K[G])

Homgv (k[GY], M @ k[GY] @ k[G"])

Hom(R,F *x R *R) ® Hom(1g,, R) <—> % Hom,,, (k, K|\] @ K[G])

q q/

Hom(1gr, F * R *R) Homv (k, M @ k|GY] @ kK[G"])

’
T I'e

Hom(1g,, F *R) Homv (k, M ® k[G"])

FIGURE 1. Modules for Hom(1g,, R)

as desired. O

4.2. The regular perverse sheaf. Let R denote the ind-object of Pervg, (Gr)
corresponding to the (left) regular representation k[GV]. The right action of GV on
k[GV] gives rise to a G¥-action on R. The multiplication map m : k|GY]®k[GV] —
k[GV] is equivariant for the right GV-action, so it corresponds to a GV-equivariant
morphism S(m) : R * R — R. Consider the graded vector space
Hom(1g,, R).

We make this into a ring in the following way: given g € Hom(1g,, R{n}) and
f € Hom(1g,, R{m}), we define gf € Hom(1g,, R{n + m}) to be the composition

g¥id, S(m){n+m}

1o, L R{m} 3 1g, * R{m} L% R{n} « R{m} R{n +m}
Because S(m) is GV-equivariant, GV acts on the ring Hom(1g,, R).
Given F € Dm"‘(gr) a similar construction makes the graded vector space
Hom(1g,, F *R)

into a GV-equivariant graded right Hom(1g,, R)-module. Specifically, given m €
Hom(1g,, (F * R){n}) and f € Hom(1g,, R{m}), we define mf € Hom(1g,, (F
R){n + m}) to be the composition

mxid

1g, ER R{m} = 1g, * R{m} —— (FxR){n} x» R{m}

(idxS(m)){n+m}

S (F*xR*R){n+m} (F*R){n+m}.

Theorem 4.6. There is an isomorphism of GV -equivariant graded rings
Hom(1g,, R) = k[N].

If we identify these rings, then for any F € Dmlx (gr) such that Pspn(F) € Coh(N),
there is a natural isomorphism

Hom(1g,, F * R) = Pipn(F)

of (G x Gp)-equivariant coherent sheaves on N .
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Proof. We have the following sequence of isomorphisms of graded vector spaces,
where the first step is implied by Proposition [3.1} and the last by Proposition [4.4]

Hom(1g,, R) = Home,par) (On, On @ K[GY])
> Hom v (k, kIV] @ k[GV]) 2 (k[V] @ K[GV])® ! 2 K[V].

In fact, this is an isomorphism of GV-modules, since the GV-action on R is defined in
terms of the right G-action on k[G"]. Next, for F € D{gx (Gr), let M = Popi(F),
and assume that M € Coh(A). The same reasoning as above gives us isomorphisms
of graded GV-representations

Hom(1g,, F * R) & Hom (k, M @ k[G"]) 2 M.

To study the ring structure on Hom(1g,, R) as well as the module structure
on Hom(1g,, F x R), we refer to Figure The horizontal arrows all arise from
natural isomorphisms of the kind described above. The arrow labeled p is induced
by convolution with the morphism of (ind-)perverse sheaves S(n) : 1g, — R,
where 1 : k — Kk[GY] is the unit. The map p’ is induced by 7 itself. Thus, the
commutativity of the uppermost square in Figure [T] follows from the compatibility
with S in Proposition

Similar reasoning applies to the bottommost square. There, r’ is induced by the
multiplication map m : k[GY] @ k[GV] — k[GV], and r by S(m) : R * R — R.
Finally, the arrows labeled ¢ and ¢’ are both given by composition of maps, so
the commutativity of the middle square is obvious. We conclude that the entire
diagram in Figure [I] commutes.

The composition rgp defines the Hom(1g,., R)-module structure on Hom(1g,, F*
R). On the other hand, we can identify the space Hom v (k, M @ k[G"]) with
(M®K[GY])¢"*1, and likewise for the other Hom-groups in the right-hand column of
Figure[l] Under these identifications, the composition '¢'p’ coincides with the map
that was denoted m in Lemma[4.3] Thus, by combining Figure [I] with Lemma [4.3
we obtain the following commutative diagram:

Hom(1g,, F * R) ® Hom(1g,, R) <—= M ® k|N]

| |

Hom(1g,, F *R) M

In the special case where F = 1g, and M = k[N], this diagram shows that the
isomorphism of graded GV-modules Hom(1g,, R) = k[N] is actually a ring iso-
morphism. Then, for general F, it identifies the Hom(1g,, R)- and k[N]-module
structures on Hom(1g,, F * R) = M, as desired. O

4.3. Standard sheaves and the regular perverse sheaf. We conclude this
section with a study of certain Hom-groups involving standard sheaves.

Lemma 4.7. Suppose F € D‘(’g’;)(gr) has the property that (iiph)!]: is pure of
weight 0. Then Hom(Ji(A),F) is a free H*(Gra)-module. Moreover, there is a
natural isomorphism

k @ue (gry) Hom(J1(A), F) = Hom (i (woA){—0uwyx }, F)-
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Proof. By adjunction, we see that Hom(Ji(\), F) = Hom(Ji(N), (55").(55") F),
and that Hom(4,(\), F) = Hom(i,(\), (i5°"). (i5"")'F). Thus, we may as well assume
that F 2 (i3P"),. (i)' F. Since (i5P")'F is assumed to be pure, it is a direct sum of
objects of the form k{n}. It suffices, then, to prove the lemma in the special case
where (i)' F 2 k{dim Gry}, and F = J.()\).

In that case, we have Hom(Ji(A), F) = Hom(kg,, kg, ) = H*(Gry). On the
other hand, by adjunction, we have

Hom (4, (woA){—8uwor t, F) = Hom(k ;. {dim Gra — 20u,x}, iay 1 F)
= Hom(k,_m}\{dim gr,\ — 26w0>\}’k1-w0)\{dim Qr)\ — 251110)\}) = k.

The adjunction map g (woA){—0dwer} — J1(A) induces a natural map
Hom(J(A), F) — Hom (g, (woA){—dwor}, F)

that can clearly be identified with the natural quotient map H®(Gry,) — k of
H*(Gry)-modules. The result follows. O

Corollary 4.8. Suppose F € Perv?g’;)(gT) has the property that (iiph)l}" is pure
of weight 0. Then the natural map Hom(J(N\),F) — Hom(i(woA){—0bwer}, F)
induced by the adjunction i,(woX){—0wor} — Ji(A) is an isomorphism.

Proof. Note that the Hom-groups in this statement are the degree-0 components of
the graded Hom-groups in the preceding lemma. Since J()) lies in PD?]Gi’;)(gT)@’
the assumption that F is perverse implies that Hom (7 (A), F{n}) = 0 for n < 0,
or in other words, that Hom(7 (), F) is concentrated in nonnegative degrees. The

result then follows from Lemma O

Proposition 4.9. We have the following isomorphisms in Coh(N):
Hom (i (—woA), R) = V(A){—0uwya) and ~ Hom(i,(=)),R) = V().
Proof. Via Py, and Corollary we have
Hom(i(— o), R) 2 Hom(A(—w6))(Buys), Ox © K[GV]).

By Proposition the latter is naturally isomorphic to V(A)(—dyn)-

Next, by Theorem the ind-perverse sheaf R is !-pure of weight 0, so
Lemma [4.7] tells us that Hom(i,(=A){—duwer}, R) = k ®@pe(gr,) Hom(Ji(—woA), R).
Proposition then implies that Hom(i,(—M\){—0uwor}, R) = V(A){Suwyr), as de-
sired. O

5. MIXED MODULAR WAKIMOTO SHEAVES

Wakimoto sheaves, introduced by Mirkovié, are certain sheaves on the affine
flag variety or the affine Grassmannian that have favorable convolution and Ext-
vanishing properties. In this section, we study the basic properties of Wakimoto
sheaves in the mixed modular setting. The results are closely modeled on those
of [ABl §3.2] and [ABG], §8].
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5.1. Preliminaries on the affine flag variety. Let F¢ = Gk /I denote the affine
flag variety for G. Recall that I-orbits on F/¥ are labeled by the extended affine
Weyl group Wog. Given w € Weg, let Fl,, denote the corresponding orbit, and
let jy, : Fly — FL be the inclusion map. We denote the standard and costandard
perverse sheaves in Perv™(F¢) by

Sw = Juwk{dim F¥,,} and Cy = Juwsk{dim Fl,}.

The category DW*(F/) is equipped with a convolution product, and there is a
convolution action of D (F¢) on D¥*(Gr). For basic results on convolution in the
mixed modular setting, see [ARc2, §4]. We will need the following slight refinement
of [ARc2| Proposition 4.4].

Lemma 5.1. For wi,wy € Wag such that {(wiws) = L(wy) + L(ws), there is a
canonical isomorphism

(5.1) Cuywy == Cupy * Copy -

Moreover, for wi, wa, w3 € Wag with {(wywews) = £(wy) + £(ws) + £(ws), the two
180MOTPRISNS Copywows == Cuwy * Cuyy * Coyy tnduced by (5.1) coincide.
In addition, each c,, is invertible: we have Cy * Syy—1 =2 Syy—1 * Cyy = Ce.

For Q-sheaves (see [AB, Lemma 8]), a shorter proof is possible: one can prove a
property like below for standard sheaves directly. The definition of convolution
in the mixed modular setting always involves parity sheaves as an intermediary; for
this reason, the argument below must consider parity sheaves first.

Proof. We begin with the observation that if £(wyws) = €(w;) + ¢(ws), then there
is a canonical isomorphism

(5.2) (Ewy * Ewy )| Feyy, 1y = K{l(w1w2)}.

Indeed, this follows from a study of the convolution diagram (see [JMWI §4.1]).
Now, Eupyw, is a direct summand of the parity complex &, * Ey,. Choose maps

i p
Ewrws = Ewy * Ewy = Ewyws

such that poi =idg, ,,, ?©p is an idempotent, and both 7 and p are compatible
with (5.2). That is, the restriction to Fy,., of each of i and p should coincide
with the isomorphism . The fact that the last condition can be satisfied follows
from [IMW1], Corollary 2.9].

Next, consider the canonical maps &, — €y, and Euywy — Cuwyw,- 1t 1S €asy to
see that there are unique maps iy, pp making the following diagram commute:

% p
5'l,U] w2 5’(1}1 * 81112 gwl wo

PR

C’Ll)l’ulg —— Cwl * C’LU2 E—— cw1w2

In fact, the maps ig and po are determined by the restrictions i|,,, ., and p[ze, ., -
In other words, they are determined by the canonical isomorphism , and are
independent of the choice of ¢ and p.

We already know by [ARc2l Proposition 4.6] that ¢y, * ¢y, is abstractly iso-
morphic to Cyyuw,- Since End(cy,w,) = k, the maps ip and py must both be



18 PRAMOD N. ACHAR AND LAURA RIDER

isomorphisms, inverse to one another. These maps constitute the canonical isomor-

phism (5.1)).

The associativity assertion follows from the fact that the two isomorphisms
(Ewr * Ewy * Euwg )| Fluyy wpwy = K{L(w1w2w3)}
induced by (5.2) coincide. Finally, the invertibility assertion is just a restatement
of [ARc2l Proposition 4.4(2)]. O

Lemma 5.2 (cf. [ABG| Proposition 8.2.4]). For any y,w € Wag, the object ¢,y xSy,
is a perverse sheaf. It is supported on Fly.,, and (cy * sy)|re,, = k{dim Fly,}.
The same results hold for sy x c,,.

Proof. The fact that c, *s,, is perverse is contained in [ARc2l, Proposition 4.6].

Let H be the Grothendieck group of DP™(F¢). For an object F € DWX(F(),
we denote its class in H by [F]. Of course, the convolution product on DW*(FY)
makes H into a ring. We also make it into a Z[q'/2, ¢~ '/?]-algebra (where ¢'/2 is
an indeterminate) by setting ¢'/2[F] = [F(1)]. It is well known that H is none
other than the extended affine Hecke algebra associated to W,g. Indeed, one can
use [ARc2 Proposition 4.4] to check that the elements T, := [s,,{—¢(w)}] satisfy
the defining relations for the Hecke algebra.

Now, consider the ring H := H/(¢'/? — 1), which can be identified with the
group ring Z[Wag]. Let {T,, | w € Wag} be the standard basis for Z[W,g]|. For
F € DPX(F0), let [F] denote its image in H. We then have [s,,] = (—1)““)T,,. On
the other hand, we have [c,] = [s,,-1]7! = (—1)4(“’)q€(w)/2Tu}11. It follows that

[5w] = [co] = (=11, for all w € Wag.
Since £(y) + £(w) = £(yw) (mod 2), we have
(5.3) [cy *su] = (*1)E(y)+e(w)TyTw = (*1)€(yw)Tyw = [cyul-

Recall that for two objects F,G € PervP™(F/), we have [F] = [G] in H if and
only if F and G have the same composition factors (with multiplicities). Similarly,
we have m = @ if and only if F and G have the same composition factors up to
Tate twist. Thus, lets us compare the composition factors of ¢, s, with those
of ¢y, Specifically, ¢, *s,, must contain some ZC,,,(n) as a composition factor with
multiplicity 1, and all other composition factors must be supported on ]:Tw\fﬁyw.
In particular, ¢, s, is supported on Ffy.,, and (¢, * Sy)|xe,,, = k{dim Fl,, }(n)
for some n.

It remains to show that n = 0. For this, we proceed by induction on the length
of w. If {(w) = 0, then s,, = ¢, so we have ¢, * s, = ¢, * €y = Cyy, and the
statement is clear. Otherwise, write w = w’s where s is a simple reflection, and
{(w') = {(w) — 1. By induction, we have (cy xsy)|7e,,, = k{dim Fly, }.

Suppose first that yw’ < yw. This implies that sy, *x s, = sy,,. There is a
natural (nonzero) map Sy, — C, * Sy,s. Since sy is an invertible object, applying
(—) * s5 gives a nonzero map sy, — Cy * S,y. By adjunction, we obtain a nonzero
map k{dim 7/, } = (¢, xsy)|re,,. Therefore, n = 0.

Similarly, if yw’ > yw, we consider the natural (nonzero) map ¢y * Sy — Cyur.
This time, we have Cyy * 85 = €y, S0 applying (—) x s, gives a nonzero map
Cy * Sy — Cyy. Again, by adjunction, we obtain a nonzero map (c, * Sy)|7¢,, —
k{dim F¥,,}, and the result follows.

Yyw
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5.2. Projection to the affine Grassmannian. Let w : ¢ — Gr be the obvious
projection map. This is a smooth, proper, stratified morphism. The following
elementary lemmas relating convolution and w are well known (at least in the
non-mixed case), but we give their proofs for completeness.
Lemma 5.3. Let F € D?}i)x(]:é).
(1) For G € DWX(F¥), there is a natural isomorphism F x w.G = w.(FxG).
(2) For G € D¥X(Gr), there is a natural isomorphism F x w*G = w*(F  G).

Proof. For both statements, it suffices to consider the case where F and G are
both parity sheaves. In this case, we can compute the convolution product in the
ordinary (non-mixed) derived category instead. Note that in the following diagram,
every square is cartesian:

Flx Fl <— Gg x Fl —= Gg x! Fl —— Ft

L

Flx Gr<=——Gg X Gr—— Gk x! Gr ——=Gr

The results follow by tracing through the definition of convolution. O

Lemma 5.4. Let F € D?}i)x(]-"é) and G € Pervg (Gr). There is a natural isomor-

phism F xG = w,F xG.

Proof. As above, assume that F and G are both parity sheaves. We will give
an alternative description of the object F X G on Gk x! Gr, using the following
commutative diagram.

GKXgT

I

Flx Gr<2— (Gx x! Go) x Gr —1= G ! Gr
The maps are defined as follows:

p(g9,2Go) = (9I,2Go)  q(9,7Go) = (9,2Go)  i(g,2Go) = (9,1,2Go)
p(g,h,2Go) = (91,2Go) G(g,h,2Go) = (9, hxGo)

Recall that F X G is defined to be the unique object on Gk x! Gr such that
¢ (FXG) = p*(FKG). We claim that it is also the unique object satisfying

i (FXG) = p*(FRG).

To see this, observe first that because G is Go-equivariant, the object p*(F K G)
is Go-equivariant for the “diagonal” Go-action on (G x! Go) x Gr, in which
m € Go acts by m - (g, h,2Go) = (g,hm~!,maxGo). This action is free, and § is
the quotient by this action, so there exists a unique object on Gk x! Gr, say FX'G,
such that §*(FX'G) = p*(FRG). Applying i*, we find that ¢*(FX'G) = p*(FRG),
so we must have FX' G = FK G.
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Now form the following commutative diagram, where r(g, h, tGo) = (gh, xGo).

Flx Gr<2— (Gx x! Go) x Gr — = Gx x! Gr
Gr x Ggr<———— Gg x Gr ——— Gk x%° Gr ——=Gr

It is easy to check that both squares are cartesian. Then, the base change theorem
implies that s,(F X G) ¥ w,.F X G, and the result follows. O

5.3. Wakimoto sheaves. Identify X with a subset of W,g as usual. Also, for
A € X, let k) denote the T"V-representation of weight .

Lemma 5.5 (cf. [AB| Corollary 1(a)]). The assignment ky — cy for A € X*
extends to a monoidal functor W : Rep(TV) — DPX(FY).

Proof. Recall [ARc2l Proposition 4.4(2)] that each ¢, is an invertible object of
Dmix(F¢). With this observation in hand, the proof of [ABl Corollary 1(a)] can be
repeated verbatim. ([l

As in [ABG], we will write W) instead of W(ky). Objects of this form are called
Wakimoto sheaves. The construction implies that for any A € X, we have
(5.4) Wi =c,xs_, if \=p—vand u,veX".

In particular, for A € XT, we have Wy = ¢, and W_, & s_,. By [ARc2, Proposi-
tion 4.6] and Proposition W, is both perverse and adverse. We also put

W)\ = Wh x g =2 w, W,

By Lemma the Wy, are again adverse. (They are not perverse in general.) The
following fact about these objects is a consequence of Lemma [5.2

Lemma 5.6. For any A € X, W, is supported on I-)\, and there is a canonical
isomorphism Wy |r.x 2 k{dim I-\—d,}. In the special case where A € Xt , we have

(55) W)\ = 1*(>\) and W_)\ = Q(*/\){*(s_)\}.
Proof. Identical to [ABG, Corollary 8.3.2]. O

The next lemma is a variation on Proposition
Lemma 5.7. Let A € X, and let F,G € D¥*(Gr). The natural map
Hom(F,G) — Hom(Wy x F, Wy x G)
is an isomorphism of H}(pt)-modules.

Proof Sketch. This map is, of course, at least an isomorphism of graded vector
spaces, since W % (—) is an equivalence of categories. If we prove the statement
for dominant weights, then it follows for antidominant weights (since s_y % (—) is
the inverse functor to ¢y x (—)), and then for all weights by (5.4).

For dominant weights, the proof is very close that of Proposition We will
review the main points. Recall that W,g acts naturally on the maximal torus T,
and that this action factors through Wog — W (see [K| §13.2.2]). This induces
an action of Wyg on HY.(pt) = HY(pt). Now, the equivariant cohomology H$(F?,,)
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is equipped with two actions of H}(pt). These actions do not coincide in general;
rather, they differ by the action of w of H}(pt). As a consequence, the natural map

Hom(F,G) — Hom(cy * F, €y x G)

is a w-twisted homomorphism of HY(pt)-modules. When w is a dominant weight,
it acts trivially on T and on H$(pt), so the map above is indeed a homomorphism
of H}(pt)-modules, as desired. O

5.4. Convolution with monodromic objects. For Q-sheaves, it is explained
in [ABG] §8.9] that by considering lifts of the ¢,, and s,, to the “thick affine flag

variety” F¥, one can define a functor
(5.6) Wi * (—) : I(r}i)x(gr,@g) — ?}i)"(gr,@g).
That is, one can drop the I-equivariance condition for objects on Gr. Unfortunately,
we cannot imitate this in the mixed modular setting, because there is currently no
suitable theory of “mixed modular sheaves” on F/.

We will not attempt to define convolution in the generality of (5.6). Instead,

we will see in the next few statements that for certain special classes of morphisms
and objects in DI(I}I)"(QT)7 we can recover a “shadow” of the undefined functor (J5.6]),

by lifting to DX (Gr).
Proposition 5.8. Let F,G € D®*(Gr) be objects such that Hom'(F,G) is a free

H$ (pt)-module for all i € Z. Then there is a unique isomorphism wy making the
following diagram commute:

Hompumix gy (F,G) - Hompumix gy (Wa * F, Wa x G)

Hompmix (g (For(F),For(g)) — = HomD?};x(gr)(For(WA x F),For(W, % G))

~

This proposition applies, for instance, when F is x-pure and G is !-pure. In
particular, when p € X+ and G is !-pure, this proposition gives us a map

wy : Hom(W_,,, For(G)) = Hom(W,_,,, For(Wy x G)).
This is the most common circumstance in which Proposition will be invoked.
Proof. Proposition [A-T3] gives rise to a spectral sequence

Tor™i® (Hom?(F, G), k) = Hom?*4(For(F), For(G)).

But the assumption that all the Hom?(F,G) are free means that the Tor-groups
vanish except when p = 0. Setting ¢ = 0, we obtain an isomorphism

(5.7) Hom(F, G) ®ns (pt) k = Hom(For(F), For(G)).

In particular, the map Hom(F,G) — Hom(For(F), For(G)) is surjective. It follows
immediately that if wy exists, it is unique.

Next, Lemma implies that all Hom'(Wy x F, Wy % G) are also free H3(pt)-
modules, so the considerations above apply here as well. In particular, we have

(5.8) Hom (W % F, Wi x G) ®@ns (pt) k = Hom(For(Wy % F), For(A x G)).
Via (5.7) and (5.8), we define wy to be the map (Wx * (—)) ®ns (o) k. ]
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Next, we show that the maps w) enjoy a kind of compatibility with composition.

Lemma 5.9. Let V € Rep(GY) be a representation with a good filtration. Let

F e D?}i)x(gr) be an object such that both F and F « S(V') are !-pure of weight 0.
Let 0 € X, and let \,u € Xt. Given f: W_x = S(V){n} and g : W_, = F,
consider the composition

Wy DWW SV ) 29 FxS(V){n).

The following diagram commutes:

— Wd—u(f) =
Wy — W, x S(V) )

We *id
wo((grid)ow_u (1)) J, @

Wy x FxS(V){n}
Proof. As we observed in the proof of Proposition the maps
Hompyix(gry W-x, S(V){n}) = Hompue gy V-2, S(V){n}),
HongﬂiX(gr)(W—mf) - HomD?;i)X(gr) Wy, F)

are surjective. Choose maps f: W_, — S(V){n} and §: W_, — F in DP*(Gr)
that lift f and g, respectively. The commutative diagram in Proposition [5.8| says
that

Wo—u(f) = ForW,_ % f) and wy(g) = ForOW, * g).
The following calculation completes the proof:

(wo(9) %1d) 0 wo—p(f) = For(Wo % g xid) © Wo—pu % f))
= For(W, x ((gxid) o (W_,, % f))) = w, (For(§ x id) o For(OW_,, x f))
— w,((g*id) 0w, (f). O
At the moment, the closest we can get to is the following statement.

Proposition 5.10. For any A € X, there is a functor
Wy 7 (=) : Parity y (Gr) — D‘(Y}i)x(gr)
such that the following diagram commutes:

Parity , (Gr) — "), pmix(gp)

Forl iFor

. Wi %7 (=) ;
Parlty(l)(gr) . D?}‘)X(gr)

Proof. 1t is known that For : Parity;(Gr) — Parity ) (gr) is essentially surjective.
Given F € Parity;)(Gr), choose an object F € Parity;(Gr) together with an
isomorphism u : For(F) = F. We define W) “4” F to be For(W) * F). Suppose
now that G is another object, for which we have chosen v : For(G) = G. Given a
morphism f : F — G, we define Wy “+” f to be the map wy(v=!o fou). It is easy

to see that different choices would lead to a canonically isomorphic functor. The
fact that the diagram in the proposition commutes is obvious by construction. [
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5.5. Subcategories generated by Wakimoto sheaves. We end this section
with a few results about subcategories of D?}i)"(gr) that can be generated by various
collections of Wakimoto and spherical sheaves. These facts will be used in Section [7]

Lemma 5.11. Let Z C Gr be a closed union of I-orbits. Then D?}i)x(Z) is generated
as a triangulated category by {W,{n} | I-u C Z, n € Z}.

Proof. This is an immediate consequence of Lemma |5.6 O

Lemma 5.12. Let A\, u € X.
(1) If A £ p, then Hom® (W, Wy) = 0.
(2) We have End(W)) 2k, and Hom'(Wx, W) = 0 for i # 0.

Proof. For part , the statement involves D?}i)x(gr), but by Proposition it
suffices to prove the corresponding vanishing in D¥*(Gr). For the remainder of
the proof, we work in the latter category. For any v € X, applying W, * (—) gives
us an isomorphism Hom®*(W,,,W,) = Hom®*(W,+,, Wx4,). Now choose v to be
dominant and large enough so that 4+ v and A + v are both dominant. By
and adjunction, we have

Hom*(W,,, W») = Hom® (i i, (1 + v), k{dim I-(\ + v)}.
This is nonzero if and only if i3, i, (1 +v) # 0. The latter implies that I-(A+v) C
I-(u+v). Since u+ v and A + v are both dominant, this holds only when A =< p.

Next, Proposition implies that it is enough to prove part in the case
where A = 0, and in this case, the result is clear. ([

Let A € X, and recall that W = 4, (woA){—0wex}. Suppose now that F is an
object of D{gFY, (Gr) such that (i5P")'F = k{dim Gr,}. (This applies, for instance,
to Zy(A) and Z.(X).) Then

LF 2 k{dimGry — 2(dim Gry — dim I-(woA))} = k{dim I-(woX) — Suy» }-

7/u)o)\

By adjunction, we obtain a map W,,,» — F. In particular, we have canonical maps

(5.9) Waor = T(A)  and  Wagn = Zo(A).

Lemma 5.13. Let A\ € X*. Extend the natural adjunction maps Wy,x — Li()\)
and Wyox — Zi()\) to distinguished triangles

Wauor = Li(A) = K —, Waor = Ze(A) = K/ — .
Then both K and K' lie in the full triangulated subcategory of D?}i)"(gr) generated
by the set of objects
W, {n} In€Z, u=wo and u < A\}.

Proof. Let D' C D?}i)"(gr) be the category generated by the objects above. On the
other hand, let

D'={Fe f‘}i)"(gr) | the support of F is contained in Gry, and iiUO/\]: = 0}.
We will show that D' = D",

We first claim that if u < X and p > wgA, then iL;OAWu = 0. Indeed, by adjunc-

tion and (5.5)), this claim is equivalent to the assertion that Hom® (W, W,,) = 0.
The latter holds by Lemma We have shown that D’ ¢ D”.
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Next, note that among the weights < A, the weight wg\ is the unique minimal
weight with respect to <. Thus, if I-u C Gry~Gry, then W, € D’. More generally,
for any F € D?}i)x(gr) supported on Gry ~ Gry, Lemma implies that F € D'.

We will now show that every object F € D” lies in D’ by induction on the
number of I-orbits in (supp F) N Gry. If that intersection is empty, the previous
paragraph tells us that 7 € D’. Otherwise, choose a € W - X such that I-u is
open in the support of F. Then there is a distinguished triangle

F' = F =iy F — .

Note that p # woA, because i), F = ilu]-" is nonzero. Since iiUO/\]-" = iLjo)\iwi;}" =0,
we find that iim))\]:/ = 0 as well. Thus, F’ lies in D", and its support meets fewer
I-orbits in Gry than that of F, so 7/ € D’. On the other hand, i), F is a direct

sum of various i, (u){n}[k]. By Lemma there is a distinguished triangle

The same reasoning as above shows that G lies in D” and hence, by induction, in
D'. Therefore, i,.i;F lies in D', and hence F lies in D’ as well. We have now
shown that D' = D”.

Finally, because Wy, x — Zi(A) and W,,» — Z.(\) were defined by adjunction,
the maps ilwo/\Wwﬂ)\ — iiDOAL(}\) and inOAWwoA — iiu(,)\z*(/\) are isomorphisms. It
follows that inOAIC =4 K’ =0. In other words, K and K’ lie in D", and hence in

’u)())\

D', as desired. O

Lemma 5.14. Let A € XT. The category D?}i)"(gr)\) is generated as a triangulated
category by the set of objects

W, {n} In€Z, pu=woA and p < XN} U{Z,(N){n} | n € Z}.

Proof. Let D C D?}l)x(gir,\) be the triangulated subcategory generated by the ob-
Jects indicated above. The second distinguished triangle in Lemma shows that
D contains Wyyyx. Of course, every weight p < A satisfies = woA, so we see that
D contains all W, with u < A. The lemma follows by Lemma O
Proposition 5.15. The category D?}i)x(gr) is generated as a triangulated category
by the set

{(Waln} In€Z, XAOU WA T(w){n} [n€Z, A\ peX )

Proof. Let D C D?}i)x(gr) be the triangulated category generated by the set of
objects indicated above. We will show that all Wy {n} belong to D. Of course, we
need only consider the case where A < 0. We proceed by downward induction with
respect to <: given A < 0, let us assume that for all u = A, W, is already known
to lie in D. (Note that only finitely many such p also satisfy p =< 0, so it does
make sense to argue by induction here.) Write A = o + wov, where o and v are
both dominant. Lemma tells us that W, lies in the triangulated category

generated by

W} | n € Z, = worh UAZ.()n} | m € Z).
It follows that Wy = W, * W, lies in the triangulated subcategory generated by
(5.10) Wox W, {n} | n€Z, p=wortU{W,*Z,(v){n} | neZ}.
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The objects W, *x W,, 2 W, ., lie in D by assumption, since o + p = A. Thus, all
objects in ((5.10)) lie in D, so W lies in D as well, as desired. O

We end with a result relating the adjunction map € : Wy, — Zi()\) of (5.9) to
convolution of spherical sheaves.

Lemma 5.16. For \,u € X, there is a unique map of GV -representations

(5.11) Pyt MO+ 1) — M(A) @ M(p)
such that the following diagram commutes:
Wwd)ﬁ-p) < I! ()\ + /J)
zl S(Px,u)

Wasgh 5 Wag == Wagx % Ti (1) — = Wi * Ti(1t) =5 Ti(\) * Ti(p)
Each map py,, is nonzero. Moreover, for X\, u,v € X, the two morphisms M(\ +
w4 v) = M) @ M(u) @ M(v) coincide.

Proof. Tt is easy to see that Hom(M(A-p), M(A)@M(x)) and Hom (W oo (x4, Zt(A)*
Zi(p)) are both 1-dimensional, so the existence and uniqueness of py , are clear.
The associativity property can be deduced from the analogous property for Waki-
moto sheaves. It remains only to show that pj , is nonzero.

To rephrase this problem, form distinguished triangles W, — Zi(\) = Ky —
and Wy, — Ti(u) — K, — as in Lemma From these, we can build the
octahedral diagram shown in Figure [2| In that figure, G is a new object; it occurs
in a distinguished triangle

(5.12) Weorbp) — TN *T(p) — G — .
We want to show that the first morphism in this triangle is not zero.
For any weight v, let D., be the full triangulated subcategory of D“}ix(gr)

generated by {W,{n} | ¢ = v, n € Z}. We define Dy, similarly. Lemma tells
us that I, € Dy, and likewise for KCy. Since Zy(p) € Dy yy,p, We see that both
Waor * Ky and Ky x Iy () lie in Dy (a4,)- Therefore, G lies in Dy (a4p)-
Lemma implies that Wwo(A+u) does not lie in Dy (A44), S0 it cannot be a
direct summand of G[—1]. We deduce that the first morphism in is nonzero,
as desired. O

6. MULTIHOMOGENEOUS COORDINATE RINGS AND EXT-ALGEBRAS

6.1. The multihomogeneous coordinate ring of the flag variety. Consider
the duals of the maps introduced in Lemma [5.16

(6.1) Py i N(A) @ N(p) = N(A + p).

That lemma implies that these maps satisfy a certain associativity property, so we
can use them make @, x+ N()) into a ring. We introduce the notation

r2']:= @ N,
AeX+

and we regard it as a GY-equivariant X-graded ring. Let I'[%Y]-mod denote the
category of finitely generated G-equivariant X-graded T'[%"]-modules. A module
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ng)\ * IC/L
ng)\ *I!(,U) > g /
/ L)+ Ti(j0)
Wao () Kx*Zi(w)

FIGURE 2. Octahedral diagram for Lemma [5.16

M = @, cx My in I'[#Y]-mod is said to be thin if there is some A € X such that
M, =0forall peX+X" .

This notation reflects the fact that this ring can be thought of as a multiho-
mogeneous coordinate ring for 2. To make this precise, consider the line bundle
Ozv(A\) on #Y. We have a canonical identification I'(#", Ogv (X)) = N(A). By
adjunction and the projection formula, one sees that there is a canonical bijection
Hom(Ogv(A) ® Ogv (i), Ogv(A+ 1)) = Hom(N(A) @ N(u), N(A + u)). Let

(6.2) t)\,u : Ogv ()\) ®Q Ogv (/,L) = Ozv ()\ + /J)

be the map corresponding to pj} , under this bijection. Again, these maps enjoy an
associativity property like that in Lemma [5.16

Let us assume temporarily that GV is semisimple and simply connected, and
let @1, ...,w, be the fundamental weights of GV. From , we obtain for each
A € X* a canonical isomorphism

Oz (N) 2 O0gv (@)% @ ® Ogv (w,) " A= a0y + - + ap o,
and hence a canonical isomorphism of rings
N = @ D(BY,05v(w)?" @ - @ Ogv(w,)2).
(a1,...,a,)ENT

The right-hand side agrees with the multihomogeneous coordinate ring of #Y as
discussed in, say, [GLS| §10] or [LG] p. 123]. A straightforward generalization of the
Proj-construction (see, e.g., the discussion following [Mul, Proposition 4.8]) recovers
the variety %Y from this ring, and provides an exact functor

Fo : T[#"]-mod — Coh(£"),

where Coh(£V) is the category of GY-equivariant coherent sheaves on %Y. (In a
slight abuse of notation, we will also write .%; for the operation that takes possibly
infinitely-generated T'[#V]-modules to quasicoherent sheaves on %Y.) Moreover,
this functor induces an equivalence of categories

I'[#"]-mod/(Serre subcategory of thin modules) = Coh(%").
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In fact, the functor .#; and the above equivalence are available for arbitrary
reductive GV satisfying (T.2). The flag variety of GV can be identified with that
of its derived subgroup (GV)’, and routine reduction arguments let us build %, for
GV in terms of that for (GV)'.

We now describe another way to construct the ring I'[%"] in terms of the geo-
metric Satake equivalence. Consider the X-graded GV-representation

(6.3) &b Hompmi g, (Ti(~wod), R).
AeEX+

We make this into a ring as follows: given g € Hom(Zi(—woA),R) and f €
Hom(Z)(—wop), R), let gf € Hom(Zi(—wo(A + 1)), R) be the composition

S(P—wyr,—wou .
Ti(—wo(h + 1)) SPmmexmw0m)y 7Ny« Ty(—wop) L5 R+ R ST R,

Here, we have used the fact that f is a morphism in Perv(g.)(Gr) = Pervg, (G7),
so that it makes sense to form the convolution product g = f. For later reference,
we rewrite this product in a slightly different form:

S(waok,fwou)

(6.4) Ti(—wo(\ + p)) =200 T (o) % Ty (—wop) s Ti(—wod) « R

LANY N - BILONY -3

Proposition 6.1. There is an isomorphism of GV -equivariant X-graded rings
T%']= @ Hom(Zi(-wo)),R).
AEX+

Proof. The maps below give an an isomorphism of X-graded GV-representations.
It is easily checked that they also constitute a ring isomorphism, as desired.

Hom(Zi(—wp)), R) - Hom(M(—wo)), k[GV]) 2 Hom(k, N(\) ® k[G])
>~ (N(A) @ k[GV))¢"*t ZmmeBR Ny O

6.2. The multihomogeneous coordinate ring of the Springer resolution.
We will now upgrade these considerations from %" to N'. The isomorphisms in (6.2))
determine a corresponding collection of isomorphisms
E,\,M : ON(A) X O/{[(U) — OJ\*/(/\ + u).
These, in turn, give rise to a collection of maps
(6.5) Pi TV, O (V) @ TV, O (1)) = TN, Or (A + )
that we then use to make the following space into a ring:
TN] = @ TW,05(\).
rex+

This ring carries a (Z x X)-grading. Its degree-(Z x {0}) subring (i.e., the subring
spanned by homogeneous elements whose degrees lie in Z x {0} C Z x X)) is the Z-
graded ring T(N, O ) = k[N]. On the other hand, Lemma gives us an injective
homomorphism

(6.6) I[#"] — TN]
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that identifies the former with the degree-({0} x X) subring of the latter. (To be
precise, Lemma just gives us an injective map of GV-representations. Because
both and are induced by 7 this map is actually a ring homomor-
phism.)

Regard T'[N] as a T'[#"]-algebra via (6.6). Applying #y, we obtain a Z-graded
sheaf of algebras .7 on %Y. This sheaf of algebras can be identified with p,O g,
where p : N'— 2" is the projection map. In other words, we have N’ = Spec.¥,
where Spec is the relative version of the Spec construction.

Let I‘[m-mod denote the category of finitely generated GV-equivariant (Z x X)-
graded T[N]-modules. Given a module M € T'[N]-mod, we can regard it as a
I'[#"]-module via (6.6)), and then form the sheaf .#o(M). This is a quasicoherent
sheaf on 2" that is also a Z-graded sheaf of .”-modules. The Spec construction
then associates to Zo(M) a (G x Gp)-equivariant coherent sheaf on A. In this
way, we obtain a functor

Z : T[N]-mod — Coh(N).

As above, a module M = @, x M, is called thin if there is some A € X such that
M, =0 for all g € A+ X*. (The Z-grading is irrelevant to this condition.) The
functor .% induces an equivalence of categories

T'[NV]-mod/(Serre subcategory of thin modules) = Coh(N).

6.3. An Ext-algebra of Wakimoto sheaves. Building on the construction of
Section [.2] we now make

@ Hom(W_y,R)

rex+
into a GV-equivariant (Z x X)-graded Hom(1g,, R)-algebra, as follows: given f €
Hom(W_,, R{n}) and g € Hom(W_,, R{m}), we define gf € Hom(W_,_,, R{n+
m}) to be the composition

6.7) Wory 2w xR} 3 W_, «R{n}

294ty x R{n} S R )

A short calculation with Lemma [5.9] shows that this operation is associative, so we
do indeed get a ring. The main result of this section is the following.

Theorem 6.2. There is an isomorphism of GV -equivariant Z x X-graded rings

NV @ Hom(W_x,R).
rex+

Proof. Using (|5.5), Proposition and (2.3)), we have the following chain of iso-
morphisms in Coh(N):

Hom(W_y, R) = Hom(i,(—A\){—0x}, R) = V(A\)(5)) = T(N, Oxr(N).

Thus, our two rings are at least isomorphic as (Z x X)-graded GV-equivariant
k[A]-modules. Recall from Lemmas and that T(N, O 7(A)) is generated
as a k[N]-module by its degree-0 graded component. Therefore, the same holds
for Hom(W_x,R). To prove that the two rings in the statement of the theorem
are isomorphic, then, it suffices to show that their degree-({0} x X) subrings are
isomorphic.
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We first study the right-hand side. Recall that we have an adjunction map
e W_x 24(—N{—=d_»} = Zi(—wpA). This gives rise to a map

(6.8) Hom(Zi(—woA), R) — Hom(W_j,R).

We claim that this map is an isomorphism. Note first that the truncation map
Ti(—woA) = PHO(Ti(—woA)) = Zi(—wpA) induces an isomorphism

Hom(Zi(—woA), R) = Hom(J(—woA), R),

since R is perverse. The claim then follows from Corollary
From the preceding paragraph, we obtain an injective map of GV-modules

(6.9) P Hom(Zi(—wo)),R) — € Hom(W_,,R)
Aex+ rex+
that identifies the former with the degree-({0} x X) subspace of the latter.

We will show that this is also a ring homomorphism. Let g € Hom(Z;(—woA), R)
and f € Hom(Z)(—wopu), R). Let § € Hom(W_y,R) and f € Hom(W_,,, R) be the
maps corresponding to g and f via . (Thus, j =goeand f = fo €.)

Recall that f can be regarded as a morphism in Pervg, (Gr) C DEX(Gr). (In-
deed, this observation is essential to the definition of the ring structure in )
We can then forget from the Go-equivariant derived category to the I-equivariant
derived category. Of course, the adjunction map e : W,# — Ii(—wop) can also
naturally be lifted to D¥*(Gr), so we may regard f as a morphism in D™ (Gr). In
particular, it makes sense to form the convolution product id x f W_ A x W_ w =
W,,\ *R.

That observation is needed for a portion of the large diagram in Figure |3} which
compares the products on either side of (6.9). The large square labeled () is
the commutative diagram from Lemma [5.16| Each of the remaining small squares
obviously commutes.

Thus, the whole of Figure [3| commutes, and hence is a ring homomorphism.

From , , and Proposition we obtain an isomorphism of the degree-
({0} x X) subrings of T[N] and @, .x+ Hom(W_x,R), as desired. O

7. THE MAIN RESULT

We are now ready to prove the following theorem, which is the main result of
the paper. Its proof will occupy the entire section.

Theorem 7.1. There is an equivalence of triangulated categories
mix ~ GV XGm [\
P : D (Gr) = DPCoh® *®m(N)

satisfying P(F{1}) = P(F)(1) and POW)) = O (X). Moreover, this equivalence
is compatible with the geometric Satake equivalence: for F € D’(’}i)x(gr) and V €
Rep(GY), there is a natural isomorphism P(FxS(V)) =2 P(F)® V.

mix

We begin by constructing the functor P. As a first step, given F € Dy (Gr),
form the (Z x X)-graded vector space

Qnaive(]:) = @ HOm(W_)\,f*R).

AEX+
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w-x(f)

///\)

Wore e W W == VR
id*e
W,)\ *I!(—’LU(),M) ) W,)\ * R
¢ (*)
— idx f —
W,)\ *I!(—’wou) W,)\*R
exid exid
I[(—’U)()()\ + /J,)) ﬁ)I!(—w())\) *Z-](—’LUO,U) L*J;Ig(—wo)\) * R gxid
—woA,—wq
x*id
gxf R*R

FiGURE 3. Comparing ring structures in Theorem

We make this into a right module over @@, x+ Hom(W_y,R) by a formula similar
to (6.7): given f € Hom(W_y,R{n}) and m € Hom(W_,, F x R{m}), we define
mf € Hom(W_y_,, F * R{n +m}) to be the composition

W—p

Wone, 2w wR{n} 3 W_, % R{n}

id*S(m){m-+n}
_—

29 F o R{m} « R{n} FxR{m +n}.

Using the isomorphism of Theorem [6-2] we henceforth regard Quaive as a functor
Quaive : D?}i)x(gr) — T[N]-mod. We also let Paive := F © Qnaive : D?}i)x(gr) —

Coh(N), and then we put
PO = Pnaivc‘Parity(I)(gr) : ParitY(I) (g?’) - COh(N)
Finally, we define P to be the composition

) b 0 ~ o
{5 (gr) = K" Parity 1y (Gr) E, KPCoh(A) — DPCoh(A).

We begin with the last assertion in the theorem.

Proposition 7.2. For F € D?}i)x(gr) and V € Rep(GY), there is a natural iso-
morphism P(FxS(V)) 2 P(F)® V.

Proof. Observe first that by applying S to the isomorphism of Lemma we
obtain a natural isomorphism of GY-equivariant ind-perverse sheaves

(7.1) SV)*RERRV.

(Here, R ® V is isomorphic as an ind-perverse sheaf—but not as a GV-equivariant
ind-perverse sheaf—to @"™" R.) From the definitions of the convolution product
and the functor P, one sees that it is enough to prove the following statement:
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For F € Parity;)(Gr) and V a tilting G -module, there is a natural isomorphism
PY(Fx8(V)) = PY(F)®V. For the latter claim, using (7.1, we find that

PYF*xS(V)=F (@Hom(w_,\,f*S(V) *R))

-7 (@Hom(w,x,]—'*R) ® V) ~PYF) @V,
as desired. O

The next several statements are somewhat technical lemmas aimed at making it
possible to compute some values of P.

Lemma 7.3. Let F € Parity;)(Gr), and let V € Rep(G") have a good filtration.
Then F xS(V) is !-pure of weight 0.

Proof. Every indecomposable parity sheaf on Gr occurs as a direct summand of
the direct image along w : F¢ — Gr of some parity sheaf on F¢. Thus, without
loss of generality, we may assume that F = w,F for some F € Parity (F?). By
Lemma we have @, F x S(V) = FxS(V). Via Lemma it is enough to
show that F + S(V) is an adverse sheaf with a costandard filtration.

Let us first show that @*(F « S(V)) = F + w*S(V) is adverse. (Here, we have
used Lemma [5.3]) By Lemmas and w*S(V) is an adverse sheaf with a
costandard filtration. On the other hand, the parity sheaf F is a tilting object
in Adv(p(F£); in particular, it has a standard filtration. Proposition then
implies that F « w*S(V) is adverse.

Since w* is adverse-exact and kills no nonzero adverse sheaf (see Lemma [AF)),
it follows that F x S(V) is adverse. To show that it has a costandard filtration, we
must check that

Ext! (1) {n}, F % S(V)) = 0
for all 4 € X and all n € Z. Since S(V') has weights > 0 (see [ARc3l Lemma 3.5])
and F is parity, the object (F = S(V))[1] has weights > 1. On the other hand,
i,(1){n} has weights < 0, so the Ext'-group above vanishes by (A.1). O

Lemma 7.4. Let A\, € X be such that X\ + p € X*. Let F € Parity;)(Gr), and
let V € Rep(GY) have a good filtration. Then

Homi(Wﬂ“ WhaxFxS(V))=0 for all i # 0.

Proof. Lemma tells us F * S(V) is I-pure of weight 0, so we can invoke Propo-
sition [5.8] to obtain an isomorphism

Hom' (W _, W x F x 8(V)) = Hom'(W_»_,, F + S(V)).

By Lemma and Lemma F xS(V) is an adverse sheaf with a costandard
filtration. Since W_)_, = 4/(=A — 0){—6-1—o} is a standard adverse sheaf, we
have Ext'(W_,_,, FxS(V){n}) = 0 for all n € Z and all i # 0. By the equivalence
at the end of Proposition these Ext-groups can be identified with Hom-groups
in DI(’}i)"(gr)7 and the lemma follows. O
The next statement involves the functor introduced in Proposition [5.10
Lemma 7.5. Let A € X, and let F € Parity(Gr). For all i # 0, we have
Pnaive(W)\ “x7 ]:[7’]) =0.



32 PRAMOD N. ACHAR AND LAURA RIDER

Proof. In view of Proposition we may as well instead take F € Parity,(Gr),
and work with For(W, x F). Choose a weight v € X* such that A + v € X*.
Since k[GV] is an inductive limit of finite-dimensional GV-representations with good
filtrations, Lemmaimphes that Hom(W_,, Wy F[i]*R) = 0 for all i # 0 and all
o € v+X™T. This means that Qpaive(Wr*F[i]) is thin, s0 Phajve(Wr*F[i]) = 0. O

Lemma 7.6. For any F € D?}i)x(gr) and any i € Z, there is a natural isomorphism
HZ(P(]:)) = Pnaive(]:[i])-

Proof. Tt certainly suffices to prove this for ¢ = 0. Let D‘(T}BX(QT)ZO and D?}i)"(gr)go
denote the full subcategories of objects with weights > 0 and < 0, respectively. We
proceed in several steps.

Step 1. For F € D?}i)"(gr)zo, there is a natural transformation H°(P(F)) —
Phaive(F). Since F has weights > 0, it can be written as a chain complex £° in
KbParity(I)(Qr) with £ = 0 for i > 0. Consider the obvious map £° — F in
D?}i)x(gr). The composition €71 — £° — F vanishes. Applying Paaive, We obtain
a sequence of maps

PYE™Y) = PYEY) = Paaive(F)

whose composition vanishes. Therefore, the map P%(£°) — P,aive(F) determines a
map P(F) = Phaive(F) in DPCoh(N). Taking cohomology, we obtained the desired
natural transformation H?(P(F)) — Paaive(F)-

Step 2. For F € D?}i)x(gr)go, there is a natural transformation Pyaive(F) —
HO(P(F)). Similar to Step 1.

Step 8. Let Fy € D?}i)x(gr)zo and Fy € D?}i)x(gr)go. For any morphism [ :
F1 — Fa, the following diagram commutes:

H°(P(f))

HY(P(F)))
(72) —

HO(P(F))

Pnaive(f) /
Pnaivc(]:.l) —_— Pnaivc(fZ)

Write the objects as complexes F; = £ and Fp = &3 with & = 0 for i > 0 and
&4 =0 for i < 0. The morphism f : F; — F» corresponds to some map of chain
complexes f® : EP — £ where, of course, only f° can be nonzero. Because the dia-
gram below commutes, we see from the construction of the natural transformations
in Steps 1 and 2 that commutes.

&' — & - & — ¢}

N 7

Step 4. The natural transformations of Steps 1 and 2 are isomorphisms. We will
prove this for Step 1; the other case is similar. Suppose F has weights > 0 and < n.
We proceed by induction on n. When n = 0, F is pure of weight of 0, and it is
clear from the definitions that P(F) — Phaive(F) is an isomorphism. Otherwise,
write F as a complex £° with £ = 0 for i > 0, and let 7’ be the cone of £° — F.
Then F’ has weights > 1 and < n. The distinguished triangle £ — F — F' —

Fi 4f>‘7:2
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gives rise to a commutative diagram

HO(P(F'[-1])) —= H°(P(£°)) — H°(P(F)) — H°(P(F"))

zl zl | |
Praive(F 1)) = Praive(€%) ——> Paaive(F) —= Paaive(F’)

The first two vertical arrows are isomorphisms by induction. In the last column,
we clearly have H?(P(F')) = 0, while Lemma implies that Phaive(F') = 0. We
conclude that the third vertical arrow is an isomorphism, as desired.

Step 5. The general case. Given F € D?}i)x(gr), say F =E&® € KbParity(I)(gr),

let F1 be the complex obtained by omitting the £ with i > 0, and let F2[—1] be
the complex obtained by omitting the £ with ¢ < 0. Thus, there is a distinguished
triangle F[—1] — F — F; —. Note that JF; has weights > 0 and F» has weights <
0. Consider the following diagram, in which the rows are long exact sequences:

H™H(P(F2)) — H(P(F)) —— H°(P(F1)) — H°(P(F2))

Pnaive(‘FZ[_l]) —— Pnaive(-F) —— naive(Fl) —— Pnaive(]:Z)

We clearly have H 1 (P(F2)) = 0, while Lemmal(7.5/implies that Ppaive(F2[—1]) = 0.
It follows that there is a unique isomorphism HY(P(F)) = Paaive(F) that would
make the diagram commute. It is a routine exercise in homological algebra that
this morphism is independent of the choice of 7 and F5 and natural in F. (]

Corollary 7.7. For F € D?}i)x(gr), we have that P(F) € Coh(N) if and only

if Poaive(F[i]) = 0 for all i # 0. When these conditions hold, there is a natural
isomorphism P(F) 2 Ppaive(F).

Proposition 7.8. Let A € X. For F € Parity(gr), there is a natural isomor-
phism P(Wy “x” F) =2 Og(X) @ P(F). In particular, we have P(Wy) = O (N).
Proof. By Lemma and Corollary we have P(Wy “6” F) = Phaive(Wh “*”
F) and P(F) = Ppaive(F). We will prove that there is a natural isomorphism
PraiveWx 47 F) = Og(A) @ Phaive(F). As in the proof of Lemma we will
replace F by an object of Parity ;(Gr), and work with Wy x F throughout.

For a module M € T'[N]-mod and a weight x € X, let M((x)) denote the module
obtained by shifting the X-grading by x. That is,

(M{EN)o = My o
From the definitions, we have a natural isomorphism
(7.3) F(M{x) = Ox(x) @ F(M).

Now, choose a dominant weight v such that A+ v is dominant. There is an obvious

surjective map of T'[N]-modules

Qnaive(WA * -F[l]) - @ Hom(W_a, W)\ [’L] * F % R)

ocev+X+
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On the other Emd, Proposition gives us an isomorphism Hom(W_,_,, F %
R[i]) = Hom(W_,, Wy % F[i]*R) for ¢ € v+ XT. Using this, we form a surjective
map

Qnare(FIN(N) = €D Hom(W_,—x, Fli] xR)

— @ Hom(W_q, Wi[i] x F * R).
ocev+X+
Both of these maps have thin kernels, and hence become isomorphisms after apply-
ing 7. Using (7.3)), we conclude that Ppaive(Wx x F[i]) = Oy (A) @ Paaive(F), as
desired. O

Lemma 7.9. For any A\, € X+ and i € Z, the functor P induces an isomorphism
(7.4) Hom' (1g,., Wi * I, (1)) = Hom"(P(1g,.), POVx * L.(1))).
Moreover, both sides vanish for i # 0.

Proof. Suppose first that i # 0. Lemmal[7.4]tells us that the left-hand side vanishes.
For the right-hand side, by Propositions and we have P(1g,) = Oy and
PWx*Z. (1)) = Oxr(N) @ N(p). Using (2.1) and adjunction, we have

Hom' (O, O @ N(p)) 2 Hom' (O, . (O ® N())) = Hom' (O, O @ N(p)).

This vanishes when i # 0 because O is a standard object of PCoh(N), while
Opn ® N(1) has a costandard filtration.

For later reference, we record the details of the adjunction isomorphism used
above: it is the composition of the following sequence of maps, where the last one
is induced by the unit 17 : Onr — T O

(7.5) Hom(Og, O¢(\) ® N()) = Hom(m. O, 7. (O (A) @ N(n)))
= Hom (7" Opr, (O (A) @ N())) 2 Hom(Opr, 7. (O (A) @ N(1))).

But since 1 : On — memn* Oy is itself an isomorphism (see (2.1))), the map induced
by m, must also be an isomorphism.
We now study (7.4) for i = 0. Corollary tells us that we may replace it by

(76) Hom(lgr, W)\ * L, (H)) — Hoirn(Pnaive(lgr)v Pnaive(w)\ * L, (/1')))

We begin by showing that this map is injective. Recall that for any M € T'|A]-mod,
there is a natural map

M~ P TV, 0x(0) ® F(M)).
ceXt
Write M = @, .x Mo, and let U : M +— My be the functor that picks out the
degree-(Z x {0}) subspace of M. The map above gives rise to a natural map

(7.7) U(M) = TN, Z(M)).

Of course, this is not an isomorphism in general, but it may be for specific classes
of objects. In particular, for M = Qnaive(1gr) or Qnaive(Wax * Zi(11)), it is easy to
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check that (7.7) is an isomorphism. Replacing T'(NV,.Z (Quaive(—))) by s Paaive(—),
we construct the following commutative diagram:

Hom(Lg,, Wh * . (1))

|

m(Qnaive(lgT)a Qnaivc (WA * T, (,LL))) g Hoim(U(Qnaivc(lgT))a U(Qnaivc (W)\ * Ly (ﬂ))))

| o

@(Pnaive(lgr), Pnaive(WA * L, (M))) 4>7:‘ @(W*Pnaive(lgr), ﬂ'*Pnaive(W,\ *x T (/,L)))

As noted above, the rightmost vertical arrow is an isomorphism. We saw in (7.5
that the bottommost horizontal arrow (which is induced by ) is an isomorphism.
So to prove that (7.6 is injective, it suffices to prove that

(78) Hom(lgr,WA *I* (N)) - M(U(Qnaivc(lgr)), U(QnaivC(WA *I* (,LL))))

is injective. Let f : 1g, — Wy * Z.(u){n} be a nonzero map. Unwinding the
definitions, one finds that

U(Quaive(f)) : Hom(1g,, R) — Hom(1g,, Wy * Z.(u){n} * R)

is just given by U(Qnaive(f))(9) = fxg. Let n : 1g, — R be the unit morphism.
Then f %7 is nonzero, because (f xe€)o (f*n) = f, where ¢ : R — 1g, is the counit
coming from the Hopf algebra structure on k[GV]. Thus, U(Qnaive(f)) is nonzero,
and so and are both injective.

To finish the proof, we must show that is actually an isomorphism. It
suffices to check that both sides have the same dimension in each degree of the
grading. This is achieved by the following calculation.

Hom(1g,, Wx * Z.. (1))

= Hom(iy(~\){~3_»}, 7. () by Prop.

=Kk ®ue(gr_,,») Hom(Ji(—woA), Z. (1)) by Lemma

=k @He(Gr_ ) Hom(A(=woA)(duwor)s On @ N(p)) by Prop. 3.1 & Cor.
=~ Hom (A (—woA){—uwer), On @ N(12)) by Lemma

~ Hom(O (~N), Og & N(1) by (2

= Hom(Or, Ok (A) @ N())

= Hom(Paaive(1gr); Paaive (W * Zi(1)))- 0

Lemma 7.10 (cf. [B2] Lemma 5]). Let A\, p € X.
(1) IFA 2 1, then Hom* (O (1), O,(A)) = 0.
(2) We have End(O (X)) =k, and Hom' (O (N), O (X)) =0 fori #0.

Proof. By applying the equivalence of categories O(—=\) ® (—), we may assume
without loss of generality that A = 0. Using (2.2)), we find that

Hom® (O (1), Or) = Hom* (O (1), 7' O ) = Hompyo oy (72O (1), O).

By [Al Proposition 5.6], the latter vanishes unless p = 0. In the special case where
p =0, we use (2.1 and [Al Lemma 5.5(2)] to see that Hom(m, O, Onr) =k, and
that Hom' (7.0 g, Onr) = 0 for i # 0. O
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Conclusion of the proof of Theorem[7.1 We begin by showing that for all F €

D?}i)"(gr), the map

(7.9) Hom'(1g,., F) — Hom'(P(1g,), P(F))
is an isomorphism. By Proposition [5.15] it suffices to consider the cases where
F =W, with A £ 0, or else F = W) % Z.(u) with A, u € XT. In the former case,
both sides of vanish, by Lemmas and The latter case is covered by
Lemma Thus, is an isomorphism in all cases.

Next, let F € Parity ) (Gr), and let A € X*. Consider the following diagram of
natural maps:

~

Homi(lg,«,}") mZ(P(lgr)vp(F))

|

(7.10) wx |1 Hom' (O (A) ® P(1g,), O (A) @ P(F))

Tz
Hom'(Wy, Wy, “*” F) ——— Hom'(P(W,), P(W, “4” F))

All the vertical maps are isomorphisms, and the top horizontal map is an isomor-
phism by .

When i = 0, the natural isomorphism of Proposition[7.8|tells us that this diagram
commutes, and so the bottom horizontal map is an isomorphism as well. When
1 # 0, that naturality is not a priori available—but both Hom-groups in the top
row vanish, and so every Hom-group in the diagram vanishes.

Thus, the bottom arrow in is an isomorphism in all cases. Note that the
equivariant derived category D™*(Gr) is generated by objects of the form Wy x F
with F € Parity;(Gr), because W x (=) is an autoequivalence of that category.
Since the image of For : D(Gr) — D{}i*(Gr) generates D{}i(Gr), we deduce that
objects of the form W) “x” F with F € Parity ;) (Gr) generate D‘(T}i)x(gr). Therefore,
the bottom isomorphism in (7.10]) implies that

Hom' (W, G) — Hom'(P(W,), P(G))
is an isomorphism for all G € D?}i)x(gr). Finally, the W, also generate D?}i)x(gr), SO

P is fully faithful. The line bundles O (\) generate DPCoh(N) as a triangulated
category, so P is also essentially surjective, and hence an equivalence. (Il

8. THE EXOTIC T-STRUCTURE

The exotic t-structure on D*Coh(N') was defined in [BZ, §2.3], at least for k = C.
We will briefly review the steps of the construction, and check that they go through
in positive characteristic as well.

8.1. Exceptional sets and mutation. This subsection contains a very cursory
review of the definitions and facts we will need from [B2, §2.1]. For details, the
reader should consult [B2] and the references indicated therein, especially [BoKal
BGS].

Let D be a k-linear triangulated category equipped with an autoequivalence
(1) : D — D. Let Q be a partially ordered set, with partial order <. A collection
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of objects {X, | v € Q} is called a full graded <-exceptional set if D is generated
by the set {X,(n) | v € Q, n € Z}, and if the following three additional conditions
hold:

Hom®(X,, X¢) =0if € £y, Hom'(X,,X,)=0ifi#0, End(X,) =k

Now, suppose < is another partial order on Q, and that {Y, | v € Q} is a full graded
<-exceptional set. We say that {Y,} is a <-mutation of {X,} if the following two
conditions hold:

(1) For each , the triangulated category generated by {X¢(n) | £ <~, n € Z}
coincides with that generated {Ye(n) | { <~, n € Z}.
(2) For each +, there is a distinguished triangle X, — Y, — U, — such that U,
lies in the triangulated subcategory generated by {X¢(n) | { <, n € Z}.
Suppose (€2, <) is isomorphic as a partially ordered set to a subset of N. Then,
according to [B2, Lemma 1], there exists a unique <-mutation of any full graded
=<-exceptional set.
On the other hand, if (€2, Q) is isomorphic to a subset of N, then by [B2, Propo-
sition 2], any full graded <-exceptional set {Y,} determines a t-structure on D.
Specifically, the categories

D=0 = {A € D | Hom(A,Y,][i]) = 0 for all i < 0},

(8.1) the smallest strictly full subcategory of D that is stable under

>0
b="= extensions and contains Y, (n)[i] for ally € Q, n € Z and i <0
constitute a t-structure on D.

The heart &7 = D<°N D=0 is clearly stable under (1). According to [B2 Propo-
sition 2], every object in & has finite length, and the isomorphism classes of simple
objects, up to (1), are in bijection with .

In fact, 7 is very close to being a graded quasihereditary category: it satisfies
the axioms (1)—(5) of [BGS| §3.2], but axiom (6) may fail. The costandard objects
are of the form "HY(Y, (n)), where ‘H denotes cohomology with respect to our t-
structure. The standard objects are of the form ‘H°(‘Y, (n)), where {'Y,} is the
dual exceptional set in the sense of [B2 §2.1.2].

8.2. Exotic sheaves. By Lemma the collection {Og()) | A € X} is a full
graded =<-exceptional set. Now consider the partial order < on X. Certainly, <
can be refined to a total order <’ such that (X, <’) is isomorphic to N, and then we
can form the <’-mutation of {O(A)}. It will be convenient to name the objects of
the new exceptional set with a built-in shift: let {V(\)(—d,)} be the </-mutation
of {Ox(\)}. Thus, for each A, there is a distinguished triangle

Ox(A) = V(A)(—=b6x) = G —

in DPCoh(N), where G lies in the subcategory generated by {0 (w)(n) | <’ A}

As in (8.1), the objects {V())} determine a t-structure on DPCoh(N). We call
this the exotic t-structure, and we denote its heart by ExCoh(N). This definition
appears to depend on the choice of refinement <’ of <, but we will see below that

it is actually independent of that choice.

8.3. Adverse sheaves and exotic sheaves. We can also apply the notions of
to D?}i)"(gr) with the autoequivalence {1} : D?}i)"(gr) — D?}i)"(gr).

Lemma 8.1. (1) The set {Wy | A € X} is a full graded <-exceptional set.
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(2) If <" is any total order on X that refines < and such that (X, <') is isomor-
phic to N, then the <'-mutation of {Wy} is isomorphic to {i,(A\){—0dx}}.

Proof. The assertion that {WW,} is a =<-exceptional set is just a restatement of
Lemma A routine adjunction argument shows that {i,(A\){—d,}} is a <-
exceptional set, so it is also <’-exceptional for any choice of <'.

Lemmas [5.6] and imply that for each A, there is a distinguished triangle

W,\ — g*(/\){—(S)\} — ’C)\ —

where K lies in the subcategory generated by {W,{n} | 4 < A}. Finally, those
same lemmas also tell us that {W,{n} | u <" A} and {i,(u){n} | p <’ A} generate
the same subcategory of D?}i)x(gr). O

Lemma 8.2. Let <’ be a total order on X that refines < and such that (X, <')
is isomorphic to N. Then the t-structure on D‘g}i)x(gr) determined by the <'-
exceptional set {i,(A\){—0dr}} is the adverse t-structure.

In particular, this lemma tells us that the t-structure obtained by mutation of
the exceptional set {W,} is independent of the choice of <.

Proof. It is obvious that the category D=Y as described in (8.1)) coincides with
“D?}i)x(gr)zo as described in (A.3). An easy adjunction argument shows that D<°

in (8.1) agrees with aD?;i)X(gr)SO as in (A.2). O
The following statement is the main result of this section.

Theorem 8.3. The equivalence P of Theorem[7 1] induces an equivalence of abelian
categories }
P : Adv(py(Gr) = ExCoh(N).

Proof. Recall from Proposition that P takes the exceptional set {W,} to the
exceptional set {Oy(A\)}. It must therefore take the <’-mutation of the former
to the <’-mutation of the latter: P(i,(\)) = V()). Lastly, P must also take
the t-structure determined by {i,(A)} to that determined by {V(A\)}. In view of
Lemma [8.2] we are done. [l

Let {A(M\) | A € X} the the dual exceptional set to {V(A)}. The reasoning above
shows that we must also have P(4,(\)) = A(X).

Since Theorem [8.3] gives an equivalence of quasihereditary categories, it certainly
restricts to an equivalence between their respective subcategories of tilting objects.
We obtain the following statement, which appeared earlier as Theorem

Proposition 8.4. The equivalence P of Theorem [7.1] induces an equivalence of
additive categories

P : Parity ;(Gr) = Tilt(ExCoh(N)).

We also obtain a slew of nontrivial facts about ExCoh(N') just by transfer-
ring facts about Adv(;)(Gr) from §A.2| across this equivalence. Some of these are
recorded in the following proposition.

Proposition 8.5. (1) The objects V(X) and A(\) and the category ExCoh(N)
are all independent of the choice of <.

(2) ExCoh(N) is a graded quasihereditary category,
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(3) The V() (resp. N(N\)) lie in ExCoh(N) and are the costandard (resp. stan-
dard) objects therein.
(4) There is a derived equivalence

DPExCoh(N) = D”Coh(N).

Proposition 8.6. (1) FEwvery line bundle on N (and, more generally, every
vector bundle) belongs to ExCoh(N).

(2) For all V € Rep(GV), the perverse sheaf S(V') is also an adverse sheaf. As

an object of Advpy(Gr), S(V) admits a filtration whose subquotients are

Wakimoto sheaves.

Part of this proposition should be compared to [ABl Theorem 4].

Proof. Part follows from the fact that Wakimoto sheaves on Gr are adverse
(see §5.3). In particular, part tells us that trivial vector bundles of the form
Oy ® V, where V € Rep(GY), lie in ExCoh(N). Since P~1(Og @ V) = S(V),
part follows. (Il

We finish with a fact that may be useful for computations. It should be compared
with the corresponding fact (see (2.4))) for PCoh(N).

Proposition 8.7. The costandard objects in ExCoh(N) also belong to Coh(N).

Proof. Recall that i,(\) has weights > 0, and thus can be written as a complex
of parity sheaves £°® € KbParity( (gr) with nonzero terms only in nonpositive de-
grees. From the definition of P, we see immediately that H*(P(i,()\))) = H (V(N))
vanishes when i > 0. Now, let k be the smallest integer such that H*(V(\)) # 0.
It is easy to see that every nonzero coherent sheaf on N admits a nonzero map
from (and indeed, is a quotient of) some vector bundle. Let F be a vector bundle
such there is a nonzero map F — H¥(V())). This gives rise to a nonzero map
F[=k] = V()). Since F and V() both lie in ExCoh(N'), we must have k > 0. But
we already knew that k¥ <0, so k =0, and V() is a coherent sheaf. O

APPENDIX A. COMPLEMENTS ON MIXED MODULAR DERIVED CATEGORIES
(JOINT WITH SIMON RICHEEI)

A.1. Overview. Let X be a variety or an ind-variety equipped with a stratification
< by affine spaces, and let k be a field or a complete discrete valuation ring. Assume
that X and .7 satisfy assumptions (A1) and (A2) of [ARc2] with respect to k. Let
Parity ,»(X) be the additive category of parity complexes on X with coefficients in
k. For each s € ., let i5 : Xy — X be the inclusion of the corresponding stratum.
Following [ARc2], we define the category

DEX(X) := KPParity o (X).

Below is a summary of the main features of this category from [ARc2, [ARc3]. Later
subsections give a handful of new results that were not needed in those sources.

lUniversité Blaise Pascal - Clermont-Ferrand II, Laboratoire de Mathématiques, CNRS,
UMR 6620, Campus universitaire des Cézeaux, F-63177 Aubiére Cedex, France. E-mail:
simon.riche@math.univ-bpclermont.fr
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Shift and Tate twist. In addition to the usual shift functor [1] : DEZX(X) —
DZX(X), there is another automorphism {1} : D'8*(X) — DZX*(X), induced by an
automorphism of Parity ., (X). We also set (1) := {—1}[1]. This last automorphism
is called the Tate twist.

Sheaf functors. If h : Y — X is the inclusion of a locally closed union of strata,
then there are functors h., hi, h*, and h' between DZ*(X) and D' (Y') that enjoy
all the usual adjunction properties.

Mized perverse sheaves. There is a perverse t-structure whose heart is denoted
Perv'’Z™(X). This category is stable under (1), and it contains the objects AT :=
igk{dim X,} and V> := j_k{dim X,}. When k is a field, Perv'’s*(X) is a graded
quasihereditary category.

Weights. There are notions of weights and purity that share some formal properties
with the corresponding notions in [Dl [BBD]. The functor {1} preserves weights,
while [1] and (1) increase weights by 1. The definitions imply that

(A.1) Hom(F,G) =0 if F has weights < n and G has weights > n.
An object F € DZX(X) is said to be x-pure (resp. !-pure) of weight n if it F
(resp. i.F) is pure of weight n for all s € .#. The notion of *-purity corresponds

roughly to pointwise purity in the sense of [BBD]. By [ARc3, Lemma 3.5], an object
that is *- and !-pure of weight n is pure of weight n.

Hom functors. One can associate to any F,G € DZ¥(X) a certain object in the
derived category of k-modules denoted RHom(F, G). This construction is functorial
in both variables, and it satisfies H*(RHom(F,G)) = Hom'(F, G).

The following variation on this construction will be useful: for F,G € D'Z*(X),
let Hom(F,G) to be the graded vector space given by

Hom(F, G),, := Hom(F,G{n}).
One can then define a derived version RHom(F,G) as in [ARc2l §2.7], satisfying
Hi(RHom(F,G)) = Hom"(F,G).
A.2. The adverse t-structure. In this subsection, we assume for simplicity that
k is a field. Consider the following full subcategories of D'Z*(X):
(4.2) DEX(X)S0 = {F | for all s € .7, i*F has weights > 0},
. PUX(X)20 = {F | for all s € .7, iLF has weights < 0}.
It is easy to check that these categories admit the following alternative descriptions:

the smallest strictly full subcategory that is stable under

D) = e s A
(A3) extensions and contains A™*{n}[k] for all n € Z and k > 0
' apmix X)ZO _ the smallest strictly full subcategory that is stable under
7 "~ extensions and contains V™*{n}[k] for all n € Z and k < 0
We put

Advy(X) := DEX(X)S0 N DL (X)20,

and we call objects of Adv ¢ (X) adverse sheaves.
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Proposition A.1. The pair (D'E*(X)=0, DX (X)) constitutes a bounded t-
structure on D'SX(X). Its heart Adv.»(X) is a graded quasihereditary category in
which the standard (resp. costandard) objects are those of the form

AP Ln), resp. v nl
and the category Tilt(Adv.» (X)) of tilting objects in Adv.»(X) is identified with
Parity ,»(X). Lastly, there is an equivalence of categories DPAdv o (X) = DZX(X).

Remark A.2. The definitions above also make sense in the setting of an equivariant
mixed derived category D, (X) as in [ARc2) §3.5] or However, “D’ﬁf’;ﬂ(X)So
and “DEE?}(X)ZO do not constitute a t-structure in general. Specifically, truncation
distinguished triangles as in [BBD], Définition 1.3.1(iii)] can fail to exist. This can
be seen already in the case where X is a single stratum.

Remark A.3. When k is not a field, there is a unique t-structure with “D'5*(X)=0
as in or , but the descriptions of D'%*(X)=% must be modified in this
case (cf. [ARc2, Proposition 3.4]). The heart of this t-structure behaves in many
ways like a quasihereditary category. In particular, it has properties like those
discussed in [ARc2| §3.3].

Proof Sketch. This statement is very similar to [ARcll Lemma 10.8].

Suppose first that X consists of a single stratum. Then D'Z*(X) is a semisimple
category. The description given in [ARc2l Lemma 3.1] can be used to check that
(DB (X)=0, D*(X)=0) is indeed a t-structure. For general X, the claim that
this is a t-structure follows by the machinery of recollement.

Next, we claim that all the A™*{n} lie in the heart of this t-structure. It suffices
to show that Hom"” (A™>*{n}, AM>*{m}) = 0 for k < 0. By adjunction, we have

Hom* (A™*{n}, A {m}) =~ Hom(k{dim X, + n}, i, AP*{m}[k]).

By [ARc3, Lemmas 3.3 and 3.4], it A {m}[k] has weights < k, while k{dim X +n}
is, of course, pure of weight 0. When k < 0, the semisimplicity of D'Z*(X)
(together with, say, the description in [ARc3| Example 3.2]) implies that the Hom-
group above vanishes. A similar argument shows that the V**{n} lie in Adv_»(X)
as well.

General principles from the theory of quasihereditary categories then imply that
Adv o (X) is quasihereditary, that it has the claimed standard and costandard ob-
jects, and that we have DPAdv»(X) = DB¥(X).

Finally, let us check that Tilt(Adv.» (X)) = Parity o(X). By considering weights,
we see that Hom® (AP {m}, £,{n}) = Hom"(E{n}, V"™*{m}) = 0 for all & > 0.
According to the criterion in [B2, Lemma 4], each £;{n} is an indecomposable tilt-
ing object in Adv.(X). On the other hand, we have produced “enough” tilting
objects: by the classification in, say, [ARc2| Proposition A.4], every indecomposable
tilting object in Adv . (X) must be isomorphic to some E,{n}. O

When X is a (finite-dimensional) flag variety, the adverse t-structure is the trans-
port of the perverse t-structure across the “self-duality” equivalence of [ARc2].

Lemma A.4. Let F € D'U(X). The following conditions are equivalent:
(1) F is x-pure of weight 0.
(2) F lies in Adv.»(X) and has a standard filtration.

Likewise, the following conditions are equivalent:
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(1) F is !-pure of weight 0.
(2) F lies in Adv.»(X) and has a costandard filtration.

Proof. We will just prove the first equivalence. It is clear that every standard object
satisfies condition , SO implies . For the other implication, we proceed by
induction on the number of strata in the support of 7. Let X, be a stratum that is
open in the support of F. Let Z be the union of the closures of all strata other than
X, in the support of F, and let h : Z < X be the inclusion map. Then there is
a distinguished triangle ig¢5F — F — h,.h*F —. By induction, h.h*F is adverse
and has a standard filtration. (Note that the recollement setup implies that h.
is t-exact for the adverse t-structure.) On the other hand, i}F is a direct sum of
various k{n}, so igi*F is a direct sum of various A™*{n}. The result follows. [

Below, we will study the exactness of various functors related to stratified mor-
phisms in the sense of [ARc2), §2.6]. These statements will sometimes be invoked in
the equivariant setting, but since there is no t-structure in that case, some caution is
required. Let us spell out what “exactness” means. Let Y = (J,. » Y be another va-
riety equipped with a stratification by affine spaces and satisfying (A1) and (A2).
Suppose H and K are connected algebraic groups acting on X and Y, respectively,
and that these actions preserve the strata. A functor F : E“{;(X ) — ‘;(“} (Y) is
said to be left adverse-exact, resp. right adverse-ezact, if

FIDES(X)70) € DEH ()™, xesp. FIDR% (X)) € D% (v)=".
If F is both left and right adverse-exact, we say simply that it is adverse-exact. Of

course, in the nonequivariant case, these notions coincide with the usual (left or
right) t-exactness for the adverse t-structure.

Lemma A.5. Suppose f : X — Y is a proper, smooth stratified morphism. Then
fe, ., and f' are all adverse-exact.

Proof. The adverse-exactness of f. is immediate from [ARc2, Lemma 3.7]. Next,
let t € 7 and s € ., and observe that

k{dim X; +n} if X, C f~1(X,).

In particular, i%(f*AP>{n}) has weights > 0, so f*AM*{n} lies in DL*(X)=0.
Similar reasoning with V**{n} shows that f* is adverse-exact. Since f' = f*{—2d}
where d is the relative dimension of f, the functor f' is adverse-exact as well. [

i AP {n}) = {0 if X, ¢ f7 (),

Lemma A.6. Suppose f : X = Y is a proper, smooth, surjective stratified mor-
phism. Then f* kills no nonzero adverse sheaf. Moreover, if F € Adv(Y) has a
standard (resp. costandard) filtration, then f*F does as well. The same statements
also hold for f*.

(Note that, in contrast with [ARc2, Corollary 3.9], f* and f' do not, in general,
take simple adverse sheaves to simple adverse sheaves.)

Proof. For the first assertion, it suffices to show that f* sends any simple adverse
sheaf to a nonzero adverse sheaf. Let F be a simple adverse sheaf on Y. Then F
is supported on the closure of some stratum Yz, and Fly, = k{n} for some n. The
object f*F clearly has nonzero restriction to any stratum X, C f~1(Y;), so it is
nonzero.
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If all iy F are pure of weight 0, it is easy to see that all ¢¥(f*F) are pure of
weight 0, so by Lemma f* preserves the property of having a standard filtra-
tion. Using the fact that f* = f'{2d}, we obtain the corresponding statement for
costandard filtrations, or for f' in place of f*. O

A.3. Non-affine stratifications. The general theory developed in [ARc2] [ARc3]
involves the assumption throughout that we have a stratification by affine spaces,
but occasionally we will want to weaken this requirement. Let X and . be as
above, but suppose that we also have another, coarser stratification .7 of X. To
distinguish between the two stratifications, the stratum corresponding to t € 7
will be denoted with a superscript: X*. Let i* : X* < X be the inclusion map.

By assumption, each X* is a locally closed smooth subvariety that is a (finite)
union of strata X, for s € .. We further assume that all the X! are connected
and simply connected, and we impose a version of condition (A1):

(A1) s For each t € 7, there is an indecomposable parity complex £ € D% (X)
that is supported on Xt and satisfies i"*E€" = ky {dim X;}.

Note that each 7 -stratum X! must contain a unique dense .-stratum X, so the
parity complex £' above must coincide with the parity complex £;. Thus, since
(A1) is already assumed to hold, the new condition (A1) can be rephrased as
follows: for any s € .% such that X, is dense in some .7 -stratum, the parity sheaf
&, is constructible with respect to 7.

In particular, the additive category Parity 5 (X) of parity complexes constructible
with respect to 7 is a full subcategory of Parity .(X). We define the category

DB (X) := KPParity , (X),
and identify it with a full subcategory of D'Z*(X). Great care must be taken in

working with D' (X), as the results of [ARc2, [ARc3] do not automatically apply.
One basic fact we will need is the following.

Proposition A.7. Let X, ., and 7 be as above. Let j : U — X be an open
inclusion of 7 -strata, and let i : Z — X be the complementary closed inclusion.
(1) If F € DBX(U), then jiF and j.F lie in DB*(X).
(2) If F € DBX(X), then i*F and i'F lie in D'B*(Z).

Note that the analogous statements for D% (X) follow from (A1) .

Proof. We will need to make use of sheaf functors in the nonmixed setting, and we
will need to distinguish them from their mixed analogues. Thus, for the body of
this proof only, we adopt the convention of [ARc2, §2.4] that functors in the mixed
setting are decorated with parentheses: i(*), ("), J(+)» J(y- An undecorated symbol
such as i* denotes a functor D% (X) — D% (Z) or D" (X) — D% (Z). (However,
i« and j* are always undecorated, as in [ARc2| §2.3].)

We proceed by induction on the number of 7 -strata in Z. Suppose first that
Z = X' is a single stratum. Recall that for any 7-constructible parity sheaf £,
the object i*€" € DY (Z) is a parity complex. Let £%+ € KPParity ;- (X) denote
the complex

e 0 8t 50—

where the nontrivial terms are in degrees 0 and 1, and the morphism is given by
adjunction. Thus, in KPParity ,-(X), there is a distinguished triangle

(A.4) EVT 5 &Y 5 i E —,
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while in DY (X), there is a distinguished triangle

(A.5) GJitEt = &8 = i itE — .
We claim that for any s € . with X, C X*, we have
(A.6) Home;sx(X)(Et"",Ss{m}[n]) =0 for all m,n € Z.

To prove this, it suffices to show that the natural map Hom(i,i*EY, Es{m}[n]) —
Hom(E?, Es{m}[n]) is always an isomorphism. Both Hom-groups clearly vanish un-
less n = 0. When n = 0, these Hom-groups can be computed inside Parity - (X) C
DY (X) instead, and then the fact that the map is an isomorphism follows from
and the fact that Hom(ji5*E¢, E,{m}) = 0.

Since objects of the form &E;{m}[n] generate D'L*(Z), we deduce from
that Hom(E%",4,G) = 0 for all G € D2*(Z). On the other hand, we clearly
have *&' € DZ¥(Z). It follows from general principles of recollement that the
distinguished triangle must be canonically isomorphic to

j(y)j*gt — & i*’i(*)gt — .
In particular, (A-4) shows us that ji)j*E? lies in DBX(X), and that i*E? lies in
DX(Z). Now, objects of the form j*E'(n) generate D'%*(U), and those of the
form £'(n) generate DmgiX(X). We (-:onclude that jq) takes D'5™(U) to D§*(X),
and that i) takes DW¥(X) to D'W*(Z). The results for ji., and i) follow by
Verdier duality.
Now suppose that Z contains more than one Z-stratum. Choose a .7 -stratum

Xtthatisopenin Z. Let V=UUX!and Y = Z~ X, and let k: Y — X be the
inclusion map. Given F € DW*(X), we can form the distinguished triangle

ity (D F = i F - bk F -

Since Y contains fewer .7 -strata than Z, k™) F lies in D'*(Y") by induction. Next,
letv:V— X,a: X"V, and b: X! < Z be the inclusion maps. Note that v and
b are open inclusions, and «a is a closed inclusion of a single .7-stratum. The cases
of the result that we have already established show that i’z!)(it)(*) ~ . boyaHo*
takes F to an object of D*(X). We conclude that ,i*)F lies in D%*(X), and
hence that i) F lies in DW(Z). Finally, from the distinguished triangle

Jyi*F = F = i i F —,
we see that j)j*F lies in D3*(X) as well. Since objects of the form j*F generate
D%>(U), joy takes all objects in D'3*(U) to D'J™*(X). Again, the results for ji.
and i(") follow by Verdier duality. O

The following two statements are easy consequences of the previous lemma. The
proofs are left to the reader.

Corollary A.8. For an object F € D'B*(X), the following are equivalent:
(1) F lies in DB*(X).
(2) For every T -stratum it : X' — X, (i")*F lies in DB*(X?).
(3) For every 7 -stratum i* : Xt — X, (i*)'F lies in DW*(X?).

Corollary A.9. The perverse t-structure on D'B*(X) induces a t-structure on
DX (X).
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A.4. Hom-groups in the equivariant derived category. We now return to the
setting of a space stratified by affine spaces. Let H be a connected algebraic group
or pro-algebraic group acting on X, such that the strata of our stratification are
H-stable. Assume that the H-equivariant cohomology of a point H}; (pt) vanishes
in odd degrees, and is free over k in even degrees.

Let D% (X) be the H-equivariant derived category of X with coefficients in
k, in the sense of Bernstein-Lunts [BL]. We also consider the full subcategory
D%’ »(X) C D%(X) consisting of complexes that are constructible with respect
to the stratification .. The latter also has a “mixed” version DE%’;,(X ) =
KPParity ;; o (X), as explained in [ARc2, §3.5]. Let For : D%yy(X) — D% (X)
and For : D%, (X)) — D'L*(X) denote the forgetful functors.

Our goal in this subsection is to understand RHom on D‘;‘I“}(X ) in terms of
modules over the equivariant cohomology ring HY (pt).

Lemma A.10. Let F € D% (pt). If Hom®(k,F) is a free H}(pt)-module, then
there is a natural isomorphism

Hompy () (k, For(F)) = Hom'D?I(pt)(k7 F) ® k

H; (pt)

Proof. A straightforward adaptation of [AR] Lemma 6.1] shows that if Hom® (k, F)
is a free HY;(pt)-module, then F must be a direct sum of copies of various k{n}.
Thus, it suffices to prove the lemma in the special case where F = k, and in this
case, it is obvious. O

Lemma A.11. Let F,G € DY%(X). If F is %-parity and G is !-parity, then
Hom®(F,G) is a free HY (pt)-module, and there is a natural isomorphism
HomDE/(X)(For(}'), For(G)) = HomD};(X)(}-’ G) H;{?pt)k'

Proof. We proceed by induction on the number of strata in X. If X consists of a
single stratum, then F and G are both parity sheaves, i.e., direct sums of objects
of the form k{n}. Thus, it suffices to prove the result when F = G = k. Since X
is isomorphic to an affine space, it is clear that Hom'D,;,{ ( X)(k, k) is isomorphic to
H$, (pt), and that Homggp(x)(k, k) = Homﬁlﬁ(x)(k, k) @ns, (pt) k.

Now suppose that X has more than one stratum. Let us also assume without
loss of generality that F is %-even and that G is !-even. Let is : X; — X be the
inclusion of an open stratum, and let 4 : X \ X; < X be the inclusion of the closed
complement. By a standard recollement argument, we have a natural long exact
sequence

.- = Hom"(h*F,h'G) — Hom"(F,G) — Hom" (i* F,i*G)
— Hom* " (W* F h'G) — - .
Note that h*F and i*F are both #-even, and that h'G and i*G are both !-even.
By [IMWIl Corollary 2.8], these Hom"-groups vanish when % is odd, so this long

exact sequence breaks up into a collection of short exact sequences. Indeed, we
obtain a short exact sequence

0 — Hom®(h*F,h'G) — Hom®(F,G) — Hom®(i* F,i*G) — 0

of graded HY, (pt)-modules. By induction, the first and last terms above are free
H$,; (pt)-modules, and hence the middle term is as well.
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Now, let a : X — pt be the constant map, and recall that Hom®(F,G) =
Hom*®(k, a. Rs%om(F,G)). Since the functors a. and R.5#om commute with For,
the last assertion of the lemma follows from Lemma [A 10l O

Corollary A.12. For F,G € Parityy »(X), the graded k-module Hom(F,G) nat-
urally has the structure of a free graded HY; (pt)-module.

Since RHom is defined as a complex whose terms are Hom-groups of parity
sheaves, we can regard it as a functor

RHom : D, (X)° x D™, (X) — DP(H}; (pt)-gmod),

where DP(H% (pt)-gmod) is the bounded derived category of the category of graded
H$; (pt)-modules. The following result is an immediate consequence of Lemma

Proposition A.13. For any F,G € DEE;(X), there is a natural isomorphism

L
RHompmix For(F),For(G)) =2 RHompmix F.G) ® k.
b (x) (For(F), For(@)) o 09, 6
Corollary A.14. On the abelian category of mized perverse sheaves, the forgetful
functor For : Perviy’, (X) — Perv'y™(X) is fully faithful.

Proof. Let us call a graded H$;(pt)-module weakly free if it is of the form P ®j
H$, (pt), where P is some graded k-module. (If k is a field, this is the same as a
free HY, (pt)-module, but in general, we do not require P to be free over k.) Weakly
free H3; (pt)-modules are acyclic for the functor (—) @ns, (1) k.

Let M be a graded H¥; (pt)-module, and assume that it is concentrated in graded
degrees > ng. It is easy to see that M admits a weakly free resolution --- F~! —
F° — M with the property that F'~* is concentrated in graded degrees > ng + 2i.
As a consequence, we see that

(A.7) TorH;’(pt)(M, k) is concentrated in graded degrees > ng + 2i.

?

Now, take F,G € Pervﬁff}(X). Note that Hom'(F,G) is concentrated in graded
degrees > —i: indeed, for n < —i, we have
Hom'(F,G), = Hom(F,G[i]{n}) = Hom(F,G(—n)[i + n]) = 0.
There is a convergent spectral sequence of graded k-modules
(A8)  HP(Hom(F,G) & k)= HP"(RHompu x)(F,G) & k).
H3, (pt) s H3, (pt)

(See, for instance, [W], Proposition 5.7.6].) By Proposition the right-hand side
can be identified with Hom?*4(For(F), For(G)). Picking out the graded components
of degree 0 on both sides of , we obtain a convergent spectral sequence of
(ungraded) k-modules

EYY = HP(Hom!(F,G) © kK)o —> Hom?**(For(F), For(G)).
H$; (pt)

When p > 0, we obviously have E¥Y = 0. On the other hand, (A.7) tells us that
HP(Hom?(F,G) Bie (pt) k) is concentrated in degrees > —q — 2p, so EY? = 0 if
—q — 2p > 0. More generally, we conclude that for all » > 2, we have

(A.9) EP1 =0 ifp>0orqg<—2p.
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We claim that there are natural isomorphisms

EY ifp=
(A.10) g (2 TP=0
0 if p#£0.
For p # 0, this follows from (A.9). For p = 0, we must show that the differentials
dr: E;77N = B, d i B — BT

vanish for all » > 2. But this follows from (A.9) as well. Next, (A.10]) implies that

we have a natural isomorphism
(Hom(F,G) ®ns, (pt) K)o = Hompmix x (For(F), For(G)).

Let H7%(pt) C H% (pt) be the kernel of the obvious map H%, (pt) — k. Then
Hom(F, G) @ns (pt) k = Hom(F, G)/HZ" (pt)Hom(F,G).

Since Hom(F, G) is concentrated in degrees > 0 and H7"(pt)Hom(F, G) in degrees >
0, we see that (Hom(F, G) ®@us (pt)k)o = Hom(F,G)o = Hom(F,G). We thus obtain
the desired isomorphism Hompums: (x)(F,G) = Hompumix x) (For(F), For(G)). O

Remark A.15. It is possible to carry out a common generalization of and the
present section. Suppose that .7 is a stratification of X, not necessarily by affine
spaces, and which is refined by .. Suppose furthermore that H acts on X and
preserves the .7 -strata, but not necessarily the .#-strata. Then one can study the
category D% (X)) := KPParity ;; & (X).

A.5. Applications to Kac—Moody groups. We conclude with two results about
the flag variety of a Kac-Moody group G. We follow the notation of [ARc2] §4.1].
Specifically, let B C G be the standard Borel subgroup, W the Weyl group, and
% = G/B the flag variety. Recall that the equivariant derived category D5 (4)
is equipped with a convolution product % : DB*(%) x DB*(%) — DBX(4A).

Proposition A.16. Let w € W.
(1) The functors

(=) * Vo™, Vi x (=) : DE™(%) — DE™(%)

are right adverse-ezxact.
(2) The functors

(=) * AR, ARX % (=) : DE™(%) — DE™(%)
are left adverse-exact.

In particular, for any w,y € W, the objects Vg“" * AIX gpd AMIX V;“ix, when
regarded as objects of the nonequivariant derived category fog’)‘(.@), are adverse.

Proof Sketch. The proof is essentially identical to that of [ARc2, Proposition 4.6].
A brief outline for (—)x V™2 is as follows. Thanks to associativity of the convolution
product, it suffices to prove the right adverse-exactness of (—) x VX when s is a
simple reflection. The proof of [ARc2l Proposition 4.6] exhibits, for any y € W, a
distinguished triangle whose middle term is Ag‘ix * VX “and whose first and last
terms obviously lie in PD'*(2)<°. Using Lemma it is easy to see that the first
and last terms of that triangle also lie in D% (%)<0. It follows that (—)x V™ is

right adverse-exact. (I
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Recall that there is a natural action of W on the ring Hy(pt). A linear map
f: My — My of Hy(pt)-modules is called a w-twisted homomorphism if, for all
p € Hy(pt) and m € My, we have f(pm) = (w - p)f(m).

Proposition A.17. Let w € W, and let F,G € D'B*(%). The natural maps
Hom(F,G) — Hom(AL™xF, A*%G),  Hom(F,G) — Hom(Vi™*xF, VIi*xG)

are w-twisted HY (pt)-homomorphisms.

Proof. Let &,E € Parityg(%). Via the equivalence D% (%) = D%, ,(G), w
can equip Hom(&1, &) with the structure of a module over Hy, 5(pt) = Hy(p )
H%, (pt). (The general setting of §A.4] gives us an action of only one copy of H% (pt),

which we identify with the left-hand copy in H%(pt) ® H% (pt).)
Let &, &,y € Parity 5(#) be two additional parity sheaves. Convolution induces
a homomorphism of (H%(pt) ® H% (pt))-modules

(A.ll) Hom(é‘l, 82) ®Hﬁ(pt) ]H[om(é’g, 54) — Hom(51 * E3,E2 x 54)

Here, the ring H% (pt) under the tensor product symbol acts as the right-hand copy
on Hom(&7, &), and as the left-hand copy on Hom(€3, £4). Since the latter is always
a free H% (pt)-module, maps like induce corresponding maps at the derived
level. That is, given Fi, Fa, F3, F4 € D'BX(2), we obtain a natural morphism

(A12)  RHom(Fy,F) @? | RHom (s, F) = RHom(Fy » Fy, Fy x Fy).
H% (pt

Let us now study this map in the special case where F; = F» = ARX. In this
case, by adjunction, we have

RHom(ADZ™ ARX) = H%(B,,) 2 Hy, 5(BwB/B),
where w is a representative in G of w € W. It is well known that HY, z(BwB/B)
is a rank-1 free module for both the left and right copies of H%(pt), and that the
action of the right copy coincides with the w-twist of the action of the left copy.

In particular, because this module is free for the right copy of H%(pt), we can
apply H° to (A.12) and obtain a homomorphism of (H%(pt) ® H%(pt))-modules

H% (Buw) @his, (pt) Hom(Fs, Fu) — Hom(AR™ x F, An™ x Fy).
From this, we deduce that A™* x (—) : Hom(F3, F4) — Hom (AL« Fz AT F))

is a w-twisted homomorphism, as desired. The proof for V¥ is similar. O
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