BARIC STRUCTURES ON TRIANGULATED CATEGORIES AND
COHERENT SHEAVES

PRAMOD N. ACHAR AND DAVID TREUMANN

ABSTRACT. We introduce the notion of a baric structure on a triangulated
category, as an abstraction of S. Morel’s weight truncation formalism for mixed
{-adic sheaves. We study these structures on the derived category Dg (X) of
G-equivariant coherent sheaves on a G-scheme X. Our main result shows how
to endow this derived category with a family of nontrivial baric structures
when G acts on X with finitely many orbits.

We also describe a general construction for producing a new t-structure on
a triangulated category equipped with given ¢- and baric structures, and we
prove that the staggered t-structures on Dg(X) introduced by the first author
arise in this way.

1. INTRODUCTION

Let Z be a variety over a finite field. The triangulated category of /-adic sheaves
on X has a full subcategory DP (Z) of “mixed sheaves,” defined in terms of eigen-
values of the Frobenius morphism. The existence and good formal properties of
this category are among the most important consequences of Deligne’s proof of
the Weil conjectures. It plays a major role in the theory of perverse sheaves and
their applications in representation theory. An important part of the formalism of
mixed sheaves is a certain filtration of DY, (Z) by full subcategories {D® (Z) <y }wez,
known as the weight filtration.

Let us now turn our attention to the world of equivariant coherent sheaves. Let
X be a scheme (say, of finite type over a field), and let G be an affine group scheme
acting on X with finitely many orbits. In [A], the first author introduced a class of
t-structures, called staggered t-structures, on the bounded derived category D2 (X)
of G-equivariant coherent sheaves on X. These t-structures depend on the choice of
a certain kind of filtration of the abelian category of equivariant coherent sheaves.
These filtrations, known as s-structures, bear an at least superficial resemblance to
the weight filtration of DY (Z).

The main goal of this paper is to try to make this resemblance into a precise
statement, and to thereby place these two kinds of structures in a unified setting.
We do this by introducing the notion of a baric structure on a triangulated category.
The usual weight filtration on D®, (Z) is not a baric structure, but a modified version
of it due to S. Morel [M] is. (Indeed, the definition of a baric structure is largely
motivated by Morel’s results.) An s-structure is not a baric structure either: for
one thing, it is a filtration of an abelian category, not of a triangulated category.

Date: August 23, 2008.
The first author was partially supported by NSF Grant DMS-0500873.

1



2 PRAMOD N. ACHAR AND DAVID TREUMANN

We show in this paper how to construct baric structures on D2(X) using an s-
structure on X. We also exhibit several other examples of baric structures that
have appeared in the literature.

The second goal of the paper is to recast the construction in [A] as an instance of
an abstract operation that can be done on any triangulated category. Specifically,
given a triangulated category with “compatible” ¢- and baric structures, we outline
a procedure, which we call staggering, for producing a new t-structure. Note that
in [A], “staggered” was simply a name assigned to certain specific t-structures by
definition, whereas in this paper, “to stagger” is a verb. We prove that these two
uses of the word are consistent: that is, that the ¢-structures of [A] arise by stagger-
ing the standard t-structure on D2 (X) with respect to a suitable baric structure.
(The staggering operation can also be applied to the weight baric structure on
DP (Z), as well as to other baric structures. This yields a new t-structure that has
not previously been studied.)

An outline of the paper is as follows. We begin in Section 2 by giving the
definition of a baric structure and of the staggering operation. In Section 3, we
give examples of baric structures, including Morel’s version of the weight filtration.
Next, in Section 4, we begin the study of baric structures on derived categories of
equivariant coherent sheaves, especially those that behave well with respect to the
geometry of the underlying scheme.

The next three sections are devoted to the relationship between baric structures
and s-structures. First, in Section 5, we review relevant definitions and results
from [A]. Section 6 contains the main result of the paper, showing how s-structures
on the abelian category of coherent sheaves give rise to baric structures on the
derived category. In Section 7, we briefly consider the reverse problem, that of
producing s-structures from baric structures.

Finally, in Section 8, we study staggered t-structures associated to the baric
structures produced in Section 6. Specifically, we prove that their hearts are finite-
length categories, and we give a description of their simple objects. This was done
in some cases in [A], but remarkably, the machinery of baric structures allows us
to remove the assumptions that were imposed in loc. cit.

We conclude by mentioning an application of the machinery developed in this
paper. The language of baric structures allows one to define a notion of “pu-
rity,” similar to the one for ¢-adic mixed constructible sheaves. In a subsequent
paper [AT], the authors prove that every simple staggered sheaf is pure, and that
every pure object in the derived category is a direct sum of shifts of simple staggered
sheaves. These results are analogous to the well-known Purity and Decomposition
Theorems for ¢-adic mixed perverse sheaves.

2. BARIC STRUCTURES

In this section we introduce baric structures on triangulated categories (Defini-
tion 2.1), and the operation of staggering a t-structure with respect to a baric struc-
ture (Definition 2.8). Staggering produces, out of a t-structure (D=° D2%) on a
triangulated category ®, a new pair of orthogonal subcategories (*D=°, D=, Our
main result is a criterion which guarantees that (D=9, *D20) is itself a t-structure
(Theorem 2.11).

2.1. Baric structures.
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Definition 2.1. Let © be a triangulated category. A baric structure on ® is a pair
of collections of thick subcategories ({D<w}, {D>w})wez satisfying the following
axioms:
(1) D<w CD<ypr1 and D>y D D> yp4q for all w.
(2) Hom(A, B) = 0 whenever A € D<,, and B € D>y41.
(3) For any object X € D, there is a distinguished triangle A — X — B —
with A € D<,, and B € D>p41.

This definition is at least superficially very similar to that of ¢t-structure, and in
fact arguments identical to those given in [BBD, §§1.3.3-1.3.5] yield the following
basic properties of baric structures.

Proposition 2.2. Let ® be a triangulated category equipped with a baric structure
{®<w}h {D>w})wez- The inclusion D<,, — D admits a right adjoint f<, : ® —
D<w, and the inclusion D>, — D admits a left adjoint B>, : D — D>,,. There is
a distinguished triangle

/BSMX —- X — 52w+1X g

and any distinguished triangle as in Axiom (3) above is canonically isomorphic
to this one. Furthermore, if v < w, then we have the following isomorphisms of
functors:

6§v o ﬁgw = 6§v /BZ’U o ﬂgw = ﬁgw o ﬂzy
ﬂZw o BZU = ﬂZw ﬁgv o 6211) = ﬁzw o 59 =0

Note that in a baric structure, unlike in a ¢-structure, the subcategories ®<,, and
®>,, are required to be stable under shifts in both directions, and it is not assumed
that there is an autoequivalence ® — ® taking D<,, to, say, D<,+1. Moreover,
baric truncation functors enjoy the following important property.

Proposition 2.3. The baric truncation functors <., and B>, take distinguished
triangles to distinguished triangles.

Proof. Let X — Y — Z — be a distinguished triangle in ©, and consider the
natural morphism (<, X — X. The composition of this morphism with X — Y
factors through (<, Y — Y (since Hom(f<,X,Y) = Hom(f<,X, B<wY)), so we
obtain a commutative diagram

ﬂSwX - ngY
v v
X —Y
Let us complete this diagram using the 9-lemma [BBD, Proposition 1.1.11]:

B<wX — P<yY — 7/ —

v v |

X Y Z —

| \ |

52w+1X — ﬂZw—&-lY - 7 —

v v |

Since D<,, and D>,41 are full triangulated subcategories of ©, we see that Z’' €
D<y and Z" € D>yy1. But then Proposition 2.2 tells us that Z’ = (<, Z and
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Z" = B> Z, so we obtain distinguished triangles

B<wX — B<wY — P<wd — and Bowt1X = Bowt1Y — Bowt1Z —,
as desired. O

Definition 2.4. Let ® be a triangulated category equipped with a baric structure
{®<w} {D>w})wez. We will use the following terminology:

(1) The adjoints <, and B>, to the inclusions D<,, — D and D>, — D are
called baric truncation functors.

(2) The baric structure is bounded if for each object A € D, there exist integers
v, w such that A € D>, N D<y.

(3) It is nondegenerate if there is no nonzero object belonging to all D<,, or to
all ®>,,. Note that a bounded baric structure is automatically nondegen-
erate.

(4) Let ©’ be another triangulated category, and suppose it is equipped with
a baric structure ({D.,}, {DL,}). A functor of triangulated categories
F :® — ® is said to be left baryeract if F(D>,) C DL, for all w € Z,
and right baryezact if F(D<,,) C DL, forallweZ.

Let us also record the following definitions, though we will not use them until
later in the paper.

Definition 2.5. Let © be a triangulated category equipped with a baric structure
({géw}a {sz})wez-

(1) Suppose D is equipped with an involutive antiequivalence D : ® — ©. The
baric structure is self-dual if D(D<y) = D>_y.

(2) Suppose D has the structure of a tensor category, with tensor product ®.
The baric structure is multiplicative with respect to ® if if for any A € D<,
and B € D<,,, we have A® B € D<yypp.

(3) Suppose © has an internal Hom functor Hom. The baric structure is
multiplicative with respect to Hom if for any A € D<, and B € D>y,
we have Hom(A, B) € D>y—y.

Note that whenever we have an adjunction between ® and Hom, the multiplica-
tivity conditions are equivalent.

2.2. Staggering. Below, if D is equipped with a t-structure (D=9, D29, we write
¢ =90N D20 for its heart, and we denote the associated truncation functors by
75" and 72". The nth cohomology functor associated to the t-structure is denoted
A" D — €.

Definition 2.6. Let © be a triangulated category equipped with both a t-structure
and a baric structure. These structures are said to be compatible if 7=" and 72"

are right baryexact, and (<, and 3>, are left t-exact.

Remark 2.7. Of course there is a dual notion of compatibility, but it does not seem
to arise as often.

Definition 2.8. Let © be a triangulated category equipped with compatible ¢- and
baric structures. Define two full subcategories of ® as follows:

DV ={AeD|hFA) €Dy forall k € Z},
D20 ={B e D|pf<xB D" forall k € Z}.
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Assume that the pair (D= *D20) constitutes a t-structure. It is called the stag-
gered t-structure, or the t-structure obtained by staggering the original t-structure
with respect to the given baric structure.

As usual, we let D<" = D<0[—n] and D=" = *D=0[—n].

Lemma 2.9. Let® be a triangulated category equipped with compatible t- and baric
structures. Assume the t-structure is nondegenerate.

(1) A€ Dy if and only if h*(A) € Dy, for all k.

(2) B € D>y, if and only if B<w_17<FB € D2*+2 for all k.

(3) We have

D5y NE={BcC|Hom"(A,B)=0 for all A€ D, NC and all k > 0}.

(4) D<wNC is a Serre subcategory of €, and D>, NC is stable under extensions.
(5) D=0 and D=0 are stable under extensions.
(6) DFNDoy, C DY and D2F N D5, C DFHY,

Proof. (1) Since D<,, is stable under 7=k and 72* it is clear that A € D <, implies
that h¥(A) € D<,. Conversely, suppose h*(A4) € D, for all k. Recall (e.g. [V,
Proposition 4.4.6]) that we have a spectral sequence

(2.1) E$% = Hom(h™°(A),Bla]) = Hom(A, Bla +1)]).

Since Hom(h~=?(A), Bla]) = 0 for all B € D>, and all a,b € Z, we see that
Hom(A, B) =0 for all B € ®>,,4+1, and hence that A € D<,,.
(2) Consider the distinguished triangle

5§w717-SkB - ﬁﬁwle i 5§w717—2k+13 - .

The last term is always in ©=**! by the left t-exactness of B<w—1. If B € D>y, so
that B<,,_1B = 0, then B<,_175FB 2 (B<,,_172FT1B)[-1] € D2F*+2. Conversely,
if the t-structure is nondegenerate, and if ﬁgw,lTSkB € ©2F+2 for all k, the
distinguished triangle above shows that 3<,,_1 B € D=k*! for all k, and hence that
B<w—1B =0, s0 B € D>, as desired.

(3) If B € ®>,, NE, then clearly Hom(A[—k],B) =0 for all A € D<,,—1 N ¢ and
all k£ > 0, since A[—k] € D<,—1 for all k. Conversely, if Hom(A, B[k]) = 0 for all
A€ D<y_1NCand all k > 0, the spectral sequence (2.1) shows that Hom(A, B) =0
for all A € ®<,—1, and hence that B € D>,,.

(4) Suppose we have a short exact sequence

0—-—A—B—-C—0

in €. If A and C are in ®<,,, then B must be as well, since ®<,, is stable under
extensions. Conversely, suppose B € D<,,. Assume that C ¢ D<,,, and consider
the distinguished triangle

B<wC — C = Byp1C — .
By left t-exactness of the baric truncation functors, we have an exact sequence
0 — h’(B<wC) — C — h°(Bsu41C).

We must have h%(B>.,41C) # 0: otherwise, we would have C' 2 h?(8<,,C) € D <.
Next, from the distinguished triangle

Brwt1A — 0 — B4 1C —,
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we see that $>y+14 = B54,+1C[—1]. In particular, h°(8>,4+1A) = 0. But then the
exact sequence
0— ho(ﬁSwA) —A— ho(ﬁ2w+1A) =0

shows that A 2 h?(8<,A) € D<yp, and hence that B>,414 =0 and B>,41C = 0.
Thus, A and C are in D<,,, as desired.

That >, N ¢ is stable under extensions follows immediately from the fact that
D>, is stable under extensions.

(5) Let A — B — C — be a distinguished triangle with A € <0 and C € D=,
and consider the exact sequence

hE(A) L rE(B) 2 hE(0).
Since h*(A) € D<_y, its quotient im f is in D<_j as well. Similarly, img € D<_
because it is a subobject of h*(C). Now, from the short exact sequence 0 — im f —
h*(B) — im g — 0, we deduce that h*(B) € D<_;. Thus, B € D=0,
On the other hand, if A - B — C — is a distinguished triangle with A,C €
920, consider the distinguished triangle

B<kA — B<kB — B<1C — .

Since B<xA and B<;C lie in D=7% B, B € D=7F as well, so B € D=0.

(6) If A € D<F N Dy, then hI(Alk + w]) = RTEFY(A) = 0 if i > —w, and
R (A[k + w]) € Dy C D<; if i < —w. Thus, A[k + w] € D=0, or A € D=k+w,
Next, suppose B € DZ*ND>,,. Then f<;Blk+w] = 0if i < w, and f<; B[k +w] €
D2k lk+w] = D27 C D=4 ifi > w. Hence, Blk+w] € D=, or B € 0=kt O

Proposition 2.10. Let © be a triangulated category equipped with compatible t-
and baric structures. Assume the t-structure is nondegenerate.
(1) Hom(A, B) =0 for all A € =% and B € *D=!.
(2) If Hom(A, B) =0 for all B € *D=1, then A € *®=°. If Hom(A, B) = 0 for
all A € D=0, then B € D=1,
(3) D=0 C *®=! and D=0 > D=1
(4) If the baric structures is also mnondegenerate, there is no nonzero object
belonging to all =" or to all D=".
(5) If the t- and baric structures are bounded, then for any A € D, there are
integers n,m such that A € *DZ" N D",

Proof. (1 ) For any k € Z, h™*(A) € D<j, and therefore Hom(h=*(A), B[k]) =
HOIH( ( ) ﬁ<kB[ ]) But ﬂ<kB E©>k+1 SO HOHl( ( ) ﬂ<kB[ ]) =0 for all
k. It follows from the spectral sequence (2.1) that Hom(A, B) = 0.

(2) Suppose Hom(A, B) = 0 for all B € *®=!, and suppose for some k, h*(A) ¢
D<_j. That implies that 72¥A ¢ Dy, so B>_p172FA # 0. In particu-
lar, the natural adjunction morphism A — B>_;1172FA is nonzero. However,
BZ,kHTZkA € ©2Fn D>_py1 C s9=1 This contradicts the assumption that
Hom(A, B) = 0 for all B € D!, so we must have h*(A) € D<_y, for all k, and
hence A € D=0,

On the other hand, if Hom(A B) = 0 for all A € D=0 a similar argument
involving the morphism 773, B — B shows that B € D=1,

( ) If A€ S©<0, then hk(A[ ]) thrl(A) S @S,k,1 C ©§*k7 SO A[].] S SQSO,
and hence D=0 C *D=!. Similarly, if B € D=9 then f<;B[-1] € D="F+1 C
D=7 so B[-1] € D=0,
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(4) Suppose A € *D=" for all n. Then h*(A) € D<,_j for all n and all k.
The nondegeneracy of the baric structure implies that h*(A) = 0; then, the non-
degeneracy of the t-structure implies that A = 0. Next, suppose A € D=" for
all n, and assume A # 0. Choose some w such that S<,,A # 0, and then choose
some k such that 75¥8<, A # 0. By right baryexactness of 7<F, we know that
75k By A € <y, 50 we obtain a sequence of isomorphisms

Hom(TSk/BSwA, Tgk,é’gwA) & Hom(TSkﬁSwA, B<wA) = HOm(TSkﬂgwA7 A).

In particular, the natural map TSkﬂSwA — A is nonzero. But clearly TékﬂgwA €
Pkt g0 A ¢ D2kt 5 contradiction.
(5) This follows from Lemma 2.9(6). O

We will not prove in general that (D=0 $D29) is a t-structure.

Theorem 2.11. Let® be a triangulated category endowed with compatible bounded,
nondegenerate t- and baric structures. Suppose we have a function p: D — N with
the following properties:

(1) w(X) =0 if and only if X = 0.
(2) If X € 2" but X ¢ D=2"FL then p(r2" 1<, X) < pu(X).

Then (*D=9,5D29) is a bounded, nondegenerate t-structure on ®.

[13%2

Proof. It will be convenient to use “«” operation on triangulated categories (cf.
[BBD, §1.3.9]): given two classes of objects A, B C D, we denote by A B the class
of all objects X € © such that there exists a distinguished triangle A — X — B —
with A € A and B € B. In view of the preceding proposition, the present theorem
will be proved once we show that every object of ® belongs to D=0 x D=1, We
proceed by induction on p(X). If u(X) = 0, then X = 0, and there is nothing
to prove. Otherwise, let n be the smallest integer such that h"(X) # 0. Let
Ay =758, X, X' = 2" 3., X, and By = B>_p41X. It follows from the
right baryexactness of 7<" that A; € *=Y, and, similarly, it follows from the left
t-exactness of 3>_, 11 that By € *©=1. Recall [BBD, Proposition 1.3.10] that the

“x” operation is associative. By construction, we have

X e {A}+ {X}+{By} c D=0 % (X'} + D=1
Since pu(X') < u(X) by assumption, we know that X’ € D=0 % *D=! and hence
X € 9305 590 5p2l 5921,

Since “©=0 and *D=! are stable under extensions, we have D=0 x D=0 = =0 g4
D221 =921 50 X € D=0 x D21 as desired. O

3. EXAMPLES

In this section, we exhibit several examples of baric structures occurring “in na-
ture.” In the first one, the staggering operation of Definition 2.8 is a new approach
to a known t-structure. In two others, this operation gives what appears to be a
previously unknown t-structure. The main example of this paper—baric structures
on derived categories of coherent sheaves—will be discussed in the next section.
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3.1. Perverse sheaves. Let X be a topologically stratified space (as in [GM]),
with all strata of even real dimension. (This example can be easily modified to relax
that condition, or to treat stratified varieties over a field instead.) Let D = D?(X)
be the bounded derived category of sheaves of complex vector spaces that are
constructible with respect to the given stratification. For any w € Z, let X,, be the
union of all strata of dimension at most 2w. (Thus, X,, = @ if w < 0.) This is a
closed subspace of X. Let i, : X, — X be the inclusion map. Let D<, be the
full subcategory consisting of complexes whose support is contained in X,,, and let
D>411 be the full subcategory of complexes F such that i, F = 0.
If € Deyy and G € D>yyy1, then F = Gwxigt F, and

Hom(F,G) = Hom(iy.iy ' F,G) = Hom(i' F,i!,G) = 0.

Next, let jut1 : (X N X,) — X be the open inclusion of the complement of X,,.
For any complex F, the distinguished triangle
twsiyF = F = (utt)edupir F —
is one whose first term lies in D<,, and whose last term lies in D>1. Thus, we
see that ({D<y}, {D>w})wez is a baric structure on Db(X), with baric truncation
functors
ﬁgw = Zw*llu and ﬁZw = Jw*]qu

It is easy to see that this baric structure is compatible with the standard t-
structure on D. If F is supported on X, it is obvious that any truncation of it is
as well, so D<,, is stable under 7<" and 72". On the other hand, it is clear from
the formulas above that §<,, and (>, are both left t-exact.

In the associated staggered t-structure (*D=<° *D=%) we have F € *D=<0 if and
only if h*(F) € D<_, or, in other words,

dim supp h*(F) < —2k.

The staggered t-structure in this case is none other than the perverse t-structure
of middle perversity.

3.2. Quasi-exceptional sets. Let © be a triangulated category. A set of objects
{V*}wen in D indexed by nonnegative integers is called a quasi-exceptional set if
the following conditions hold:

(1) If v < w, then Hom(V", V*[k]) = 0 for all k € Z.

(2) For any w € N, Hom(V",V¥[k]) = 0 if k¥ < 0, and End(V¥) is a division

ring.

For w € N, let ®<,, be the full triangulated subcategory of ® generated by
VY, ..., V¥, and for an integer w < 0, let <y be the full triangulated subcat-
egory containing only zero objects. (Here, we are following the notation of [B1],
but this will turn out to be consistent with our notation for baric structures as
well.) A quasi-exceptional set is dualizable if there is another collection of objects
{Ay }wen such that

(3) If v > w, Hom(A,, V¥[k]) = 0 for all k € Z.

(4) For any w € N, we have A, 2 V¥ mod D<yy_1.
The last condition means that A,, and V¥ give rise to isomorphic objects in the
quotient category D <y /D<w—1.

Next, let ®>,, be the full triangulated subcategory generated by the objects

{VF | k> w}h If A€ Dy and B € D>ypp1, then Axiom (1) above implies
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that Hom(A, B) = 0. In addition, by [B1, Lemma 4(e)], each inclusion D<,, —
D<w4+1 admits a right adjoint ¢,,. By a straightforward argument, these functors
can be used to construct distinguished triangles as in Definition 2.1(3). Thus,
{D<w} {D>w})wez is a baric structure on ®. It is nondegenerate and bounded
by construction.

A key result of [B1] is the construction of a bounded, nondegenerate t-structure
(D=0, D20 associated to a quasi-exceptional set. This t-structure is defined as
follows (see [B1, Proposition 1)):

D=0 = ({Auln] [ n > 0}),
92" = ({Vu[n] | n < 0}).

Here, the notation (S) stands for the smallest strictly full subcategory of D that is
stable under extensions and contains all objects in the set S.

We claim that this t-structure and the baric structure defined above are com-
patible. It follows from Axiom (1) above that

0 ifw<w 0 ifw>wv
wvv = ’ d wvv = ’
bs {V” if w > v, an b2 {V” if w <.

This calculation shows that the baric truncation functors preserve ®=°. On the
other hand, Axiom (3) implies that 7<9V% is contained in the subcategory gen-
erated by Ao,...,A,, and that subcategory coincides with ®<,, by Axiom (4).
Thus, 7=9 preserves D <y, so 720 does as well.

Finally, given a nonzero object X € D, let a(X) be the smallest integer n such
that X € D=7, and let b(X) be the smallest integer w such that X € D<,,. Note
that b(X) > 0. Let

LX) = {J(f)nax{a(X) F1,6(X)} 41 iﬁ i gj

Clearly, u takes nonnegative integer values, and u(X) = 0 if and only if X = 0.
Moreover, if a(X) = —n (which implies u(X) > —n + 2), then a(r=" 13, X) <
—n—1and b(r="1 <, X) < —n, so u(r="1B<_, X) < —n+1. Thus, the condi-
tions of Theorem 2.11 are satisfied, and there is a staggered t-structure (D=°, 5D=0)
on®.

3.3. Weight truncation for /-adic mixed constructible sheaves. Let X be a
scheme of finite type over a finite field F,, and let £ be a fixed prime number distinct
from the characteristic of F,. Let D = D? (X, Q) be the bounded derived category
of mixed constructible Qg-sheaves on X. Let Ph™ denote the nth cohomology functor
with respect to the perverse t-structure on D with respect to the middle perversity.
Let D<,, (resp. D>y,) be the full subcategory of D? (X, Q) consisting of objects F
such that Ph™(F) is of weight < w (resp. > w) for all n € Z. S. Morel has shown [M,
Proposition 4.1.1] that ({D<u}, {D>w})wez is a baric structure on DY, (X, Q).

Since all objects in the heart of this t-structure have finite length, we may attach
a nonnegative integer p(F) to each complex F by the formula

w(F) = Z(length of Pn™(F)).

nez



10 PRAMOD N. ACHAR AND DAVID TREUMANN

Moreover, by [M, Proposition 4.1.3], the baric truncation functors are t-exact for
the perverse t-structure. This implies that p satisfies the assumptions of Theo-
rem 2.11, so the perverse t-structure on D% (X, Q) can be staggered with respect
to Morel’s baric structure to obtain a new t-structure. The authors are not aware
of any previous appearance of this “staggered-perverse” t-structure on ¢-adic mixed
constructible sheaves.

3.4. Diagonal complexes. We conclude with an example, due to T. Ekedahl [E],
of a t-structure that closely resembles a staggered t-structure, although it does not
in general arise by staggering with respect to a baric structure. (The authors thank
N. Ramachandran for pointing out this work to them.) Let © be a triangulated
category with a bounded, nondegenerate t-structure (D=0, @20), and as usual, let
¢ =D<0ND29 Suppose {€<w}wez is an increasing collection of Serre subcate-
gories of €, and let €5, ={B € ¢ | Hom(A4, B) =0 for all A € €<,,_1}. Following
Ekedahl, the collection {€<,,} is called a radical filtration of the pair (©,€) if the
following axioms hold:

(1) For each object A € €, there exist integers v, w such that A € €5, N C<y.
(2) If A € €<,y and B € €5, then Hom" "~ '(4, B) =0 in ®.
If (D, ¢) is equipped with a radical filtration, Ekedahl shows that the categories

D=0 = {AcD|h*(A) € €<y for all k € Z},
D20 ={BecD|h*B)ec sy forall keZ}

constitute a bounded, nondegenerate t-structure on ®. This is called the diagonal
t-structure, and the objects in its heart are called diagonal complezes.

These formulas are, of course, strongly reminiscent of those in Definition 2.8.
Let us comment briefly on the relationship between the two constructions. Given
a radical filtration, one could hope to define a baric structure by setting D<,, =
{A €D | hA) € € forall k € Z}. However, the construction of a baric
truncation functor turns out to require a stronger Hom-vanishing condition between
€<, and €41 than that stated above: one needs something like Lemma 2.9(3).
Conversely, given a baric structure, one could hope to define a radical filtration by
setting €<,, = D <, NC. This also fails, because a baric structure imposes no higher
Hom-vanishing conditions on the right-orthogonal of €<,,.

4. BARIC STRUCTURES ON COHERENT SHEAVES, I

In this section, we will investigate baric structures on derived categories of co-
herent sheaves. Let X be a scheme of finite type over a noetherian base scheme,
and let G be an affine group scheme over the same base, acting on X. We adopt
the convention that all statements about subschemes are to be understood in the
G-invariant sense. Thus, “open subscheme” will always mean “G-stable open sub-
scheme,” and “irreducible” will mean “not a union of two proper G-stable closed
subschemes.” This convention will remain in effect for the remainder of the paper.

Let Cq(X) and Qg (X) denote the categories of G-equivariant coherent and qua-
sicoherent sheaves, respectively, on X. One of the headaches of the subject is the
need to work with three closely related triangulated categories, which we denote as
follows:

(1) D2(X) is the bounded derived category of Cq(X).
(2) D (X) is the bounded-above derived category of Cqa(X).
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(3) DL(X) is the full subcategory of the bounded-below derived category of
Qa(X) consisting of objects with coherent cohomology sheaves.

Dg.(X) will be the focus of our attention, but it will be necessary to work D (X)
and DE(X ) as well, simply because most operations on sheaves take values in one
of those categories, even when acting on bounded complexes.

Definition 4.1. A baric structure on X is a baric structure on D2(X) which is
compatible with the standard t-structure.

Remark 4.2. Implicit in this definition are some finiteness conditions; e.g., it is
conceivable that there are interesting baric structures on DS (X) that take advan-
tage of the fact that the functors <, can take bounded complexes to unbounded
complexes. Nevertheless, this is the definition we will work with.

Inspired by parts (1) and (2) of Lemma 2.9, we define the following subcategories
of D5 (X) and DS (X):

Dg(X)<w = {F € Dg(X) | W*(F) € D& (X) <y for all k},
DE(X) 5w = {F € DE(X) | Bew-17SFF € DE(X)ZF2 for all k}.

It is unknown whether these categories constitute parts of baric structures on
D (X) or on DL(X). Nevertheless, they will be useful in the sequel, in part
because they admit the alternate characterization given in the lemma below. If Y
is another scheme endowed with a baric structure, we will, by a minor abuse of
terminology, call a functor D (X) — D (Y) right baryezact if it takes objects of
D (X)<w to objects of D5 (Y)<y,. Similarly, we call a functor D (X) — DL(Y)
left baryezact if it takes objects of DE(X)sw t0 DE(Y ).

Lemma 4.3. (1) For F € Dg(X), we have F € D (X)<w if and only if
Hom(F,G) =0 for all G € D2(X)>u1-
(2) For F € DL(X), we have F € DE(X) > if and only if Hom(G,F) =0 for
all G € D2(X)<u1.

In particular, we see from this lemma that
Dg(X)<w N DE(X) = Dg(X) <u,

oy DE(X) 20 N DE(X) = DE(X) 20

Proof. (1) Suppose F € Dg(X)<y. By Lemma 2.9(1), 72*F € D2(X)<, for
all k. In particular, given G € D2(X)sw+1, let k be such that G € D2(X)=*.
Then Hom(F,G) = Hom(r=*F,G) = 0. Conversely, suppose F € Dg(X) but
F ¢ D5(X)<w, so that for some k, h*(F) ¢ D2(X)<,. Then 72*F ¢ D2(X)<yp.
Let G = ﬁszTZk]:. We then have a nonzero morphism 72 F — G. Moreover,
since the baric structure on D2 (X) is compatible with the standard t-structure,
we have that G € D2(X)Z*, so there is a natural isomorphism Hom(72FF,G) =
Hom(F,G). Thus, Hom(F,G) # 0.

(2) Suppose F € DL(X)ZY. Given G € D2(X)<y-1, let k be such that G €
D2 (X)<F. Then Hom(G, F) = Hom(G, 7<FF) = Hom(G, B<y—17<FF) = 0. Con-
versely, if F € DS (X) but F ¢ DL (X)=v, then for some k, B<,,—17SFF ¢ D2FF2,
Let G = 7518, 17SFF. Then clearly G € D2(X)<F*! and G € DL(X)<y-1,
and there is a nonzero morphism G — ﬂgw_ﬂgk}" . In particular, the group
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Hom(G, B<w_17SFF) = Hom(G, 7<FF) is nonzero. Now, consider the exact se-
quence

Hom(G, (1=**1 F)[~1]) — Hom(G,7<*F) — Hom(G, F).
The first term vanishes because (72FH1F)[—1] € DL (X)2F+2, so the natural map
Hom(G, 7S F) — Hom(G, F) is injective. It follows that Hom(G, F) # 0. O

4.1. HLR baric structures. We do not wish to work with arbitrary baric struc-
tures on D (X); rather, we want them to be well-behaved in relation to the scheme
structure on X. We have already imposed the condition that the baric structure
be compatible with the standard ¢-structure. We may also ask that it give rise to
baric structures on subschemes, in the following sense.

Definition 4.4. Suppose X is equipped with a baric structure, and let x : Y «— X
be a locally closed subscheme. A baric structure on Y is said to be induced by the
one on X if Lk* is right baryexact and Rx' is left baryexact.

The class of “HLR (hereditary, local, and rigid) baric structures,” defined below,
is particularly well-behaved. For instance, every locally closed subscheme of a
scheme with an HLR baric structure admits a unique induced baric structure. (See
Theorem 4.10.) The remainder of Section 4 is devoted to establishing various
properties of HLR baric structures, and the main result of the paper, Theorem 6.4,
is a statement about a class of nontrivial HLR baric structures.

Definition 4.5. A baric structure on X is said to be hereditary if every closed
subscheme admits an induced baric structure. A hereditary baric structure on X
is said to be local if every open subscheme admits an induced baric structure that
is also hereditary.

Next, a hereditary baric structure on X is rigid if for every sequence of closed

subschemes Z SN Z1 — X where Z is a nilpotent thickening of Z (i.e., Z; has the
same underlying topological space as Z), the induced baric structures on Z and Z;
are related as follows:

(4) De(Z1) <. = the thick closure of t,(D2(Z) <),
. DE(Z1) >4 = the thick closure of t,(D2(Z) ).

Finally, a baric structure that is hereditary, local, and rigid is called an HLR
baric structure.

It turns out that the “local” and “rigid” conditions on an HLR baric structure
are redundant:

Theorem 4.6. FEvery hereditary baric structure is HLR.

This theorem will be proved in Section 4.3. We first require a couple of pre-
liminary lemmas about induced baric structures, proved below. Following that, in
Section 4.2, we will establish a number of useful properties of HLR baric structures.

Lemma 4.7. Let ({D2(X)<uw}, {D2(X)>w})wez be a baric structure on X, and
leti:7Z — X be a closed subscheme. If Z admits an induced baric structure, it is
given by

D&(Z)<w ={F € D&(Z) | inF € DE(X)<uw}

3 D(Z)2 = {F € DYZ) | i F € DY(X)s).
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Conversely, if the categories (4.3) constitute a baric structure on Z, then that baric
structure is induced from the one on X.
If an open subscheme j : U — X admits an induced baric structure, it is given
by
De(U)<w = {F € DE(U) | F = j*Fy for some Fi € De(X)<w}

(4.4) b b ~ ok b
De(U)sw ={F € D&U) | F = j*F1 for some F1 € D(X)>w}-

Conversely, if the categories (4.4) constitute a baric structure on U, then that baric
structure is induced from the one on X.

Proof. Let ({D2(Z)<w}, {D2(Z)>w})wez be an induced baric structure on a closed
subscheme i : Z — X. If F € D2(Z) <y, then for all G € DS (X)>y41, we have (by
Lemma 4.3) that Hom(F, Ri'G) = 0, and therefore Hom(i,F,G) = 0. The latter
implies that i.F € D2(X)<y. Similarly, if F € D2(Z) >, then Hom(Li*G, F) =
Hom(G,i,.F) = 0 for all G € D5(X)<w—1, 50 ixF € D(X)>,. For the opposite
inclusion, given an object F € Dg(Z ), form the distinguished triangle

i*ﬂgw]: — 1. F — i*ﬂzw+1f —

in D2(X). By the reasoning above, we have i,3<,F € D2(X)<y and ixB5u41 €
D2(X)>w+1, so the first and last terms above must be the baric truncations of i,.F:

i*ﬁgw]‘- = ﬁgwi*}- and i*BZw-i-l]: = ﬁ2w+1i*f.

Thus, if i, F € Dg(X)Sw, then B>y41%F = 1xP>w+1F = 0. Since i, is faithful,
this implies that ($>,11F = 0, so that F € D2(Z)<,. The same argument shows
that i, F € D2(X)>, implies that F € D2(X) <.

Next, assume the categories (4.3) constitute a baric structure on Z. We will show
that this baric structure is induced from the one on X. If 7 € D (X)<y, then
Hom(F,i,.G) = 0 for all G € D(Z)>w+1 by Lemma 4.3, so Hom(Li*F,G) = 0,
and hence Li*F € Dg(Z)<y. Similarly, if F € DE(X)sy, then Hom(i, G, F) =
Hom(G, Ri'F) = 0 for all G € D2(Z)<y—1, 50 Ri'F € DE(Z)>y. Thus, Li* is right
baryexact, and Ri' is left baryexact, as desired.

We turn now to open subschemes. Suppose ({D2(U)<w}, {D2(U)>w})wez is
an induced baric structure on an open subscheme j : U — X. In view of the
equalities (4.1), the definition of “induced” implies that j* : D2(X) — D2(U)
is baryexact. In other words, if F; € D2(X)<y, then j*F; € D2(U)<y, and
if 71 € D2(X)>w, then j*F; € D&(U)sy. Conversely, if F € D2(U)<y, then
there exists some object 7/ € D&(X) such that j*F' = F. Form the distinguished
triangle B<F' — F' — B>wi1F —, and apply j* to it. We know that j* <, F’ €
Dg(U)Sw and that j*O>yp 1 F € DE(U)sz. Since j*F' = F, we see from the
triangle

j*ﬁﬁwfl —F — j*ﬂZw—&-lf, -

that j*O>p11F = B>w+1F = 0, and hence that F = j*0<,F’. Thus, setting
F1 = PB<wF’, we have found an F; € Dg(X)Sw such that j*F; = F. The argument
for DL(U)>,, is similar.

Finally, assume the categories (4.4) constitute a baric structure on U. We must
show that this baric structure is induced. Clearly, j* is baryexact as a functor of
bounded derived categories D2 (X) — D2(U). Since j* is also exact, it commutes
with truncation and cohomology functors, and it takes D2 (X)=% to D2 (U)=%. It
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follows from these observations that it takes D (X )<y to Dg (U) <y and DE(X) >4
to DE(U) > - O

Lemma 4.8. Let j : U — X be the inclusion of an open subscheme, and let
i : Z — X be the inclusion of a closed subscheme. Assume that U and Z are
equipped with baric structures induced from one on X. Then:

(1) j* takes Dg(X)<w to Dg(U)<w and DE(X)sw to DE(U)sw.
(2) Li* takes D (X)<w to Dg(Z)<w-
(3) Ri* takes DE(X)sw to DE(Z) 5.
(4) ix takes D (Z)<w to Dg(X)<w and DE(Z) s to DE(X) > w-

Proof. Parts (1), (2), and (3) hold by definition.

(4) We saw in the proof of Lemma 4.7 that as a functor of bounded derived
categories D2 (Z) — D2(X), i. is baryexact. Since i, is also an exact functor,
we have hk (i, F) = i,h*(F) for any F € Dg(Z). Thus, if F € D5(Z)<w, we
have h¥(i,F) € D2(X)<y for all k; in other words, i.F € Dg(X)<,. On the
other hand, suppose F € Dg(Z)Zw. Since i, is exact and baryexact on D (Z2),
we have i*ﬁgw,ﬂgk]—' ~ ﬁgw,lrgki*]—'. Moreover, the fact that ng,ﬁ'fk]—" €
D2 (Z)ZF+L for all k implies that i.B<,_17SFF € D(X)Z**+1 for all k. Thus,
i+ F € DE(X) >0 O

Lemma 4.9. Let ({D2%(X)<w}, {D2(X)>w}wez be a hereditary baric structure
on X, and leti: Z — X be the inclusion of a closed subscheme. The induced baric
structure on Z is also hereditary.

Proof. Let k : Y — Z be a closed subscheme of Z. We must show that ¥ admits
a baric structure induced from the one on Z. In fact, we claim that the baric
structure on Y induced from the on X (viaiok : Y < X) has the desired property.
Suppose F € D5 (Z)<w. If L*F ¢ D5 (Y )<y, then there is some G € D2(Y) > 41
such that Hom(Lk*F,G) # 0. Then Hom(F, k.G) # 0 and, because i, is faithful,
Hom(i,F,i.k+G) # 0. But this is impossible, because according to Lemma 4.8,
i+ F € Dg(X)<y and (i0k)+G € D2(X)>w41. Thus, L&*F € D5 (Y)<y. Similarly,
if 7 € Df(Z)>w, a consideration of Hom(G, Rx'F) and Hom(i.k.G,i.F) for G €
D2(Y)<y—1 shows that Re'F € DL(Y)s,. Thus, Lk* is right baryexact and
Rk is left baryexact, so the baric structure on Y induced from the one on X is
also induced from the one on Z. The induced baric structure on Z is therefore
hereditary. (Il

4.2. Properties of HLR baric structures. In this section, we prove three use-
ful results about HLR baric structures. First, we prove that the HLR property
is inherited by induced baric structures on subschemes. Next, we prove an addi-
tional rigidity property for nilpotent thickenings of closed subschemes. Finally, we
prove a “gluing theorem” that states that an HLR baric structure is determined
by the baric structures it induces on a closed subscheme and the complementary
open subscheme. It should be noted that the proofs of these results depend on
Theorem 4.6.

Theorem 4.10. Suppose X is endowed with an HLR baric structure. Fvery locally
closed subscheme k :'Y — X admits a unique induced baric structure. Moreover,
this baric structure is also HLR.
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Proof. We have already seen the uniqueness of the induced baric structure in the
case of open or closed subschemes, in Lemma 4.7. For a general locally closed
subscheme, let us factor the inclusion map « : ¥ — X as a closed imbedding
i:Y — U followed by an open imbedding j : U «— X. Then U acquires a unique
induced hereditary baric structure from the baric structure on X, and it in turn
induces a unique baric structure on its closed subscheme Y. This baric structure
is also induced from the one on X: clearly, Lk* = Li* o j* is right baryexact, and
Rk' = Ri' o j* is left baryexact.

To show that this is the unique baric structure on Y induced from the one on X,
we must show that the baryexactness assumptions on Lx* and Rk' imply the same
conditions on Li* and Ri'. (It then follows that any baric structure induced from
the one on X is actually induced from the one on U.) Suppose F € D, (U)<w, and
consider a distinguished triangle of the form

Li*rSF1F & Li*F — Li*t2FF — .

Since Li*t<F-1F € D, (Y)SF71, we see that h*(Li*F) = h*(Li*r=kF). Now,
72* F is an object in D'(D;(U)Sw, so there exists an object F; € Dg(X)Sw such that
§*F1 2 r2FF. By assumption, Lk*Fy € D5 (Y)<w. But Le*F = Li*r2FF | so we
conclude that k¥ (Li*r2FF) = h*(Li*F) € D2(Y)<w. Thus, Li*F € D5 (Y ) <.

On the other hand, suppose that F € DE(U )>w, and consider a distinguished
triangle of the form

Ri'T=*F — Ri'F — Ri'r=" ' F — .

Since Ri'tT=FT1F € DL(Y)ZkHL, we see that 7<FRi'F = 7=kRi'r<kF. Next,
consider the distinguished triangle

Ri'feyy_17FF — Ri'TSFF — Ri's,m<FF —

By assumption, f<,_17<FF € D& (U)Z*+2, so Ri'f<yy17SFF € DL(Y)ZH2. It
follows that 7<FRi'T<EF = 75FRi' 85, 7<EF. Now, 85, 7<FF € D2(U)sw, so
there is some F; € Dg(X)Zw such that j*F; & 52“)731@]_—. Since Rk'Fi belongs
to D5 (Y )y by assumption, we have B<,,—17=FRx'F; € DR(Y)ZF*+2. But we also
have Rk'F; =2 Ri!ﬁZwTSk}', and from the chain of isomorphisms

.l .l .1 1
TSPRIF 2 rSERSEF TSkRzﬂZwTSk.’F = TSkRn"}"l,

we see that S<,_17SFRi'F € D2(Y)2k*2. Thus, Ri'F € DS(Y)sw. We now
conclude that any baric structure on Y induced from the one on X is also induced
from the one on U, and is therefore uniquely determined.

To show that the induced baric structure on a locally closed subscheme is HLR,
it suffices, by Theorem 4.6, to show that it is hereditary. In the case of a closed
subscheme, this was done in Lemma 4.9, and in the case of an open subscheme,
there is nothing to prove: this property is part of the definition of “local.” The
assertion then follows for a general locally closed subscheme, since, by construction,
the induced baric structure on such a subscheme is obtained by first passing to an
open subscheme, and then to a closed subscheme of that. ([l

Next, we turn to nilpotent thickenings of a closed subscheme.

Proposition 4.11. Suppose X is endowed with an HLR baric structure, and let

74 Z1 — X be a sequence of closed subschemes of X with the same underlying
topological space. Then:
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(1) For F € D;(Z1), F € Dg(Z1)<w if and only if Lt*F € D (Z) <.
(2) For F € DL(Z1), F € DE(Z1)sw if and only if Rt'F € DE(Z) 5w

Proof. If F € D (Z1)<w, it is obvious that Lt*F € D, (Z)<y, since the baric
structure on Z is induced from that on Z;. Conversely, suppose F € D, (Z1)
and Lt*F € Dg(Z)<w. Then Hom(F,t.G) = Hom(Lt*F,G) = 0 for all G €
D2(Z)>w+1. But by the definition of “rigid,” D2 (Z1)>w+1 is generated by objects
of the form t,G with G € D2(Z)>w11, so it follows that Hom(F,G’) = 0 for all
G' € D2(Z1)>w+1, and hence that F € D (Z1)<w. The proof of part (2) is entirely
analogous and will be omitted. ([

Finally, we prove a “gluing theorem” for HLR baric structures.

Theorem 4.12. Suppose X is endowed with an HLR baric structure. Let i : Z —
X be a closed subscheme of X, and let j : U — X be its open complement. Endow
U and Z with the baric structures induced from that on X. Then we have

De(X)<w = {F € Dg(X) | j*F € Dg(U)<w and Li*F € Dg(Z)<w},
DY(X)sw = {F € D2(X) | 7*F € DE(U) > and Ri'F € DE(Z) 50}

In particular, there is a unique HLR baric structure on X which induces the baric

SL‘T;C;WES (D& (V) <w} ADE(U) 2w wez and ({DE(Z)<w} ADE(Z) 2w} wez on U

Proof. If F € DR(X)<w, then j*F € D2(U)<y, and Li*F € Dg(Z)<yw by the
definition of the induced baric structure. For the other direction, suppose that
§*F € D2(U)<y and Li*F € Dg(Z)<y. We will prove that F € D2(X)<, by
showing Hom(F,G) = 0 for all G € D2(X)>uwt1-
Fix G € D2(X)>w+1. We have an exact sequence

lim Hom(iz, «Liy, F,G) — Hom(F,G) — Hom(j*F, j*G),

Z
where the limit runs over nilpotent thickenings of Z. (See, for instance, [B2,
Proposition 2 and Lemma 3(a)] for an explanation of this exact sequence.) We
have j*F € DR(U)<, and j*G € D2(U)swt1, and by Lemma 4.8, we have
iz,+liy F € Dg(X)<w so the first and third terms vanish. We conclude that
Hom(F,G) also vanishes. The argument for D2 (X)>,, is similar. O

4.3. Proof of Theorem 4.6. In this section, we will prove that hereditary baric
structures are automatically also local and rigid. We begin with a result about baric
truncation functors with respect to a hereditary baric structure. If X is endowed
with a hereditary baric structure, and F € DE(X ) is actually supported on some
closed subscheme ¢ : Z — X, then the baric truncations of F are obtained by
taking baric truncations in the induced baric structure on Z, and then pushing
them forward by .. In other words, hereditary baric structures have the property
that baric truncation functors preserve support. More precisely:

Proposition 4.13. Let ({D2(X)<w}, {D2(X)>w }Hwez be a hereditary baric struc-
ture on X. Then
(1) If F € D2(X) has set-theoretic support on a closed set Z C X, then so do
ﬂgw]‘— and ﬂwa-
(2) If a morphism u: F — G in D(X) has set-theoretic support on Z, in the
sense that u|x.z = 0, then so do B<y(u) and B, (u).
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Proof. If F is set-theoretically supported on Z then there is a subscheme ¢ : 77 — X
of X, whose underlying closed set is Z, such that F = i, F’ for some F' € D&(Z1).
Form the distinguished triangle

ﬁgw}—l — .7:/ — ﬁZerl]:/ — .
By Lemma 4.7, we have that i, <, F’ € Dg(X)Sw and 4. 0>y+1F € Dg(X)21u+1~
Since we have a distinguished triangle
i*ﬁgw}—/ — f — ’i*ﬁzw+1fl -,

we must have i,0<,F’ = f<ypF and 405w i1F = B>wi1F. In particular these
objects are set-theoretically supported on Z, proving the first assertion.
To prove the second assertion, consider the exact sequence
I@Hom(f,izf*Ri!Z,g) — Hom(F,G) — Hom(F|x<z,G|xz),
ZI
where iz : Z' — X ranges over all closed subscheme structures on Z. By as-
sumption, u € Hom(F, G) vanishes upon restriction to X \ Z, so we see from the
exact sequence above that it must factor through iz, Ri%,,G — G for some closed
subscheme structure iz : Z’ — X on Z. Now, iZ/*Ri!Z/g is in general an ob-
ject of DL (X), but since F lies in DZ(X), any morphism F — iz, Ri%, G factors
through 75"iz/.Ri',, G for sufficiently large n. It follows that B<,(u) and B>, (u)
factor through ﬂngS”iZ/*Ri!Z/g and /BZMTS”Z'Z/*RZ'!Z,Q, respectively. These ob-
jects have set-theoretic support on Z by the first part of the proposition, so S<, (u)
and (>, (u) have set-theoretic support on Z as well, as desired. (]

We may use this fact to prove the following:
Theorem 4.14. FEvery hereditary baric structure is local.

We will prove this theorem over the course of the following three propositions.
Recall from Lemma 4.7 that in a local baric structure, the induced baric structures
on open subschemes necessarily have the form given in the proposition below.

Proposition 4.15. Let ({D2(X)<w}, {D2(X)>w})wez be a hereditary baric struc-
ture on X, and let U be an open subschme of X. For any w € Z, define full
subcategories of D2 (U) as follows:

D(U)<w, = {F € DR(U) | F = j*Fy for some Fy € De(X)<w},
D(U) > = {F € D(U) | F = j*Fy for some Fy € D2(X)>w}-
Then Dg(U)gw and DE(U)ZW are thick subcategories of Dg(U).

Proof. Suppose that F and G belong to Dg(U)Sw, so that there exist F; and G in
DR(X )<y with Fi|y 2 F and Gy|y & G. Since D2(U) is a localization of DR (X),
we may find for every morphism u : F — G an object Go € Dg(X ) and a diagram
F1 — Ga < G such that (Ga < G1)|y is an isomorphism, and the composition

F2FRly = Glv=Gilv=g
coincides with u. We claim that the diagram
ng]:l - ﬂngZ — ﬂgwgl

has the same property. In that case, the cone on the composition F; = f<,,F1 —
B<wG2 belongs to D& (X )<y, which shows that the cone on u : F — G belongs
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to D(U)<y. To prove the claim, note that the cone on the map G; — Go is
set-theoretically supported on the closed set X ~\ U, and since the baric structure
({D2(X)<w}, {P2(X)>w})wez is hereditary, the same must be true for the cone
on f<,G1 — B<wUz2; in particular the restriction of the latter map to U is an
isomorphism.

We have shown that the D2 (U)<,, C D2(U) is a triangulated subcategory. To
show that it is thick we have to show that it is also closed under summands — i.e.
that if F @® G € D2(U)<, then F and G also belong to D& (U)<,. Thus suppose
that F @ G belongs to DL(U)<,. Since D& (U) is a localization of D2 (X), we may
find a triangle

Fi—H—G —

whose restriction to U is isomorphic to the triangle

In particular the map G; — Fi[1] is set-theoretically supported on X ~\ U, so by
proposition 4.13 the same must be true of 3<,,G1 — B<wF1. From the diagram

B<wF1 H B<wfr —
Fi H g1

L

Bowr1F1 —= 0 —— B>p+101 ——

whose rows and columns are distinguished triangles, we see that 8>,+1G1 —
B>w+1F1 is an isomorphism. But since this morphism has set-theoretic support
on X — U the objects 5>44+1F1 and B>,+1G1 must have set-theoretic support on
X — U which implies there are isomorphisms <, Fi|ly = F and f<wGilv = G.
Thus F and G belong to D2 (U) <.

A similar proof shows that the subcategories D2(U)s,, are thick. g

Proposition 4.16. Let ({D2(X)<w}, {D2(X)>w})wez be a hereditary baric struc-
ture on X, let U be an open subscheme of X, and let ({D2(U) <w }, {D2(U)>w wez
be as in Proposition 4.15. Then ({D2(U)<w }, {D2(U)>w }wez is a baric structure
on D2(U), compatible with the standard t-structure.

Proof. Tt is clear that D2(U)<, C D2(U)<wt1 and D2 (U)sy D D2(U)>wi1 and
that 'DB(U) = Dl();(U)gw * Dg(U)zw—i-l- If F e 'DE;(U)SUJ and G € DIC)J(U)Ew-‘rla
then we have an exact sequence
Hom(F1,61) — Hom(F,G) — lim Hom(i,Li*Fy,Gi[1]) —
i:Z—X

where F is an extension of F to Dg(X)Sw, G, is an extension of G to Dg (X)>w+1,
and ¢ : Z — X runs over all subscheme structures on X ~\ U. The first term
above vanishes automatically, and each of the terms Hom(i.Li*Fy,Gi[1]) van-
ishes because, by Lemma 4.8, i,Li*F, € D (X)<y,. Thus, Hom(F,G) = 0 and
({DL(U)<w}, {DL(U)>w})wez is a baric structure on D (U).

By assumption the baric structure ({Dg(X)<uw}, {D2(X)>w }wez is compatible
with the standard ¢-structure on D2 (X). Thus if F; belongs to D2 (X )<, then so do
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75" F; and 72" F). The objects Fi|y, (75" F1)|y & 75"(Fi|v) and (12"F))|v
72"(F1|y) therefore all belong to D2 (U)<,. Similarly, we have (B<,F1)|v
B<w(Filv) and (B>wF1)|u = B>w(Filu) so that the baric truncation functors pre-
serve D2 (U)Z°. Thus the baric structure ({DE(U)<w}, {D2(U)>w}Hwez is com-
patible with the standard t-structure on Dg(U).

1R

O

Proposition 4.17. Let ({D2(X)<w}, {D2(X)>w Hwez be a hereditary baric struc-
ture on X, and let U be an open subscheme of X. Then the collection of categories
({D2(U)<w }, {D2(U)>w })wez defined in Proposition 4.15 constitute a hereditary
baric structure on U.

Proof. Using Lemma 4.7 and the previous proposition, we know that the baric
structure ({D2(U) <w}, {D2(U)>w })wez is induced from the one on X. It remains
only to show that this baric structure is hereditary. Let ¢ : Y — U be a closed
subscheme of U. By Lemma 4.7, we must prove that the following categories
constitute a baric structure on Y:

DL(Y)<w = {F € DL(Y) | i F = Fi|v for some F; € D2(X)<w},
De(Y)>w = {F € DY) | i F = Fi|p for some F; € D2(X)>w}.

Let Y be the closure of Y in X, and let 41 : Y < X be the inclusion map, so that
we have a commutative square of inclusions

v

v X

By definition, the hereditary baric structure on X induces a baric structure on

Y. This baric structure is itself hereditary, by Lemma 4.9. Thus, by the previous

proposition, the baric structure on Y induces one on its open subscheme Y. This
is given by

(DE(Y)<w) = {F | F =2 Fyly for some Fy € D&(Y) with i1.F> € DR

(D2(Y)sw) = {F | F = Fly for some Fp € D&(Y) with i1, F> € D

It suffices now to show that D2(Y) <, = (D2(Y)<w) and D2 (Y) s = (D2(Y)>w)
If F € D2(Y) is such that we may find F» € D2(Y) with Fly = F and
i.Fo € D(X)<y then Fy := i1, F has the property that Fi|y = i.F. Thus,
(D2(Y)<w) C D2(Y)<w. To show the reverse inclusion, let F € D2(Y) and
F1 € DE(X )<y be such that Fi|y =i, F, and let F5 € DL(Y) be such that there
exists a map 41,5 — F1 which is an isomorphism over U. Then i1, 0<,Fy — Fi is
also an isomorphism over U, and F» := (<, F3 has the property that Fs|y = F and
i1+F2 € D2(X)<w. Thus, (D2(Y)<w) = D2(Y)<yw. A similar argument shows
that (D5(V)2w)’ = DB(Y)s O

Let us finally show that hereditary baric structures are rigid.

Proposition 4.18. Let ({D2(X)<w}, {D2(X)>w }Hwez be a hereditary baric struc-
ture on X. Then ({D2(X)<w}, {D&(X)>w Hwez is rigid.

Proof. Let Z be a subscheme of X and let Z; be a nilpotent thickening of Z in
X, and write t for inclusion of Z into Z;. If F is a bounded chain complex of
coherent sheaves on Z7, then we may find a filtration of F by subcomplexes Fy,
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whose subquotients are scheme-theoretically supported on Z. Thus in D2(Z;) we
may find a sequence of objects and maps

O=Fy—-F1—Fo— - —F,=F

such that the cone on Fj_1 — Fi is of the form ¢,G;. Now suppose F belongs to
D2(Z1)<w. Then we may apply <., to the sequence to obtain

O:ﬂﬁwfo_’ﬁﬁwfl —>—>ﬂ§wfn:-7:
and distinguished triangles
B<wFr-1 = B<wFr — B<wt«Gr — .

It follows from Lemma 4.7 that the object 8<.,t«Gj, is isomorphic to ¢, B<.,Gr. Thus,
F is in the thick closure of the image of D2(Z)<,, under t.. A similar proof gives
the same result for DL(Z1)> - O

This completes the proof of Theorem 4.6.

5. BACKGROUND ON $-STRUCTURES AND STAGGERED SHEAVES

In this section, we review the t-structures on derived categories of equivariant
coherent sheaves that were introduced in [A]. (They were called “staggered t¢-
structures” in loc. cit.; in Section 8, we will prove that they usually arise by the
staggering construction of Definition 2.8.) These t-structures depend on two aux-
iliary data: an s-structure, and a perversity function. After fixing notation, we
briefly recall some facts about these objects, and we then describe the t-structures
themselves. We will also prove a few useful lemmas about these objects.

As before, let X be a scheme of finite type over a noetherian base scheme, acted
on by an affine group scheme G over the same base. We adopt the additional
assumptions that the base scheme admits a dualizing complex in the sense of [H,
Chap. V], and that the category C;(X) has enough locally free objects. It follows
(see [B2, Proposition 1]) that X admits an equivariant dualizing complex. Fix one,
and denote it wx € D2(X). Next, let D = RHom(-,wx) denote the equivariant
Serre-Grothendieck duality functor. Let X&°" denote the set of generic points of
G-invariant subschemes of X, and for any 2 € X8, we denote by Gz the smallest
G-stable closed subset of X. (We do not usually regard G as having a fixed
subscheme structure.)

For any point € X8 and any closed subscheme structure i : Z < X on G,
there is an open subscheme V' C Z such that Ri‘wx|y is concentrated in a single
degree in D2 (V). Let cod Gz be the unique integer such that h°°4S*(Ri'wx|y) # 0.
This number is independent of the choice of closed subscheme structure i : Z «— X
and of open subscheme V C Z. If X is, say, an equidimensional scheme of finite
type over a field, wx may be normalized so that cod Gz is the ordinary (Krull)
codimension of Gz.

An s-structure on the scheme X is a pair of collections of full subcategories
{Ca(X)<w} {Ca(X)>w})wez of Ca(X) satisfying a list of ten axioms, called (S1)—
(510) in [A]. We will not review all the axioms here, but we do recall some of the
key properties of s-structures:

e Each Cq(X)<y is a Serre subcategory, and each Cq(X)>y, is closed under
extensions and subobjects.
o Cq(X)>w is the right orthogonal to Cq(X)<w—1.
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e Each sheaf F contains a unique maximal subsheaf in Cq(X)<,, denoted
o<wF. The quotient o>, 41F = F/o<,F is the largest quotient of F in

CG (X) >w+1-
e An s-structure on X induces s-structures on all locally closed subschemes

of X.

Assume henceforth that X is equipped with a fixed s-structure. Given a point
z € X2 and a closed subscheme structure i : Z — X on Gz, choose an open
subscheme V' C Z such that Ri'wx|y is concentrated in degree cod Gx. There is a
unique integer, called the altitude of Gz and denoted alt Gz, such that

Ri!wX|V[COd@] € CG(V)galtﬁ N CG(V)Zalt@'
Again, alt Gz is independent of the choice of i and V.
The staggered codimension of Gz is defined by
scod Gz = alt Gz + cod Gx.
A (staggered) perversity function is a function p : X&" — Z such that
0 < p(z) — p(y) < scod Gz — scod Gy if x € Gy.
Given a perversity p : X&8" — Z, the function p : X&" — Z given by
p(z) = scod Gz — p(x)

is also a perversity function, known as the dual perversity. Given a staggered
perversity function p, we define a full subcategory of D (X) by

for any x € X8" any closed subscheme structure

pD&(X)SO ={F| i:Z < X on Gz, and any k € Z, there is a dense open ,
subscheme V' C Z such that h*(Li*F)|v € Ca(V)<p(z)—k

and a full subcategory of DE(X) by
D¢ (X)=" = D(PDg(X)=7).

The t-structure associated in [A] to the given s-structure and to a perversity p is
the pair (PD2(X)<0,7D2(X)=), where

PDR(X)=0 = "D (X)=" N DR(X) and  PDR(X)=" =PDS(X)=° N DL(X).

The remainder of the section will be spent establishing a number of useful lemmas
about these objects. Let ¢ : X8" — Z be a function such that

(5.1) q(z) = qly) whenever Gz = Gy.
Given such a function, let

for any closed subscheme i : Gz — X with
Ca(X)<w = F € Ca(X)| x € X8, there is a dense open subscheme
V' C Gz such that i* Flv € Co(V)<wtq(a)

One may either regard this definition as a condition only on reduced closed sub-
schemes of the form Gz, or as a condition on all possible closed subscheme struc-
tures on the various closed sets Gz. These two interpretations are equivalent by [A,
Proposition 4.1], however, so there is no ambiguity in the definition. The first view-
point is more convenient for checking explicit examples, but the second is sometimes
more useful in proofs.
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Lemma 5.1. Let x € X", and let i : Z — X be a closed subscheme structure on
Gz. For any sheaf F € ;Ca(X)<w and any r > 0, there is a dense open subscheme
V C Z such that h="(Li*F)|v € Ca(V)<w+q(a)-

Proof. The proof of this lemma follows that of [A, Lemma 8.2] nearly verbatim.
By the definition of ;,Ce(X )<y, we know that there is a dense open subset Z’ C Z
such that i*F|z € Cq(Z")<wtq@)- Let X' = X N (2" N Z). Then X' is a dense
open subset of X, and 7 : Z/ — X is a closed subscheme of X’. It clearly suffices
to prove the lemma in the case where X and Z are replaced by X’ and Z’/. We
therefore henceforth assume, without loss of generality, that i*F € Ca(Z)<wq(x)-

We now proceed by induction on r. For r = 0, the lemma is trivial: we
have *F € CG(Z)§w+q(z) by assumption. Now, suppose r > 0. According
to Axiom (S10) in the definition of an s-structure [A], there is an open sub-
scheme V' C Z such that for any open set U C X with UNZ C V', we have
Ext"(Flu,i«Glv) = 0 for all G € Ca(Z)>w+q(z)+1- (In fact, Axiom (510) guaran-
tees this vanishing for all G in a slightly larger category, denoted Cq(Z )>w+q(z)+1
but we will not require that additional information.) Equivalently, for any open
V. C V', we have Hom(Li*F|v,G[r]ly) = 0 for all G € Ca(Z)>wiq()+1- We also
have Hom(Li*F|v, G[r]|v) & Hom(r=~"Li*F|y,G[r]|v), and then from the distin-
guished triangle

TSP F 2L F — 2L

we obtain the exact sequence

- — Hom(r=""Li*F|v,Glr]lv) — Hom(r=""7=""Li* F|y,Glr]|lv) —

Hom(7= """ Li* F[-1]|v, G[r]lv) — - -

Since 7S~ "T27"Li*F = h~"(Li*F)[r], the sequence above can be rewritten as

- — Hom(Li*F|v, G[r]lv) — Hom(h™"(Li*F)|v,Glv) —

Hom (72~ YLi* Fly, Glr +1]|y) — --- .

The first term above vanishes. Note that

e ) S {hk(Li*]—') if —(r=1) <k <0,
0 otherwise.

Thus, by the inductive assumption, the cohomology sheaves of 7=~ (=1 Li* F have
the property that for each k, there is a dense open subscheme V), C Z such that
RE(r2= =D Li* F|y, € Ca(Vi)<wtq(z)- This property is precisely the hypothesis
of [A, Lemma 8.1], which then tells us that there is a dense open subscheme V" C Z
such that the last term in the exact sequence above vanishes whenever V C V.
In particular, let us take V' = V' N V”. The middle term above then clearly
vanishes. Since Hom(h™"(Li*F)|v,G1) = 0 for all G; € Ca(V)<wtq(z)+1, We have
h="(Li*F)lv € Ca(V)<w+q(z), as desired. O

Lemma 5.2. ,Cq(X)<y is a Serre subcategory of Ca(X).

Proof. Suppose we have a short exact sequence 0 — F' — F — F” — 0 in Cg(X).
Given z € X8 and a closed subscheme structure i : Z < X on Gz, consider the
exact sequence

WY Li*F") — i*F — " F — i*F" — 0.
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Suppose F' and F” are in ,Cc(X)<w. Then there are dense open subschemes
V/,V” C Z such that i*f/|vl € CG(V/)Sw-l-q(a:) and Z'*fﬂh/// € CG(V”)§w+q(w).
Let V. =V'NV". Then, since Ca(V)<w4q(z) is a Serre subcategory of Cq(V'), we
see that i*Flv € Ca(V)<wtq@), 50 F € ¢Ca(X)<w-

Conversely, if F € ;Cq(X)<w, then there is a dense open subscheme V' C Z
such that i*Fly € Ca(V)<wtq(z)- It follows that i*F"|y € Cq(V)<wiq) as well,
so F" € 4Ca(X)<w. Next, by Lemma 5.1, there is some dense open subscheme
V' C Z such that k= (Li* F")|y+ € Ca(V') <wiq(x), and it follows that i* F'|y v €
Ca(V NV )<cwtq@)- Thus, F' € ;Ca(X)<y as well. O

Next, let p be a staggered perversity function. The following alternate charac-
terization of "D (X)=" will be useful.

Lemma 5.3. We have
PDL(X)S = {F € Do(X) | W¥(F) € ,Co(X) < for all k € Z}.

Remark 5.4. Note the similarity between the right-hand side of this equation and
the definition of *®<C of definition 2.8.

Proof. Throughout the proof, x will denote a point of X&" and i : Z — X will
denote a closed subscheme structure on Gx.

First, suppose F is concentrated in a single degree with respect to the standard
t-structure, say in degree n, and that A" (F) € ,Cq(X)<—n. If k > n, then of course
h¥(Li*F) = 0. If k < n, then by Lemma 5.1, there is a dense open subscheme V C Z
such that *(Li*F)|v € Ca(X)<p@)—n C Ca(X)<p(z)—k, S0 F € PD5(X)=0.

Next, if F € D2(X) and h*(F) € ,Cq(X)<_y for all k, it follows that F €
Do (X )=% by the preceding paragraph and a standard induction argument on the
number of nonzero cohomology sheaves of F. Finally, suppose that F € D (X)
and that h*(F) € ,Ca(X)<_j for all k. For any k € Z, 72*F is in D2(X), so
we already know that 72*FF € "D (X)=C. But consideration of the distinguished
triangle

Li*tsF F — Li*F — Litr2*F —

shows that h¥(Li*F) = h*(Li*r2*F), so in particular, there is a dense open sub-
scheme V' C Z with h*(Li*F)|v € Ca(V)<p(a)—k, 50 F € PD;(X)=, as desired.

Conversely, suppose F € PD;(X)=Y. Let a be the largest integer such that
h®(F) # 0. Then of course h*(Li*F) = h*(Li*72%F) = i*h%(F), and we know
that there is a dense open subscheme V' C Z such that i*h*(F)|v € Ca(V)<p(z)—as
so0 h*(F) € pCa(X)<—q-

Now, we will prove by downward induction on k that h*(F) € ,Cq(X)<_j and
that 7SF-1F € PD;(X)=C for all k. These statements hold trivially if k > a.
Suppose we know that h**1(F) € ,Cq(X)<_k—1 and 7SFF € PD;(X)=<0. By the
preceding paragraph, we know that h*(F) = h¥(r<FF) € ,Cq(X)<_j. Next, from
the distinguished triangle 7<F-1F — 7=FF — 7IMKF _ we obtain the exact
sequence

W Lit R F) o hT(LitrSEUF) - b (Lit TSR ).

Assume r < k — 1 (otherwise, the middle term above vanishes). By Lemma 5.1,
for some dense open V C Z, k™Y (Li*r M F)|y € Ca(V)<pa)—k C Ca(V)<p(a)—r-
Replacing V' by a smaller open subscheme if necessary, we may also assume that
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h™(Li*F)lv € CG(V)Sp(:p)—r- It follows that hT(Li*TSk71F)|V € Cg(V)Sp(w)_T, SO
TSFLF € DG (X)=0.
In particular, h*(F) € ,Cq(X)<_j for all k, as desired. O

In the course of the preceding proof, we have also established the following
statement.

Corollary 5.5. The category "D, (X)=Y is stable under all standard truncation

functions T=F and T2F. O

6. BARIC STRUCTURES ON COHERENT SHEAVES, IT

In this section, we achieve the main goal of the paper: the construction of a class
of baric structures on derived categories of equivariant coherent sheaves. These
baric structures depend on a function on X&°" that plays a role analogous to that
played by a staggered perversity in Section 5.

Definition 6.1. Suppose G acts on X with finitely many orbits. For each orbit
C C X, let Zo C Ox denote the ideal sheaf corresponding to the reduced closed
subscheme structure on C' C X. An s-structure on X is said to be recessed if for
each C, Ic /T2 € Co(X)<_1.

For the remainder of the paper, we assume that G acts on X with finitely many
orbits, and that X is endowed with a recessed s-structure. (See Remarks 6.10
and 8.3, however.) The assumption that the s-structure is recessed is a mild one:
“most” of the s-structures appearing in [T] are recessed, as is the one used in [AS].

Note that Zc/Z2 is always at least in Cq(X)<o, since it is a subquotient of
Ox € Ce(X)<o. In addition, since the coherent pullback functor to a locally closed
subscheme is right s-exact, it follows that the restriction of a recessed s-structure
to any locally closed subscheme is also recessed.

Remark 6.2. Tt is certainly possible to define the notion of “recessed s-structure”
in a way that does not assume finiteness of the number of orbits. (One simply
imposes a condition on the ideal sheaf of Gz for every x € X&°™, not just for every
orbit closure.) However, it seems likely that when there are infinitely many orbits,
there are no recessed s-structures.

Given a function ¢ : X&" — Z satisfying (5.1), define a a new function § :
Xe&en — 7 given by
j(x) = alt Gz — q(x).
Note that when G acts on X with finitely many orbits, a function ¢ : X8 — Z
satisfying (5.1) may be regarded as a Z-valued function on the set of orbits. It will
sometimes be convenient to adopt this point of view, and, given an orbit C C X,
we sometimes write

q(C) = q(z¢) where z¢c € X®" is any generic point of C.

Lemma 6.3. Let G € Cq(X), and let j : U — X be an open subscheme. Suppose
F1 C Glu is such that Fy € (Ca(U)<w. Then there exists a subsheaf F C G such
that Fly 2 F1 and F € (Ca(X)<w-

Proof. It U is closed (i.e., if U is a connected component of X), then j,.F; is
naturally a subsheaf of G, so we simply take 7 = j.F;. Otherwise, let C' be an
open orbit in U \ U, and let V' be the open subscheme U UC'. By induction on the
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number of orbits in U \ U, it suffices to find F C G|y such that F € ,Ca(V)<w
and Fly & F. Let k : C — V be the inclusion map, and let Zo be the ideal
sheaf of C' in V. Finally, let ' be some subsheaf of G|y such that F'|y = Fi.
Suppose £*F' € Cq(C)<y. If v < w4+ ¢(C), we may take F = F’, and we are
finished. On the other hand, if v > w + ¢(C), let F = Ig_w_qw)}". Since
Ielu = Oy, we clearly still have F|y = F;. The fact that the s-structure is
recessed means that x*Z¢ € Cq(C)<_1, so /-@*I?U*w*q(c) € Ca(C)<—vtwtq(C)s

and therefore K*Igv—w—q(C) ® K*F' € Ca(C)<wiqe). Now, k*F is a quotient of

/{*Igw_w_q(c) R K*F', 50 k*F € Ca(C)<wq(c), as desired. a
Given a function ¢ : X#" — Z, we define a full subcategory of D (X) by
De(X)<w = {F € Dg(X) | B*(F) € (Ca(X)<u}-
We also define a full subcategory of DE(X ) by
¢DE(X)>w = D(Dg(X)<—w)-
Finally, we put
qu(X)Sw = ¢Dg(X)<w N DIC)J(X) and qu(X)Zw = qu(X)zw N Dg(X)~
The main result of the paper is the following.

Theorem 6.4. The collection of subcategories ({;D2(X)<uw}, {¢P2(X) 5w }wez is
a bounded, nondegenerate HLR baric structure on X.

The proof of this theorem will occupy the rest of this section. Note that the
definition of D (X )< is consistent with the notation used in Section 4. We will
see in Corollary 6.9 that the same holds for ;D (X) ..

Lemma 6.5. ,;D2(X)<, and ;D2(X) s are thick subcategories of D2(X). More-
over, ¢Dg(X)<w C ¢D&(X)<w+1, and ¢DE(X)>w O ¢DE(X)>w+1-

Proof. Tt is obvious that ;D2 (X )<, is stable under shift. Since it is defined by the
requirement that cohomology sheaves belong to a Serre subcategory of Co(X) (see
Lemma 5.2), it is stable under extensions as well, so it is indeed a thick subcategory
of D2(X). It follows that ;D2(X)s,, is as well. It is obvious that ;D2 (X )<, C
¢D2(X)<w+1, and hence that ;D2(X)sw D ¢D2(X)>wr1- O

Lemma 6.6. Let j : U — X be the inclusion of an open subscheme, andi: Z — X
the inclusion of a closed subscheme. Then:

(1) j* takes ¢Dg(X)<w to ¢Dg(U)<w and ¢DE(X)>w to ¢DEU)>w-

(2) Li* takes ¢Dg(X)<w t0 ¢Da(Z)<w-

(3) Ri' takes ;D5(X)sw to ¢DE(Z) 5.

(4) iy takes ¢Dg(Z)<w to ¢Dg(X)<w and ¢DE(Z) 5w to ¢DE(X) > w-

This statement closely resembles Lemma 4.8; indeed, it would merely be an
instance of that lemma if Theorem 6.4 were already known. However, the proof of
Theorem 6.4 depends on this lemma, so we must give it an independent proof.

Proof. (1) It is immediate from the definition of ;Cq (X )<, that j* takes ;Ca(X)<w
to ¢Cq(U)<w. Since j* is an exact functor, it follows that it takes D, (X)<w to
oD (U)<w. Since j* commutes with D, we also see that it takes (D (X)sy to
q’Dg<U)2w~
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(2) We proceed by noetherian induction: assume the statement is known if X
is replaced by a proper closed subscheme, or if X is retained and Z is replaced
by a proper closed subscheme. Suppose F € (D (X)<,. We show by downward
induction on k that h*(Li*F) € ,Cq(Z)<y. For large k, h*(Li*RF) = 0, so this
holds trivially. Now, assume that h"(Li*F) € ,Ca(Z)<q for all 7 > k, and consider
the distinguished triangle 7<*Li*F — Li*F — t2F1Li*F —. Then 72F+1Li* F
is an object of ;D2(Z) <y, so for any z € Z5°™ and any closed subscheme structure
k:Y — Z on Gz, we know that Lk*7=* 1 Li*F € ;D5 (Y)<,. Consider the exact
sequence

RPN (Lk* 2 Li* F) — WM (Le*m<*Li* F) — h¥(Lk*Li* F).

The first term above belongs to ,Ca(Y)<w. Observe that h*(Lk*r<kLi*F) =
k*h¥(Li*F). Thus, to prove that h*(Li*F) € ,Cq(Z)<w, we must show that there
is a dense open subscheme V C Y such that h*(Le*7SFLi* F)|yv € Ca(V) <wiq(a)-

If Y is a proper closed subscheme of Z, then we have assumed inductively that
L(koi)*F € ¢Ds(Y)<w, and in that case, the last term in the sequence above
belongs to 4Ca(Y)<w as well. By Lemma 5.2, the middle term as well, and the
existence of the desired open subscheme V' C Y follows.

On the other hand, if Y = Z, and & is the identity map, then Lemma 5.1 gives us
a dense open subscheme V' C Z such that h*(Li*F)|v+ € Ca(V')<wq(x)- The fact
that h*~1(72*+H1Li* F) € ,Cq(Z)<, implies that there a dense open subscheme
V" C Z with R* N2 L F) |y € (Ca(V")<wiqa)- If welet V.=V NV,
then we see from the exact sequence above that h*(7=FLi*F)|v € Ca(V) <wtq(a),
as desired.

(3) If F € ;DE(X)>w, let F' € 4D5(X)<_y be such that DF’ = F. Then
Ri'F 2 D(Li*F') € ¢DE(Z) 5y since Li*F' € D5 (Z)<u-

(4) Since (D (Z)<w and ¢Dg (X )< are defined by conditions on their coho-
mology sheaves, the first statement follows from the fact that i, is an exact functor
taking ,Cq(Z)<w t0 ¢Ca(X)<w. The second statement follows by duality. O

Proposition 6.7. If F € ;D5 (X)<w and G € ;D5 (X)>w+1, then Hom(F,G) = 0.

Proof. We proceed by noetherian induction: assume the theorem is known for
all proper closed subschemes of X. Let a and b be such that G € D} (X)=* and
F € D;(X)=P. Since Hom(F, G) & Hom(72%F, G), we may replace F by 72%F and
assume that F € ;DE(X)<,. Next, let G’ € D5(X)<_,y—1 be such that DG’ = G.
For a sufficiently small integer ¢, we will have D(7=°G’) € Df(X)2*1. From this,
it follows that Hom(F,G) = Hom(F,D(72¢t1G")). Replacing G by D(7=T1G’), we
may assume that G € ;D2(X)>y.

With F and G both in D2(X), induction on the number of cohomology sheaves
allows us to reduce to the case where both F and G’ := DG are concentrated in
a single degree. By shifting both objects simultaneously, we may assume without
loss of generality that F € Cs(X). Let x be a generic point of X. There is an
open subscheme U C X containing « such that §'|v € Ca(U)<ugm—q()
By [A, Remark 3.2 and Lemmas 6.1-6.2], we may replace U by a smaller open
subscheme containing = such that G| is concentrated in a single degree, say d, and
such that G[d]|u € Ca(U)>q@)+w+1- If d > 0, then clearly Hom(F|y,Gly) = 0.
Otherwise, we invoke [A, Axiom (S9)] to replace U by a smaller open subscheme
such that Hom(F|y,G|y) = 0. Let Z be the complementary closed subspace to U,

—w—1°
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and consider the exact sequence

lim Hom(Li}, F, Ri',,G) — Hom(F, G) — Hom(F|v,G|v),
Z/

where iz : Z' < X ranges over all closed subscheme structures on Z. We have
just seen that the last term vanishes. Since Li},F € (Dg(Z')<y and Riy G €
¢DE(Z") 541, the first term vanishes by induction. So Hom(F,G) = 0, as desired.

O

Proposition 6.8. For any F € D2(X), there is a distinguished triangle F' — F —
F" — with F' € ;D2(X)<w and F" € ;D2(X)>wi1. Moreover, if F € DR(X)20,
then F' and F" lie in D2(X)=0 as well.

Proof. Once again, we proceed by noetherian induction, and assume the result is
known for all proper closed subschemes of X. Now, assume first that F is a sheaf.
Let C C X be an open (and possibly nonreduced) orbit, and let i : C' < X be the
inclusion of its closure. By Lemma 6.3, there exists a subsheaf F; C F such that
F1 € Cq(X)<w and Filo = 0<yiqc)(Flo). Next, form a short exact sequence

0—-F —=-F—=G—0.

Let b = cod C. Then i, Ri'DG € DL (X)2b, and, by [A, Lemma 6.1], we know that
i Ri'DG|c = DG|c is concentrated in degree b. Furthermore, [A, Proposition 6.8]
tells us that DG[b]|c € Co(C)caia—g(c)—w-1- I C is reduced, these assertions
about DG|¢c are immediate from the fact that D is an exact functor, but in general,
we must invoke [A, Lemma 6.1 and Proposition 6.8].) Now, we use Lemma 6.3
again to find a subsheaf G; C h®(i.Ri'DG) such that G; € 4Cq(X)<_w_1 and
Gile 2 DG[b]|c. Form the composition

Gi[—b] — hY(i.Ri'DG)[-b] = 7=%i, Ri'DG — i, Ri'DG — DG,
and then complete it to a distinguished triangle
Gi[-b] = DG — G" — .

Here, G’ is necessarily supported on the complement of C. Let Fy = D(G;[—b]),
and let H = DG’, so we have a distinguished triangle

HHQHFQH

Since codC = b, we see that F» € D2(X)2°. This distinguished triangle then
implies that H € D2(X)=° as well. Note also that Fa € ;D2(X) w1, and that

Since F; € ¢D2(X)<w, F2 € ¢D2(X)>wi1, and H is supported on a proper closed
subscheme, we conclude that F € ;D2(X)<y * ¢D&(X)>w+1, as desired. The last
statement of the proposition holds by noetherian induction as well, since Fy, H,
and F all lie in D2(X)=° by construction.

The result also follows for any object of D2(X) that is concentrated in a single
degree. Finally, for general objects F € D2(X), we proceed by induction on the
number of nonzero cohomology sheaves. Let a € Z be such that 7<¢F and 72¢T1F
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are both nonzero. Then, they both have fewer nonzero cohomology sheaves than
F, and we assume inductively that there exist distinguished triangles

F| = 1SF = FY —,

Fhy— Ly SN F —

with F{, 7§ € ¢D2(X)<w and Fy', FY € ;D2(X)>w41. Consider the composition
Fol-1] = (12T F)[-1] = 75F — F/.
By Proposition 6.7, this composition is 0, so we see from the exact sequence
Hom(F3[—1], F{) — Hom(F}[—1], 7=*F) — Hom(F5[—1], FY)

that the morphism Fj[—1] — (7241 F)[—~1] — 75F factors through F,. That is,
we have a commutative square

Fal=1] = (r= 1 F)[-1]

| v

Fi TSOF

We define objects F/, F”" € D2(X) by completing this diagram as follows, using
the 9-lemma [BBD, Proposition 1.1.11]:

Fil=1) = (72 F)[-1) ~ F 1]~

| b \

Ff ——>rSoF F
! | |
F F F

v \ v

Since (D& (X )<y and (D2 (X)>y41 are stable under shift and extensions, we see
that 7' € ;D2(X)<y and F” € ;D2(X)>ywi1, as desired. Moreover, if F lies in
D2(X)2Y, then so do 75%F and 72T F, and hence, by induction, the objects F7,

1, Fb, and FY all lie in DR (X)=0 as well. It then follows that 7/ are F” are in
D2(X)=%, as desired. O

Proof of Theorem 6.4. Lemma 6.5 and Propositions 6.7 and 6.8 together state that
all the axioms for a baric structure hold. Moreover, the last part of Proposi-
tion 6.8 tells us that the baric truncation functors are left t-exact (with respect to
the standard t-structure), and it is obvious from the definition of ;D2 (X)<,, that
it is preserved by the truncation functors 7" and 72". Thus, the baric struc-
ture ({;D2(X)<w}s {¢DP2(X)>w Hwez is compatible with the standard ¢-structure.
Next, for any closed subscheme i : Z — X, Lemma 6.6 tells us that Li* is right
baryexact and that Ri' is left baryexact. Thus, this baric structure is hereditary,
and hence HLR by Theorem 4.6.

It remains to prove that the baric structure is bounded (and therefore nonde-
generate). Every sheaf in C(X) belongs to some Ce(X)<,, and hence to some
¢Ca(X)<w (simply take w to be the maximum value of n — ¢(z)). Since an object
F € ’Dg(X ) has finitely many nonzero cohomology sheaves, we can clearly find a w
such that all its cohomology sheaves belong to ,Ca(X)<uw, so that F € ;D2(X) <.
The same reasoning yields an integer v such that DF € qu(X )<—v, and hence
F € ¢D2(X)>,. Thus, the baric structure is bounded and nondegenerate. ]
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We can now verify that the notation ;D (X)s,, is consistent with the notation
of Section 4.

Corollary 6.9. We have
DEX)sw = {F € DH(X) | Bew-17<FF € DE(X)ZFY2 for all k}.

Proof. We have already observed that the definition of 4D (X)<_., is consistent
with the notation of Section 4, so by Lemma 4.3, for 7 € D (X), we have F €
iDc(X)<—y if and only if Hom(F,G) =0 for all G € 4D2(X)>_y+1. Applying D,
we have F € (Df(X) >y if and only if Hom(DF,DG) = 0 for all G € ;DE(X)<w-1,
or, equivalently, if Hom(G,F) = 0 for all G € ;D2(X)<w—1. The corollary follows
by another application of Lemma 4.3. O

Remark 6.10. The proof of Lemma 6.3 depends in an essential way on the assump-
tion of finitely many orbits and a recessed s-structure, but no other arguments given
in this section do. (The role of the orbit closure C in the proof of Proposition 6.8
could instead have been played by G for some generic point z.) By imposing
additional conditions that permit us to evade Lemma 6.3, we can find a version of
Theorem 6.4 that holds in much greater generality.

Specifically, assume that the function g : X&" — Z is monotone: that is, if
x € Gy, then g(z) > q(y). Suppose we have a coherent sheaf G € Co(X), an open
subscheme j : U < X, and a subsheaf 71 C G|y with F; € ,Ca(U)<y. By replacing
U by a smaller open subscheme, we may assume that F; € Cg(U)Sq(z)er, where
x is a generic point of U. Then Fi is a subsheaf of 0<4(z)4+wG|u, and standard
arguments show that there is a subsheaf 7 C 0<;(4)4+w9 supported on U such
that F|y = F1. The monotonicity assumption then implies that F € ;Ca(X)<w.
This reasoning can be substituted for invocations of Lemma 6.3 for Ca(X)<w.
Similarly, if ¢ is comonotone, meaning that ¢ is monotone, then the reasoning
above can replace invocations of Lemma 6.3 for the category ;Ca(X)<yw. The proof
of Theorem 6.4 uses Lemma 6.3 in both these ways.

We thus obtain the following result: suppose X is a scheme satisfying the as-
sumptions of Section 5, equipped with an s-structure. In particular, we do not
assume that G acts with finitely orbits, or that the s-structure is recessed. If
q : X" — Z is both monotone and comonotone, then the collection of subcat-
egories ({,D2(X)<w}, {;D2(X)>w})wez is a bounded, nondegenerate HLR. baric
structure on X.

7. MULTIPLICATIVE BARIC STRUCTURES AND $-STRUCTURES

In this section we study the relationship between multiplicative baric struc-
tures on the triangulated category ’Dg(X ) and s-structures on the abelian category
Cc(X). The authors had originally hoped that under appropriate conditions the
two notions would be equivalent, and that the developments in sections 5 and 6
could be simplified by replacing the latter concept with the former. In other words,
the hope was that there would be a one-to-one correspondence between multiplica-
tive HLR baric structures and s-structures on a G-scheme X.

This turns out to be not quite correct. Rather, we prove here that there is a one-
to-one correspondence between multiplicative baric structures and a certain class
of pre-s-structures, including all s-structures. (A pre-s-structure is a collection of
subcategories of C(X) satisfying the first six of the ten axioms for an s-structure
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in [A].) It would be interesting to look for an additional axiom on multiplicative
baric structures that is satisfied precisely by those baric structures corresponding
to s-structures, but we have not pursued this here.

We say that a baric structure ({D2(X )<y}, {D2(X) 5w }wez is multiplicative if
either of the following two equivalent conditions holds:

(1) If F € D2(X)<yw and G € D2(X) <y, then F @ G € Dg(X) <wto-
(2) If F € D2(X)<yw and G € D2(X) >y, then RHom(F,G) € DE(X)>v—w-

Theorem 7.1. Suppose ({D2(X)<w}, {D2(X)>wNwez is a multiplicative baric
structure on X. Then the categories

Ca(X)<w = Ca(X) NDE(X) <,
Ce(X)>w ={F € Ca(X) | Hom(G,F) =0 for all G € Ca(X)<w—1}

constitute a pre-s-structure on X.
Conversely, given an s-structure ({Ca(X)<w}, {Ca(X)>w})wez on a scheme X
with finitely many G-orbits, the categories

DL(X)<w = {F € D(X) | W*(F) € Ca(X) <y for all k € Z},
De(X)sw = {F € D&(X) | Hom(G,F) = 0 for all G € D&(X)<w—1}
constitute a multiplicative baric structure on X.

Proof. Suppose first that ({D2(X)<w}, {D2(X)>w})wez is a multiplicative baric
structure on X. To show that the categories above constitute a pre-s-structure,
we must verify axioms (S1)—(S6) from [A]. (The reader is referred to [A] for the
statements of these axioms.)

Axioms (S2) and (S3) are clear from the definitions, and axiom (S1) follows
from the fact that ({D2(X)<uw}, {D2(X)>w })wez is compatible with the standard
t-structure.

Let us prove axiom (S4). Let F be an object of C(X). Since F is noetherian,
and Cg (X )< is a Serre subcategory, there is a largest subobject 7' C F belonging
to C(X)<w. Then F/F' must belong to Cq(X)>w+1: otherwise, there is a nonzero
map G — F/F’ whose image Z # 0 belongs to Cq(X )<y, but the inverse image of
T in F contains the maximal F’.

Axiom (S5) follows from the fact that the baric structure on D2(X) is bounded,
and Axiom (S6) follows from the multiplicativity of the baric structure and the fact
that for F,G € Cq(X), we have F ® G = h9(F @ G).

Now, suppose we are given an s-structure ({Ca(X)<w}, {Ca(X)>w})wez. Let O
denote the constant function X&" — Z of value 0. We claim that ¢Cq(X)<y =
Ca(X)<w- It is clear from the definition that Ca(X)<w C 0Ca(X)<w. Conversely,
if x € X&" is a generic point of the support of an object F ¢ Cq(X)<w, it fol-
lows from the gluing theorem for s-structures [A, Theorem 5.3] that there is no
open subscheme V C Gz such that the restriction of F to V lies in Cq(V)<uw,
so F ¢ oCq(X)<w. Since oCq(X)<w = Ca(X)<w, we see that the categories
({D2(X)<w}, {P2(X)>w})wez defined in the statement of the theorem coincide
with the baric structure constructed in Theorem 6.4 by taking ¢ = 0. The fact that
this baric structure is multiplicative is a consequence of Proposition 7.2 below. [

Proposition 7.2. Let X be a scheme with finitely many G-orbits, and let p,q :
Xe" — 7 be functions satisfying (5.1). Suppose F € ,De(X)<w.
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(1) If G € ¢Dg(X)<w, then F @ G € 14D (X)<wo-
(2) If G € ¢DE(X) >0, then RHom(F,G) € p1qDE(X) 50w

Proof. (1) We will show by noetherian induction that Hom(F ®* G, H) = 0 for
all H € p1¢D2(X)>wtvt1- Assume the result is known for all proper closed sub-
schemes of X, and let C C X be an open orbit. Let Z denote the closed subset
X ~\ C, and consider the exact sequence

lim Hom(Li*(F & G), Ri"H) — Hom(F & G, H) — Hom((F & G)|c, o),

7
where i’ : Z' — X ranges over all closed subscheme structures on Z. Now, Li*(F®*
g) = Li*F ®@" Li*G. We have Li*F € ,D;(Z')<w and Li*G € (D, (Z")<, by
Lemma 6.6, and then Li*F ®" Li*G € py¢Dg(Z")<w+v by assumption. We also
have Ri'H € ,4+4DE(Z")>wivt1, 50 the first term above clearly vanishes.

It now suffices to show that (F ®" G)|lc € p+qDPa(C)<wtv: that implies the
vanishing of the last term in the exact sequence above, and hence of the middle
term as well. Recall that on a single G-orbit, the tensor product functor is exact
(because all objects of Cg(C) are locally free), so there is a natural isomorphism

L . .
W (F@G)le)= @ v (Fle)® W (Gle).
i+j=r

We know that h'(F|c) € Ca(C)<wp(c) for all i, and that ki (G|c) € Ca(C)<ptq(c)
for all j. It follows that h"((F®"G)|c) € Ca(C)<wtvtp(c)+q(c) for all 7, and hence
that (F ®" G)|c € p+¢DPg(C)<w+v, as desired.

(2) Consider DG € 4D (X)<—y. By part (1), FR"DG € p14D5(X)<w—v. Since
RHom(F,G) = D(F " DG), the result follows. O

8. STAGGERED SHEAVES

In this section, we retain the assumptions that G acts on X with finitely many
orbits, and that X is equipped with a recessed s-structure.

Given a function ¢ : X&" — Z, let us define full subcategories of D (X) and
DE(X) as follows:

IDL(X)SY = {F € Do (X) | W (F) € ;D2(X)<_y for all k € Z},
1DL(X)2" = {G € DL(X) | Hom(F[1],G) = 0 for all F € 9D (X)="}.
We also define bounded versions of these categories:

"DE(X)=" = "D (X)="NDE(X) and TDg(X)=" = "DE(X)=* N DE(X).
Let G € 9D5(X)=Y. There is some integer n such that G € DL(X)2", and
then for any F € Dg(X), we have Hom(F[1],G) = Hom(r="(F[1]),G), with
72"(F[1]) € D(X). Thus, the definition of 9D/ (X)Z° could be changed to re-

quire Hom(F[1],G) to vanish only when F € 9D2(X)=°. By Proposition 2.10(2),
it follows that

1DL(X)Z0 = {G € DL(X) | 4B<G € D2(X)Z7F for all k € Z}.

The categories 9D (X)=<" and 9D (X)=? are none other than the categories associ-
ated in Definition 2.8 to the standard ¢-structure on D2 (X) with the baric structure

({eD&(X)<w} {DE(X) 2w} wez.
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Theorem 8.1. The categories (1D (X)<0,9DL,(X)=0) constitute a bounded, non-
degenerate t-structure on D&(X).

Definition 8.2. The t-structure (YD (X)=% 9DE (X)) is called the staggered t-
structure of perversity q. Its heart, denoted IM(X), is the category of staggered
sheaves.

This terminology and notation is consistent with that of [A] by Lemma 5.3. That
is, if ¢ happens to be a perversity function in the sense of [A], then the ¢-structure
constructed here coincides with the t-structure associated to ¢ in [A]. However,
neither this theorem nor the main result of [A] encompasses the other: in [A],
no assumptions were made on the number of orbits or the s-structure; here, no
restrictions are imposed on the function ¢ : X" — Z.

Note that if ¢ happens to be a perversity function in the sense of [A], then
Theorem 8.1 follows immediately from Lemma 5.3, but it general, Theorem 8.1
produces t-structures that are not given by the construction of [A].

Proof of Theorem 8.1. We will prove this theorem by invoking Theorem 2.11. To
that end, we must define an invariant p(F) for any object F € D2(X) satisfying
the hypotheses of that theorem. For any nonzero object F € D'g;(X ), let

m(F) = min{k € Z | h*(F) # 0}.

Let C be the maximum value of cod Z as Z ranges over all closed subschemes
of X. (Of course, cod Z takes only finitely many distinct values, since X has
finite Krull dimension.) Note that D(DR(X)=%) C D&(X)=C, and, more generally,
D(D2(X)2") C D&(X)SC™. Let

C+1—m(F)—mDF) if F#O,
u(F) = P mm®R) w77
0 if 7 =0.
We first prove that p(F) > 0 whenever F # 0. If m(F) = n, then F € D2(X)=",
so DF € DL(X)=C~", and in particular, m(DF) < C — n. It follows that
WF)=C+1-m(F)-mDF)>C+1—-n—-(C—n)=1,

as desired.
Next, the left t-exactness of (f6<_, implies that if m(F) = n, then (f<_,F €
D2(X)=", so m(yf<—nF) > n. Now, consider the distinguished triangle

DyB>_nt1F = DF — Dyf<_nF — .

Since Dy f>_n1 F € qu(X)Sn,l and D,8<_pF € qu (X)>n, we have canonical
isomorphisms

Dqﬁz—n—&-l]: = éﬂgn_lﬂ)}- and Dqﬁg_nf = qﬂZnD]:.

Now, the left t-exactness of 40>, shows that m(Dyf<_,F) > m(DF).

Finally, consider 7="*! 3., F. Clearly,

m(TZ"Hqﬂg,n]:) >n+1>m(F).

Now, let k = m(D,B<_nF). By definition, ,6<_,F € D(D2(X)Z*). The t-
structure (D(DE(X)=*), D(DE(X)=*)), which is dual to (a shift of) the standard
t-structure, is an example of a perverse coherent ¢-structure [B2], and therefore of a
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staggered t-structure in the sense of [A], so Corollary 5.5 tells us that D(D2(X)=F)
is stable under 7="*1. In particular, 72" 3., F € D(DL(X)=F), so

m(]D)TZn+1q5S—n-7:) >k =m(Dyf<nF) = m(DF).

We conclude that if m(F) = n, then u(r=""1B<_,,F) < u(F). Thus, the hypothe-
ses of Theorem 2.11 are satisfied. O

Remark 8.3. If G does not act with finitely many orbits, or if the s-structure is
not recessed, Remark 6.10 tells us that ({;D2(X)<w}s {gDP2(X)>w Huwez still con-
stitutes a baric structure if we require ¢ to be monotone and comonotone. The
proof of Theorem 8.1 goes through in this setting. However, the conditions im-
posed on ¢ are more restrictive than the conditions imposed on perversity functions
in [A], so in this case, the theorem we obtain is actually just a special case of [A,
Theorem 7.4]. Similar remarks apply to Theorems 8.6 and 8.11 below; cf. [A,
Theorems 9.7 and 9.9].

Next, we study how the duality functor D interacts with the staggered t-structure.
Let j : U — X be an open subscheme. The following functions defined in terms of
q : X&" — Z will be useful in the sequel.

b () — q(x) if x € Ug™, () — q(x) it x € Ut
(®.1) al )_{q(m)—l if z ¢ Us™, @) {q(x)—i—l if x ¢ Use™.

Lemma 8.4. Let j : U — X be the inclusion of an open subscheme, andi : Z — X
the inclusion of a closed subscheme. Then:
(1) j* takes 9D (X)=" to ID5(U)= and DL (X)Z0 to 1DL(U)=C.
(2) Li* takes 1D (X)=0 to 9D (Z)=°.
(3) Ri* takes 1D (X)20 to 9DL(2)=°.
(4) ix takes ID;(Z2)=° to 1D, (X)=C and 1D (2)=° to 1D (X)Z0.

Proof. We will prove the parts of this lemma in the order (2), (4), (3), (1).

(2) First, suppose F € 9D2(X)=C is concentrated in a single degree, say F =
h*(F)[—k]. Then F € ;D2(X)<—, so by Lemma 6.6, Li*F € ;Dg(Z)<_k. We
also clearly have Li*F € Dg(Z)<*, so it follows that Li*F € 9Dg(Z)<°. Next, for
general F € 9D (X)<" induction on the number of nonzero cohomology sheaves
(together with the fact that 9Dg(Z)=Y is stable under extensions) allows us to
reduce to the case already considered, and we conclude that Li* takes 9D2(X)<°

to 9D, (Z)=V. Finally, if F € 9D (X)=", consider the distinguished triangle
Lt F — Li*F — Li*r2FF — .

Since 72FF € 9DR(X)=Y, we know that Li*r=*F € 9D, (Z)=C. Moreover, we see
from the long exact cohomology sequence associated to this distinguished triangle
R*(Li*F) = h*(Li*t2k F) € ;D2(Z)<—k. Thus, Li*F € 9D (Z)<Y, as desired.

(4) Because i, is t-exact (with respect to the standard ¢-structure), and be-
cause 1D (Z)=Y and 9D (X)=C are defined by conditions on cohomology sheaves,
it follows from Lemma 6.6 that i, takes 9Dg(Z)=0 to 9D;(X)=". (The same
argument shows that j* takes D (X)=C to 9D, (U)=C.) On the other hand, if
F € 9DEL(Z)=0, then for any G € 9D (X)=C, we have

Hom(G[1],4.F) = Hom(Li*G[1], F) = 0,



34 PRAMOD N. ACHAR AND DAVID TREUMANN

where, in the last step, we have used the fact that Li*G € ‘ID(_;(Z)SO. Thus,
i F € "DE(X)20.
(3) Let F € DL (X)=. For any G € 9D (Z2)=", we have
Hom(G[1], Ri'F) = Hom(i,G[1], F) = 0.
Here, we have used the fact that i,G € 9D (X)<0. Thus, Ri'F € 1D} (2)=°.

(1) It was observed in the proof of part (4) that j* takes 9D (X)=° to 9D, (U)=°.
Next, suppose F € qu(X)ZO. To show that j*F € qu(U)ZO, it suffices, as
noted at the beginning of this section, to show that Hom(G[1],F) = 0 for all
G € 1D (U)=. But since 9D (U)=Y is stable under 72" and 7=", we can further
reduce to showing that Hom(G[1], F) = 0 whenever G is an object of ¢D2(U)<°
that is concentrated in a single degree. Suppose G = h*(G)[—k]. We then have
h*(G) = G[k] € ,Co(U)<_k. Let °q : X&™ — 7Z be as in (8.1). Then of course
Ca(U)<—r = v4,Cc(U)<—k, and by Lemma 6.3, G[k] may be extended to a sheaf
G' € 44,Ca(X)<—k. Consider the exact sequence
Hom(G'[~k + 1], F) — Hom(j*G'[—k + 1], j*F) — lim Hom(L«x}, G'[k], R}y, F),

7

where kz: : Z' — X ranges over all closed subscheme structures on the complement
of U. We clearly have that G'[—k] € *9D(X)=" C 9D (X)=0, so Hom(G'[-k +
1], F) = 0. We already know that Rr},F € 9D (2')2°, and that Lk}, G'[—k] €
1D, (Z2)=0 = 9D, (Z')S71, so the last term above vanishes as well. Therefore,
Hom(j*G'[—k+1],5*F) = Hom(G[1], 7*F) = 0, so j*F € 9D5(U)=°, as desired. [
Proposition 8.5. We have D(YDg(X)=%) = ID}(X)=0.

Proof. We proceed by noetherian induction, and assume the result is known for all
proper closed subschemes of X. To show that D(‘Dg(X)<Y) C 9D} (X)20, let us
begin by considering the special case where F € 9D (X )=0 is concentrated in a
single degree, say F = h*(F)[—k]. Then F € ;D2(X)<_k, so DF € 4D2(X)>k.
Choose an open orbit C' C X. By [A, Lemma 6.6], DF|¢ is concentrated in a single
degree, viz., in degree cod C — k. We claim that DF|¢ € IDE(C)2°. To prove this,
it suffices to show that if G € 9D (C)=C, then Hom(G[1], DF|c) = 0. Consider the
exact sequence

Hom((r2°4C=*+1G)[1], DF|¢) — Hom(G[1], DF|c) —
Hom((r=°1C=*G)[1], DF|c).

The last term clearly vanishes because DF|c € DR(C)2°dX=*k " On the other
hand, note that 7=°dC¢-k+1g ¢ ‘?Dg(c)gkfcodafl' Over the single orbit C, the
functions ¢ and ¢ differ simply by the constant cod C, and thus 4D (C) <j,_coac_1 =
iDL (C)<k—1. Since DF|c € 4DL(C)>k, the first term above vanishes, and hence
so does the middle term.
We have shown that DF|c € 9DZ(C)2°. Next, let G € 9D2(X)=, and consider

the exact sequence

lim Hom(Li}, G[1], Ri%, DF) — Hom(G[1], DF) — Hom(G[1]|c, DF|c),

Z/
where iz : Z' < X ranges over all closed subscheme structures on the complement
of C. We have just seen that the last term vanishes. Also, Li%, G € 9D (Z')=° and
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Ri, DF = D(Li%,F) € 9D5(Z2')2° by Lemma 8.4 and the inductive assumption,
so the first term vanishes as well. Therefore, the middle term vanishes, and we
conclude that for 7 € 9D (X )<Y concentrated in a single degree, we haveDF €
IPh,(X)=0. Tt follows by induction on the number of nonzero cohomology sheaves
that D also takes all objects of the bounded category 4D (X)<0 to 9D (X)=°.

Finally, let us consider a general object F € 9D (X)=". We wish to show that
Hom(G[1],DF) = 0 for all G € 9D2(X)=<Y. By the previous paragraph, DG €
9DL(X)20 C IDE(X)=20, so

Hom(G[1], DF) = Hom(F,D(G[1])) = Hom(F[1],DG) = 0.

Thus, D(9D;(X)=°) C IDE(X)=0.

The argument for the opposite inclusion is similar, and we again use noetherian
induction, but we cannot begin with the case of an object concentrated in one
degree, since 7D (X )20 is not stable under the standard truncation functors. The
bounded category ‘ng(X )= is, however, stable under the baric truncation functors
gB<k and B>k. Suppose, then, that F € ‘j’Dg(X)20 is “baric-pure”: that is,
F € ¢dD2(X) <k N gDR(X)>y for some k. If we prove that DF € 9D (X)<Y then
it will follow by induction on “baric length” that D takes all objects of 9D2(X)=°
to 9D (X)=V.

The assumptions on F imply that F € D2(X)Z"*. Once again, let C C X be
an open orbit. It follows from [A, Lemma 6.6] that DF|c € D2(C)ScdC+r We
also know that DF € ;Dg(X)<_x, where

q(C) = alt C — (alt C + cod C — q(C)) = q(C) — cod C.

In particular, ;Dg(C)<—x = ¢D&(C)<_ coqo_p- Since DF|¢ € D (C)=©4CHE we
see that DF|c € 9D (C)=0.

To show that DF € qu(X)SO, it suffices, by Proposition 2.10, to show that
Hom(DF[1],G) = 0 for all G € 9D (X)=°. Consider the exact sequence

lim Hom(Li}, DF[1], Ri%,G) — Hom(DF[1],G) — Hom(DF(1]|c, Glc),

7

where iz : Z' — X ranges over all closed subscheme structures on the complement
of C. The last term above vanishes because DF|c € 9D&(C)<°. We also have
Liy DF = D(Ri,, F) € 9D, (Z2')=° and Ri%,,G € 9DL(Z')=° by Lemma 8.4 and
the inductive assumption. Hence, the first term in the sequence above vanishes, so
the middle term vanishes as well, and we conclude that DF € 9D2(X)=?. Thus,
D(TDL(X)2) € 9D(X)<0.

Finally, we must consider a general object F € 9DZ(X)=%. Showing that DF €
9D (X)=" is equivalent to showing that 7=*DF € 9D2(X)=C for all k. If the
latter condition fails for some k, then there exists an object G € 9D (X)=! such
that Hom(72*DF, G) # 0. By replacing k by a smaller integer if necessary, we may
assume that G € D2(X)=*. We then have

Hom(72*DF, G) = Hom(DF,G) = Hom(DG, F) # 0.

By exchanging the roles of ¢ and ¢ in the previous paragraph, we see that DG €
IDL(X)=71, but this contradicts the fact that F € 9D/ (X)20. Therefore, DF €
1D (X)=0, and D(?DL(X)20) = 9D (X)=, as desired. O

The next theorem follows immediately from the last proposition.
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Theorem 8.6. The dual of the staggered t-structure (9D2(X)=C,9D2(X)=0) is the
staggered t-structure (YD2,(X)=0,9D2,(X)20). In particular, in the case where every
orbit C C X has even staggered codimension, and q is the function q¢(C) = %SCOd C,
the t-structure (9D2(X)=0,9D2(X)=0) is self-dual. O

We conclude with a study of simple objects in 9M(X). The statements below
and their proofs are very similar to those in [B2, Section 3.2] or [A, Section 9], and
most details of the proofs will be omitted. Instead, each statement is followed by
brief remarks clarifying the relationship to statements in [B2] or [A].

Proposition 8.7. Let j : U — X be a dense open subscheme. Given a function
q: X&" — 7, define "q,tq : X8 — 7 as in (8.1), and define a full subcategory
IM™*(X) C IM(X) by IM™(X) = "9DR(X)=0 N #DY(X)Z0. The functor j*
induces an equivalence of categories IM™(X) — IM(U). Moreover, objects of
I M™(X) have no subobjects or quotients in IM(X) that are supported on X \ U.

Remarks on proof. This statement corresponds to [B2, Theorem 2] or [A, Proposi-
tion 9.2], but both those statements impose a condition on the function ¢ (denoted
p in loc. cit.) that is not imposed here. The reason is that the proof requires that
the categories (*9DR(X)=0 *4D,(X)2%) and (DL (X)=0,%DL(X)Z0) associated
to °q and g (denoted p* and p~ in loc. cit.) actually constitute t-structures. In
the present paper, Theorem 8.1 tells us that this is the case with no assumptions,
whereas in both [B2] and [A], the t-structure is constructed only for p obeying
certain inequalities. O

Definition 8.8. The inverse equivalence to that of the preceding proposition, de-
noted ji, : IM(U) — IM™(X), is known as the intermediate-extension functor.

Definition 8.9. Let Y be a locally closed subscheme of X. Let h: Y — Y and
k:Y < X denote the inclusion maps. For any F € 9M(Y), we define an object
of IM(X) by

IC(Y, F) = ky(hF).
This is called the (staggered) intersection cohomology complex associated to F.

Recall that the step of a coherent sheaf is defined to be the unique integer w
(if such an integer exists) such that the sheaf belongs Cq(X)<w N Ca(X)>w. An
irreducible vector bundle on an orbit always has a well-defined step.

Proposition 8.10. Let F € I{M(X). F is a simple object if and only if F =
IC(C, L]—q(C) +step L]) for some orbit C C X and some irreducible vector bundle
L eCq (C)

Remarks on proof. This statement is analogous to [B2, Corollary 4] and to [A,
Theorem 9.7]. The main difference is that in [A], F is assumed at the outset to be
supported on (a possibly nonreduced subscheme structure on) the closure of one
orbit. (The statement of [A, Theorem 9.7] also imposes conditions on ¢, but those
are unnecessary here for reasons explained in the remarks following Proposition 8.7.)
In [B2], it is shown that a simple object must be supported on an orbit closure using
Rosenlicht’s Theorem, but that argument cannot be used here for the reasons given
in [A, Remark 9.8].

To reduce this statement to one where the proof of [A, Theorem 9.7] can be
repeated verbatim, we must show by other means that the support of a simple
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object is an (a priori possibly nonreduced) orbit closure. Since X is assumed to
consist of finitely many G-orbits, it suffices to show that the support of a simple
object is irreducible. Let x : X’ < X be the scheme-theoretic support of F; that
is, F = k,JF’, and the restriction of 7’ to any open subscheme of X’ is nonzero.
Assume X’ is reducible; let 4 : Z — X’ and ¢ : Z' — X' be proper closed
subschemes such that ZUZ' = X'. Let U=Z~(ZNZ")Yand U' =2Z'\ (ZNZ").
Clearly, U and U’ are disjoint open subschemes of X'. Let V = UUU’. The natural
morphism
Z'*Ri!f/h/ i —7:/|V

is the inclusion of the direct summand of F|y supported on U. In particular, the
above morphism is neither 0 nor an isomorphism. But it is also the restriction to
V' of the natural morphism

90 (i Ri'F') — F/,
so this latter is also neither 0 nor an isomorphism. Therefore, F' is not simple, and
hence neither is F. O

Theorem 8.11. IM(X) is a finite-length category.

Remarks on proof. This statement and its proof are identical to those of [B2, Corol-
lary 5] or of [A, Theorem 9.9], except that here, as in Propositions 8.7 and 8.10, we
impose no restrictions on gq. (Il
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