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Definition 1. An abelian category is a category satisfying the following four axioms:

(1) For any two objects A and B in A, the set of morphisms Hom(A, B) is endowed with the structure
of an abelian group, and composition of morphisms is biadditive.

(2) There is a “zero object” 0 with the property that Hom(0,0) = 0. (This property implies that it is
unique up to unique isomorphism, and that Hom(0, A) = Hom(A, 0) = 0 for all other objects A.)

(3) For any two objects A and B, there is a “biproduct” A@® B. It is equipped with morphisms as shown
below:

i iz
A—ApPpB=—=8B
D1 D2
These morphisms satisfy the following identities:

p1oip =idy proig =0 i1 0p1 +i20py =idagB

P2 0ip =idp paoi; =0

(4) Every morphism ¢ : A — B gives rise to a diagram

¢
k TN c
K A ; I Z B C

Here, joi = ¢. Also, K is the kernel of ¢, C' is its cokernel, and I is both the cokkernel of k : K — A
and the kernel of ¢ : B — C. Such a diagram is called the canonical decomposition of ¢. The
object [ is called the image of ¢.

A category satisfying the first three of these axioms is called an additive category.

Definition 2. The category of complexes over A, denoted C(A), is the category whose objects are
complexes of objects of A: that is, a sequence of objects (A?) labelled by integers, together with morphisms
(called differentials) d’ : A* — A+l such that d o d'~! = 0.

A - d”* A1 ! A0 " Al LA where d' o d'~* = 0 for all 4,

in which a morphism f : A®* — B® is a family of morphisms in A, f?: A® — B?, that are compatible with
the differentials. That is, every square in the following diagram should commute:

At A° Al
]
B! B° B!

Definition 3. The ith cohomology functor H* : C(A) — A is defined as follows: given an object A® in
C(A), let I be image of d*~!, and K the kernel of d°. The natural morphism I — A? factors through K (by
the universal property of the kernel, and the fact that d’ o d'~! = 0). H?(A®) is defined to be the cokernel
of the induced morphism I — K. (In short, H*(A®) = kerd’/imd‘~!.) It is easy to check that a morphism
f: A* — B*® induces a morphism H*(f) : H(A®) — H*(B*), so H' is indeed a functor.

Definition 4. A homotopy between two morphisms f,g: A* — B*® in C(A) is a collection of morphisms
hi: A" — B! such that
dh+hd=f—g.



That is, in the diagram

AL A° Al
Al
B! BY B!

we have dgl oh! +hitlodly = fi — g for each i. If there is a homotopy between f and g, then f and g are
said to be homotopic.

Definition 5. The homotopy category over A, denoted K (A), is the category whose objects are complexes
of objects in A, but whose morphisms are given by

Hompg (4)(A®*, B*) = Homg 4y (A®, B®)/(morphisms homotopic to 0).
In other words, a morphism in K(A) is a homotopy class of morphisms in C(A).
Lemma 6. If f,g: A®* — B® are two homotopic morphisms in C(A), then H'(f) = H'(g).
Corollary 7. The cohomology functors can be regarded as being functors K(A) — A.

Definition 8. A morphism f: A* — B* (in C(A) or K(A)) is a quasi-isomorphism (often abbreviated
to qis) if the morphisms H'(f) in A are isomorphisms for all i.

Definition 9. The derived category of A, denoted D(.A), is the category whose objects are complexes of
objects in A, and in which a morphism from A® to B® is an equivalence class of “roofs”

X.

PN

where ¢ is a quasi-isomorphism. The equivalence relation is as follows: Two roofs

. X Y
PN and PN
A® qis B* A® qis B*
are equivalent if there exists a roof over X*® and Y* making the following diagram commute:
Z.

PN
L) / Y.
L2
A B*
Definition 10. Let n € Z, and let A® be a complex. The nth translation (or shift) is the complex A[n]®
defined by
Aln]t = ATt with differential d' = (—1)"dym.
Given a morphism f : A* — B®, the translated morphism f[n] : A[n]®* — B[n|® is defined by f[n]* = fitm.
In this way, translation by n is a functor C'(A) — C(A) (or K(A) — K(A), or D(A) — D(A)).

Definition 11. Let f : A* — B*® be a morphism in C(A). The cone of f a complex, denoted cone® f,
defined as follows:

di . At @ B 5 ATt2 g Bitt

cone’ f = A1 @ B! with differential _dt o

given by ( fifl Ji )
B

It is easy to check that d**! od! = 0:

gt ogi= (~daT 0N (=dit 0N _ (0 dffedyt 00 ) _ (00
fz+2 dg—l fz+1 dZB *fl+20df4+l+dg_lofz+l dg—lodzB 0 0
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There are natural morphisms B® — cone® f and cone® f — A[1]*:

0
id 0)

B* —%%5 cone® f id o). All]®

Definition 12. A sequence of morphisms X* — Y* — Z* — Z[1]* in K(A) or D(A) is called a distin-
guished triangle (abbreviated to d.t.) if there is a commutative diagram

X y* A X[1]*
Q\L ri si J/q[l}
A* N B* — cone® f — A[1]*

where ¢, r, and s are isomorphisms. (Of course, the meaning of “isomorphism,” and hence of “distinguished
triangle,” depends on whether one is working in K (A) or D(A).)

Theorem 13. Distinguished triangles in K(A) enjoy the following four properties:
(1) (Identity) The triangle A® dge 0 A[1]* is distinguished.
(2) (Rotation) The triangle A® ENY ;LN I A[1]® is distinguished if and only if the rotated triangle

B* — ¢ — An) B s
(3) (Square Completion) Any commutative square

A* ——B°

F. > G.
can be completed to a commutative diagram of distinguished triangles:
A =B = — = AL
I
ri l | lr[l]
A
F* Gt~ — = H*— — > F[1]°
(4) (Octahedral Property) Given a commutative diagram of morphisms
B* )
AN
A. S C.
h=gof

extend each of f, g, and h to a distinguished triangle:

As—L o pe P Al
B* —1> e G* B[1]*
A. h Oo Hc A[lr

Arrange three triangles, together with the obvious morphism G* — F[1]* (composition of G* — B[1]*

and B[1]* — F[1]*) can be arranged in an octahedron as shown below. There exist morphisms
F* — H® and H* — G*® making

F* H* G* 1



a distinguished triangle, and making the neighboring faces of the octahedron commute.

) Triangles
Morphisms

~~~  morphism of
degree 1; i.e.
G* ~» F* means

[ ]
/ X distinguished
\ triangle

[ ]
G* — Flil R - /N
— — > morphism whose c* 7 - e —>eo commutative
existence is // P ® triangles
being asserted / e /4 \
y .~ o~ 0
H‘

Remark 14. This theorem essentially states that K (A) satisfies the axioms for a triangulated category.
Proof. (1) The following diagram is clearly commutative:

A* 95 Ae > cone® id = A[l

i

0

It remains to check that cone®id — 0 is an isomorphism in K(A). Its putative inverse, of course, is the
zero morphism 0 — cone® id; we need to check that the compositions in both directions are equal (in K (.A),

e., homotopic) to the identity morphisms of the their respective objects. For the zero object, this is
trivial. For cone®id, we now show that the zero morphism is homotopic to the identity morphism. Let
h? : cone’id — cone’~!id be the homotopy given by

B At g AT AT AL Bi— (8 1(()1)

_(—=da O 0 id 0 id) (=da O\ (id 0Y) . _
dh+hd—<ld dA) (0 O)+<O 0)<ld dA>_(O id)—ldcone’ld_o'

Thus, cone®id — 0 is an isomorphism. (Il

Then

(2) Starting with a distinguished triangle A*® 1, B* % cone® f = A[1]*, we must show that the rotated
triangle is isomorphic to the distinguished triangle obtained by taking the cone of g. Note that cone® f =
Al @ Bt and cone’ g = B! @ cone® f = BTt @ A @ BY. Consider the following diagram:

B* —2 cone® f —— A[1]* —/m B[1]*

|

B* — > cone® f —>> cone® g ——= BJ[1]*

Here, g, r, s and t are the usual morphisms, and 6 is defined as below:

0 0 O —f
g(id)’ T:(id O), s=1|id 0], t:(id 0 O), and 0=\ 1id
0 id 0
For future reference, we note that the differentials are given by
—dp 0 0
deones f= (_?A dO > and dcones g = 0 —da 0
B id f  dg
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We must check first that the diagram is commutative, and then that € is an isomorphism. It is clear that
td = id o —f[1], but not that fr = soid. For the latter, note that

0 0 ~f foo
s—o0r=[id o) -{id]|(Gd 0)=[0 o0
0 id 0 0 id

We define a homotopy h' : cone’ f — cone’~! g by

0 id
h=10 0
0 0
Then
—~dg 0 0\ /0 id 0 id\ , ., f 0
dh+hd=| 0 —d4s O 0 0]l+(|0 o0 <fAd>=0O=s—9r.
id f dg/) \o o 0 0 B 0 id

Thus, s is homotopic to 0r, so the diagram is commutative.

To show that € is an isomorphism, define 1 : cone® g — A[1]* by the matrix (O id O). It is obvious that
0 = id g17e. To show that 61 = idcones ¢, We need the homotopy

0 0 1
k=10 0 0].
0 0 O
Note that
id 0 0 0 —f 0 id f 0
ideonesg =0 =0 id 0)—-10 id O0O)=(0 0 O
0 0 id 0 0 O 0 0 id
Then
—dp 0 0 0 0 1 0 0 1 —dp 0 0
dk + kd = 0 —dsg O 0 0 O0J+1]10 0 O 0 —dsg O
id f dp 0 0 O 0 0 O id f dp
0 0 —dB id f dB id f 0
=10 0 0 +10 0 0 ]=[0 0 0] =idconesg— 0.
0 0 id 0 0 O 0 0 id

Thus, 6 is an isomorphism, and the rotated triangle is distinguished.

(3) This is the easiest property to prove. We need to define 6 : cone® f — cone® g such that the following
diagram commutes:

A* AN B* —— cone® f —— A[1]*
rl si GJ/ \Lr[l]
Fe—2sge — > cone®g—— F[1]°

Define % : A1 @ B* — F+! @ G* by the matrix

9:<g g).

Using the fact that sf = gr, it is trivial to check that § commutes with differentials (so that it is actually a
well-defined morphism) and that it makes the above diagram commute.
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(4) This, of course, is the hardest property to check, but only in terms of the number of calculations to be
done. Assume that F®* = cone® f, G®* = cone® g, and H® = cone® h. Recall:

F'=A" ¢ B G'=B"acC H =AT g
—da 0 —dg 0 —da O
= a) e ) e )
Define the following morphisms:
r:F*— H* s:H*— G* t:G* — F[1]*

r:(id O) 8:<f 0) t:(o O)
0 ¢ 0 id id 0
Next, let K® = cone® r, so that
Ki= Fitl g gl = Aitl g Bitl @ A1+ @ O
The differential of K* and the natural maps u : H®* — K*® and v : k* — F[1]]* are given by:

da 0 0 0 0 0
di—f—dBOO U,OO viidOOO
K=lid 0 —da 0 “lid o “\o id 0 0
0 g h deo 0 id
Next, define 6 : G* — K*® and ¢ : K®* — G* by
0 0
_lid 0 (0 id f O
0= 0 0 v = (0 0 0 id)
0 id
Finally, define homotopies k : H* — K~ and [ : K! — K~! by
id 0 0 0 id O
b 0 0 - 00 0 O
{0 o0 {0 0 0 O
0 0 00 0 O

We need to show that the following diagram is well-defined and commutative to establish that the top row
is a distinguished triangle:
t

F*—">H*—>G"*

F[1]
e
F* H* K* F[1]°

To establish that this diagram makes sense, the following assertions need to be checked:

e 7,5, t, 0, and ¢ are well-defined (they commute with differentials).

e 0s = u (in fact, they are homotopic, and dk + kd = u — 0f).

e 0 is an isomorphism (in fact, 90 = idg, and 6 is homotopic to idg: we have dl + Id = idg — 64).
Finally, to check that this distinguished triangle is compatible with the octahedron, we must check:

e ¢ coincides with the composition G* — BJ[1]* — F[1]°.

e The natural morphism F** — A[1]* coincides with the composition F* = H® — A[1]*.

e The natural morphism C* — G* coincides with the composition C* — H® 2 G*.

The proofs of all these assertions are straightforward matrix calculations. (Il



