We will prove the Chain Rule, including the proof that the composition of
two differentiable functions is differentiable. We will do it for compositions of
functions of two variables. The idea is the same for other combinations of finite
numbers of variables.

Theorem 1. (Chain Rule) Denote w = w(u,v); v = u(x,y); and v = v(z,y),
where w,u, and v are assumed to be differentiable functions, with the composi-
tion w(u(x,y),v(x,y)) assumed to be well-defined. Then the composite function
w(u(z,y),v(z,y)) is a differentiable function of © and y, and the partial deriva-
tives are given as follows:

Wy = WUy + WyVyg,

Wy = Wy Uy + WyUy.

Proof. We will begin by proving that the composite function w(u(z,y),v(x,y))
is differentiable. From this the formulas for the partial derivatives will follow
quickly. We will proceed by applying the hypothesis of differentiability for each
of the functions w, u, and v, prior to the composition.

We will take increments Az and Ay in the independent variables = and y,
which results in increments Awu and Av in v and v. As (Az, Ay) — (0,0), it
will follow that (Au,Av) — 0 as well, because differentiable functions must
be continuous. All e-terms will come from the definition of differentiability,
and they must approach zero as the increments in their independent variables
approach zero.

Aw = (wy + €1)Au + (w, + €2)Av
= (wy + €1)[(ug + €3) Az + (uy + €14)Ay]
+ (wy + €2)[(vy + €5) Az + (vy + €6) Ay]
= (Wuly + WyVz) AT + (Wytty + Wyvy) Ay + E1Az 4+ E3Ay, (1)
where we must show that & — 0 for ¢ = 1,2, as (Ax, Ay) — (0,0) in order to
establish differentiability. We have the following information from Equation (1)
as (Az, Ay) — 0:
51 = (wu + 61)63 + (eluz + 62”30) + (wv + 62)65 - 0>
& = (wy + €1)es + (e1uy + €2vy) + (wy + €2)eg — 0.
Hence we will know that the composite function is differentiable, once we have
established the partial differentiation formulas. Then we will know that Equa-

tion (1) states that
Aw = dw + E1Ax + EAy.

To find the partial derivative of w with respect to z, set Ay = 0 in Equation
(1), divide both side by Az, and obtain

ow .
— = lim (wyty + Wy + &1) = Wty + Wyv,.
8I Azxz—0
The other formula is obtained similarly. O



